
STUDENT SOLUTIONS MANUAL TO 
ACCOMPANY JON ROGAWSKI'S 


CALCULUS 


Single Variable 


SECOND EDITION 


Brian Bradie 
Roger Lipsett 


This page intentionally left blank 



Student’s Solutions Manual 
to accompany Jon Rogawski’s 


Single Variable 

CALCULUS 

SECOND EDITION 


BRIAN BRADIE 

Christopher Newport University 

ROGER LIPSETT 


IB 

W. H. FREEMAN AND COMPANY 
NEW YORK 



© 2012 by W. H. Freeman and Company 


ISBN-13: 978-1-4292-4290-5 
ISBN- 10: 1-4292-4290-6 

All rights reserved 

Printed in the United States of America 

First Printing 



W. H. Freeman and Company, 41 Madison Avenue, New York, NY 10010 

Houndmills, Basingstoke RG21 6XS, England 

www.whfreeman.com 




CONTENTS 


Chapter 1 PRECALCULUS REVIEW 1 


1.1 Real Numbers, Functions, and Graphs 1 

1.2 Linear and Quadratic Functions 8 

1.3 The Basic Classes of Functions 13 

1.4 Trigonometric Functions 16 

1.5 Technology: Calculators and Computers 23 

Chapter Review Exercises 27 


Chapter 2 LIMITS 31 


2.1 Limits, Rates of Change, and Tangent Lines 31 

2.2 Limits: A Numerical and Graphical Approach 37 

2.3 Basic Limit Laws 46 

2.4 Limits and Continuity 49 

2.5 Evaluating Limits Algebraically 57 

2.6 Trigonometric Limits 61 

2.7 Limits at Infinity 66 

2.8 Intermediate Value Theorem 73 

2.9 The Formal Definition of a Limit 76 

Chapter Review Exercises 82 


Chapter 3 DIFFERENTIATION 91 


3.1 Definition of the Derivative 91 

3.2 The Derivative as a Function 101 

3.3 Product and Quotient Rules 112 

3.4 Rates of Change 119 

3.5 Higher Derivatives 126 

3.6 Trigonometric Functions 132 

3.7 The Chain Rule 138 

3.8 Implicit Differentiation 147 

3.9 Related Rates 157 

Chapter Review Exercises 165 


Chapter 4 APPLICATIONS OF THE DERIVATIVE 1 74 


4.1 Linear Approximation and Applications 174 

4.2 Extreme Values 181 

4.3 The Mean Value Theorem and Monotonicity 191 

4.4 The Shape of a Graph 198 

4.5 Graph Sketching and Asymptotes 206 

4.6 Applied Optimization 220 

4.7 Newton’s Method 236 

4.8 Antiderivatives 242 

Chapter Review Exercises 250 


Chapter 5 THE INTEGRAL 260 


5.1 Approximating and Computing Area 260 

5.2 The Definite Integral 274 

5.3 The Fundamental Theorem of Calculus, Part I 284 


5.4 The Fundamental Theorem of Calculus, Part II 290 

5.5 Net Change as the Integral of a Rate 296 

5.6 Substitution Method 300 

Chapter Review Exercises 307 


Chapter 6 APPLICATIONS OF THE INTEGRAL 317 


6.1 Area Between Two Curves 317 

6.2 Setting Up Integrals: Volume, Density, Average Value 328 

6.3 Volumes of Revolution 336 

6.4 The Method of Cylindrical Shells 346 

6.5 Work and Energy 355 

Chapter Review Exercises 362 


Chapter 7 EXPONENTIAL FUNCTIONS 370 


7.1 Derivative of f(x) = b x and the Number e 370 

7.2 Inverse Functions 378 

7.3 Logarithms and Their Derivatives 383 

7.4 Exponential Growth and Decay 393 

7.5 Compound Interest and Present Value 398 

7.6 Models Involving / = k {y - b) 401 

7.7 L'Hopital’s Rule 407 

7.8 Inverse Trigonometric Functions 415 

7.9 Hyperbolic Functions 424 

Chapter Review Exercises 431 


Chapter 8 TECHNIQUES OF INTEGRATION 446 

8.1 Integration by Parts 446 

8.2 Trigonometric Integrals 457 

8.3 Trigonometric Substitution 467 

8.4 Integrals Involving Hyperbolic and Inverse Hyperbolic 

Functions 481 

8.5 The Method of Partial Fractions 485 

8.6 Improper Integrals 503 

8.7 Probability and Integration 520 

8.8 Numerical Integration 525 

Chapter Review Exercises 537 


Chapter 9 FURTHER APPLICATIONS OF THE 
INTEGRAL AND TAYLOR 


POLYNOMIALS 555 


9.1 Arc Length and Surface Area 555 

9.2 Fluid Pressure and Force 564 

9.3 Center of Mass 569 

9.4 Taylor Polynomials 577 

Chapter Review Exercises 593 


iv | CALCULUS CONTENTS 


Chapter 10 INTRODUCTION TO DIFFERENTIAL 


EQUATIONS 601 


10.1 Solving Differential Equations 601 

10.2 Graphical and Numerical Methods 614 

10.3 The Logistic Equation 621 

10.4 First-Order Linear Equations 626 

Chapter Review Exercises 637 


Chapter 1 1 INFINITE SERIES 646 


11.1 Sequences 646 

11.2 Summing an Infinite Series 658 

11.3 Convergence of Series with Positive Terms 669 

11.4 Absolute and Conditional Convergence 683 


11.5 The Ratio and Root Tests 690 

11.6 Power Series 697 

11.7 Taylor Series 710 

Chapter Review Exercises 727 


Chapter 12 PARAMETRIC EQUATIONS, POLAR 
COORDINATES, AND CONIC 
SECTIONS 742 


12.1 Parametric Equations 742 

12.2 Arc Length and Speed 759 

12.3 Polar Coordinates 766 

12.4 Area and Arc Length in Polar Coordinates 780 

12.5 Conic Sections 789 

Chapter Review Exercises 801 


1 PRECALCULUS REVIEW 


1.1 Real Numbers, Functions, and Graphs 

Preliminary Questions 

1. Give an example of numbers a and b such that a < b and |a| > \b\. 
solution Takeo = -3 and b = 1. Then a < b but |a| = 3 > 1 = \b\. 

2. W hich numbers satisfy \a\ = al\l\l hich satisfy |a| = -a? W hat about | — «| = a? 

solution The numbers a > 0 satisfy |a| = a and | - a\ = a. The numbers a < 0 satisfy |a[ = -a. 

3. Give an example of numbers a and b such that \a + b\ < |a| + \b\. 
solution Take a = -3 and b— 1. Then 

\a -T b\ = | — 3 + 1| = | — 2| = 2, but |a| -t- \b\ = | — 3| + |1| = 3 -t- 1 = 4. 

Thus, \a + b\ < |a| + \b\. 

4. What are the coordinates of the point lying at the intersection of the lines x = 9 and y = -4? 
solution The point (9, -4) lies at the intersection of the lines x = 9 and y = -4. 

5. In which quadrant do the following points lie? 

(a) (1,4) (b) (-3,2) (c) (4, —3) (d)(-4,-l) 

SOLUTION 

(a) Because both thex- and y-coordinates of the point (1, 4) are positive, the point (1, 4) lies in the first quadrant. 

(b) Because the x-coordinate of the point (-3, 2) is negative but the y-coordinate is positive, the point (-3, 2) lies in 
the second quadrant. 

(c) Because the x-coordinate of the point (4, -3) is positive but the y-coordinate is negative, the point (4, -3) lies in 
the fourth quadrant. 

(d) Because both thex- and y-coordi nates of the point (—4, -1) are negative, the point (-4, -1) lies in the third quadrant. 

6. W hat is the radius of the circle with equation (x - 9) 2 + (y - 9) 2 = 9? 
solution The circle with equation (x - 9) 2 + (y - 9) 2 = 9 has radius 3. 

7. The equation /(x) = 5 has a solution if (choose one): 

(a) 5 belongs to the domain of /. 

(b) 5 belongs to the range of /. 

solution The correct response is (b): the equation /(x) = 5 has a solution if 5 belongs to the range of /. 

8. W hat kind of symmetry does the graph have if f(-x) = -/(*)? 

solution If /(-x) = -f(x), then the graph of / is symmetric with respect to the origin. 


Exercises 

1. Use a calculator to find a rational number r such that | r - n 2 \ < 10 -4 . 

solution r must satisfy tc 2 - 10 -4 < r < n 2 + 10 -4 , or 9.869504 < r < 9.869705. r = 9.8696 = would 
be one such number. 

In Exercises 3-8, express the interval in terms of an inequality involving absolute value. 

3. [-2,2] 

SOLUTION |x| < 2 

5. (0,4) 

solution The midpoint of the interval is c = (0 + 4)/2 = 2, and the radius is 7- = (4 - 0)/2 = 2; therefore, (0, 4) 
can be expressed as |x - 2| < 2. 

7. [1, 5] 

solution The midpoint of the interval is c = (1 + 5)/2 = 3, and the radius is r = (5 - l)/2 = 2; therefore, the 
interval [1, 5] can be expressed as |x - 3| < 2. 


1 
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In Exercises 9-12, write the inequality in the form a < x < b. 

9. |;r| <8 

SOLUTION — 8 < * < 8 

11. \2x + 1| < 5 

solution — 5 < 2x + 1 < 5 so — 6 < 2x < 4 and — 3 < * < 2 


In Exercises 13-18, express the set of numbers x satisfying the given condition as an interval. 


13. |*| <4 
solution (—4, 4) 

15. |* — 4| < 2 

solution The expression |* — 4| < 2 is equivalent to -2 < * - 4 < 2. Therefore, 2 < * < 6, which represents the 
interval (2, 6). 

17. 1 4* - 1| < 8 

solution The expression [4* - 1| < 8 is equivalent to -8 < 4* - 1 < 8 or -7 < 4* < 9. Therefore, - \ < * < |, 
which represents the interval [-J, |], 

In Exercises 19-22, describe the set as a union of finite or infinite inter\>als. 


19. {* : |* — 4| >2} 

solution * — 4 > 2 or * — 4<— 2 * > 6 or * < 2 => (— oo, 2) u (6, oo) 

21. {* : l*^ — 1 1 >2} 

solution * 2 - 1 > 2 or* 2 - 1 < -2 => * 2 > 3 or* 2 < -1 (this will never happen) =>■ * > sf2 or* < —J3 =>■ 
(— oo, —s/3) U (V3, oo). 


23. M atch (a)-(f) with (i)-(vi). 
(a) a > 3 


(c) 


Cl ~ 3 


< 5 


(e) \a — 4| < 3 


(b) \a — 5| < ^ 

(d) |a| > 5 
(f) 1 < a < 5 


(i) a lies to the right of 3. 

(ii) a lies between 1 and 7. 

(iii) The distance from a to 5 is less than 

(iv) The distance from a to 3 is at most 2. 

(v) a is less than 5 units from 

(vi) a lies either to the left of -5 or to the right of 5. 

SOLUTION 

(a) On the number line, numbers greater than 3 appear to the right; hence, a > 3 is equivalent to the numbers to the right 
of 3: (i). 

(b) |a - 5| measures the distance from a to 5; hence, |a - 5| < i is satisfied by those numbers less than ^ of a unit from 
5: (iii). 

(c) |a - measures the distance from a to hence, |a — ^ | < 5 is satisfied by those numbers less than 5 units from 
3= (v). 

(d) The inequality |a| > 5 is equivalent to a > 5 or a < -5; that is, either a lies to the right of 5 or to the I eft of -5: (vi). 

(e) The interval described by the inequality |a — 4| <3 has a center at 4 and a radius of 3; that is, the interval consists 
of those numbers between 1 and 7: (ii). 

(f) The interval described by the inequality 1 < * < 5 has a center at 3 and a radius of 2; that is, the interval consists of 
those numbers less than 2 units from 3: (iv). 

25. Describe (* : * 2 + 2* < 3) as an interval. Hint: Plot y = * 2 + 2* - 3. 

solution The inequality * 2 + 2* < 3 is equivalent to * 2 + 2* - 3 < 0. In the figure below, we see that the graph of 
y = * 2 + 2* - 3 falls below the *-axis for -3 < * < 1. Thus, the set {* : * 2 + 2* < 3) corresponds to the interval 
— 3 < * < 1 . 
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27. Show that if a > b, then b~ l > a -1 , provided that a and b have the same sign. W hat happens if a > 0 and b < 0? 

solution Case la: If a and b are both positive, then a > ft => 1 > | =x | 

Case lb: If a and b are both negative, then a > b =>■ 1 < | (si nee a is negative) =x | \ (again, si nee b is negative). 

Case 2: If a > 0 and b < 0, then | > 0 and \ < 0 so \ < |. (See Exercise 2f for an example of this). 

29. Show that if \a - 5| < \ and \b - 8| < then \ (a + b) - 13| < 1. Hint: Use the triangle inequality. 

SOLUTION 

\a + b — 13| = | (a - 5) + (ft - 8)| 

< \a - 5| + \b - 8| (by the triangle inequality) 



31. Suppose that \a - 6 | < 2 and \b\ < 3. 

(a) What is the largest possible value of |« + ft|? 

(b) W hat is the smallest possible value of | a + ft|? 

solution \a - 6 | < 2guaranteesthat4 < a < 8, while |&| < 3guaranteesthat-3 < b < 3.Thereforel < a + b < 11. 
It follows that 

(a) the largest possible value of | a + b\ is 11 ; and 

(b) the smallest possible value of | a + b\ is 1 . 

33. Express r\ = 0.27 as a fraction. Hint: 100ri - r\ is an integer. Then express rj = 0.2666 ... as a fraction. 
solution Let r\ = 0.27. We observe that 100ri = 27.27. Therefore, 100ri - r\ = 27 .27 - 0.27 = 27 and 

27 3 

n 99 11 ' 

Now, let r 2 = 0.2666. Then 10)7 = 2.666 and IOO /7 = 26.666. Therefore, 100)7 - 10 x 2 = 26.666 - 2.666 = 24 and 

24 4 

n ~ 90 “ 15' 

35. The text states: If the decimal expansions of numbers a and b agree to k places, then \ a — b\ S. 10 -i . Show that the 
converse is false: For all k there are numbers a and b whose decimal expansions do not agree at all but \a-b\ < 10 -A '. 

solution Let a = 1 and b = 0.9 (see the discussion before Example 1). The decimal expansions of a and b do not 
agree, but 1 1 — 0.9| < 10 -A ' for all k. 

37. Find the equation of the circle with center (2, 4): 

(a) with radius r = 3. 

(b) that passes through ( 1 , - 1 ). 

SOLUTION 

(a) The equation of the indicated circle is (x - 2 ) 2 + (y - 4 ) 2 = 3 2 = 9. 

(b) First determine the radius as the distance from the center to the indicated point on the circle: 

r = 7(2 - 1)2 + (4 -(-l )) 2 = V26. 

Thus, the equation of the circle is {x - 2 ) 2 + (y - 4 ) 2 = 26. 

39. Determine the domain and range of the function 

/ : {r, s, t, u] (A, B, C, D, E] 
defined by /(r) = A, f(s) = B, /(f) = B, f(u) = E. 

solution The domain is the set D = {/-, i, t, u}\ the range is the set R = (A, B, E}. 
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In Exercises 41—48, find the domain and range of the function. 

41. f(x) = —x 

solution D : all reals; R : all reals 

43. fix) = x 3 

solution D : all reals; R : all reals 

45. fix) = |*| 

solution D : all reals; R :{y :y> 0} 

47. fix) = \ 
x 

solution £):{*:*/ 0}; R : [y : y > 0) 

In Exercises 49-52, determine where fix) is increasing. 

49. fix) = \x + 1| 

solution A graph of the function y = |* + 1| is shown below. From the graph, we see that the function is increasing 
on the interval (-1, oo). 



51. fix) = x 4 

solution A graph of the function v = x 4 is shown below. From the graph, we see that the function is increasing on 
the interval (0, oo). 



In Exercises 53-58, find the zeros of fix) and sketch its graph by plotting points. Use symmetry and increase/decrease 
information where appropriate. 

53. fix) = x 3 — 4 

solution Zeros: ±2 
Increasing: x > 0 
Decreasing: x < 0 

Symmetry: /(-*) = fix) (even function). So, y-axis symmetry. 


y 



55. fix ) = x 3 — 4* 

solution Zeros: 0, ±2; Symmetry: /(-x) = - fix ) (odd function). So origin symmetry. 
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57. f(x) = 2 - x 3 

solution This is an jc-axis reflection of x 3 translated up 2 units. There is one zero at* = l]2. 


y 



59. Which of the curves in Figure 26 is the graph of a function? 




FIGURE 26 


X 


X 


solution (B) is the graph of a function. (A), (C), and (D) all fail the vertical line test. 
61. Determine whether the function is even, odd, or neither. 

“ /(,) = TT7TI-^7TT «» *<o = 2 ' - 2 - 

(c) G(9) = Sin6» + COS6l (d) H{9) = sin(6» 2 ) 


SOLUTION 

(a) This function is odd because 


/(-0 


1 

(— + i—t) + 1 (— f) 4 

1 1 
r 4 — t + 1 r 4 + t + 1 


1 

— (— t) + 1 

-/(O. 


(b) g(-t) = 2“f - 2 _(_? ) = 2 _f - 2 f = —g(t), so this function is odd. 

(c) G{—9) = sin(-0) + cos(-0) = - sine + cose which is equal to neither G(9) nor -G(9), so this function is 
neither odd nor even. 

(d) H(—9) = sin((-e) 2 ) = sin(e 2 ) = H{9), so this function is even. 


63. Determine the interval on which /(*) = — is increasing or decreasing. 

* — 4 

solution A graph of the function is shown below. From this graph we can see that fix) is decreasing on (- 00 , 4) and 
also decreasing on (4, 00 ). 


y 
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In Exercises 65-70, let fix) be the function shown in Figure 27. 


y 



FIGURE 27 


65. Find the domain and range of /(*)? 
solution D : [0, 4]; R : [0, 4] 

67. Sketch the graphs of /( 2x), f(\x), and 2 f{x). 

solution The graph of y = /( lx) is obtained by compressing the graph of y = fix) horizontally by a factor of 2 (see 
the graph below on the left). The graph of y = fi\x) is obtained by stretching the graph of y = f(x) horizontally by a 
factor of 2 (seethe graph below in the middle). The graph of y = 2/0) is obtained by stretching the graph of y = fix) 
vertically by a factor of 2 (seethe graph below on the right). 



69. Extend the graph of fix) to [-4. 4] so that it is an even function. 

solution To continue the graph of fix) to the interval [-4. 4] as an even function, reflect the graph of fix) across 
the y-axis (see the graph below). 


y 



71. Suppose that fix) has domain [4, 8] and range [2, 6], Find the domain and range of: 

(a) fix) + 3 (b) fix + 3) 

(c) f(3x) (d) 3/0) 

SOLUTION 

(a) fix) + 3 is obtained by shifting fix) upward three units. Therefore, the domain remains [4, 8], while the range 
becomes [5, 9], 

(b) fix + 3) is obtained by shifting fix) left three units. Therefore, the domain becomes [1. 5], while the range remains 

[ 2 , 6 ], 

(c) f(3x) is obtained by compressing fix) horizontally by a factor of three. Therefore, the domain becomes [^, |], 
while the range remains [2, 6], 

(d) 3/0) is obtained by stretching fix) vertically by a factor of three. Therefore, the domain remains [4, 8], while the 
range becomes [6. 18]. 

73. Suppose that the graph of fix) = sin x is compressed horizontally by a factor of 2 and then shifted 5 units to the 
right. 

(a) W hat is the equation for the new graph? 

(b) W hat is the equation if you first shift by 5 and then compress by 2? 

(c) (GU| | Verify your answers by plotting your equations. 
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SOLUTION 

(a) Let f{x) = sinx. After compressing the graph of / horizontally by a factor of 2, we obtain the function g(x) = 
/( 2x) = sin 2x. Shifting the graph 5 units to the right then yields 

h{x) = g(x — 5) = sin 2(x — 5) = si n (2 jc — 10). 

(b) Let f(x) = sinx. After shifting the graph 5 units to the right, we obtain the function gix) = fix - 5) = sin(x - 5). 
Compressing the graph horizontally by a factor of 2 then yields 


hix) = g(2x) — sin(2x — 5). 


(c) The figure below at the top left shows the graphs of y = sinx (the dashed curve), the sine graph compressed 
horizontally by a factor of 2 (the dash, double dot curve) and then shifted right 5 units (the solid curve). Compare this last 
graph with the graph of y = sin(2x - 10) shown at the bottom left. 

The figure below at the top right shows the graphs of y = sinx (the dashed curve), the sine graph shifted to the right 
5 units (the dash, double dot curve) and then compressed horizontally by a factor of 2 (the solid curve). Compare this last 
graph with the graph of y = sin(2x - 5) shown at the bottom right. 





75. Sketch the graph of f(2x) and f(\x), where fix) = |x| + 1 (Figure 28). 

solution The graph of y = f(2x) is obtained by compressing the graph of y = fix) horizontally by a factor of 2 
(seethe graph below on the left). The graph of y = fi\x) is obtained by stretching the graph of y = fix) horizontally 
by a factor of 2 (see the graph below on the right). 


y 



y 

6 - 

4 - 



- 3 - 2-1 12 3 

f(x!2) 


77. Define fix) to be the larger of x and 2 - x. Sketch the graph of /(x). What are its domain and range? Express fix) 
in terms of the absolute value function. 

SOLUTION 



The graph of y = fix) is shown above. Clearly, the domain of / is the set of all real numbers while the range is {y \ y > 1}. 
N otice the graph has the standard V-shape associated with the absolute value function, but the base of the V has been 
translated to the point (1. 1). Thus, fix) = |x - 1| + 1. 

79. Show that the sum of two even functions is even and the sum of two odd functions is odd. 

pvpn 

solution Even: (/ + g)i~x) = fi-x) + g(-x) = fix) + gix) = if + g)(x) 

odd 
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81. Prove that the only function whose graph is symmetric with respect to both the y-axis and the origin is the function 

/(-*) = 0 . 

solution Suppose / is symmetric with respectto the y-axis. Then f{-x) = fix). If / is also symmetric with respect 
to the origin, then f{-x) = - fix). Thus fix) — - fix) or 2 fix) - 0. Finally, fix) = 0. 


Further Insights and Challenges 

83. Show that a fraction r = a/fc in lowest terms has a finite decimal expansion if and only if 

b = 2"5 m for some n, m > 0. 

Hint: Observe that r has a finite decimal expansion when 10^?- is an integer for some N > 0 (and hence £> divides 10^). 

solution Suppose r has a finite decimal expansion. Then there exists an integer N > 0 such that lO^r is an integer, 
call it k. Thus, r = k/l0 N . Because the only prime factors of 10 are 2 and 5, it follows that when r is written in lowest 
terms, its denominator must be of the form 2"5 m for some integers n, m > 0. 

Conversely, suppose ;■ = a/b in lowest with b = 2"5 m for some integers n,m > 0. Then r = j = or 

a2 m ~" 

2"5 m r = a. If m > n, then 2'"5 m r = al m "or r = and thus r has a finite decimal expansion (less than or 

a5 n ~ m 

equal to m terms, to be precise). On the other hand, if n > m, then 2"5'V = a 5" m or r = and once again r has 

a finite decimal expansion. 

85. A function fix) is symmetric with respect to the vertical line x = a if fia - x) = f{a + x). 

(a) Draw the graph of a function that is symmetric with respect to x = 2. 

(b) Show that if fix) is symmetric with respect to x — a, then gix) = fix + a) is even. 

SOLUTION 

(a) There are many possibilities, one of which is 



(b) Letg(.x) = fix + a). Then 

gi~x) = fi-x +a) = fia - x) 

= fia + x) symmetry with respect to x = a 
= gix) 

Thus, g(x) is even. 


1.2 Linear and Quadratic Functions 

Preliminary Questions 

1. What is the slope of the line y = -Ax - 9? 

solution The slope of the line y = -Ax - 9 is -4, given by the coefficient of x. 

2. A re the I ines y = 2x + 1 and y = -2x - 4 perpendicular? 

solution The slopes of perpendicular lines are negative reciprocals of one another. Because the slope of y = 2x + 1 
is 2 and the slope of y = -2x - 4 is -2, these two lines are not perpendicular. 

3. W hen is the linear + by = c parallel to the v-axis? To the jc-axis? 

solution The line a* + by = c will be parallel to the y-axis when b = 0 and parallel to the x-axis when a = 0. 

4. Suppose y = 3x + 2. What is Ay if x increases by 3? 

solution Because v = 3x + 2 is a linear function with slope 3, increasing x by 3 will lead to Ay = 3(3) = 9. 
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5. What is the minimum of fix) = (x + 3) 2 - 4? 

solution Because (x + 3) 2 > 0, it follows that (x + 3) 2 - 4 > -4. Thus, the minimum value of (x + 3) 2 - 4 is -4. 

6. W hat is the result of completing the square for f(x) - x 2 + 1? 

solution Because there is no x term in x 2 + 1 , completing the square on this expression leads to (x - 0) 2 + 1 . 


Exercises 

In Exercises 1—4, find the slope, the y -intercept, and the x-intercept of the line with the given equation. 

1. y = 3x + 12 

solution Because the equation of the line is given in slope-intercept form, the slope is the coefficient of x and the 
^-intercept is the constant term: that is, m = 3 and the y-intercept is 12. To determine the x-intercept, substitute y = 0 
and then solve for x: 0 = 3x + 12 or x = -4. 

3. 4x + 9 v = 3 

solution To determine the slope and ^-intercept, we first solve the equation for y to obtain the slope-intercept form. 
This yields y = -gx + g. From here, we see that the slope is m = -g and the _y- intercept is g. To determine the 
x-intercept, substitute y = 0 and solve for x: 4x = 3 or x = 

In Exercises 5-8, find the slope of the line. 

5. y — 3x + 2 
SOLUTION m = 3 

7. 3x + 4y = 12 

solution First solve the equation for y to obtain the slope- intercept form. This yields y = -|x + 3. The slope of the 
line is therefore m = 

In Exercises 9-20, find the equation of the line with the given description. 

9. Slope 3, ^-intercept 8 

solution Using the slope-intercept form for the equation of a line, we havey = 3x + 8. 

11. Slope 3, passes through (7, 9) 

solution Using the point-slope form for the equation of a line, we have y - 9 = 3(x - 7) or y = 3x - 12. 

13. Horizontal, passes through (0. -2) 

solution A horizontal line has a slope of 0. Using the point-slope form for the equation of a line, we havey - (-2) = 
0(x — 0) or y = -2. 

15. Parallel to y = 3x - 4, passes through (1, 1) 

solution Because the equation y = 3x - 4 is in slope-intercept form, we can readily identify that it has a slope of 3. 
Parallel lines have the same slope, so the slope of the requested line is also 3. Using the point-slope form for the equation 
of a line, we have y - 1 = 3(x - 1) or y = 3x - 2. 

17. Perpendicular to 3x + 5y = 9, passes through (2. 3) 

solution We start by solving the equation 3x + 5y = 9 for y to obtain the si ope- intercept form for the equation of a 
line. Thisyields 



from which we identify the slope as - 1. Perpendicular lines have slopes that are negative reciprocals of one another, so 
the slope of the desired line ismj_ = g. Using the point-slope form for the equation of a line, we have y - 3 = g(x - 2) 

or y = gX — g. 

19. Horizontal, passes through (8. 4) 

solution A horizontal line has slope 0. Using the point slope form for the equation of a line, we havey — 4 = 0(x — 8) 
or y = 4. 
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21. Find the equation of the perpendicular bisector of the segment joining (1, 2) and (5. 4) (Figure 11). Hint: The midpoint 

... . { ci -P c b -P d 

Q of the segment joining (a, b ) and (c, d ) is 


y Perpendicular 



FIGURE 11 


solution The slope of the segment joining (1. 2) and (5, 4) is 


and the midpoint of the segment (Figure 11) is 

midpoint = = (3, 3) 

The perpendicular bisector has slope -1/m = -2 and passes through (3, 3), so its equation is: y - 3 = -2(x - 3) or 
y = —2x + 9. 

23. Find an equation of the line with x-interceptx = 4 and y-i ntercept y = 3. 
solution F rom Exercise 22, | -p ^ = 1 or 3x + 4 y = 12. 

25. Determine whether there exists a constant c such that the linex + cy = 1: 

(a) H as slope 4 (b) Passes through (3, 1) 

(c) Is horizontal (d) Is vertical 

SOLUTION 

(a) Rewriting the equation of the line in slope-intercept form gives y = + i. To have slope 4 requires = 4 or 



(b) Substituting x = 3 and y = 1 into the equation of the line gives 3 + c = 1 or c = -2. 

(c) From (a), we know the slope of the line is - There is no value for c that will make this slope equal to 0. 

(d) With c = 0, the equation becomes x = 1. This is the equation of a vertical line. 

27. M aterials expand when heated. Consider a metal rod of length Lq at temperature Tq. If the temperature is changed 
by an amount AT, then the rod's length changes by A L = uLqAT, where a is the thermal expansion coefficient. For 
steel, a = 1.24 x 10 -5 °C _1 . 

(a) A steel rod has length Lq = 40 cm at To = 40°C. Find its length at T = 90°C. 

(b) Find its length at T = 50°C if its length at To = 100°C is 65 cm. 

(c) Express length L as a function of T if To = 65 cm at To = 100°C. 

SOLUTION 

(a) With T = 90°C and T 0 = 40°C, AT = 50°C. Therefore, 

AT = aToAT = (1.24 x 10 _5 )(40)(50) = 0.0248 and L = Lq + AL = 40.0248 cm. 

(b) With T = 50°C and T 0 = 100°C, AT = -50°C. Therefore, 

AT = aL 0 AT = (1.24 X 10 _5 )(65)(— 50) = -0.0403 and L = Lq + AL = 64.9597 cm. 


(c) L = L 0 + AT = T 0 + aL 0 AT = T 0 (l + a AT) = 65(1 + a(T - 100)) 

29. Find b such that (2, -1), (3. 2), and (b, 5) lie on a line. 

solution The slope of the line determined by the points (2. -1) and (3, 2) is 


To lie on the same line, the slope between (3, 2) and (b, 5) must also be 3. Thus, we require 


or b = 4. 
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31. The period T of a pendulum is measured for pendulums of several different lengths L. Based on the following data, 
does T appear to be a linear function of Ll 


L (cm) 

20 30 40 50 

T (s) 

0.9 1.1 1.27 1.42 


solution Examine the slope between consecutive data points. The first pair of data points yields a slope of 


1.1 -0.9 
30-20 


0 . 02 , 


while the second pair of data points yields a slope of 


1.27-1.1 

40-30 


0.017, 


and the last pair of data points yields a slope of 


1.42 - 1.27 
50-40 


0.015 


Because the three slopes are not equal, T does not appear to be a linear function of L. 
33. Find the roots of the quadratic polynomials: 

(a) 4* 2 — 3* — 1 (b) x 2 — lx — 1 


SOLUTION 


(a) x = 


(b) x = 


3 ± V9 — 4(4)(— 1) 3±V?5 , 1 

2® 8— - l0r -J 

2 ± V4 — (4)<1)(— 1) 2 ± V8 . ^ n 


In Exercises 34^tl, complete the square and find the minimum or maximum value of the quadratic function. 

35. y = x 2 — 6.y + 9 

solution y = (x - 3) 2 ; therefore, the minimum value of the quadratic polynomial is 0, and this occurs at a = 3. 

37. y = x 2 + 6a + 2 

solution y = x 2 + 6x + 9 - 9 + 2 = (* + 3) 2 - 7; therefore, the minimum value of the quadratic polynomial is 
-7, and this occurs at.* = -3. 

39. >■ = —4x 2 + 3x + 8 

solution y = -4* 2 + 3 a + 8 = -4(* 2 - \x + ^j) + 8 + ^ = -4(* - g) 2 + therefore, the maximum value 
of the quadratic polynomial is and this occurs at* = |. 

41. >■ = 4a - 12a 2 

solution y = -12(* 2 - |) = -12(* 2 - | + 35) + g = — 12(jc - £) 2 + therefore, the maximum value of the 
quadratic polynomial is and this occurs at a = 

43. Sketch the graph of y = a 2 + 4a + 6 by plotting the minimum point, the v-i ntercept, and one other point. 

solution y = a 2 + 4a + 4 - 4 + 6 = (a + 2) 2 + 2 so the minimum occurs at (-2. 2). If a = 0, then y = 6 and if 
a = -4, y = 6. This is the graph of x 2 moved left 2 units and up 2 units. 


y 
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45. For which values of c does fix) = x 2 + cx + 1 have a double root? No real roots? 

solution A double root occurs when c 2 - 4(1)(1) = 0 or c 2 = 4. Thus, c = ±2. 
There are no real roots when c 2 - 4(1)(1) < 0 or c 2 < 4. Thus, -2 < c <2. 

47. Prove that uc + \ > 2 for all x > 0. Hint: Consider (x 1 / 2 - x -1 / 2 ) 2 . 

solution Letx > 0. Then 

(x 1 / 2 — x _ i/ 2 ^ 2 = x — 2 + ^. 

Because (x 1 / 2 -x -1 / 2 ) 2 > 0, it follows that 

„ 1 „ 1 „ 

x - 2 + - > 0 or x + - > 2. 

x x 


49. If objects of weights x and wi are suspended from the balance in Figure 13(A), the cross-beam is horizontal if 
bx = aw i- If the lengths a and b are known, we may use this equation to determine an unknown weight x by selecting w\ 
such that the cross-beam is horizontal. If a and b are not known precisely, we might proceed as follows. First balance x 
by wi on the left as in (A). Then switch places and balance x by wj on the right as in (B). The averages = \{w\ + W 2 ) 
gives an estimateforx. Show thatx is greater than or equal to the true weight x. 



FIGURE 13 


(B) 


solution First notefex = aw\ and ax — bwi. Thus, 

1 


x = j(w i + w 2 ) 

1 / bx ax 

2 I a + b 


x ( b a 
= 2\~a + b 


> ^ (2) by Exercise 47 


51. Find a pair of numbers whose sum and product are both equal to 8. 

solution Letx and y be numbers whose sum and product are both equal to 8. Then x + y = 8 and xy = 8. From the 
second equation, y = |. Substituting this expression for y in the first equation gives x + | = 8 or x 2 - 8x + 8 = 0. By 
the quadratic formula, 


8± V64-32 


= 4 ± 2V2. 


If x = 4 + 2 a/ 2, then 


4-2V2. 

4 + 2V2 4 + 272 4-272 


On the other hand, if x = 4 - 272, then 


y = 


8 _ 8 4 + 272 

4-272 “ 4-272 ' 4 + 272 


= 4 + 272. 


Thus, the two numbers are 4 + 272 and 4 - 272. 
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Further Insights and Challenges 

53. Show that if /(.*) and g(x) are linear, then so is f(x) + g(x). Is the same true of f(x)g(x)7 

solution If f{x) — mx + b and g{x) = nx + d, then 

f(x) + g(x) = mx + b + nx + d = (m + n)x + (b + d), 

which is linear. f(x)g{x) is not generally linear. Take, for example, f(x) = g(x) = x. Then f(x)g(x) - x 2 . 

55. Show that Ay / Ax for the function f(x) = x 2 over the interval [x\, xj\ is not a constant, but depends on the interval. 
Determine the exact dependence of Ay/Ax on yi and Y 2 . 

r 2 x 2 ~ x i 

SOLUTION For X , — = — = X 2 + XI - 

Ax X 2 — x\ 

57. L et a, c / 0. Show that the roots of 

ax 2 + bx + c = 0 and cx 2 + bx + a = 0 

are reciprocals of each other. 

solution Let r\ and q be the roots of ax 2 + bx + c and r 3 and 1-4 be the roots of cx 2 + bx + a. Without loss of 
generality, let 

— b + yj b 2 — 4a c 1 2a —b — y/b 2 — 4 ac 

r l —b + y/b 2 — Aac —b — y/b 2 — 4 ac 

2 a(—b — y/b 2 — 4 ac) —b — y/b 2 — 4 ac 

b 2 — b 2 + 4 ac 2c ^ 

Similarly, you can show — = r 3 . 

n 

59. Prove Viete’s Formulas: The quadratic polynomial with a and fi as roots is x 2 + bx + c, where b = ~a - , S and 
c = up. 

solution If a quadratic polynomial has roots a and p, then the polynomial is 

(x — u)(x — P) = x 2 — ax — Px + aP — x 2 + (—a — P)x + ap. 

Thus, b = -a - p and c = ap. 


1.3 The Basic Classes of Functions 

Preliminary Questions 

1 . Give an example of a rational function. 

3t 2 - 2 

solution One example is — =r . 

7y 3 + y - 1 

2. Is | y | a polynomial function? What about |y 2 + 1|? 

solution |y| is not a polynomial; however, because y 2 + 1 > 0 for all x, it follows that |y 2 + 1 | = y 2 + 1 , which is 
a polynomial. 

3. What is unusual aboutthedomainof thecompositefunction/ogforthefunctions/(Y) = y 1 / 2 and g(x) = -1 - |y|? 

solution Recall that (/ o g)(x) = f(g(x)). Now, for any real number x, g( x) = -1 - |y| < -1 < 0 . Because we 
cannot take the square root of a negative number, it follows that f(g(x)) is not defined for any real number. In other 
words, the domain of f(g(x )) is the empty set. 

4. Is /( x) = (j)* increasing or decreasing? 

solution The function /(y) = (j) x is an exponential function with basefc = j < 1. Therefore, / is a decreasing 
function. 

5. G ive an example of a transcendental function. 
solution One possibility is f(x) = e x - sin x. 
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Exercises 

In Exercises 1-12, determine the domain of the function. 

1. f(x) = A 1 / 4 

SOLUTION X > 0 

3. f(x) = a 3 + 3x — 4 
solution All reals 


5 - ,(0 = ^ 

SOLUTION f / - 2 

7. Giu) = 

u 2 - 4 

SOLUTION U f ±2 
9. fix) = A- 4 + (A - l)- 3 
SOLUTION A 0. 1 

11. g(y) = lOv^+y 1 

SOLUTION y > 0 


lii Exercises 13-24, identify each of the following functions as polynomial, rational, algebraic, or transcendental. 


13. fix) — 4a 3 + 9a 3 — 8 
solution Polynomial 

15. fix) — sfx 


SOLUTION 

17. fix) = 

SOLUTION 

19. fix) = 

SOLUTION 


Algebraic 


a + si n a 
T ranscendental 

2a 3 + 3 a 
9 - 7a 2 
Rational 


21. fix) = sin(A 2 ) 
solution T ranscendental 
23. fix) — a 2 + 3a -1 
solution Rational 

25. Is fix) = 2 A ‘ 2 a transcendental function? 
solution Y es. 


In Exercises 27-34, calculate the composite functions fog and go/, and determine their domains. 


27. fix) = «Jx, g( a) = a + 1 

solution fig! a)) = V* + 1; D: x > —1, gifix)) — s/x + 1; D: a > 0 
29. fix) = 2 A , g(A)=A 2 

solution f ig (a)) = 2 a2 ; £>: R, gifix)) = (2*) 2 = 2 2 *; Z): R 
31. /($) = COS 0, six) = a 3 + a 2 

solution figix)) = cos(a 3 + a 2 ); D: R, gif id)) = cos 3 0 + cos 2 9; D. R 


33. /(f) = — , g(f) = -f 4 

V7 

solution figit)) = —^=\ D\ Not valid for any t, gifit)) = — ( 4 =) =-]■', D\t>< 
J-t 2 V<v/r/ 
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35. The population (in millions) of a country as a function of timer (years) is Pit) = 30. 2 0 1 '. Show that the population 
doubles every 10 years. Show more generally that for any positive constants a and k, the function g(t) - a2 kt doubles 
after 1/k years. 

solution Let P(t) = 30 • 2 01, .Then 

Pit + 10) = 30 • 2 01(f+10) = 30 • 2 0 1,+1 = 2(30 • 2 01r ) = 2 P(t). 

Hence, the population doubles in size every 10 years. In the more general case, let g(t) = a2 fa . Then 

g ^ ^ = a2 k(,+1 ' k) = a2 k,+l = 2a2 kt = 2 g(t). 

Hence, the function g doubles after 1/k years. 


Further Insights and Challenges 

In Exercises 37^f3, we define the first difference Sf of ci function f(x) by Sf(x ) = f(x + 1) — f(x). 

37. Show that if f(x) = x 1 , then Sf(x) = 2x + 1. Calculate Sf for f(x) = x and f(x) = x 3 . 

SOLUTION f{x ) = X 3 \ Sf(x ) = fix + 1) — fix) = (x + l) 2 — X 2 = 2x + 1 

fix) = x: Sf(x) = x + 1 — x = 1 

fix) = x 3 : Sfix) — ix + l) 3 — x 3 = 3x 2 + 3x + 1 

39. Show that for any two functions / and g, <5(/ + g) = Sf + Sg and S(c/) = cSif), where c is any constant. 

SOLUTION Sif + g) = (fix + 1) + gix + 1)) - ifix) - gix)) 

= (fix + 1) - fix)) + (gix + 1) - g(x)) = 8 f(x) + Sg(x) 

S(cf) = cfix + 1) - cf (x) = c(f(x + 1) - fix)) = cSf(x). 

41. First show that 


satisfies SP = (x + 1). Then apply Exercise 40 to conclude that 




n(n + 1) 


solution Let P(x) = x (x + l)/2. Then 


SP(x) = P(x + 1) — P(x) = 


(x + 1)(t + 2) x(x + 1) (x + l)(x + 2 — x) 


2 2 

Also, note that P(0) = 0. Thus, by Exercise 40, with k = 1, it follows that 

n(n + 1) 


= x + 1. 


Pin) = 


= 1 + 2 + 3 + •■■+«. 


43. This exercise combined with Exercise40 shows that for all whole numbers!-, there exists a polynomial P(x) satisfying 
Eq. (1). The solution requires the Binomial Theorem and proof by induction (see Appendix C). 

(a) Show that5(jc* +1 ) = (k + l)x k — , where the dots indicate terms involving smaller powers of x. 

(b) Show by induction that there exists a polynomial of degree! + 1 with leading coefficient l/(k + 1): 


such that SP = (x + l) 4 and P( 0) = 0. 

SOLUTION 

(a) By the Binomial Theorem: 


P(x) = 


1 

k+1 


x k+1 


+ ■■■ 


S(x n+l ) = (x + 1)" +1 - x n+l = 




H + 1 
2 



- x n+l 


("t 1 


71 + 1 
2 



+ ••• + 1 


Thus, 


5(.v" +1 ) = (n + l)x n + ■ ■ ■ 


where the dots indicate terms involving smaller powers of x. 
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(b) For k = 0, note that P(x) = x satisfies SP = (x + 1)° = 1 and P(0) = 0. 

Now suppose the polynomial 

P(x) = \x k + pk- \x k ~ l H h p\x 

k 

which clearly satisfies P( 0) = 0 also satisfies SP = (x + 1) A_1 . We try to prove the existence of 

Q(x) = j-^.x k+l + q k x k -4 h q\x 

k + 1 

such that SQ = (x + 1)*. Observe that 2(0) = 0. 

If <52 = (x + 1)* and SP = (x + 1) A_1 , then 

SQ = (x + l) k = (x + 1)8 P = x5P(x) + 5P 

By the linearity of S (Exercise 39), we find SQ - SP = xSP or 5(2 - P) = xSP. By definition, 

Q- P = + - ■ + to - pi)x, 

so, by the linearity of 5, 

S(Q -P)= ^;5(.x A+1 ) + (q k - ^ S(x k ) + • • • + to - pi) = x(x + l)^ 1 

By part (a), 

5(x A 4“ 1 ) = (k 4- \)x k 4- L k _\ k _\x k ^ + . . . + L k ~ 1 , 1 -v 4- 1 
S(x k ) = kx k ~ 1 + L k _ 2 ,k- 2 X k ~^ + • ■ • + P k ~2,l x + 1 

5(.v 2 ) = 2x + 1 

where the L;j are real numbers for each i, j. 

To construct Q, we have to group like powers of x on both sides of Eq. (43b). This yields the system of equations 

1X k ~ l + (q k ~ J) kx*- 1 = (k — Dx*- 1 
+ (qk - ^ + to- 1 “ Pk- l) 4 E to - Pi) = 0. 

The first equation is identically true, and the second equation can be solved immediately for q k . Substituting the value 
of q k into the third equation of the system, we can then solve for q k -\. We continue this process until we substitute the 
values of q k , q k _\ qj into the last equation, and then solve for q\. 


1.4 Trigonometric Functions 


Preliminary Questions 

1. How is it possible for two different rotations to define the same angle? 

solution Working from the same initial radius, two rotations that differ by a whole number of full revolutions will 
have the same ending radius; consequently, the two rotations will define the same angle even though the measures of the 
rotations will be different. 

2. Give two different positive rotations that define the angle 7r/4. 

solution The angle jt/ 4 is defined by any rotation of the form | + Ink where k is an integer. Thus, two different 
positive rotations that define the angle jr/4 are 


n „ , 9 n 

- +2jt(1) = — 


J + 2tt(5) = 


417T 

4 


and 
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3. Give a negative rotation that defines the angle n/3. 

solution Theangle7r/3 is defined by any rotation of the form ^ + 2nk where A: is an integer. Thus, a negative rotation 
that defines the angle n/3 is 


4. The definition of cose using right triangles applies when (choose the correct answer): 


solution The correct response is (a): 0 <9 < 7 j. 

5. W hat is the unit circle definition of sin el 

solution Let O denote the center of the unit circle, and let P be a point on the unit circle such that the radius ~OP 
makes an angle 9 with the positive x-axis. Then, sin 9 is the v-coordinate of the point P. 

6. How does the periodicity of sin 9 and cose follow from the unit circle definition? 

solution Let O denote the center of the unit circle, and let p be a point on the unit circle such that the radius OP 
makes an angle 6 with the positive x-axis. Then, cose and sine are the x- and ^-coordinates, respectively, of the point 
P. The angle 9 + 2n is obtained from the angle 9 by making one full revolution around the circle. The angle 9 + 27 t will 
therefore have the radius Up as its terminal side. Thus 

cos(e + 2n) = cose and sin(e + 27r) = sin e. 

In other words, sin 9 and cos 9 are periodic functions. 

Exercises 

1. Find the angle between 0 and 2n equivalent to 13jt/4. 

solution Because 13^/4 > 2n, we repeatedly subtract 2n until we arrive at a radian measure that is between 0 and 
27t. After one subtraction, we have 13tt/4 -2n = 5jt/4. Because 0 < 57r/4 < In, 5jt/4 is the angle measure between 
0 and 2n that is equivalent to 13^/4. 

3. Convert from radians to degrees: 


(a) 0 < 9 < y 


(b) 0 < 9 < n 


(c) 0 < 9 < 2n 


(a) 1 





SOLUTION 






5. Find the lengths of the arcs subtended by the angles 9 and <p radians in Figure 20. 



FIGURE 20 Circle of radius 4. 


solution s = r9 = 4 ( . 9 ) = 3.6; s = r<p = 4(2) = 8 

7. Fill in the remaining values of (cos 9, sine) for the points in Figure 22. 



K 


n 


FIGURE 22 
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SOLUTION 


# 

71 

2n 

3n 

57T 

7T 

In 

7 

3 

T 

6 

6 

(cos#, sin#) 

(0,1) 

(*$) 

(=£.$) 

(^■ 1 ) 

(-1.0) 

(=£■*) 

# 

57 T 

47 r 

3n 

57T 

In 

llyr 

T 

T 

~T 

~T 

~T 

6 

(cos#, sin#) 

~ y/2 \ 

(*=£) 

(0,-1) 

(!•=£) 


(■?•=*) 


In Exercises 9-14, use Figure 22 to find all angles between 0 and 2 jt satisfying the given condition. 

1 

9. COS 9 = - 

SOLUTION # = j, 

11. tan <9 = -1 

SOLUTION 9 

a/3 

13. sin* = — 

SOLUTION X = J, ^ 

15. Fill in the following table of values: 


9 

7 r 
¥ 

7 r 

7 r 

3 

7T 

y 

27T 

T 

37T 

T 

57T 

T 

tan # 








sec# 









SOLUTION 


# 

7 r 

6 

7 r 

4 

7 T 

I 

7 r 
2 

2tt 

T 

3tt 

T 

57T 

T 

tan# 

i 

7 ! 

i 

73 

und 

-73 

-i 

l 

“ 7 ! 

sec# 

2 

7 ! 

72 

2 

und 

-2 

-72 

2 

“ 7 ! 


17. Show that if tan 9 = c and 0 < 9 < 7r/2, then cos# = l/\/l + c 2 . Hint: Draw a right triangle whose opposite and 
adjacent sides have lengths c and 1. 

solution Because 0 < 9 < tc/I, we can use the definition of the trigonometric functions in terms of right triangles, 
tan# is the ratio of the length of the side opposite the angle # to the length of the adjacent side. With c = f, we label 
the length of the opposite side as c and the length of the adjacent side as 1 (seethe diagram below). By the Pythagorean 
theorem, the length of the hypotenuse is >/l + c 2 . Finally, we use the fact that cos# is the ratio of the length of the adjacent 
side to the length of the hypotenuse to obtain 


cos# = 


1 

TOT' 



1 
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In Exercises 19-24, assume that 0 < 9 < tt/2. 

19. Find sin 9 and tan # if cose = 

solution Consider the triangle below. The lengths of the side adjacent to the angle 9 and the hypotenuse have been 
labeled so that cose = The length of the side opposite the angle e has been calculated using the Pythagorean theorem: 
7l3 2 - 5 2 = 12 . From the triangle, we see that 

12 12 
sine = — and tane = — . 

12 


5 



21. Find sin 9, sec 9, and cote if tan e = y . 

solution If tan 9 = y, then cote = For the remaining trigonometric functions, consider the triangle below. The 
lengths of the sides opposite and adjacent to the angle 9 have been labeled so that tan # = y. The length of the hypotenuse 
has been calculated using the Pythagorean theorem: Jl 2 + 7 2 = 753. From the triangle, we see that 

2 2753 , 753 

sind = — == = — — — and sec# = — - . 

753 53 7 

2 
7 



23. Find cos2# if si n 0 = 5 . 

solution Using the double angle formula cos 29 = cos 2 9 - sin 2 0 and the fundamental identity sin 2 9 + cos 2 9 = 1, 
we find that cos 20 = 1 - 2 sin 2 9. Thus, cos 20 = 1 - 2(1/25) = 23/25. 

25. Find cos 9 and tan# if sin# = 0.4 and n/2 <9<n. 

solution We can determine the "magnitude" of cos# and tan # using the triangle shown below. The lengths of the 
side opposite the angle 9 and the hypotenuse have been labeled so that sin # = 0.4 = The length of the side adjacent 
to the angle# was calculated using the Pythagorean theorem: 75 2 - 2 2 = 72T. From the triangle, we see that 


721 2 

|cos#| = — = — and |tan#| = — == 

5 721 


Because 7 r /2 <9 <n, both cos# and tan# are negative: consequently, 


2721 

“zT 



27. Find cos# if cot# = ^ and sin# < 0. 

solution We can determine the "magnitude" of cos# using the triangle shown below. The lengths of the sides opposite 
and adjacent to the angle # have been labeled so that cot# = 3 . The length of the hypotenuse was calculated using the 
Pythagorean theorem: 73 2 + 4 2 = 5. From the triangle, we see that 

4 

I cos# | = -. 

Because cot# = y > 0 and sin# < 0 , the angle# must be in the third quadrant; consequently, cos# will be negative and 

4 

cos# = --. 
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29. Find the values of sine, cose, and tan e for the angles corresponding to the eight points in Figure 23(A) and (B). 




FIGURE 23 


solution Let's start with the four points in Figure 23(A). 

• The point in the first quadrant has coordinates (0.3965, 0.918). Therefore, 

sine = 0.918, cose = 0.3965, and tan e = ^^ = 2.3153. 

0.3965 

• The coordinates of the point in the second quadrant are (-0.918, 0.3965). Therefore, 

sine = 0.3965, cose = -0.918, and tane = = -0.4319. 

-0.918 

• Because the point in the third quadrant is symmetric to the point in the first quadrant with respect to the origin, its 
coordinates are (-0.3965, -0.918). Therefore, 

sine = -0.918, cose = -0.3965, and tane= 0,918 = 2.3153. 

-0.3965 

• Because the point in the fourth quadrant is symmetric to the point in the second quadrant with respect to the origin, 
its coordinates are (0.918, —0.3965). Therefore, 

sine = -0.3965, cose = 0.918, and tan 9 = ^ = -0-4319. 

0.91b 

Now consider the four points in Figure 23(B). 

• The point in the first quadrant has coordinates (0.3965, 0.918). Therefore, 

sine = 0.918, cose = 0.3965, and tane = = 2.3153. 

0.3965 

• The point in the second quadrant is a reflection through the y-axis of the point in the first quadrant. Its coordinates 
are therefore (-0.3965, 0.918) and 

sine = 0.918, cose = -0.3965, and tane = = -2.3153. 

0.3965 

• Because the point in the third quadrant is symmetric to the point in the first quadrant with respect to the origin, its 
coordinates are (-0.3965, -0.918). Therefore, 

sine = -0.918, cose = -0.3965, and tane= 18 = 2.3153. 

-0.3965 

• Because the point in the fourth quadrant is symmetric to the point in the second quadrant with respect to the origin, 
its coordinates are (0.3965, —0.918). Therefore, 

-0.918 

sine = -0.918, cose = 0.3965, and tan e = — — — = -2.3153. 
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31. Refer to Figure 24(B). Compute cos f, sini/r, coti/o and csci/r. 




FIGURE 24 

solution By the Pythagorean theorem, the length of the side opposite the angle f in Figure 24(B) is Vl - 0.3 2 = 
VO. 91. Consequently, 

0.3 VOJT - 0.3 1 

cos = — — = 0.3, sin ^ — = VO. 91, = ——= and esc i lr = —^=. 

11 VOl VOJT 

33. Use the addition formula to compute cos (| + j) exactly. 

SOLUTION 


/ 7 T 7T \ Tt Tt , Tt , Tt 

cos - + - = cos ^ cos - - sin - sin - 

V 3 4 / 3 4 34 

_ 1 V2 V3 V2 _ V2- V6 

~ 2 ' ”2 2 2 ~ 4 


In Exercises 35-38, sketch the graph over [0. 2jt]. 


35. 2 si n 40 

SOLUTION 



37. COS (29 - y) 

SOLUTION 



39. Flow many points lie on the intersection of the horizontal line y = c and the graph of y = sin x for 0 < x < 2nl 
Hint: The answer depends on c. 

solution Recall that for any jc, -1 < sin* < l.Thus, if |c| > 1, the horizontal liney = c and the graph of y = sin* 
never intersect. If c = +1, then y = c and y = sinx intersect at the peak of the sine curve; that is, they intersect at 
x = j. On the other hand, if c = -1, then y = c and y = sin jc intersect at the bottom of the sine curve; that is, they 
intersect at x = Finally, if |c| < 1, the graphs of y = cand y = sin.r intersect twice. 

In Exercises 41—44, solve for 0 < 8 < 2n (see Example 4). 

41. sin 29 + sin 39 = 0 

solution sin a = - sin p when a = -fi + 2 nk or a = n + p + 2n k. Substituting a = 29 and p = 30, we have 
either 20 = -30 + 2nkot29 = n + 30 + 2 nk. Solving each of these equations for 0 yields 0 = | nk or 9 = -n - 2 nk. 
The solutions on the interval 0 < 0 < 27r are then 

„ 2n 4 n 6j r 8?r 

0 = 0,—, — ,n, — , — . 
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43. COS 46» + COS 20 = 0 

solution cos a = - cos p when a + p = jr + 2 ttA: or a = p + Jr + Ink. Substituting a = 40 and /S = 20, we have 
either 60 = n + Ink or 40 = 20 + n + Ink. Solving each of these equations for 0 yields 0 = ^ + f fc or0=^- + nk. 
The solutions on the interval 0 < 0 < In are then 

n n bn In 3 n ll7r 

" = 6' V ~6~’ ~6~’ T’ T' 


In Exercises 45-54, derive the identity using the identities listed in this section. 


45. cos 20 = 2 cos 2 0-1 

solution Starting from the double angle formula for cosine, cos 2 0 = ^ (1 + cos 20), we solve for cos 20. This gives 
2 cos 2 0 = 1 + cos 20 and then cos 20 = 2 cos 2 0-1. 


47. sin - = 


1 - COS0 


solution Substitute x = 0/2 into the double angle formula for sine, sin 2 x = \ (1 - cos 2*) to obtain sin 2 ^ j = 


1 - cos 0 


Taking the square root of both sides yields sin ( ) = 


1 - COS0 


49. COS(0 + ;r) = -COS0 

solution From the addition formula for the cosine function, we have 


cos(0 + n) = cos 0 cos n - si n 0 si n n = cos 0(— 1) = - cos 0 


51. tan (jt - 0) = -tan0 
solution U sing Exercises 48 and 49, 


tan (tt - 0) = 


sinOr-0) si n(7r + (— 0)) — si n(— 0) 


sin 0 


= -tan0. 


COSfjr — 0) COSfjr + (— 0)) -COS(-0) -COS0 

The second to last equality occurs because sin x is an odd function and cos* is an even function. 

53. tan * = 


si n 2x 


1 + cos 2x 

solution U sing the addition formula for the sine function, we find 


sin 2* = sin(* + *) = sin* cos* + cos* sin* = 2 sin* cos*. 

By Exercise 45, we know that cos 2* = 2 cos 2 * - 1. Therefore, 

sin 2* 2 sin* cos* 2 sin* cos* sin* 

r— = ~ ~ = = tan x 

1 + cos 2* 1 + 2 cos 2 * - 1 2 cos 2 * cos * 


55. Use Exercises 48 and 49 to show that tan 0 and cot0 are periodic with period n. 
solution By Exercises 48 and 49, 


and 


tan C0 + n) 


si n(0 + n) 
COS(0 + n) 


— sin 0 

- COS0 


tan0, 


cot(0 + n) 


cos (0 + n) 
sin(0 + n) 


- COS 0 

— sin 0 


= COt0. 


Thus, both tan 0 and cot0 are periodic with period n. 

57. Use the Law of Cosines to find the distance from p to Q in Figure 26. 



FIGURE 26 


solution By the Law of Cosines, the distance from P to Q is 

^lO 2 + 8 2 - 2(10)(8) cos ^ = 16.928. 
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Further Insights and Challenges 

59. Use the addition formulate prove 

cos 30 = 4 cos 3 0 — 3 cos 0 

SOLUTION 

cos30 = cos(20 + 0) = cos20 cos0 - sin 20 sin 0 = (2cos 2 0 - 1) cos0 - f2 sin 0 cos 0) si n 0 
= cos0(2 cos 2 0-1-2 sin 2 0) = cos0(2 cos 2 0 - 1 - 2(1 - cos 2 0)) 

= cos0(2cos 2 0-1-2 + 2 cos 2 0) = 4 cos 3 0 - 3cos0 

61. Let 0 be the angle between the line y = mx + b and the x-axis [Figure 28(A)], Prove that m = tan0. 


y y 



FIGURE 28 


(B) 


solution Using the distances labeled in Figure 28(A), we see that the slope of the line is given by the ratio r/s. The 
tangent of the angle 0 is given by the same ratio. Therefore, m = tan0. 

63. Perpendicular Lines Use Exercise 62 to prove that two lines with nonzero slopes mi and mj are perpendicular if 
and only if mj = -1/mi. 

solution If lines are perpendicular, then the angle between them is 0 = jt/2 => 


_ 1 + 

COt(jr/2) = 1 - 

m i — m 2 

1 + m\m.2 
m\ — mj 


=>■ m\m2 = —1 =>■ m\ 


1 

m 2 



1.5 Technology: Calculators and Computers 

Preliminary Questions 

1. Is there a definite way of choosing the optimal viewing rectangle, or is it best to experiment until you find a viewing 
rectangle appropriate to the problem at hand? 

solution It is best to experiment with the window size until one is found that is appropriate for the problem at hand. 

2. Describe the calculator screen produced when the function y = 3 + x 2 is plotted with viewing rectangle: 

(a) [-1,1] x [0,2] (b) [0, 1] x [0, 4] 

SOLUTION 

(a) Using the viewing rectangle [-1, 1] by [0, 2], the screen will display nothing as the minimum value of y = 3 + x 2 
is y = 3. 

(b) Using the viewing rectangle [0, 1] by [0, 4], the screen will display the portion of the parabola between the points 
(0,3) and (1,4). 

3. According to the evidence in Example 4, it appears that f { n ) = (1 + l / n) n never takes on a value greater than 3 for 
n > 0. Does this evidence prove that f { n ) < 3 for n > 0? 

solution N o, this evidence does not constitute a proof that f { n ) < 3 for n > 0. 

4. Flow can a graphing calculator be used to find the minimum value of a function? 

solution Experiment with the viewing window to zoom in on the lowest point on the graph of the function. The 
y-coordinate of the lowest point on the graph is the minimum value of the function. 
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Exercises 

The exercises in this section should be done using a graphing calculator or computer algebra system. 


1. Plot f(x) = 2x 4 + 3x 3 - 14x 2 - 9x + 18 in the appropriate viewing rectangles and determine its roots. 
solution Using a viewing rectangle of [-4. 3] by [-20, 20], we obtain the plot below. 


y 



Now, the roots of fix) are the x- intercepts of the graph of y = fix). From the plot, we can identify thex-intercepts as 
-3, -1.5, 1, and 2. The roots of fix) are therefore x = -3, x = -1.5, x = 1, and x = 2. 

3. How many positive solutions doesx 3 - 12x + 8 = 0 have? 

solution The graph of y = x 3 - 12x + 8 shown below has two x-intercepts to the right of the origin; therefore the 
equation x 3 - 12x + 8 = 0 has two positive solutions. 



5. Find all the solutions of sin x = Vxforx > 0. 

solution Solutions to the equation sinx = ,/x correspond to points of intersection between the graphs of y = sinx 
and y = Jx. The two graphs are shown below; the only point of intersection isatx = 0. Therefore, there are no solutions 
of sinx = ,/x forx > 0. 



7. Let fix) = (x - 100) 2 + 1000. What will the display show if you graph fix) in the viewing rectangle [-10, 10] 
by [-10, 10]? Find an appropriate viewing rectangle. 

solution Because (x - 100) 2 > 0 for all x, it follows that fix) = (x - 100) 2 + 1000 > 1000 for all x. Thus, using 
a viewing rectangle of [-10, 10] by [-10, 10] will display nothing. The minimum value of the function occurs when 
x = 100, so an appropriate viewing rectangle would be [50, 150] by [1000, 2000], 

9. Plotthegraph of fix) = x/(4 - x) in a viewing rectanglethat cl early displaysthevertical and horizontal asymptotes. 

X 

solution F rom the graph of v = — — shown below, we see that the vertical asymptote is x = 4 and the horizontal 

4 — x 

asymptote is v = -1. 



11. Plot fix) = cos(x 2 ) sinx for 0 < x < 2n. Then illustrate local linearity atx = 3.8 by choosing appropriate viewing 
rectangles. 

solution The following three graphs display fix) = cos(x 2 )sinx over the intervals [0, 27 r], [3.5, 4.1] and 
[3.75, 3.85], The final graph looks like a straight line. 
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In Exercises 13-18, investigate the behavior of the function as n or x grows large by making a table of function values 
and plotting a graph (see Example 4). Describe the behavior in words. 

13. f(n) = n 1 / n 

solution The table and graphs below suggest that as n gets large, n 1 /" approaches 1. 


n 


10 

1.258925412 

10 2 

1.047128548 

10 3 

1.006931669 

10 4 

1.000921458 

10 5 

1.000115136 

10 6 

1.000013816 



15. /(B) = ^1 + 

solution The table and graphs below suggest that as n gets large, f(n) tends toward oo. 


n 

H)- 

10 

13780.61234 

10 2 

1.635828711 x 10 43 

10 3 

1.195306603 x 10 434 

10 4 

5.341783312 x 10 4342 

10 5 

1.702333054 x 10 43429 

10 6 

1.839738749 x 10 434294 


10,000 


o 



2 4 6 8 10 


20 40 60 80 100 


17. f(x) = 



X 


solution The table and graphs below suggest that as a- gets large, f(x) approaches 1. 


X 


10 

1.033975759 

10 2 

1.003338973 

10 3 

1.000333389 

10 4 

1.000033334 

10 5 

1.000003333 

10 6 

1.000000333 
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10 15 


20 


1.5 - 
1.4 - 
1.3 
1 . 2 - 
1.1 - 
1 - 


20 40 60 80 100 


19. The graph of f(9) = A cosd + 6 sin 0 is a sinusoidal wave for any constants A and B. Confirm this for (A, B) = 
(1, 1), (1, 2), and (3, 4) by plotting f(9). 

solution The graphs of f{9) = cose + sin 9, f{9) = cose + 2 sine and /(e) = 3 cose + 4 sin 9 are shown below. 



(A, B) = ( 1, 1) 




(A,B) = ( 1,2) 


[A, B) = (3, 4) 


21. Find the intervals on which f(x) = x(x + 2)(x - 3) is positive by plotting a graph. 

solution The function f(x) = x(x + 2)(x - 3) is positive when the graph of y = x(x + 2)(x - 3) lies above the 
jc-axis. The graph of y = x(x + 2)(x - 3) is shown below. Clearly, the graph lies above the x-axis and the function is 
positive for x e (-2. 0) u (3, oo). 



Further Insights and Challenges 

23. CR 5 Let fi(x) = x and define a sequence of functions by f n+ \(x) = f„(x) + x/f„(x)). For example, 

f 2 (x) = j(x + 1). Use a computer algebra system to compute f n (x) for /z = 3, 4, 5 and plot /„(*) together with *Jx for 
x > 0. W hat do you notice? 

solution With f\(x) — x and f 2 {x) — 2 (x + 1), we calculate 


and 


M x ) = \ 


{x + 1) + 


x ) 

2 (x + 1) / 


-T 2 + 6x + 1 
4(x + 1) 


Mx) = ^ 


( x 2 + 6x + 1 x \ 

4(x + 1) x 2 +6.y+1 I 

4(*+l) / 


+ 28x^ + 70x 2 + 28x + 1 
8(1 + x)(l + 6x + *2) 


/5« = 


1 + 12 Ox + 182 Ox 2 + 8008x 3 + 12870x 4 + 8008x 5 + 1820x 6 + 120x 7 + x 8 
16(1 + x)(l + 6x + *2 )( i _|_ 28x + 70x2 + 28x 3 + x 4 ) 


A plot of /i(x), / 2 (x), / 3 (x), / 4 (x), / 5 (x) and «Jx is shown below, with the graph of Jx shown as a dashed curve. It 
seems as if the f„ are asymptotic to jx. 



20 40 60 80 100 
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CHAPTER REVIEW EXERCISES 


1. Express (4, 10) as a set { x : \x -a\< c } for suitable a and c. 

solution The center of the interval (4, 10) is ^+1° = 7 and the radius is = 3. Therefore, the interval (4, 10) is 

equivalent to the set [x : \x - 7| < 3). 

3. Express [x : 2 < \x - 1| < 6) as a union of two intervals. 

solution The set {x : 2 < \x - 1| < 6} consists of those numbers that are at least 2 but at most 6 units from 1. The 
numbers larger than 1 that satisfy these conditions are 3 < x < 7, while the numbers smaller than 1 that satisfy these 
conditions are -5 < x < -1. Therefore [x : 2 < \x - 1| < 6} = [-5, -1] u [3, 7], 

5. Describe the pairs of numbers x, y such that \x + y\ =x - y. 

solution First consider the case when x + y > 0. Then \x + y\ = x + y and we obtain the equation x + y = x - y. 
The solution of this equation is y = 0. Thus, the pairs (x, 0) with x > 0 satisfy \x + y\ = x - y. Next, consider the case 
when x + y < 0. Then |x + y\ = -(x + y) = -x - y and we obtain the equation -x-y = x- y. The solution of this 
equation isx = 0. Thus, the pairs (0, y) with y < 0 also satisfy \x + y \ = x - y. 

In Exercises 7-10, let fix) be the function shown in Figure 1. 


> 



FIGURE 1 


7. Sketch the graphs of y = fix) + 2 and y = fix + 2). 

solution The graph of y = fix) + 2 is obtained by shifting the graph of y = fix) up 2 units (seethe graph below 
at the left). The graph of y = fix + 2) is obtained by shifting the graph of y = fix) to the left 2 units (see the graph 
below at the right). 


y y 




9. Continue the graph of fix) to the interval [-4, 4] as an even function. 

solution To continue the graph of fix) to the interval [-4, 4] as an even function, reflect the graph of fix) across 
the v-axis (see the graph below). 



-4 -3 -2 -1 1234 


In Exercises 11-14, find the domain and range of the function. 

11. fix) = V* + 1 

solution The domain of the function fix) = v* + 1 is [x : x > -1) and the range is [y : y > 0}. 
13. fix) = 

5 — X 

2 

The domain of thefunction fix) = is [x : x ^ 3) and the range is {y : y ^ 0). 

3 — x 


SOLUTION 
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15. Determine whether the function is increasing, decreasing, or neither: 

(a) fix ) = 3“* (b) fix ) = 

(c) git ) = t 2 + t (d) git) = t 3 + t 

SOLUTION 

(a) The function fix) = 3“* can be rewritten as fix) = (i)^ .This is an exponential function with a base less than 1; 
therefore, this is a decreasing function. 

(b) From the graph of y = l/(x 2 + 1) shown below, we see that this function is neither increasing nor decreasing for all 
x (though it is increasing for x < 0 and decreasing for x > 0). 


y 



(c) The graph of y = t 2 + 1 is an upward opening parabola: therefore, this function is neither increasing nor decreasing 
for all t. By completing the square we find y = (r + j) 2 ~ The vertex of this parabola is then at t = so the 
function is decreasing for t < - j and increasing for t > -\- 

(d) From the graph of y = t 3 + 1 shown below, we see that this is an increasing function. 



In Exercises 17-22, find the equation of the line. 

17. Line passing through (-1, 4) and (2, 6) 

solution The slope of the line passing through (-1, 4) and (2, 6) is 

6-4 2 

m = — = — . 

2 — (— 1) 3 

The equation of the line passing through (-1, 4) and (2, 6) is therefore y - 4 = |(x + 1) or 2x -3y = -14. 

19. Line of slope 6 through (9, 1) 

solution Using the point-slope form for the equation of a line, the equation of the line of slope 6 and passing through 
(9. 1) is y — 1 = 6 ix — 9) or 6x — y = 53. 

21. L ine through (2, 3) parallel to y = 4 - x 

solution The equation y = 4 - x is in slope-intercept form; it follows that the slope of this line is -1. Any line 
parallel to y = 4 - x will have the same slope, so we are looking for the equation of the line of slope -1 and passing 
through (2, 3). The equation of this line is y - 3 = -ix - 2) or x + y = 5. 

23. Does the foil owing table of market data suggest a linear relationship between price and number of homes sold during 
a one-year period? Explain. 


Price (thousands of $) 

180 

195 

220 

240 

No. of homes sold 

127 

118 

103 

91 


solution Examine the slope between consecutive data points. The first pair of data points yields a slope of 


118 - 127 9 _ 3 

195 - 180 ~ ~15 “ _ 5’ 

while the second pair of data points yields a slope of 

103 - 118 _ 15 _ 3 

220 - 195 “ _ 25 “ ~5 
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and the last pair of data points yields a slope of 


91 - 103 12 _ 3 

240 - 220 “ “20 - _ 5 ' 

Because all three slopes are equal, the data does suggest a linear relationship between price and the number of homes 
sold. 

25. Find the roots of fix) = x 4 - 4x 2 and sketch its graph. On which intervals is f(x) decreasing? 

solution The roots of fix) = x 4 - 4x 2 are obtained by solving the equation x 4 - 4x 2 = x 2 (x - 2)(x + 2) = 0, 
which yields x = -2, x = 0 and x = 2. The graph of y = fix) is shown below. From this graph we see that fix) is 
decreasing forx less than approximately -1.4 and forx between 0 and approximately 1.4. 



27. Let f{x) be the square of the distance from the point (2, 1) to a point (x, 3x + 2) on the line y — 3x + 2. Show that 
fix) is a quadratic function, and find its minimum value by completing the square. 

solution Let fix) denote the square of the distance from the point (2, 1) to a point (x, 3x + 2) on the line y = 3x + 2. 
Then 


fix) = (x — 2) 2 + (3x + 2 — l) 2 = x 2 — 4x + 4 + 9x 2 + 6x + 1 = 10x 2 + 2x + 5, 
which is a quadratic function. Completing the square, we find 


fix) = 10 


x 2 + 




10 




Because (x + ^) 2 > 0 for all x, it follows that fix) > for all x. H ence, the minimum value of fix) is 
In Exercises 29-34, sketch the graph by hand. 

29 . y = t A 

SOLUTION y 



. 9 

31. y = sin - 

SOLUTION 


33. y = 




SOLUTION 
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35. Show that the graph of y = f(jx - b ) is obtained by shifting the graph of y = f(\x) to the right 3b units. Use this 
observation to sketch the graph of y = \ lx - 4|. 

solution Letg(x) = f(\x). Then 

g(x -3 b) = f Q(x - 3 = / Qx - b'j . 

Thus, the graph of y = f(lx - b ) is obtained by shifting the graph of y = f(lx) to the right 3b units. 

The graph of y = \^x - 4| is the graph of y = | jx| shifted right 12 units (seethe graph below). 

4 
3 
2 

i 

0 5 10 15 20 



37. Find functions / and g such that the function 

/(*(/)) = (12/ + 9) 4 

solution One possible choice is f(t) = / 4 and g(t) = 12 1 + 9. Then 


/(*(/)) = /(12/ + 9) = (12r + 9) 4 


as desired. 

39. W hat is the period of the function g(0) = sin 26 + sin 

solution Thefunction sin 26 has a period of 7r, and the function si n (6» /2) has a period of 47 t. Because47r is a multiple 
of n, the period of the function g(6) = sin 26 + sin 6>/2 is 4n. 

41. Give an example of values a, b such that 

a COS a 

(a) cos(a + b) ^ cosfl + cos b (b) cos 2 ^ 

SOLUTION 

(a) Take a = b = ^/2.Then cos(a + b) = cosn = -1 but 

cos a + cos b = cos y + cos — = 0 + 0 = 0. 


(b) Take a = tc . Then 


cos (i) = cos (5) = 0 


43. Solve sin2x + cosx = 0 for 0 < x < 2 jt. 

solution Using the double angle formula for the sine function, we rewrite the equation as 2sinxcosx + cosx = 
cosx(2sinx + 1 ) = 0. Thus, either cosx = 0 or sinx = -1/2. From here we see that the solutions are x - nil, 
x = 7tt/6, x = In /2 and x = ll7r/6. 

45. [[GUI] U se a graphing calculator to determine whether the equation cosx = 5x 2 - 8x 4 has any solutions. 

solution The graphs of y = cosx and y = 5x 2 - 8x 4 are shown below. Because the graphs do not intersect, there 
are no solutions to the equation cosx = 5x 2 - 8x 4 . 


y 



2 LIMITS 


2.1 Limits, Rates of Change, and Tangent Lines 

Preliminary Questions 

1. Average velocity is equal to the slope of a secant line through two points on a graph. Which graph? 

solution Average velocity is the slope of a secant line through two points on the graph of position as a function of 
time. 

2. Can instantaneous velocity be defined as a ratio? If not, how is instantaneous velocity computed? 

solution Instantaneous velocity cannot be defined as a ratio. It is defined as the limit of average velocity as time 
elapsed shrinks to zero. 

3. What is the graphical interpretation of instantaneous velocity at a moment / = /o? 

solution Instantaneous velocity at time / = to is the slope of the line tangent to the graph of position as a function of 
time at / = /q. 

4. What is the graphical interpretation of the following statement? The average rate of change approaches the instanta- 
neous rate of change as the interval [jco, x\\ shrinks to /co- 

solution The slope of the secant line over the interval Uo, x\] approaches the slope of the tangent line at* = xo. 

5. The rate of change of atmospheric temperature with respect to altitude is equal to the slope of the tangent line to a 
graph. Which graph? What are possible units for this rate? 

solution The rate of change of atmospheric temperature with respect to altitude is the slope of the line tangent to the 
graph of atmospheric temperature as a function of altitude. Possible units for this rate of change are °F /ft or °C /m. 

Exercises 

1. A ball dropped from a state of rest at time / = 0 travels a distance n(/T = 4.9 / 2 min / seconds. 

(a) How far does the ball travel during the time interval [2, 2.5]? 

(b) Compute the average velocity over [2, 2.5]. 

(c) Compute the average velocity for the time intervals in the table and estimate the ball's instantaneous velocity at / = 2. 


Interval 

[2,2.01] 

[2,2.005] 

[2,2.001] 

[2,2.00001] 

Average 

velocity 






SOLUTION 

(a) During the time interval [2. 2.5], the ball travels As = 

(b) The average velocity over [2, 2.5] is 

As 5(2.5) — ^(2) 
A/ = 2.5-2 


time interval 

[2,2.01] 

[2,2.005] 

[2,2.001] 

[2,2.00001] 

average velocity 

19.649 

19.6245 

19.6049 

19.600049 


The instantaneous velocity at / = 2 is 19.6 m/s. 

3. Let v = 20 Vf as in Example 2. Estimate the instantaneous rate of change of v with respect to T when T — 300 K . 

SOLUTION 


T interval 

[300, 300.01] 

[300,300.005] 

average rate of change 

0.577345 

0.577348 

T interval 

[300,300.001] 

[300, 300.00001] 

average rate of change 

0.57735 

0.57735 


The instantaneous rate of change is approximately 0.57735 m/(s • K). 


= 5(2.5) - 5(2) = 4.9(2.5) 2 - 4.9(2) 2 = 11.025 m. 


11.025 

0.5 


= 22.05 m/s. 


31 
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In Exercises 5 and 6, a stone is tossed vertically into the air from ground level with an initial velocity of 15 m/s. Its height 
at time t is h(t) = 15r - 4.9 1 2 m. 

5 . Compute the stone's average velocity over the time interval [0.5, 2.5] and indicate the corresponding secant line on 
a sketch of the graph of h(t). 

solution The average velocity is equal to 

*(2.5) - *(0.5) 

2 

The secant line is plotted with h(t ) below. 


h 



7 . With an initial deposit of $100, the balance in a bank account after t years is f{t) = 100(1.08/ dollars. 

(a) W hat are the units of the rate of change of /(f)? 

(b) Find the average rate of changeover [0. 0.5] and [0, 1], 

(c) Estimate the instantaneous rate of change at t = 0.5 by computing the average rate of change over intervals to the 
left and right of t = 0.5. 

SOLUTION 

(a) The units of the rate of change of /(f) are dollars/year or $/yr. 

(b) The average rate of change of /(f) = 100(1. 08/over the time interval [fi, ti\ is given by 

A f _ f (f 2 ) - / (fi) 

At tj — t\ 


time interval 

[0, .5] 

[0,1] 

average rate of change 

7.8461 

8 


(C) 


time interval 

[0.5,0.51] 

[0.5,0.501] 

[0.5,0.5001] 

average rate of change 

8.0011 

7.9983 

7.9981 

time interval 

[0.49,0.5] 

[0.499,0.5] 

[0.4999,0.5] 

average rate of change 

7.9949 

7.9977 

7.998 


The rate of change at t - 0.5 is approximately $8/yr. 

9 . £312 Figure 8 shows the estimated number N of Internet users in Chile, based on data from the U nited Nations 
Statistics Division. 

(a) Estimate the rate of change of N at t = 2003.5. 

(b) Does the rate of change increase or decrease as t increases? Explain graphically. 

(c) Let R be the average rate of change over [2001, 2005], Compute R. 

(d) Is the rate of change at t = 2002 greater than or less than the average rate Rl Explain graphically. 


N (Internet users in Chile in millions) 



2001 


FIGURE 8 
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SOLUTION 

(a) The tangent line shown in Figure 8 appears to passthrough the points (2002, 3.75) and (2005, 4.6). Thus, the rate of 
change of N at / = 2003.5 is approximately 


4.6-3.75 
2005 - 2002 


0.283 


million Internet users peryear. 

(b) As t increases, we move from left to right along the graph in Figure 8. M oreover, as we move from left to right along 
the graph, the slope of the tangent line decreases. Thus, the rate of change decreases as t increases. 

(c) The graph of N{t) appear to pass through the points (2001, 3.1) and (2005, 4.5). Thus, the average rate of change 
over [2001, 2005] is approximately 


4.5 -3.1 
2005 - 2001 


0.35 


million Internet users peryear. 

(d) For the figure below, we see that the slope of the tangent line at r = 2002 is larger than the slope of the secant line 
through the endpoints of the graph of N(t). Thus, the rate of change at t = 2002 is greater than the average rate of 
change R. 


y 



In Exercises 11-18, estimate the instantaneous rate of change at the point indicated. 
11 . P(x) — 3x 2 — 5; x = 2 

SOLUTION 


x i nterval 

[2.2.01] 

[2,2.001] 

[2,2.0001] 

[1.99,2] 

[1.999,2] 

[1.9999,2] 

average rate of change 

12.03 

12.003 

12.0003 

11.97 

11.997 

11.9997 


The rate of change atx = 2 is approximately 12. 

13 . y(x) = — ; x = 2 
x + 2 

SOLUTION 


x interval 

[2,2.01] 

[2,2.001] 

[2,2.0001] 

[1.99.2] 

[1.999,2] 

[1.9999.2] 

average rate of change 

-0.0623 

-0.0625 

-0.0625 

-0.0627 

-0.0625 

-0.0625 


The rate of change atx = 2 is approximately -0.06. 
15 . f(x) = 3*; x = 0 

SOLUTION 


x interval 

[-0.01.0] 

[-0.001,0] 

[-0.0001,0] 

[0, 0.01] 

[0, 0.001] 

[0,0.0001] 

average rate of change 

1.0926 

1.098 

1.0986 

1.1047 

1.0992 

1.0987 


The rate of change is betwenn 1.0986 and 1.0987. 

Tt 

17 . f(x) = sinx; x = — 

6 

SOLUTION 


x interval 


[f - 0.001. f ] 

i — 1 

O 

o 

o 

o 

1 

[^F + 0 - 01 ] 

[£ 4 + o-ooi] 

[^F+ 0 - 001 ] 

average rate of change 

0.8685 

0.8663 

0.8660 

0.8635 

0.8658 

0.8660 


The rate of change at x = g is approximately 0.866. 
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19. The height (in centimeters) attimer (in seconds) of a small mass oscillating attheend of aspring is h(t) = 8cos(127r t). 

(a) Calculate the mass's average velocity over the time intervals [0. 0.1] and [3, 3.5]. 

(b) Estimate its instantaneous velocity at t = 3. 


SOLUTION 

A h 

(a) The average velocity over the time interval Ui, is given by — 


h (t 2 ) - h (t i) 

n - n 


time interval 

[0,0.1] 

[3.3.5] 

average velocity 

-144.721 cm/s 

0 cm/s 


(b) 


time interval 

[3, 3.0001] 

[3, 3.00001] 

[3, 3.000001] 

[2.9999, 3] 

[2.99999, 3] 

[2.999999, 3] 

average velocity 

-0.5685 

-0.05685 

-0.005685 

0.5685 

0.05685 

0.005685 


The instantaneous velocity at t = 3 seconds is approximately 0 cm/s. 


21. L=Jfe] Assume that the period T (in seconds) of a pendulum (the time required for a complete back-and-forth cycle) 
is T = \ J~L, where L is the pendulum's length (in meters). 

(a) W hat are the units for the rate of change of T with respect to L? Explain what this rate measures. 

(b) W hich quantities are represented by the slopes of lines A and B in Figure 10? 

(c) Estimate the instantaneous rate of change of T with respect to L when L = 3 m. 


Period (s) 



FIGURE 10 The period T is the time required for a pendulum to swing back and forth. 

SOLUTION 

(a) The units for the rate of change of T with respect to L are seconds per meter. This rate measures the sensitivity of 
the period of the pendulum to a change in the length of the pendulum. 

(b) The slope of the line B represents the average rate of change in T from Z, = lmtoL = 3m. The slope of the line 
A represents the instantaneous rate of change of T at L = 3 m. 

(c) 



time interval 

[3,3.01] 

[3,3.001] 

[3,3.0001] 

[2.99, 3] 

[2.999, 3] 

[2.9999,3] 

average velocity 

0.4327 

0.4330 

0.4330 

0.4334 

0.4330 

0.4330 


The instantaneous rate of change at L = 1 m is approximately 0.4330 s/m. 

23. | [GE1] An advertising campaign boosted sales of Crunchy Crust frozen pizza to a peak level of So dollars per month. 
A marketing study showed that after t months, monthly sales declined to 

S(t) = S 0g (t), where g(t) = 1 . — 

\/l + 1 

Do sales decline more slowly or more rapidly as time increases? Answer by referring to a sketch of the graph of g(t) 
together with several tangent lines. 

solution We notice from the figure below that, as time increases, the slopes of the tangent lines to the graph of g(t) 
become less negative. Thus, sales decline more slowly as time increases. 



2 4 6 8 10 12 
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25. The graphs in Figure 13 represent the positions s of moving particles as functions of time r. M atch each graph with 
a description: 

(a) Speeding up 

(b) Speeding up and then slowing down 

(c) Slowing down 

(d) Slowing down and then speeding up 



S 



s 



FIGURE 13 



solution When a particle is speeding up over a time interval, its graph is bent upward over that interval. When a 
particle is slowing down, its graph is bent downward over that interval. Accordingly, 

• In graph (A), the particle is (c) slowing down. 

• In graph (B), the particle is (b) speeding up and then slowing down. 

• In graph (C), the particle is (d) slowing down and then speeding up. 

• In graph (D), the particle is (a) speeding up. 

27. ThefungusF usariumexospor ium infects a field of flax plants through the roots and causes the plantsto wilt. Eventually, 
the entire field is infected. The percentage fit) of infected plants as a function of timer (in days) since planting is shown 
in Figure 15. 

(a) What are the units of the rate of change of fit) with respect to r? What does this rate measure? 

(b) Use the graph to rank (from smallest to largest) the average infection rates over the intervals [0. 12], [20, 32], and 

[40,52], 

(c) Use the following table to compute the average rates of infection over the intervals [30, 40], [40, 50], [30, 50], 

Days 0 10 20 30 40 50 60 

Percent infected 0 18 56 82 91 96 98 

(d) Draw the tangent line at t = 40 and estimate its slope. 



FIGURE 15 


SOLUTION 

(a) The units of the rate of change of fit) with respect to r are percent /day or %/d. This rate measures how quickly the 
population of flax plants is becoming infected. 

(b) From smallest to largest, the average rates of infection are those over the intervals [40, 52], [0, 12], [20, 32], This is 
because the slopes of the secant lines over these intervals are arranged from smallest to largest. 

(c) The average rates of infection over the intervals [30, 40], [40, 50], [30, 50] are 0.9, 0.5, 0.7 %/d, respectively. 

(d) The tangent line sketched in the graph below appears to pass through the points (20, 80) and (40, 91). The estimate 
of the instantaneous rate of infection at t = 40 days is therefore 


91-80 

40-20 


0.55%/d. 
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29. C=Hfe] If an object in linear motion (but with changing velocity) covers As meters in At seconds, then its average 
velocity is no = As/ At m/s. Show that it would cover the same distance if it traveled at constant velocity no over the 
same time interval. This justifies our calling As/ At the average velocity. 

solution At constant velocity, the distance traveled is equal to velocity times time, so an object moving at constant 
velocity no for At seconds travels no St meters. Since no = As/ At, wefind 


distance traveled = vo&t = 



At = As 


So the object covers the same distance As by traveling at constant velocity no. 

31. Which graph in Figure 16 has the following property: For all x, the average rate of change over [0,*] is 

greater than the instantaneous rate of change at x. Explain. 




(A) (B) 

FIGURE 16 


SOLUTION 

(a) The average rate of change over [0, x] is greater than the instantaneous rate of change at *: (B). 

(b) The average rate of change over [0, x] is less than the instantaneous rate of change at*: (A) 

The graph in (B) bends downward, so the slope of the secant line through (0, 0) and (x, /(*)) is larger than the slope 
of the tangent line at (x, /(*)). On the other hand, the graph in (A) bends upward, so the slope of the tangent line at 
(*, f(x)) is larger than the slope of the secant line through (0. 0) and (*, /(*)). 


Further Insights and Challenges 

33. Let Q(t) = t 2 . As in the previous exercise, find a formula for the average rate of change of Q over the interval [1, i] 
and use it to estimate the instantaneous rate of change at t = 1. Repeat for the interval [2. f] and estimate the rate of 
change at t = 2. 

solution The average rate of change is 


<2(0 -2(D t 2 - 1 

t- 1 t- 1 ' 

Applying the difference of squares formula gives that the average rate of change is (( t + l)(r - l))/(f - 1) = (t + 1) for 
t ^ 1. As t gets closer to 1, this gets closer to 1 + 1 = 2. The instantaneous rate of change is 2. 

For tq = 2, the average rate of change is 


Q(t)-Q(2) t 2 -l\ 

t — 2 t —2 ’ 

which simplifies to t + 2 for t 2. As t approaches 2, the average rate of change approaches 4. The instantaneous rate 
of change is therefore 4. 
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35 . Find a formula for the average rate of change of fix) = y 3 over [2, x] and use it to estimate the instantaneous rate 
of change at x = 2 . 

solution The average rate of change is 


fix) ~ f ( 2 ) _ y 3 - 8 
Y — 2 Y — 2 

Applying the difference of cubes formulate the numerator, we find that the average rate of change is 

(y 3 + 2y + 4)(y — 2) 


y — 2 


= y 3 -T 2y + 4 


for x ^ 2. The closer x gets to 2, the closer the average rate of change gets to 2 3 + 2(2) + 4 = 12. 


2.2 Limits: A Numerical and Graphical Approach 


Preliminary Questions 

1. W hat is the limit of fix) = 1 as x -* nl 

SOLUTION lim^—s.jr 1=1. 

2. W hat is the limit of git) = t as r -* 7r? 
solution \\ m t ^ n t = n . 

3 . Is lim 20 equal to 10 or 20? 

x — > 10 

solution lim^-cio 20 = 20. 

4 . Can fix) approach a limit as x ->• c if /(c) is undefined? If so, give an example. 

solution Yes. The limit of a function / as x -»• c does not depend on what happens at y = c, only on the behavior of 
/ as y -» c. As an example, consider the function 


fix) = 



The function is clearly not defined at x = 1 but 

c- 3 -l 

lim fix) = lim — = lim (y + 1 ) = 2 . 

x — ^ 1 x->l x — 1 1 


5 . What does the following table suggest about lim fix) and lim /( y)? 

A' >1 » A >1 ! 



0.9 

0.99 

0.999 

1.1 

1.01 

1.001 

fix) 

7 

25 

4317 

3.0126 

3.0047 

3.00011 


solution The values in the table suggest that lim v _j.i_ fix) = oo and lim v _ ! .i + fix) = 3. 

6. Can you tell whether lim fix) exists from a plot of fix) for x > 5? Explain. 

A-9-5 

solution No. By examining values of fix) for x close to but greater than 5, we can determine whether the one-sided 
limit lim_ v ^ 5 + fix) exists. To determine whether lim ,^5 fix) exists, we must examine value of fix) on both sides of 
x — 5. 

7 . If you know in advance that lim fix) exists, can you determine its valuefrom a plot of fix) for all x > 5? 

x->5 


solution Yes. If lim A -^5 fix) exists, then both one-sided limits must exist and be equal. 
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Exercises 

In Exercises 1-4, fill in the tables and guess the value of the limit. 


1. lim f{x), where fix) = -= — - 
X->1 — 1 


Jt 

fix) 

X 

fix) 

1.002 


0.998 


1.001 


0.999 


1.0005 


0.9995 


1.00001 


0.99999 



SOLUTION 


X 

0.998 

0.999 

0.9995 

0.99999 

1.00001 

1.0005 

1.001 

1.002 

fix) 

1.498501 

1.499250 

1.499625 

1.499993 

1.500008 

1.500375 

1.500750 

1.501500 


Thelimitasx -> 1 is 

y 2 -y-2 

3. lim fiy), where fiy) = -= — 

y^2 + y - 6 


y 

fiy) 

y 

fiy) 

2.002 


1.998 


2.001 


1.999 


2.0001 


1.9999 



SOLUTION 


y 

1.998 

1.999 

1.9999 

2.0001 

2.001 

2.02 

fiy) 

0.59984 

0.59992 

0.599992 

0.600008 

0.60008 

0.601594 


The limit as y -* 2 is 

5. Determine lim fix) for fix) as in Figure 9. 


X 

FIGURE 9 

solution The graph suggests that fix) 1.5 as x -> 0.5. 

In Exercises 7 and 8, evaluate the limit. 

7. lim x 

x — >21 

solution Asx — > 21, fix) = x -> 21. You can see this, for example, on the graph of fix) = x. 

In Exercises 9-16, verify each limit using the limit definition. For example, in Exercise 9, show that |3 jc - 12| can be 
made as small as desired by taking x close to 4. 

9. lim 3x = 12 

x— >4 

solution \3x - 12| = 3\x - 4|. |3jc - 12 1 can be made arbitrarily small by making x close enough to 4, thus making 
\x - 4| small. 
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11 . lim (5* + 2) = 17 

solution |(5x + 2) - 17| = \5x - 15 1 = 5|.v - 3|. Therefore, if you make \x - 3| small enough, you can make 
|(5.v + 2) - 17 1 as small as desired. 

13 . lim x 2 = 0 

x — ^0 

solution As jc -> 0, we have \x 2 - 0| = \x + 0||x - 0|. To simplify things, suppose that \x\ < 1, so that \x + 0||* - 
0| = \x\\x\ < \x\. By making \x\ sufficiently small, so that \x + 0||jt - 0| = x 2 is even smaller, you can make \x 2 - 0| 
as small as desired. 

15 . lim (4x 2 + 2x + 5) = 5 

Y'-S-O 

solution As* ->• 0, we have |4 y 2 + 2x + 5 - 5| = |4y 2 + 2*| = |y||4y + 2|. If |jc| < 1, |4* + 2| can be no bigger 
than 6, so \x\\4x + 2| < 6|x|. Therefore, by making \x - 0| = |*| sufficiently small, you can make |4 y 2 + 2x + 5 - 5| = 
\x\\4x + 2| as small as desired. 

In Exercises 17-36, estimate the limit numerically or state that the limit does not exist. If infinite, state whether the 
one-sided limits are oo or -oo. 

,, .. Jx — 1 
17 . lim — 

X — ^ 1 X 1 

SOLUTION 


Thelimitasx ->• 1 is 

-* 2 + . y -6 

19 . lim 

x-fl x l — x — 2 


T 


SOLUTION 


X 

0.9995 

0.99999 

1.00001 

1.0005 

fix) 

0.500063 

0.500001 

0.49999 

0.499938 


T he limit as jc ->• 2 is 


3‘ 


21 . lim 


sin 2x 


x — ^0 x 

SOLUTION 


X 

1.999 

1.99999 

2.00001 

2.001 

fix ) 

1.666889 

1.666669 

1.666664 

1.666445 


Thelimitasx ->• 0 is 2. 

.. COS 0-1 
23 . lim 

9 

SOLUTION 


X 

- 0.01 

- 0.005 

0.005 

0.01 

fix) 

1.999867 

1.999967 

1.999967 

1.999867 


Thelimitasx ->• 0 isO. 
25 . lim 1 


y-s-4 (,y — 4) 2 

SOLUTION 


X 

- 0.05 

- 0.001 

0.001 

0.05 

fix) 

0.0249948 

0.0005 

- 0.0005 

- 0.0249948 


X 

3.99 

3.999 

3.9999 

4.0001 

4.001 

4.01 

fix) 

- 10 6 

- 10 9 

- 10 12 

10 12 

10 9 

10 6 


The limit does not exist. As x ->• 4-, f{x ) ->• -oo; similarly, as jc ->• 4+, f(x) -*■ oo. 
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27. 



SOLUTION 


X 

3.01 

3.001 

3.0001 

3.00001 

fix) 

-16.473 

-166.473 

-1666.473 

-16666.473 


As* — > 3+, f(x ) — > — oo. 

„„ 1 

29. 1 1 m sin h cos - 
h^O h 

SOLUTION 


h 

-0.01 

-0.001 

-0.0001 

0.0001 

0.001 

0.01 

fih ) 

-0.008623 

-0.000562 

0.000095 

-0.000095 

0.000562 

0.008623 


T he limit as jc -»• 0 isO. 
31. lim |jc| x 

JC^O 

SOLUTION 


X 

-0.05 

-0.001 

-0.00001 

0.00001 

0.001 

0.05 

fix) 

1.161586 

1.006932 

1.000115 

0.999885 

0.993116 

0.860892 


The limit as * ->• 0 is 1. 

__ .. tan 9 - 2sin0cos0 

33. lim = 

SOLUTION 


9 

f - 0.01 

| - 0.001 

| - 0.0001 

f + 0.0001 

l + o.ooi 

f +0.01 

fid) 

1.96026 

1.99600 

1.99960 

2.00040 

2.00400 

2.04027 


The limit as x ->• ^ is approximately 2. 

__ 1-COS0 

35. lim = — 

e 2 

SOLUTION 


9 

-0.01 

-0.001 

-0.0001 

0.0001 

0.001 

0.01 

fid) 

0.499996 

0.500000 

0.500000 

0.500000 

0.500000 

0.499996 


The limit as 9 -x 0 appears to be 0.5. 

37. The greatest integer function is defined by [x] = n, where n is the unique integer such thatw <x<n 
the graph of >> = \x]. Calculate, for c an integer: 

(a) lim [x] (b) lim [ x ] 

x— >c— x — >c-\- 

solution H ere is a graph of the greatest integer function: 


y 

2 

1- 


-1 



1 


2 


H X 

3 


lim [x] — c — 1. 

X— >c— 


1. Sketch 


(a) From the graph, we see that, for c an integer, 
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(b) From the graph, we see that, for c an integer, 


lim [x] = c. 

X— >C+ 


In Exercises 39-46, determine the one-sided limits numerically or graphically. If infinite, state whether the one-sided limits 
are oo or -oo, and describe the corresponding vertical asymptote. In Exercise 46, [x] is the greatest integer function 
defined in Exercise 37. 


. . si n x 
39 . lim 

x^0± |x| 


SOLUTION 


X 

- 0.2 

- 0.02 

0.02 

0.2 

/(x) 

-0.993347 

-0.999933 

0.999933 

0.993347 


The left-hand limit is lim /(x) = -1, whereas the right-hand limit is lim f(x) = 1. 

> 0 - ' x-»- 0 + 


41 . 


x — sin |x| 

lim 5 

x->0± x 3 


SOLUTION 


X 

- 0.1 

- 0.01 

0.01 

0.1 

fix) 

199.853 

19999.8 

0.166666 

0.166583 


Theleft-hand limitis lim /(x) = oo, whereas the right-hand limitis lim fix) = -.Thus, thelinex = 0 is a vertical 

.v— >0— ' x— >-0-|- 6 

asymptote from the left for the graph of y = *~ SI 3 M . 

r 4 a 2 + 7 
43 . lim 

i-»-2± x 3 + 8 

solution The graph of y = 4 ^ 2 + 7 for x near -2 is shown below. From this graph, we see that 

.. 4x 2 + 7 ... ., 4x 2 +7 

lim = -oo while lim — = oo. 

x->—2- x 3 + 8 


Thus, the line x = -2 is a vertical asymptote for the graph of y = 


>-2+ x 3 + 8 
4.v 2 +7 



45 . lim 


1 +jt-2 


>1± x L + x — 2 

solution The graph of y = 


xr+x— 2 
x 2 +x— 2 


for x near 1 is shown below. From this graph, we see that 


lim 


1 + x — 2 


► l± x L +x - 2 


= 2 . 



0.5 


1.0 


1.5 
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47. Determine the one-sided limits at c = 2, 4 of the function f(x) in Figure 12. What are the vertical asymptotes of 

/(*)? 

y 



SOLUTION 

• For c = 2, we have lim /(x) = oo and lim /(x) = o o. 

x->2- x->2+ 

• For c = 4, we have lim f(x) = -oo and lim f(x) = 10. 

.v— >4— ' x->4+ ' 

The vertical asymptotes are the vertical lines x = 2 andx = 4. 

In Exercises 49-52, sketch the graph of a function with the given limits. 

49. lim /(x) = 2, lim f(x) = 0, lim f(x) = 4 
x—fl x—>3— x— > 3 + ‘ 

SOLUTION 


y 



51. lim /(*) = /( 2) = 3, 
*->2+ 

SOLUTION 


lim /(*) = -l f lim /(*) = 2^/(4) 

*—>•2— x-^-4 



53. Determine the one-sided limits of the function /(*) in Figure 14, at the points c = 1, 3, 5, 6. 


y 



SOLUTION 

• lim f(x)= lim f(x) = 3 

>- 1 — > 1 + 

• lim /(x) = — oo 
x^-3— 
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lim /(*) = 4 
x-»3+ 

lim /( x) = 2 
x->5— 

lim f(x) = -3 
*-»5+ 

lim f(x) = lim fix c) = oo 

jc — 6 — jc— >6+ 


|GU|j in Exercises 55-60, plot the function and use the graph to estimate the value of the limit. 

__ sin 56» 

55. lim 


e^o sin 26 

SOLUTION 



SOLUTION 


y 



The limit as* -*■ 0 is approximately 0.693. (The exact answer is In 2.) 

„ .. cos Id- cos 56 

59. lim = 

e^o 6 2 

SOLUTION 



From the graph of y = C ° s7 ^ 2 COs5 ^ shown above, we see that the limit as 6 -> 0 is -12. 

61. Let n be a positive integer. For which n are the two infinite one-sided limits lim 1 /jc" equal? 

x-*0± 

solution First, suppose that;; is even. Then x n > 0 for all x, and > 0 for all x ■£ 0. Hence, 

1 ..1 
lim — = lim — = oo. 

x->0- x n x->0+ x n 

Next, suppose that;; is odd. Then X > 0 for all x > 0 but X <0 for all x < 0. Thus, 


lim — = -oo but lim — = oo. 

x->0- x n .*->0+ x n 


Finally, the two infinite one-sided limits are equal whenever n is even. 
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63. m In some cases, numerical investigations can be misleading. Plot f(x) = cos^. 

(a) Does lim /(jc) exist? 

x ->0 

(b) Show, by evaluating f(x) at x = ±\, ±\, ±5, • • • , that you might be able to trick your friends into believing that 
the limit exists and is equal to L - 1. 

(c) W hich sequence of evaluations might trick them into believing that the limit is L = -1. 
solution H ere is the graph of f(x). 


X 


(a) From the graph of f(x), which shows that the value of f(x) oscillates more and more rapidly as x -*■ 0, it follows 
that lim f{x) does not exist. 

(b) Notice that 

/ = cos = COS±2 tt = 1; 

f ( ±t! = COS — = COS±4jt = 1; 

v 4/ ±1/4 

/ I ±- ) = COS — r = COS±6 jt = 1; 

V 6/ ±1/6 

and, in general, /(±^) = 1 for all integers n. 

(c) Atx = ±1, ± 3 , ±5 , the value of f(x) is always -1. 


Further Insights and Challenges 

65. Investigate jim^ numerically for several values of n. Then guess the value in general. 

SOLUTION 

• For/? = 3, we have 


e 

- 0.1 

- 0.01 

-0.001 

0.001 

0.01 

0.1 

sin 770 
e 

2.955202 

2.999550 

2.999996 

2.999996 

2.999550 

2.955202 


The limit as 6» — ► 0 is 3. 
• Forn = -5, we have 


e 

-0.1 

-0.01 

-0.001 

0.001 

0.01 

0.1 

sin w6» 
9 

-4.794255 

-4.997917 

-4.999979 

-4.999979 

-4.997917 

-4.794255 


The limit as 9 ->• 0 is -5. 

,,, . t . . .. sin«0 

• We surmise that, in general, lim = n. 

e^o e 

X n - 1 

67. Investigate lim for (m,n) equal to (2, 1), (1,2), (2,3), and (3, 2). Then guess the value of the limit in 

*->■1 x m — 1 

general and check your guess for two additional pairs. 

SOLUTION 



X 

0.99 

0.9999 

1.0001 

1.01 

x — 1 

X 2 - 1 

0.502513 

0.500025 

0.499975 

0.497512 
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The I imit as jc -► 1 is j. 


X 

0.99 

0.9999 

1.0001 

1.01 

* 

1 1 

^ i-. 

1.99 

1.9999 

2.0001 

2.01 


Thelimitasx — ^ 1 is 2. 


X 

0.99 

0.9999 

1.0001 

1.01 

x 1 - 1 

*3-1 

0.670011 

0.666700 

0.666633 

0.663344 


T he I imit as jc ->• 1 is I. 


X 

0.99 

0.9999 

1.0001 

1.01 

X 3 -1 

x 2 -1 

1.492513 

1.499925 

1.500075 

1.507512 


T he I imit as jc -> 1 is 

X *1 — 1 fl 

• For general m and n, we have lim : = — . 

x— >•! x m — 1 m 


X 

0.99 

0.9999 

1.0001 

1.01 

w * 
1 1 

1 — 1 

0.336689 

0.333367 

0.333300 

0.330022 


T he I imit as jc -> 1 is i. 


X 

0.99 

0.9999 

1.0001 

1.01 

x 3 - 1 
x — 1 

2.9701 

2.9997 

3.0003 

3.0301 


T he I imit as jc ->• 1 is 3. 


X 

0.99 

0.9999 

1.0001 

1.01 

X 3 - 1 
X 7 - 1 

0.437200 

0.428657 

0.428486 

0.420058 


T he I imit as jc -* 1 is | sa 0.428571. 


2 X - 8 

69. CS ||GU: Plot the graph of /( jt) = — . 

x — 3 

(a) Zoom in on the graph to estimate L = lim f(x). 


(b) Explain why 


/ (2. 99999) < L < /(3.00001) 
Use this to determine L to three decimal places. 

SOLUTION 

(a) y 
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(b) It is clear that the graph of / rises as we move to the right. M athematically, we may express this observation as: 
whenever u < v, f(u) < f(v). Because 


2.99999 < 3 = lim f{x) < 3.00001, 
a-s-3 


it follows that 


/( 2.99999) < L = lim f(x) < /(3.00001). 

x^3 

With /( 2.99999) « 5.54516 and /(3. 00001) « 5.545195, the above inequality becomes 5.54516 < L < 5.545195; 
hence, to three decimal places, L = 5.545. 


2.3 Basic Limit Laws 

Preliminary Questions 

1. State theSum Law and QuotientLaw. 

solution Suppose lirn v _ >c f(x) and lirn,-_ >c gO) both exist. TheSum Law states that 

lim (f(x) + g(x)) = lim f(x) + lim g(x). 

x—>c X^-C x^-c 

Provided lim^ c g(x) / 0, the Quotient Law states that 

l jm fix) _ Nm x^ c fix) 
x^-c g(x) lim^cgCx) ' 

2. Which of the following is a verbal version of the Product Law (assuming the limits exist)? 

(a) The product of two functions has a limit. 

(b) The limit of the product is the product of the limits. 

(c) The product of a limit is a product of functions. 

(d) A limit produces a product of functions. 

solution The verbal version of the Product Law is (b): The limit of the product is the product of the limits. 

3. Which statement is correct? The Quotient Law does not hold if: 

(a) The limit of the denominator is zero. 

(b) The limit of the numerator is zero. 

solution Statements (a) is correct. The Quotient Law does not hold if the limit of the denominator is zero. 


Exercises 

In Exercises 1-24, evaluate the limit using the Basic Limit Laws and the limits lim x p ! q = c p / q and lim k = k. 

x—>c x—>c 

1. lim x 
.y-s-9 

solution lim x = 9. 

x—>9 

3. lim x 4 

i ■ 4 

SOLUTION lim X = 

5. lim t~ l 

t^2 

solution lim r^ 1 = 2 -1 = -. 

2 2 

7. lim (3x +4) 

a-s-0.2 

solution Using the Sum Law and the Constant M ultiple Law: 

lim (3x + 4)= lim 3x + lim 4 

x-s-0.2 a-s-0.2 a-s-0.2 

= 3 lim x + lim 4 = 3(0.2) + 4 = 4.6. 

a^0.2 a-s-0.2 
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9. I i m ^(3 y 4 - 2y 3 + 4y) 

solution Using the Sum Law, the Constant M ultiple Law and the Powers Law: 

lim (3y 4 - 2y 3 + Ax) = lim 3 y 4 - lim 2y 3 + I im Ax 

x — > — 1 x—>—l x—>—l x-y—1 

= 3 lim y 4 — 2 lim y 3 + 4 lim x 

x — > — 1 x — > — 1 x — > — 1 

= 3(— l) 4 - 2(— l) 3 + 4( — 1) = 3 + 2- 4= 1. 


11 . lim (y + 1)(3y 2 - 9) 

y-*2 

solution Using the Product Law, the Sum Law and the Constant M ultiple Law: 

lim (y + 1) (3y 2 - 9) = ( lim y + lim 1 ) ( lim 3 y 2 - lim 9^ 

x ->2 V / \ y ^2 x —*2 ) \ y — >2 y — >2 / 


= (2 + 1) (3 lim y 2 

\ x-*2 

= 3(3(2) 2 - 9) = 9. 



13 . lim 


3 1 - 14 


r^4 t + 1 

solution Using the Quotient Law, the Sum Law and the Constant M ultiple Law: 


.. 3t — 14 
lim — 

r^4 t 


lim (3? - 14) 
r^4 


lim (r + 1) 

r^4 


3 lim t - lim 14 
t- s-4 t- s-4 


lim t + lim 1 
4 r^4 


3-4-14 
4 + 1 


2 

5' 


15 . lim a6y + l)(2v 1/2 + l) 
y—* 4 

solution Using the Product Law, the Sum Law, the Constant M ultiple Law and the Powers Law: 
lim (16y + 1) (2_y 1 / 2 + 1) = { lim (16y + 1) ) ( lim (2y 1/2 + 1) ) 

>’^4 Wi / Wi / 


- v ^4 


= ( 16 lim y + lim 1 ) ( 2 lim v 1 / 2 + lim 1 

^ y^\ 

+ 1 ] ( 2 ( 1 ] + l) = 10. 




= 16 


17 . lim - 

y — >-4 -y/6y + 1 

solution Using the Quotient Law, the Powers Law, the Sum Law and the Constant M ultiple Law: 

i i i 

lim 


v^4 V6y + 1 lim v^v + 1 

y— >4 


6 lim y + 1 

y— >4 ' 


V6(4) + 1 5' 


19 . lim , A — 
x — * — 1 x i + 4y 

solution Using the Quotient Law, the Sum Law, the Powers Law and the Constant M ultiple Law: 

lim y , 

.. y x — > — 1 -1 1 

lim -= = = = = = -. 

*->-l x i + 4y lim y^ + 4 lim y (— 1)-= + 4(— 1) 5 

X — > — 1 X — > — 1 
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3s/t — Jr 

21 . 1 1 m 

25 (t - 20) 2 

solution Using the Quotient Law, the Sum Law, the Constant M ultiple Law and the Powers Law: 


, r l j / nm t - e 
3\/v — J ?- s-25 3 t 


I i m 

r^25 ( t - 20) 2 


► 25 


3(5) - 5 (25) 2 


I i m r - 20 
r^25 


5 2 


23. lim (4r 2 + 8 / - 5 ) 3 / 2 

solution Using the Powers Law, the Sum Law and the Constant M ultiple Law: 


lim (4r 2 + 8 r - 5 ) 3 / 2 

'^7 


( , \ 3/2 

( 4 lim r 2 + 8 lim t - 5 ) = (9 + 12 - 5 y! 2 = 64. 


25. Use the Quotient Law to prove that if lim fix) exists and is nonzero, then 

X— )-C 

1 1 
lim = 

f(x) lim fix) 

X — >C 

solution Since lim f{x) is nonzero, we can apply the Quotient Law: 

x— >-c 


lim 

X — >C 



fap i 

( lim fix)j J!iP c fW 


In Exercises 27-30, evaluate the limit assuming that lim /(x) = 3and lim g(x) = 1. 

x->-4 .V-S--4 

27. lim /(x)g(x) 
x-s--4 

solution lim f(x)g(x)= lim f(x) lim ^(jc) = 3-1 = 3. 
x — >■ — 4 x— 4 x — > — 4 


29. lim 


x— 4 

SOLUTION 


g(x) 

.V 2 

Since lim x 2 / 0, we may apply the Quotient Law, then applying the Powers Law: 

X-S--4 


lim 

x — > — 4 



lim g(x) 
x—> — 4 


lim x 2 

x — > — 4 


lim x 

x-s- — 4 


1 

16' 


sinx 

31. Can the Quotient Law be applied to evaluate lim ? Explain. 

x— >0 x 


sinx 

solution T he I i mit Q uotient L aw cannot be applied to evaluate lim since lim x = 0. This violates a condition 

x — ^0 x x — >0 

of the Quotient Law. Accordingly, the rule cannot be employed. 

33. Give an example where lim (/(x) + g(x)) exists but neither lim fix) nor lim g(x)exists. 

x->0 x->-0 


solution Let f{x) = 1/x and g(x) = -1/x. Then lim (/(x) + g(x)) = lim 0 = 0. However, lim /(x) = 

X->0 .Y-S-0 .Y-S-0 

lim 1/x and lim g(x) = lim -1/x do not exist. 

x — >■ 0 .Y^0 x — >-0 
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Further Insights and Challenges 

35 . Suppose that lim tg(t) = 12. Show that lim git) exists and equals 4. 
t — ^ 3 t — > 3 

solution We are given that lim tg(t) = 12. Since lim t = 3 ^ 0, we may apply the Quotient Law: 

r-> 3 


lim g ( t ) = pm *1^1 
t-*- 3 r-s- 3 f 


lim rg(0 
r->3 


lim f 
r-»3 


12 

T 


= 4. 


37 . QS Assuming that lim = 1, which of the following statements is necessarily true? Why? 

.*->0 A 

(a) /(0) = 0 (b) lim /(x) = 0 


SOLUTION 

f (jt) 

(a) Given that lim — — = 1, it is not necessarily true that /( 0) = 0. A counterexample is provided by fix) = 

*->0 x 

Jx, x 7 ^ 0 
[5, x = 0 

f 

(b) Given that lim - — = 1, it is necessarily true that lim fix) = 0. For note that lim x = 0, whence 

x^0 X x^O x^0 


lim fix) - lim x ^ = ( lim x^) ( lim ^ =0-1 = 0. 

jc-4-0 x — >-0 x \a;— >0 / \jc— >0 x ) 


39 . 


Suppose that lim g(h) = L. 
h—> 0 


(a) Explain why lim g{cih) = L for any constants? / 0. 

/i — > 0 

(b) If we assume instead that lim g(h) = L, is it still necessarily true that lim g{cih) = L? 

h-y 1 h-> 1 

(c) Illustrate (a) and (b) with the function fix) = x 2 . 


SOLUTION 

(a) A S h ->■ 0, ah 


0 as well; hence, if we make the change of variable w = ah, then 


lim g(ah) = lim g(w) = L. 
h—> 0 w— >0 

(b) No. As h -> 1, ah -> a, so we should not expect lim g(ah) = lim g(h). 

/z — > 1 h—> 1 

(c) Letg(x) = x 2 . Then 

limg(/i) = 0 and lim g{ah)= lim (ah) 2 = 0. 
h—> 0 h— >0 h—> 0 

On the other hand, 

limg(A) = l while lim g(ah) = lim (ah) 2 = a 2 , 

/i->1 h—> 1 /z — > 1 

which is equal to the previous limit if and only if a = ±1. 


2.4 Limits and Continuity 

Preliminary Questions 

1. Which property of /(x) = x 3 allows us to conclude that limx 3 = 8? 

*-»2 

solution We can conclude that I im A ^2 = 8 because the function x 3 is continuous atx = 2. 

2. W hat can be said about /( 3) if / is continuous and lim fix) = i? 

x^3' z 

solution If f is continuous and lim*^ fix) = j, then /(3) = 

3 . Suppose that /(x) < 0 if x is positive and /(x) > 1 if x is negative. Can / be continuous atx = 0? 
solution Since fix) < 0 when x is positive and fix) > 1 when x is negative, it follows that 

lim fix) < 0 and lim fix) > 1. 

x->0+ x->0- ' 

Thus, lim^o fix) does not exist, so f cannot be continuous atx = 0. 
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4. Is it possible to determine /(7) if /(*) = 3 for all x < 7 and / is right-continuous at x = 7? What if / is 
left-continuous? 

solution No. To determine /(7), we need to combine either knowledge of the values of f{x) for x < 7 with left- 
continuity or knowledge of the values of f(x) for x > 7 with right-continuity. 

5. Are the foil owing true or false? If false, state a correct version. 

(a) /(*) is continuous at x = a if the left- and right-hand limits of fix) as* -> a exist and are equal. 

(b) f(x) is continuous at* = a if the left- and right-hand limits of /(*) as* -»• a exist and equal /(a). 

(c) If the left- and right-hand limits of /(*) as * ->■ a exist, then / has a removable discontinuity at* = a. 

(d) If /(*) and g(x) are continuous at* = a, then /(*) + g(x) is continuous at* = a. 

(e) If /(*) and g(*) are continuous at* = a, then f(x)/g(x) is continuous at* = a. 

SOLUTION 

(a) False. The correct statement is “fix) is continuous at* = a if the left- and right-hand limits of /(*) as* -> a exist 
and equal f{a)." 

(b) True. 

(c) False. The correct statement is "If the left- and right-hand limits of /(*) as * -> a are equal but not equal to f(a), 
then f has a removable discontinuity at* = a." 

(d) True. 

(e) False.The correct statementis'lf /(*)andg(*)arecontinuousat* = aandg(fl) / 0, then /(*)/#(*) iscontinuous 
at * = a . " 


Exercises 

1. Referring to Figure 14, state whether /(*) is left- or right-continuous (or neither) at each point of discontinuity. Does 
fix) have any removable discontinuities? 


y 



FIGURE 14 Graph Of y = /(*) 


SOLUTION 

• The function / is discontinuous at* = 1; it is right-continuous there. 

• The function / is discontinuous at* = 3; it is neither left-continuous nor right-continuous there. 

• The function / is discontinuous at* = 5; it is left-continuous there. 

Flowever, these discontinuities are not removable. 

Exercises 2-4 refer to the function g(*) in Figure 15. 



1 2 3 4 5 6 

FIGURE 15 Graph of y = gix) 


3. At which point c does gix) have a removable discontinuity? Flow should g(c) be redefined to make g continuous at 
* = c? 

solution Because lim v ^ 3 g(*) exists, the function g has a removable discontinuity at* = 3. Assigning g(3) = 4 
makes g conti nuous at * = 3. 
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5. In Figure 16, determine the one-sided limits at the points of discontinuity. Which discontinuity is removable and how 
should / be redefined to make it continuous at this point? 


y 



FIGURE 16 


solution Thefunction / is discontinuous at* = 0, atwhich lim /(*) = oo and lim /(*) = 2. The function / 

x — >0— x — > 0+ 

is also discontinuous at x — 2, at which lim /(*) = 6 and lim /(*) = 6. Because the two one-sided limits exist 

x — >2 — x — ^ 2+ 

and are equal at* = 2, the discontinuity at* = 2 is removable. Assigning /( 2) = 6 makes / continuous at* = 2. 

In Exercises 7-16, use the Laws of Continuity and Theorems 2 and 3 to show that the function is continuous. 


7. /(*) = x + sin* 

solution Since* and sin* are continuous, so is * + sin* by Continuity Law (i). 

9. /(*) = 3* + 4 sin* 

solution Since* and sin* are continuous, so are 3* and 4 sin* by Continuity Law (i i). Thus 3* + 4 sin* is continuous 
by Continuity Law (i). 

/(■*) = 2 I i 

* z + 1 

SOLUTION 


Since* is continuous, so is * 2 by Continuity Law (iii). 

Recall that constant functions, such as 1, are continuous. Thus * 2 + 1 is continuous. 

1 -, 

Finally, is continuous by Continuity Law (iv) because*^ + 1 is never 0. 

x L + 1 


13. /(*) = cos(* 2 ) 


solution The function /(*) is a composite of two continuous functions: cos* and * 2 , so fix) is continuous by 
Theorem 5, which states that a composite of continuous functions is continuous. 

15. /■(*) = 2 A cos 3* 

solution 2 X and cos 3* are continuous, so 2 X cos 3* is continuous by Continuity Law (iii). 


In Exercises 17-34, determine the points of discontinuity. State the type of discontinuity (removable, jump, infinite, or 
none of these) and whether thefunction is left- or right-continuous. 


17. /(*) = - 
* 

solution Thefunction 1/* is discontinuous at* = 0, atwhich there is an infinite discontinuity. Thefunction isneither 
left- nor right-continuous at* = 0. 

* — 2 

19 - /(*) = T T7 

|* - 1 | 

_ x — 2 _ 

solution The function — is discontinuous at * = 1, at which there is an infinite discontinuity. The function is 

I* - 1| 

neither left- nor right-continuous at* = 1. 


21 . /(*) = 


2 X 


SOLUTION 


Thefunction is discontinuous at even integers, at which there are jump discontinuities. 


Because 


lim 

— >2 n + 


2. X 


but 


lim 

x — > 2/7 — 


— 72 — 1 , 


it follows that this function is right-continuous at the even integers but not left-continuous. 
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23. fix) = 


Ax - 2 


solution The function fix) = ^ — - is discontinuous at x - \, at which there is an infinite discontinuity. The 
function is neither left- nor right-continuous at x = \. 

25. fix) = 3y 2 / 3 - 9y 3 

solution The function fix) = 3y 2 / 3 - 9y 3 is defined and continuous for all x. 

27. fix)= l-v-2| 

(-1 x = 2 

x — 2 (jc — 2) 

solution For y > 2, fix) - — = 1. ForY < 2, fix) - — = -1. The function has a jump discontinuity 

(y - 2) (2- x) 

at x = 2. Because 

lim fix) = — 1 = /(2) 


lim /(y) = 1 /(2), 

y->2+ 

it follows that this function is left-continuous at x = 2 but not right-continuous. 

29. git) = tan 2c 

solution The function git) = tan 2 1 = S ' n ^ is discontinuous whenever cos 2/ = 0; i.e., whenever 
s cos2r 


(2 n + l)Jt 


or t = 


(. 2n + 1 )7r 


where n is an integer. At every such value of t there is an infinite discontinuity. The function is neither left- nor right- 
continuous at any of these points of discontinuity. 

31. fix) = tan(sinY) 

solution The function fix) = tanfsin x) is continuous everywhere. Reason: sin x is continuous everywhere and tan u 
is continuous on (- ^)— and in particular on -1 < u - sin x < 1. Continuity of tanfsin x) follows by the continuity 
of composite functions. 

33. fix) = Kr— 


solution The function fix) = — — — - is discontinuous at x = 0, at which there is an infinite discontinuity. The 

2- v — 2 x 

function is neither left- nor right-continuous at x = 0. 

In Exercises 35-48, determine the domain of the function and prove that it is continuous on its domain using the Laws of 
Continuity and the facts quoted in this section. 

35. fix) = 2 sin y + 3 cosy 

solution The domain of 2 sin x + 3 cosy is all real numbers. Both sin x and cosy are continuous on this domain, so 
2 sin x + 3 cosy is continuous by Continuity Laws (i) and (ii). 

37. fix) = \fx si n y 

solution This function is defined as long as x > 0. Since v fx and sin x are continuous, so is V^sin x by Continuity 
Law (iii). 

39. fix) = y 2/3 2 a ‘ 

solution The domain of y 2 / 3 2 a isall real numbers as the denominator of the rational exponent is odd. Both y 2 / 3 and 
2 A ‘ are continuous on this domain, so y 2 / 3 2 a is continuous by Continuity Law (iii). 

41. fix) = y _4/3 

solution This function is defined for all x 0. Because the function y 4 / 3 is continuous and not equal to zero for 
y -f 0, it follows that 


is continuous for x / 0 by Continuity Law (iv). 
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43. /(x) = tan 2 x 

solution The domain of tan 2 x is all x ±(2 n - \)n/2 where n is a positive integer. Because tan x is continuous on 
this domain, it follows from Continuity Law (iii) that tan 2 x is also continuous on this domain. 

45. fix) = (x 4 + 1) 3/2 

solution The domain of (x 4 + l ) 3 / 2 is all real numbers as x 4 + 1 > 0 for all x. Because x 3 / 2 and the polynomial 
x 4 + 1 are both continuous, so is the composite function (x 4 + l) 3 / 2 . 


47. f(x ) = 


COS(x 2 ) 


x 2 — 1 

solution The domain for this function is all x ■£ ±1. Because the functions cosx and x 2 are continuous on this 
domain, so is the composite function cosfx 2 ). Finally, because the polynomial x 2 - 1 is continuous and not equal to zero 
COSfx 2 ) 

forx / ±1, the function — is continuous by Continuity Law (iv). 
x L — 1 

49. Show that the function 


fix) = 


x 2 + 3 for x < 1 
10 - x for 1 < x < 2 
6x — x 2 for x > 2 


is continuous for x f 1, 2. Then compute the right- and left-hand limits at x = 1, 2, and determine whether fix) is 
I eft- continuous, right-continuous, or continuous at these points (Figure 17). 



solution L et's start with x ^ 1, 2, 

• Because x is continuous, so isx 2 by Continuity Law (iii). The constant function 3 is also continuous, so x 2 + 3 is 
continuous by Continuity Law (i). Therefore, fix) is continuous forx < 1. 

• Because x and the constant function 10 are continuous, the function 10 - x is continuous by Continuity Law (i). 
Therefore, fix) is continuous for 1 < x < 2. 

• Because x is continuous, x 2 is continuous by Continuity Law (iii) and 6x is continuous by Continuity Law (ii). 
Therefore, 6x - x 2 is continuous by Continuity Law (i), so fix) is continuous for x > 2. 

At x = 1, fix) has a jump discontinuity because the one-sided limits exist but are not equal: 

2 


lim fix) = lim (x z + 3) = 4, 

c— >1— ' x— >1— 


lim fix) = lim (10-x) = 9. 

c-»l+ x->-l+ 


Furthermore, the right-hand limit equals the function value /(l) = 9, so fix) is right-continuous atx = 1. Atx = 2, 

7 ^ 


lim fix) = lim (10-x) = 8, 
C— >■ 2— x— >2 — 


lim fix)= lim (6x-x ) = 8. 

c->2+ x->2+ 


Theleft- and right-hand limits exist and are equal to /(2), so fix) is continuous atx = 2. 

In Exercises 51-54, sketch the graph of fix). At each point of discontinuity, state whether / is left- or right-continuous. 
r 2 forx < 1 


51. fix) = 


2 — x for x > 1 


SOLUTION 



The function / is continuous everywhere. 
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53 . f{x) = 


( x 2 — 3x + 2 
\x - 2| 


x ^ 2 
x = 2 


SOLUTION 



The function / is neither left- nor right-continuous atx = 2. 
55 . Show that the function 


fix) = 


x 2 - 16 

x -4 

10 


x ^ 4 
x = 4 


has a removable discontinuity atx = 4. 

solution To show that fix) has a removable discontinuity atx = 4, we must establish that 


lim fix) 
x^4 

exists but does not equal /( 4). N ow, 

x 2 - 16 

lim : — = lim (x + 4) = 8 / 10 = /(4); 

x->4 x — 4 x^4 

thus, fix) has a removable discontinuity atx = 4. To remove the discontinuity, we must redefine /( 4 ) = 8. 


In Exercises 57-59, find the value of the constant (a, b, or c) that makes the function continuous. 


57 . fix) = 


jx 2 -c 
1 4x + 2c 


forx < 5 
forx > 5 


solution As x -> 5-, we havex 2 -c^25-c = L. Asx^ 5+, we have 4x + 2c ->• 20 + 2c = R. M atch the 
limits: L = R or 25 — c = 20 + 2c implies c = 

x - '*' for x < — 1 


59 . /(x) = 


ax + b 


x 


-1 


for - 1 < x < 2 
forx > 2 


solution As x -> -1-, x _1 -> -1 while as x -»• -1+, ax + b ->• 6 - a. For / to be continuous atx = -1, we 
must therefore have b - a = -1. Now, as x j-, ax + ->• ^ while as x ->■ j+, x _1 ->■ 2. For / to be 

continuous at x = we must therefore have \a + b = 2. Solving these two equations for a and yields a = 2 and 
A - 1. 


61 . Define g(r) = 2 1 ^ f for t ^ 0. Answer the following questions, using a plot if necessary. 

(a) Can g(l) be defined so that g{t) is continuous at t = 1? 

(b) How should g(l) be defined so that git) is left-continuous at t - 1? 


SOLUTION 

(a) From the graph of git) shown below, we see that g approaches 0 as t -> 1 from the left and becomes infinite as 
t -> 1 from the right. Therefore, g(l) cannot be defined so that g is continuous at t = 1. 


y 
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(b) To makeg(f) left-continuous atf = 1, we should define 

S(l) = lim 2 1 / (? “ 11 = 0 
/-►l - 


In Exercises 63-66, draw the graph of a function on [0, 5] with the given properties. 

63 . fix) is not continuous at x = 1 , but lim fix) and lim f{x) exist and are equal. 

*->■1-1- ' x^l- ' 


SOLUTION 


y 



65 . f(x ) has a removable discontinuity at* = 1, a jump discontinuity atx = 2, and 

lim f(x) = —oo, lim f{x) = 2 
x->3— x->3+ 


SOLUTION 


y 



In Exercises 67-80, evaluate using substitution. 

67 . lim (2x 3 - 4) 

X — > — 1 

solution lim (2x 3 — 4) = 2( — l) 3 — 4 = — 6. 

x — >■ — 1 


69 . lim 


x + 2 


>3 x 2 + 2x 


SOLUTION lim 


x + 2 


>3 x 2 + 2x 


3 + 2 5 1 

3 2 + 2 • 3 - 15 “ 3 


71 . lim tan(3x) 


solution lim tan(3x) = tan(3 ■ ?) = tan(^) = -1 
x— * 


73 . lim x- 5 / 2 

x— >4 

SOLUTION lim X _5/2 = 4 -5 / 2 = 

x— >4 32 


75 . lim (1 — 8x 3 ) 3 / 2 

X — > — 1 

solution lim (1 - 8x 3 ) 3 / 2 = (1 - 8(— l) 3 ) 3 / 2 = 27. 

x-»-l 


77 . lim 10 a ' 2 “ 2a 
x— >3 

solution lim 10 a ‘ 2-2a = 10 32 - 2 ® = 1000. 

x— >3 
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79. lim si n 2 (7r sin 2 x) 


SOLUTION 


lim^ si n 2 Ctt si n 2 a) = sin 2 lirn^ sin 2 xj = sin 2 ^jrsin 2 (y)) = sin 2 = j 


81. Suppose that fix) and g(x) are discontinuous atx = c. Does it follow that fix) + g(x) is discontinuous at x = c? 
If not, give a counterexample. Does this contradict Theorem 1 (i)? 


solution Even if f(x ) and g(x) are discontinuous atx = c, it is not necessarily true that fix) + g(x) is discontinuous 
atx = c. For example, suppose fix) = -x _1 and g(x) = x _1 . Both fix) and g(x) are discontinuous atx = 0; however, 
the function fix ) + g(x) = 0, which is continuous everywhere, including x = 0. This does not contradict Theorem 1 (i), 
which deals only with continuous functions. 


83. Use the result of Exercise 82 to prove that if g(x) is continuous, then f(x) = |g(x)| is also continuous. 


solution Recall that the composition of two continuous functions is continuous. Now, f(x) = |g(x)| is a composition 
of the continuous functions g(x) and |x|, so is also continuous. 


85. 



In 2009, the federal income tax T(x) on income of x dollars (up to $82,250) was determined by the formula 


O.lOx 


T(x) = 


0.15x- 417.50 
0.25x- 3812.50 


for 0 < x < 8350 
for 8350 <x < 33,950 
for 33,950 <x < 82,250 


Sketch the graph of T(x). Does T(x ) have any discontinuities? Explain why, if T(x) had a jump discontinuity, it might 
be advantageous in some situations to earn less money. 

solution T(x), the amount of federal income tax owed on an income of x dollars in 2009, might be a discontinuous 
function depending upon how the tax tables are constructed (as determined by that year's regulations). Here is a graph of 
T(x) for that particular year. 


y 



If T(x) had a jump discontinuity (say atx = c), it might be advantageous to earn slightly less income than c (say c - e) 
and be taxed at a lower rate than to earn c or more and be taxed at a higher rate. Y our net earnings may actually be more 
in the former case than in the latter one. 


Further Insights and Challenges 

87. Give an example of functions /(x) and g(x) such that f(g{x)) is continuous but g(x ) has at least one discontinuity. 

solution A nswers may vary. The simplest examples are thefunctions f(g(x)) where /(x) = C is a constantfunction, 
and g(x) is defined for all x. In these cases, /(g(x)) = C. For example, if /(x) = 3 and g(x) = [x], g is discontinuous 
at all integer values x = n, but /(g(x)) = 3 is continuous. 

89. Show that f(x) is a discontinuous function for all x where /(x) is defined as follows: 

{ 1 for x rational 
-1 for x irrational 


Show that /(x) 2 is continuous for all x. 

solution lim fix) does not exist for any c. If c is irrational, then there is always a rational number r arbitrarily close 

x—>c 

to c so that | fic) - f(r) | = 2. If, on the other hand, c is rational, there is always an irrational number z arbitrarily close 
to c so that |/(c) - /(z)| = 2. 

On the other hand, fix) 2 is a constantfunction that always has value 1, which is obviously continuous. 


SECTION 2.5 | Evaluating Limits Algebraically 57 


2.5 Evaluating Limits Algebraically 


Preliminary Questions 

1. W hich of the following is indeterminate atx = 1? 

x 2 + 1 x 2 — 1 x 2 - 1 x 2 + 1 

x - 1 x + 2 yjx + 3 - 2 ’ V* + 3 - 2 

solution Atx = 1, 2 is of the form jj; hence, this function is indeterminate. None of the remaining functions 

is indeterminate at x = 1: ^-±i and 2— t 1 - are undefined because the denominator is zero but the numerator is not, 

x ~ 1 v*+j— 

while is equal to 0. 

2. G i ve counterexamples to show that these statements are false: 

(a) If /(c) is indeterminate, then the right- and left-hand limits asx -»• c are not equal. 

(b) If lim /(x) exists, then /(c) is not indeterminate. 

X— >C 

(c) If /(x) is undefined at x = c, then f(x) has an indeterminate form at x = c. 

SOLUTION 

(a) Let f(x) = At* = 1, / is indeterminate of the form § but 

x 2 -1 x 2 - 1 

lim : — = lim (x + 1) = 2 = lim {x + 1) = lim — . 

x — ^ 1 — x 1 x — ^ 1 — x — ^ 1~|- x — >1+ x 1 

(b) Again, let /(.*) = Then 

t 2 -1 

lim /(x) = lim — = lim (x + 1) = 2 

x — > 1 x—>\ x — 1 JC — > 1 

but /(l) is indeterminate of the form jj. 

(c) Let/(jr) = i.Then / isundefined atx = 0 but does not have an indeterminate form atx = 0. 

3. The method for evaluating limits discussed in this section is sometimes called "simplify and plug in." Explain how it 
actually relies on the property of continuity. 

solution If / is continuous at x = c, then, by definition, lim x ^, c f(x) = /(c); in other words, the limit of a 
continuous function at x = c is the value of the function at x = c. The "simplify and plug-in" strategy is based on 
simplifying a function which is indeterminate to a continuous function. Once the simplification has been made, the limit 
of the remaining continuous function is obtained by evaluation. 


Exercises 

In Exercises 1-4, show that the limit leads to an indeterminate form. Then carry out the two-step procedure: Transform 
thefunction algebraically and evaluate using continuity. 


1. lim 


x 2 — 36 


6 x — 6 


solution When we substitute x = 6 into we obtain the indeterminate form U pon factoring the numerator 
and simplifying, wefind 


x 2 — 36 (x — 6)(x + 6) .. 

lim — = lim = lim (x + 6) = 12. 

k — >6 x — 6 x — >6 x — 6 x — >6 


x 2 + 2x + 1 
3. lim 

x — > — 1 X + 1 


SOLUTION 


When wesubstitutex = -1 into j2+ jj +1 , weobtaintheindeterminateform S. U pon factoring the numerator 


and simplifying, wefind 


x 2 + 2x + 1 .. (x + 1) 2 .. n 

im — = lim — = lim (x + 1) = 0. 

->-l x + 1 x — > — l x + 1 x — > — l 
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In Exercises 5-34, evaluate the limit, if it exists. If not, determine whether the one-sided limits exist (finite or infinite). 


x - 7 

5. Iim — — 

x-*7 x 2 — 49 

x — 1 , . x — 1 , . 1 1 

solution 1 1 m = 1 1 m = Iim = — . 

jv — >7 X 2 - 49 jv — > 7 (x - 7)(x + 7) .v— >7 X + 7 14 

x 2 + 3x + 2 

7. Iim — 

x — >■ —2 x + 2 

x 2 + 3x + 2 (x + l)(x + 2) 

solution Iim — = Iim = Iim (x + 1) = — 1. 

x->-2 x + 2 x->-2 x + 2 x-*-2 

„ , 2x 2 — 9x — 5 

9. Iim , 

x-s-5 x 2 — 25 

.. 2x 2 — 9x — 5 (x — 5)(2x + 1) 2x + 1 11 

solution Iim = = Iim — = Iim — = — . 

x->5 x 2 — 25 x— >5 (x — 5)(x + 5) a— >5 x + 5 10 

n i ■ 2x + 1 

11. Iim — = 

x ^~2 2x 2 + 3x + 1 

.. 2x + 1 .. 2x + 1 .. 1 _ 

solution Iim — = = Iim — = Iim =2. 

x->- \ 2x 2 + 3x + 1 x^-\ (2x + l)(x + 1) x—>— j x -f 1 

„ , 3x 2 — 4x — 4 

13. Iim = 

x-s-2 2x 2 — 8 

3x 2 — 4x — 4 (3x + 2)(x — 2) 3x + 2 8 

solution Iim = = Iim — = Iim — = - = 1. 

x— >2 2x 2 — 8 x— >2 2(x — 2)(x + 2) x— >2 2(x + 2) 8 

4 2 ' - 1 
15. Iim — — - 
r^O 4' - 1 

4 2r - 1 (4' - 1)(4' + 1) 

solution Iim — — — = Iim — — = Iim (4 r + 1) = 2. 

t roO 4 f - 1 t roO 4' - 1 r^O 

.. «Jx - 4 
17. Iim - — — 

x — > 16 x — 16 


■Jx — 4 

solution Iim — — — = Iim 


*Jx - 4 


= Iim 


16 x - 16 x->16 (VI + 4) (VI - 4) x->16 V* + 4 8 


(v + 4) 


i9. , im y +y ~ 12 
y -> 3 y 3 — lOy + 3 

.. v 2 + y — 12 (y-3)(y + 4) (v + 4) 7 

solution Iim -+ = Iim = Iim — =- = — . 

y->3 y 3 — lOy + 3 y-> 3 (y — 3)(y 2 + 3y — 1) y^3 (y* + 3y — 1) 17 

21. Nm ^- 2 

A— 9-0 h 

solution Iim + ^ — - does not exist. 

A— 9-0 /! 


As h -9- 0+, we have 


As /i -9- 0-, we have 


V/i + 2 — 2 ( V fr + 2 — 2) (VA + 2-1-2) h — 2 

h ~ h{Vh + 2 + 2) _ /i(V/r+2 + 2) 

V/i + 2 — 2 (VA + 2 — 2 ) (Va + 2 + 2 ) h — 2 
h ~ h(Vh + 2 + 2) _ h(^/h~+2 + 2) 


__ , . x — 4 

23 . Iim —= 

x-9-4 V^ — V8 — x 


SOLUTION 


JC ~ / 4 = Iim 

/I— V 8 — x *->4 (VI — V8 — x 


(x - 4) (V* + V8 - x) _ |jm (x - 4)(VI + V8 - x) 

— V8 — x)(V* + 78 — x) x-94 x — (8 — x) 


(x - 4) (VI + V8 - x) (x - 4)(Vx + V8 - x) 

= Iim = Iim 

a-9-4 2x — 8 x-i-4 2(x — 4) 


= Iim ■ 

X-9-4 


74 + 74 
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25. lim ( 1 — ) 

x^4\^/x — 2 x — 4 / 

(l 4 \ s/x + 2-4 sfx — 2 

solution lim — — — = lim — — — -r . — — = lim — — — . . — — 

x^4\,/x — 2 x — 4/ x^4 (*Jx — 2) (^/x + 2) x->4 (V-T — 2) [^/x + 2) 


x— >-0 CSC x 

.. COtx COSx . . 

solution lim = lim - — ■ sin jc = cos 0 = 1. 

x— >-0 CSC a: x— >-0 Sin a: 


29. lim 

t-> 2 


2 2 ’ + 2 ' -20 
2^4 


2 2 ' + 2 f — 20 
SOLUTION lim — — 

r->2 2 r — 4 


lim 

2 


(2 f + 5)(2 ? 
2 f — 4 


4) 


lim (2' + 5) = 9. 
r— >2 


1 

4' 


31. 



si n x — cos x 
tan x - 1 


sinx-cosx cosx (sin jc - cos*) cos* jt V 2 

solution lim • = lim = cos — = 

tanx-1 cosx x -».| sinx-cosx 4 2 


33. lim 


? V tan e - 1 


solution lim 


tan 2 9 - 1, 

1 2 


tanfl-l tan 2 e-l 


= lim 


(tan 9 + 1 ) - 2 


= lim 


(tan 6 > + 1 ) (tans - 1 ) e^jtane + l 


1 

2 ' 


35. [GUfl U sea plot of /(x) = — to estimate lim f(x) to two decimal places. Compare with the answer 

yfx — V8 — x x->4 ' 

obtained algebraically in Exercise 23. 

solution Let/(x) = ' r ~t — : ■ From the plot of f(x) shown below, we estimate lim /(x) ^ 2.00; to two decimal 

V A v O X x — >4 

places, this matches the value of 2 obtained in Exercise 23. 


y 



In Exercises 37-42, evaluate using the identity 


a 3 -b 3 = (a- b)(a 2 + ab + b 2 ) 


37. lim 


x 3 -8 


x— >2 X — 2 


SOLUTION lim 


r- 3 -8 


- = lim 

a -*2 x — 2 x— >2 


(x - 


2)(x 2 + 2x + 4) 

— = lim (x 2 + 2x + 4) 

x - 2 x— >2 V / 


= 12 . 


„ i ' x 2 -5x + 4 

39. lim 5 

x-»l X J — 1 


SOLUTION I i m 

X ->1 


x 4 - 1 


x 2 - 5x + 4 

x 3 - 1 


= lim 


(x - l)(x - 4) 


= lim 


x — 4 


x— >1 (x — 1) (x 2 + x + 1) x — > 1 x 2 T x T 1 


= - 1 . 


41. lim 

x-s-l X 3 — 1 

SOLUTION 

X 4 - 1 


lim 

x->l x 3 — 1 


l)(x 2 + 1) .. (x - l)(x + l)(x 2 + 1) (x + l)(x 2 + 1) 4 

= = lim = = lim = = -. 

x->l (x — l)(x 2 + x + 1) x — > l (x — l)(x 2 + x + 1) x — >■ l (x 2 +x + l) 3 


= lim 


(x z 
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43. Evaluate lim — 1 + h — -.Hint: Set a = fyl + h and rewrite as a limit as x ->• 1. 

h^> 0 h 

solution Let a- = + h. Then h = a 4 - 1 = (x - 1)(a + l)(x 2 + 1), x ->■ 1 as h ->• 0 and 

yiTh-l x — 1 , 1 1 

lim = 1 1 m = = lim = = — . 

h-*- 0 h x — 1 (a — 1)(a + l)(x 2 + 1) x->l (a + l)(x 2 + 1) 4 

In Exercises 45-54, evaluate in terms of the constant a. 


45. lim (2a + a) 

x-s-0 

solution lim (2a + a) = 2a. 

x->0 

47. lim (4r - 2 at + 3 a) 

t -*- 1 

solution lim (4r — 2at + 3a) = — 4 + 5a. 

t- >-l 

2(a+h) 2 -2a 2 
49. lim 

h->0 h 

2(a+h) 2 — 2a 2 4ha + 2h 2 ... 

solution lim = lim = lim (4a + 2h) = 4a. 

/i-»0 h h-*0 h 0 

Jx - Ja 

51. lim — 

x-s-a A — fl 

Jx - Ja .. Jx — s/a 1 

solution 1 1 m — = 1 1 m — — — = 1 1 m — — 


53. lim 


x-ta x — a 


(a + a) 2 — a 2 


a (s/x — s/a) (s/x + s/a ) x ^ a s/x + s/a 2-sfa 


.. (x+a) -a 3 .. a 3 + 3 x 2 a + 3 xa 2 + a 3 — a* .. j ,2 ,2 

solution 1 1 m = lim = lim (a + 3 a a + 3 a ) = 3 a . 

x— >0 x x— >0 x 

Further Insights and Challenges 

In Exercises 55-58, find all values of c such that the limit exists. 


__ , • a 2 — 5a — 6 
55. lim 

X — *C A — c 

x 2 — 5 a — 6 

solution lim will exist provided that a - c is a factor of the numerator. (Otherwise there will be an 

X ->C A — c 

infinite discontinuity at a = c.) Since a 2 - 5a - 6 = (a + 1)(a - 6), this occurs for c = -1 and c = 6. 


57. pm — - 

X-s-l \A — 1 A 3 — 1 / 

solution Simplifying, we find 


1 c a 2 + a + 1 — c 

A — 1 A 3 — 1 (a — 1)(a 2 + A + 1) 

In order for the limit to exist as a -»• 1, the numerator must evaluate to 0 at a = 1. Thus, we must have 3 - c = 0, which 
implies c = 3. 

59. Forwhich sign ± does the following limit exist? 

lim (~± — ) 

X-s-0 \ A A(A — 1)/ 


SOLUTION 


Thelimit lim f - h ^ = lim — — ^ 1 = lim — 

X->0\A a (a — 1 ) / x^O a (a — 1) x-»0 a - 1 


The limit lim — 

X-s-0 \a a (a — 1 ) 


does not exist. 


» a u 1 1 (a — 1) — 1 a — 2 

- A s a -> 0+, we have — = — = — 

A A (a — 1) a(a — 1) A (A — 1 ) 

A A U 1 1 (A - 1) - 1 A - 2 

- A s a -> 0-, we have — = — = — 

A A(A — 1) a(a — 1) a(a — 1) 


— oo. 
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2.6 Trigonometric Limits 

Preliminary Questions 

1. Assume that -x 4 < fix) < x 2 . What is lim /(x)? Is there enough information to evaluate lim /(x)? Explain. 

solution Since lim^o -* 4 = Nitt^o * 2 = 0. the squeeze theorem guarantees that lim^o /(*) = O' Since 
lim i -x 4 = - ^ 7^ | = lim v _^ i x 2 , we do not have enough information to determine lim i /(x). 

2. State the Squeeze Theorem carefully. 

solution Assume that for x / c (in some open interval containing c), 

l(x) < f(x) < u(x) 

and that lim Z(x) = lim «(x) = L. Then lim fix) exists and 

x— >c x^c x — ^ c 

lim fix) = L. 

x— 


3. If you wantto evaluate lim it is a good idea to rewrite the limit in terms of the variable (choose one): 

/!-> o 3/; 

5 h 

(a) 9 = 5 h (b) 9 = 3 h (c) 9 = y 

solution To match the given limitto the pattern of 


lim 


sine 

~e~ 


it is best to substitute for the argument of the sine function; thus, rewrite the limit in terms of (a): 9 = 5/;. 


Exercises 

1. State precisely the hypothesis and conclusions of the Squeeze Theorem for the situation in Figure 6. 



FIGURE 6 

solution For all x / 1 on the open interval (0. 2) containing x = 1, T(x) < fix) < u(x). M oreover, 

lim £(x) = lim u(x) = 2. 

X— >1 X — > 1 

Therefore, by the Squeeze Theorem, 

lim fix) = 2. 

X->1 ' 

3. W hat does the SqueezeTheorem say about lim /(x)if lim l(x) = lim «(x) = 6 and /(x),w(x), and /(x) are related 

x— >1 x—>l x—>7 

as in Figure 8? The inequality fix) < «(x) is not satisfied for all x. Does this affect the validity of your conclusion? 



7 

FIGURE 8 
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solution TheSqueezeTheorem does not require that the i inequalities /(jc) < fix) < u(x) hold for all x, only that the 
inequalities hold on some open interval containing x = c. In Figure 8, it is clear that /(jc) < fix) < uix) on some open 
interval containing x = 7, Because lim u(x) = lim l(x) = 6, the Squeeze Theorem guarantees that lim fix) = 6. 

x—>l x— >1 x—>l 

5. State whether the inequality provides sufficient information to determine lim fix), and if so, find the limit. 

X->1 

(a) 4.v — 5 < fix) < x 2 

(b) 2x - 1 < fix) < x 2 

(c) i)x — x 2 < fix) < x 2 + 2 

SOLUTION 

(a) Because lim (4* -5) = -1 ^ l = lim jc 2 , thegiven inequality does not providesufficient i nformation to determine 

JC— >-1 X— >1 

lim.^i fix). 

(b) Because lim (2x - 1) = 1 = lim x 2 , it follows from the Squeeze Theorem that lim^i fix) = 1. 

JC— >-1 JC— >1 

(c) Because lim (4x - x 2 ) = 3 = lim ix 2 + 2), it follows from the Squeeze Theorem that lim^i fix) = 3. 

X — > 1 X — > 1 

In Exercises 7-16, evaluate using the Squeeze Theorem. 

7 1 

7. lim x cos - 

.Y — 0 X 

solution M ultiplying the inequality -1 < cos \ < 1, which holds for all x / 0, by x 2 yields - x 2 < x 2 cos \ < x 2 . 
Because 

lim -x 2 = lim x 2 = 0. 

x-* 0 x-* 0 

it follows by the Squeeze Theorem that 

2 1 _ 

1 1 m x cos - = 0. 

x->0 x 

9. lim (jc — 1) si n — - 
x — > 1 x — 1 

solution M ultiplying the inequality |sin -^l < 1, which holds for x ^ 1, by \x - 1| yields |(.y - 1) sin < 
\x - 1| or —\x - 1| < ix - 1) sin < \x - 1|. Because 

lim — \x - 1| = lim \x - 1| = 0. 

JC-»1 X — >1 

it follows by the Squeeze Theorem that 

, . n 

1 1 m ix - 1) sin = 0. 

x — > 1 x — 1 


11 . lim ( 2 ' - 1 ) cos - 

f-*0 t 

solution M ultiplying the inequality |cos j| < 1, which holds for z / 0, by |2' - 1| yields |(2 f - 1) cos j| < |2 r - 1| 
or — |2 r - 1| < (2 r - l)cos^ < |2 f - 1|. Because 

lim -\2' - 1 | = lim | 2 r - 1 | = 0 . 

r-s-0 r->0 

it follows by the Squeeze Theorem that 

lim ( 2 ' - l)cos - = 0 . 

t 


13. lim (t 2 -4jcos 

t^2 t - 2 

solution M ultiplying the inequality jcos ^1 < 1, which holds for t ■£ 2, by |r 2 - 4| yields |(r 2 - 4) cos < 
\t 2 - 4| or -| t 2 - 4| < (r 2 - 4) cos 7^7 < I ? 2 - 4|. Because 

lim -\t 2 - 4| = lim 1 1 2 - 4| = 0, 
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it follows by the Squeeze Theorem that 

, 1 
lim(r - 4) cos — - = 0. 

f-s-2 t-2 


15 . lim cose cos(tan 8) 

solution M ulti plying the inequality | cosftan 6>)| < 1, which holds for all 9 near j but not equal to j, by | cos 0| 
yields | cosecos(tane)| < | cose| or -| cos 6>| < cose cosftan 9) < | cosc?|. Because 

lim — | cos 6? | = lim |cose| = 0, 

0-s- f 6M- f 


it follows from the Squeeze Theorem that 


lim cose cosftan 6>) = 0. 

0-7 


In Exercises 17-26, evaluate using Theorem 2 as necessary, 
tanjr 

17 . lim 

Y^O X 

tan* sinx 1 .. sinY .. 1 , , 

solution lim = lim = lim • lim = 1-1 = 1. 

x — >0 Y x — >0 X COSY x — s-0 X x — s-0 COS A" 

,■ \/t 3 + 9 sin r 

19 . lim 

r->0 t 

,. Vt 3 + 9sinr .. r ? — - .. sin z = . . 

solution lim = lim x / t i + 9 • lim = V9 • 1 = 3. 

r-s-0 t t- s-0 r— s-0 t 


21 . lim 


x s-0 si n ^ y 


SOLUTION lim 


= lim 


1 .. 1 11, 

= lim - • lim = -■- = !. 


23. lim 


x — >o sin 2 y x — s-'o Milt Milt y— s-'o Milt y— s-'o Milt i l 

sec 8 - 1 


.0 8 

.. sece-1 .. 1 - cose 1 - cose 1 . , 

solution lim = lim — = lim • lim = 0-1 = 0. 


► 0 8 


► 0 8 cose e^o 8 


e^o cos 8 


25. lim 


sin / 


solution is continuous at? = — . Hence, by substitution 
t 4 

sin t r 2V2 

lim = -|- = . 

t-*- f 7 | n 


27. Let L = lim 


sin 14 y 


>0 Y 

(a) Show, by letting 8 = 14y, thatL = lim 14^-^. 

e^o 8 

(b) Compute L. 

SOLUTION 

(a) L et 8 = 14y. T hen x = and 8 ->• 0 as y -4- 0, so 


sml4.Y sine sine 

L = lim = lim = 1 1 m 14 . 

x — > o y e-s-o (e/14) 0^0 e 


1 = 14 llm.^i.14. 

0^0 8 


(b) Based on part (a), 
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In Exercises 29-48, evaluate the limit. 


29. 


lim 

A— >-0 


sin 9 h 
h 


.. sin 9A .. „sin9/i 

solution 1 1 m = 1 1 m 9 — — = 9. 

h^O h h^O 9 h 


,, , ■ sin A 

31. lim 

h^O 5 h 


.. si n A .. 1 si n A 1 

solution lim = lim = 

/i^o 5 h h^o 5 A 5 


„ sin 76> 
33. lim . - 
e^o sin 30 


solution We have 


Therefore, 


sin 70 7 /sin70\ / 30 \ 

sin 30 _ 3 \ 70 ) V si n 30 ) 


lim 

0^0 


sin 70 

~^T 


7 

3 



sin 70 
70 


lim 


30 \ 


0^0 sin 30, 


^Cl)(l) = 


7 

3 


35. lim x esc 25* 

x — 0 

solution L et A = 25x. T hen 


lim a- esc 25 jc = lim — esc A = ^ lim 
x — >-0 h^O 25 25 /;^0 sin A 


1 

25' 


sin 2A sin 3A 
37. lim = 

h— >0 hr 


SOLUTION 


lim 

h^O 


sin 2h sin 3/? 
h 2 


sin 2h sin 30 sin 2 h si n 3A 

= 1 1 m = lim 

h- s-0 h ■ h A— s-0 h h 


,. .sin 2/7 .sin 3/7 _ sin 2A .. _ si n 3A . . . 

= lim 2— — 3— — = lim 2 lim 3— — = 2-3 = 6. 

h^0 2h 3 h /i->- 0 2 A /i->. 0 3 h 


39. lim 


si n(— 30) 


0^0 sin (40) 

si n(— 30) .. — sin(30) 3 40 

solution lim — — - — = lim — • - • - — - — 

0^0 sin(40) 0^0 30 4 sin(40) 


41. lim 


esc 8? 


r^0 CSC 4? 

esc 8/ .. sin4r 8r 1 1 

solution lim — = lim - — — •-•- = -. 

r^o esc 4? t —>0 si n 8f 4t 2 2 


3 

4' 


„ .. sin 3jc sin 2jc 

43. lim — 

x — > 0 ,vsin5.v 


.. sin 3 jt sin 2x 
solution 1 1 m — 

x — *-0 .vsin 5x 


|jm /^sin3x 2 (sin2jc)/(2jc)\ 
*-»0 \ 3.v 5 (sin 5jc) /(5jc) / 


6 

5' 


45. lim 

h^> 0 


sin(2A)(l - cos/7) 
I? 


sin(2A)(l — cos A) sin (2*) ,, 1- cos/7 , . . 

solution 1 1 m — = -= lim lim = 1-0 = 0. 

0— >■ 0 li—>0 h h — ^ 0 h 
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„ cos2e-cose 
47. I im 

e^o 9 


SOLUTION 


, . cos 29 — cos 9 . . (cos 29 - 1) + (1 - cos 6) , . cos 29 - 1 , . 1 - cos 9 

I im = lim = lim 1 - lim 

e^o 9 0^0 9 0^0 9 e^o 9 

... l - cos2e .. l - cose . . . . 

= -2 lim |- lim = —2 -0 + 0 = 0. 

0^0 29 8^0 9 


49. Calculate lim 

x^O- \x\ 

SOLUTION 


sin jc sin jc 

lim = lim = -1 

x-*0- |-U | x— >0— — x 


51. Prove the following result stated in Theorem 2: 


.. l-cose 
lim = 0 

9 


■ 


Hint: 


l - cose l l - cos 2 e 
e l + cose e 


SOLUTION 


lim 

0^0 


l - cose 


9 


= lim 


1 - cos 2 9 


0 ^ 0 1 + cose 

1 


= lim 


= lim 


• lim 


sin 2 9 


0 ^ 0 1 + cose 
1 


sin^e 

e 


0^01 + cose 0^0 e 

l 


.. * sine 

= 1 1 m • lim sine 

0^01 + cose 0^0 e 


. sine l . , 

= lim • lim sin 9 ■ lim = — - 0 - 1 = 0. 

0^01 + cose 0^0 0^0 e 2 


In Exercises 53-55, evaluate using the resultof Exercise 52. 

__ .. cos 3/z — 1 

53. lim = 

h—> 0 h ^ 

solution We make the substitution 9 = 3ft. Then h = 9/3, and 


cos 3ft — 1 .. cose - 1 A 1-cose 9 

lim , = lim = -9 lim = — = 

h^o h 2 0^0 (e/ 3) 2 0^0 e 2 2 


__ VI - cosr 

55. lim 

r^o t 


.. Vl - cos t / .. 1 - cost 

solution lim = / lim A — 

r^0+ t V r— 5-0+ t 2 


- / lim 

!f->- 0- 


1 - cosr 


t c 


V2 
' 2 ' 


1 V? i . . . Vl-cosr 

- = — ; on the other hand, lim 

2 2 r^o- t 


Further Insights and Challenges 

57. U se the result of Exercise 52 to prove that for m / 0, 


lim 

x-s-0 


COS mx — 1 


m 

2 


COS Itl X — 1 

solution Substitute u — mx into = .Weobtainx = £ . A s x ->• 0, u ->• 0; therefore, 


cos mx — 1 


cos u - 1 


.. — .. —» - .. 2 cos M — 1 2 I L \ " r 

lim = = lim = lim m = — = m -- = -- 




u — > 0 ( u/m)*- u — >• 0 
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59. (a) Investigate lim numerically for the five values c = 0, £ 

X->C x — c 0 4 3 *■ 

(b) Can you guess the answer for general cl 

(c) C heck that your answer to (b) works for two other values of c. 

SOLUTION 


% 

c — 0.01 

c- 0.001 

c + 0.001 

c + 0.01 

sin jc - sin c 

x — C 

0.999983 

0.99999983 

0.99999983 

0.999983 


Herec = 0 and cose = 1. 



c — 0.01 

c- 0.001 

c + 0.001 

c + 0.01 

sin.r - sin c 

x — C 

0.868511 

0.866275 

0.865775 

0.863511 


Herec 


Herec 


| and cos c = ^ ^ 0.866025. 


* 

c — 0.01 

c- 0.001 

c + 0.001 

c + 0.01 

sin.r - sine 
x — c 

0.504322 

0.500433 

0.499567 

0.495662 


y and cos c = j. 


* 

c — 0.01 

c- 0.001 

c + 0.001 

c + 0.01 

sin.r - sine 
x — c 

0.710631 

0.707460 

0.706753 

0.703559 


Herec = | and cos c = ^ ^ 0.707107. 


X 

c — 0.01 

c- 0.001 

c + 0.001 

c + 0.01 

sin.r - sine 
x — c 

0.005000 

0.000500 

-0.000500 

-0.005000 


H ere c = 

(b) lim 


y and cos c = 0. 
sin - sine 

= COSc. 

X — C 


(C) 


X 

c — 0.01 

c- 0.001 

c + 0.001 

c + 0.01 

sinr - sin c 

x — c 

-0.411593 

-0.415692 

-0.416601 

-0.420686 


H ere c = 2 and cos c = cos 2 « -0.416147. 


X 

c — 0.01 

c- 0.001 

c + 0.001 

c + 0.01 

sin.r - sin c 

x — C 

0.863511 

0.865775 

0.866275 

0.868511 


Herec = - y and cose = ^ « 0.866025. 


2.7 Limits at infinity 

Preliminary Questions 

1. Assume that 

lim fix) = L and lim e(r) = oo 
x-s-oo X ^L 

W hich of the following statements are correct? 
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(a) x = L is a vertical asymptote of g(x). 

(b) y = L is a horizontal asymptote of g(x). 

(c) x = L is a vertical asymptote of fix). 

(d) y = L is a horizontal asymptote of fix). 

SOLUTION 

(a) Because lim g(x) = oo, x = L is a vertical asymptote of g(x). This statement is correct. 

x—>L 

(b) This statement is not correct. 

(c) This statement is not correct. 

(d) Because lim /(*) = L, v = L is a horizontal asymptote of fix). This statement is correct. 

X — ^ (30 

2 . W hat are the fol low i ng limits? 

(a) lim x 3 (b) lim x 3 (c) lim x 4 

X > OO Jt— >• — OO x — > — oo 

SOLUTION 

(a) lirn^oo* 3 = oo 

(b) lim.t_i._oo x 3 = -oo 

(c) lim.t_s._oo Jr 4 = oo 

3 . Sketch the graph of a function that approaches a limit as x ->■ oo but does not approach a limit (either finite or infinite) 

as x — oo. 

SOLUTION 


y 



4 . What is the sign of a if fix) = ax 3 + x + 1 satisfies 

lim f(x) = oo? 

x — > — OO 

solution Because lim x 3 = -oo, a must be negative to have lim f(x) = oo. 

x — > — oo x — ^ — oo 

5 . What is the sign of the leading coefficient 07 if /( x) is a polynomial of degree 7 such that lim fix) = 00? 

X— OO 

solution The behavior of fix) as x ->■ -00 is controlled by the leading term; that is, lim^_oo fix) = 
Iim. v _s._ 00 a7x 7 . Because^ 7 -> -00 as x -00, ai must be negative to have lim.v_s._co fix) = 00. 

6. Explainwhy lim sin i exists but lim sin \ does not exist. What is lim sin^? 

x— >00 x x — >-0 x x — > 00 x 

SOLUTION A S X 00, 7 — »• 0 , so 

. 1 . „ „ 
lim sin — = sin 0 = 0. 

JT->00 x 

On the other hand, 7 -> ±00 as jc ->■ 0 , and as 7 -*■ ±00, sin 7 oscillates infinitely often. Thus 

lim sin - 

x-s-0 x 

does not exist. 


Exercises 

1 . What are the horizontal asymptotes of the function in Figure 6? 



FIGURE 6 
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solution B ecause 


lim fix) = 1 and lim f(x) = 2, 

x — >— oo x — >-oo 

the function fix) has horizontal asymptotes of y - 1 and y = 2. 

3 . Sketch the graph of a function fix) with a single horizontal asymptote y = 3. 

SOLUTION 



5 . |[GUI | Investigate the asymptotic behavior of fix) = — numerically and graphically: 

(a) M ake a table of values of fix) for x = ±50, ±100, ±500, ±1000. 

(b) Plot the graph of fix). 

(c) W hat are the horizontal asymptotes of fix)'! 

SOLUTION 

(a) F rom the table below, it appears that 

X 3 

lim -=~ — = 1. 

x->±oo x i ± x 


X 

±50 

±100 

±500 

±1000 

fix) 

0.999600 

0.999900 

0.999996 

0.999999 


(b) F rom the graph below, it also appears that 



x->±oo x 3 ± x 


y 



(c) The horizontal asymptote of fix) is y = 1. 


In Exercises 7-16, evaluate the limit. 


7 . 


lim — 

x-»oo x ± 


9 


SOLUTION 


I ■ 

lim — 

x-»oo X ± 


9 


.. X 3 (x) 

lim — = — — — 

x-s-oo x~ 1 (x ± 9) 


im 

X — >oo _|_ 


1 

1 + 0 


= 1. 


„ .. 3x 2 ± 2 Ox 

9 . lim — = 

x->oo 2x 4 + 3x 3 - 29 


3x 2 ± 20x x 4 (3x 2 ±20x) 

lim — ^ ^ = lim — , , 5 

x^oo 2x 4 ± 3x 3 - 29 x^oo x _4 (2x 4 ± 3x 3 - 29) 



20 

7T 


29 

r'l 


0 

2 


= 0 . 


SOLUTION 
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.. i * lx ~ 9 

11 . 1 1 m - 

Y^OO 4x + 3 

SOLUTION 


lx — 9 x 1 (lx — 9 ) 

im = lim — , = I im 

-l r 


7-1 


Y->00 4y±3 X > OO % 1(4 A" T - 3) -C^00 4_|_ 


„ .. lx 2 -9 

13. lim — 

x — > — OO 4x + D 

SOLUTION 


lim 


lx 2 — 9 x ^(1 x 2 — 9) lx — - 

= lim — = = lim = -oo. 


-oo 4x + 3 


-OO X _i (4x±3) x—t — oo 4 _|_ 


15. lim 


3x 3 - 10 


►— oo x + 4 

SOLUTION 


3x 3 — 10 x 3 (3y 3 — 10) 3y 2 — oo 

lim — = lim s = lim 


x + 4 


-oo x -1 (y + 4) X ^ OO 1 _|_ i 


In Exercises 17-22, find the horizontal asymptotes. 
2y 2 — 3y 


17. fix) — — = 

' 8x 2 tjj 8 

solution F irst calculate the limits as _v 


im 


±oo. For x -*■ oo, 
2x 2 -3x .. 2-| 


,, 0 = lim 

oo 8 y 2 + 8 x * OO g _|_ 


2 _ 1 
8 “ 4' 


Similarly, 


. . 2x 2 — 3 y . - r 

lim — , = lim — 

— oo 8j± + 8 x * oo 8 + 


2- 3 

X 

8 

Z7 


2 _ 1 
8 “ 4‘ 


Thus, the horizontal asymptote of f(x) is >> = |. 

solution For x > 0, x 1 = |jc 1 1 = 'J x~ 2 , so 

736*2 + 7 

1 1 m — — = lim 

x — > oo 9x + 4 x— >oo 

On the other hand, for x < 0, x _1 = -|x _1 | = -Vx -2 , so 


36±^ 
9+ | 


lim 


736x 2 + 7 


-oo 9x ± 4 


= lim 

x — >■ — oo 9 ± — 


\/36 _ 2 
“9“ “ 3' 


- n /36 


2 

3' 


Thus, the horizontal asymptotes of /(x) are v = l and y = 

SOLUTION With 


lim - — — = — = oo 
f-> 00 1 + 3 r 1 


and 


lim 


3 ? 


t ->— 00 1 + 3 1 

the function /(r) has one horizontal asymptote, >• = 0. 


= 0 , 


00. 
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In Exercises 23-30, evaluate the limit. 
x/9x 4 + 3x + 2 


23. lim 5 

x^oo 4.x 4 + 1 


solution Forx > 0 , x 3 = |x 3 1 = Vx _t> , so 


\/9x 4 + 3x + 2 

1 1 m j = lim 

x — > 00 4X- 5 + 1 x — > oo 


/ 9 , 3 , 2 
4+^ 

r J 


= 0 . 


8x 2 + 7* 1 / 3 
25. lim - 

*^-°° V16x 4 + 6 

SOLUTION Forx < 0, x~ 2 = |x _2 | = Vx -4 , so 


lim 


8 x 2 + 7X 1 / 3 


= lim 


8 + 


-°° y/ 16x 4 + 6 /l6 + 


T" 

7T 


Vl6 


= 2 . 


27. lim 


r 4 / 3 + r 1 / 3 


r^cxa (4/2/3 _|_ 1)2 

f 4 / 3 + r 1 / 3 

SOLUTION lim =T 7 S =r = lim 


1 + 7 


t^fOO (4r 3 / 3 + l ) 3 f-S-OO (4 _| ^rj) 2 

|x| + X 


1 

16' 


29. lim 

x-* — oo x + 1 

solution Forx < 0, |x | = -x. Therefore, for all x < 0, 


|x| + x —x + x 
x + 1 x + 1 


= 0 ; 


consequently, 


|x| + X 

im — — — = 0 . 

* — OO X + 1 


31. Determine the limits at infinity of g(t) = 5 -1 / ?2 . 
solution Because lim = 0, it follows that 


*—>■±00 


lim 5 _1 / r =5° = 1 

t — >±oo 


33. According to the M ichaelis-Menten equation (Figure 7), when an enzyme is combined with a substrate of concen- 
tration x (in millimolars), the reaction rate (in micromolars/min) is 

As 

R(s ) = — - — (A, K constants) 

K + s 

(a) Show, by computing lim R(s), that A is the limiting reaction rate as the concentration x approaches oo. 

s — >oo 

(b) Show that the reaction rate R(s) attains one-half of the limiting value A when s = K. 

(c) For a certain reaction, K = 1.25 mM and A = 0.1. For which concentration s is R(s) equal to 75% of its limiting 
value? 



Leonor M ichaelis MaudMenten 

1875-1949 1879-1960 


FIGURE 7 Canadian- born biochemist M aud M enten is best known for her fundamental work on enzyme kinetics with 
German scientist Leonor M ichaelis. She was also an accomplished painter, clarinetist, mountain climber, and master of 
numerous languages. 
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SOLUTION 


(a) 


As 

lim R(s) = lim — - — 
s-+c o s— >oo K + s 


(b) Observe that 


im 

5 — > 0 O _|_ 


= A. 


R(K) = 


AA - 
K + a: 


AK _ A 
2K = T’ 


have of the limiting value. 

(c) By part (a), the limiting value is 0.1, so we need to determine the value of j that satisfies 


Solving this equation for a- yields 


R{s) = 


0.1a 

1.25 + .5 


0.075. 


(1.25)(0.075) 

0X25 


= 3.75 mM. 


In Exercises 35-42, calculate the limit. 
35. lim (V 4 a- 4 + 9a - 2a 2 ) 

x — >oo v ’ 

solution Write 


Thus, 


\! 4a 4 + 9x — 2a 2 


^y 4.\-^ + 9.V 


_ 2\ ' J 4a 4 + 9a + 2a 2 

2a 

’ v 4 a 4 + 9a + 2a 2 


(4a 4 + 9a) - 4a 4 _ 9a 

x/4a 4 + 9a + 2a 2 VTa 4 + 9a + 2a 2 ’ 


lim (\/4a 4 + 9a - 2a 2 ) 

x— >oo 


lim 

jt— >oo 


9a 

\/ 4a 4 + 9a + 2a 2 


= 0 . 


37. lim (2vY-vyT2) 

x — >oo v 7 

solution Write 


Thus, 


-i /— I r~ / 2-\[x + Va + 2 

2Va - y a + 2 = 2vY - Va + 2) — — 

v ' 2yi + Va + 2 

4a — (a + 2) 3a — 2 

2 .y/ir -|- \j~x~- \-~2 2 y a -I- y a -t~2 


lim (2yi-yiT2)= lim 

JC— >oo x — > oo 


3a - 2 

2-y/x + \/ x -|- 2 


= oo. 


39. 


lim tan 

/ — > oo 


7r3 r 

4 - 3'+* 7 


± 1^1 


solution Dividing numerator and denominator by 3' gives 


lim tan 

t-±o O 


/ 7t3' + 1 
\4 - 3 ,+1 



lim tan 

— >■ OO 


7T + 3 f 
4 • 3 -f — 3 


= tan j = tan (- Y) = -V3 


41. P-BJ Let P(n) be the perimeter of an n-gon inscribed in a unit circle (Figure 8). 

(a) Explain, intuitively, why P(n) approaches 27r as n oo. 

(b) Show that P(n) = 2x7 sin (|) . 

(c) Combine (a) and (b) to conclude that lim § sin (£) = 1. 

(d) U se this to give another argument that jirn^ = 1. 
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FIGURE 8 


SOLUTION 

(a) As n — > oo, the w-Qon approaches 9 circle of radi us 1. T herefore, the peri meter of the n-Qon approaches the ci rcum- 
ferenceof the unit circle as n -> oo. That is, P(n ) ^ 2n asn ^ oo. 

(b) Each side of then-gon is the third side of an isosceles triangle with equal length sides of length 1 and angle 9 = ^ 
between the equal length sides. The length of each side of therc-gon is therefore 


2tz 


2 : r 


l 2 + l 2 - 2 cos — = a / 2(1 - cos — ) = ,/4sin 2 — = 2 sin 


Finally, 


(c) Combining parts (a) and (b), 


P{n) = 2 n sin — . 

n 


I i m P(n) = lim 2/7 sin — = 2 tt. 
/?— >oo n — >oo n 


Dividing both sides of this last expression by 2 n yields 


(d) Let 9 = f . Then 9 0 as /; oo, 


and 


■ . n . n 
1 1 m — sin — = 1. 

n-s-oo n n 


n . n 1 . Sin0 

— sin — = - sine = , 

n n 9 9 


n . tc sin 9 

1 1 m — sin — = 1 1 m = 1. 

n-s-oo 71 n 0-/O 9 


Further Insights and Challenges 

43 . Every limit as * -> oo can be rewritten as a one-sided limit as t ->• 0+, where t = jc _1 . Setting g(t) = we 

have 


lim f(x)= lim g(t) 

f-»0+ 


Show that lim 


3x L — x 


oo 2.v 2 + 5 


lim — — U,, and evaluate using the Quotient Law. 
r-s-0+ 2 + 5r 2 


solution L et r = jc 1 .Thenx = f l , t -> 0+ as x -*■ oo, and 


Thus, 


3x^ — x 3r 2 — t ^ 3 — t 

2x 2 + 5 = 2t~ 2 +5 = 2 + 5r 2 ' 


lim 

x — >oo 


3 A' 2 — x 
2x 2 + 5 


, . 3-t 

lim T 

r-s-0+ 2 + 5r 2 


3 

2 ' 


45 . Let G(b ) = lim (1 + b x ) l ! x for b > 0. Investigate G(b) numerically and graphically for b = 0.2, 0.8, 2, 3, 5 

x — >oo 

(and additional values if necessary). Then make a conjecture for the value of G(b) as a function of b. Draw a graph 
of y = G(b). Does G(b) appear to be continuous? We will evaluate G(b ) using L’Hopital's Rule in Section 7.7 (see 
Exercise 65 in Section 7.7). 
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SOLUTION 


X 

5 

10 

50 

100 

fix) 

1.000064 

1.000000 

1.000000 

1.000000 


It appears that GC0.2) = 1. 
• b = 0.8: 


X 

5 

10 

50 

100 

fix ) 

1.058324 

1.010251 

1.000000 

1.000000 


It appears that G(0.8) = 1. 
• b = 2: 


X 

5 

10 

50 

100 

fix) 

2.012347 

2.000195 

2.000000 

2.000000 


It appears that G(2) = 2. 
• b = 3: 


X 

5 

10 

50 

100 

fix) 

3.002465 

3.000005 

3.000000 

3.000000 


It appears that G(3) = 3. 
• b = 5: 


X 

5 

10 

50 

100 

fix) 

5.000320 

5.000000 

5.000000 

5.000000 


It appears that G(5) = 5. 

Based on these observations we conjecture that G(b ) = 1 if 0 < b < 1 and G(b) = b for £ > 1. The graph of y = G{b) 
is shown below; the graph does appear to be continuous. 



2.8 Intermediate Value Theorem 

Preliminary Questions 

1. Prove that f ( x ) = x 2 takes on the value 0.5 in the interval [0. 1], 

solution Observe that f ( x ) = x 2 is continuous on [0, 1] with /( 0) = 0 and /( 1) = 1. Because /( 0) < 0.5 < /( 1), 
the Intermediate Value Theorem guarantees there is a c e [0, 1] such that /(c) = 0.5. 

2 . The temperature in Vancouver was 8°C at 6 am and rose to 20°C at noon. Which assumption about temperature allows 
us to conclude that the temperature was 15°C at some moment of time between 6 am and noon? 

solution We must assume that temperature is a continuous function of time. 

3 . What is the graphical interpretation of the I VT? 

solution If f is continuous on [ a , b ], then the horizontal line y = k for every k between f { a ) and fib ) intersects the 
graph of y = f ( x ) at least once. 
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4. Show that the following statement is false by drawing a graph that provides a counterexample: 
If /(*) is continuous and has a root in [a, b], then f(a) and f(b) have opposite signs. 


SOLUTION 


f(«) 
f (b) 



a 


5. Assume that fit) is continuous on [1. 5] and that /( 1) = 20, /(5) = 100. Determine whether each of the following 
statements is always true, never true, or sometimes true. 

(a) /(c) = 3 has a solution with c e [1, 5]. 

(b) /(c) = 75 has a solution with c e [1, 5]. 

(c) /(c) = 50 has no solution with c e [1, 5]. 

(d) /(c) = 30 has exactly one solution with c e [1. 5], 

SOLUTION 

(a) This statement is sometimes true. 

(b) This statement is always true. 

(c) This statement is never true. 

(d) This statement is sometimes true. 

Exercises 

1. Use the IVT to show that /(* ) = x 3 + a- takes on the value 9 for some* in [1. 2], 

solution Observe that /(l) = 2 and /( 2) = 10. Since / is a polynomial, it is continuous everywhere; in particular 
on [1, 2], Therefore, by the IVT there is a c e [1, 2] such that /(c) = 9. 

3. Show thatg(r) = t 2 tan t takes on the value \ for some t in [0. |], 

solution g(0) = 0 and g(|) = git) is continuous for all t between 0 and and 0 < j < therefore, by the 
IVT, there is a c e [0, |] such that g(c) = 

5. Show that cos.* = * has a solution in the interval [0, 1], H int: Show that /(*) = x - cos* has a zero in [0, 1], 

solution Let fix) = * - cos*. Observe that / is continuous with /( 0) = -1 and /( 1) = 1 - cosl & 0.46. 
Therefore, by the IVT there is a c e [0. 1] such that /(c) = c - cose = 0. Thus c = cos c and hence the equation 
cos* = * has a solution c in [0, 1], 

In Exercises 7-16, prove using the IVT. 

7. «Jc + Vc + 2 = 3 has a solution. 

solution Let /(*) = V* + V* + 2 - 3. Note that / is continuous on 2 ] with /( \) = + sj\ - 3 = -1 

and /( 2) = V? - 1 « 0.41. Therefore, by the IVT there is a c e 2 ] such that /(c) = ~Jc + -Jc + 2 - 3 = 0. Thus 
-Jc + *fc + 2 = 3 and hence the equation */x + v* + 2 = 3 has a solution c in [J, 2j. 

9. s/2 exists. H int: Consider /(*) = * 2 . 

solution Let f{x) = * 2 . Observe that / is continuous with /(l) = 1 and f(2) = 4. Therefore, by the IVT there is a 
c e [1, 2] such that /(c) = c 2 = 2. This proves the existence of ~J2, a number whose square is 2. 

11. For all positive integers k, cos* = x k has a solution. 

solution For each positive integers, let /(*) =x k - cos*. Observe that / is continuous on [0, j] with /( 0) = -1 
and f(j) = (f) k > 0. Therefore, by the IVT there is ac e [0. such that f(c) = c k - cos (c) = 0. Thus cose = c k 
and hence the equation cos* = x k has a solution c in the interval [0, j\. 

13. 2 X + 3 X = 4 V has a solution. 

solution Let fix) = 2 X + 3 A - 4 l . Observe that f is continuous on [0, 2] with /( 0) = 1 > 0 and /(2) = -3 < 0. 
Therefore, by the IVT, there is a c e (0. 2) such that /(c) = 2 C + 3 e - 4 f = 0. 
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15 . 2 X + - = -4 has a solution. 

* 

solution Let f { x ) = 2 A + - + 4. Observe that f is continuous for jc < 0 with /(— 1) = 2 _1 + -l]- + 4 = 2>0 

and / (- 5 ) = 2 -1 / 8 - 8 + 4 ^ -3.08 < 0. Therefore, by the IVT, there is a c e (-1, -g) such that /(c) = 

2 C - i + 4 = 0 and thus 2 C - \ = -4. 

17 . Carry out three steps of the Bisection M ethod for f ( x ) = 2 X - * 3 as follows: 

(a) Show that fix) has a zero in [1, 1.5]. 

(b) Show that fix ) has a zero in [1.25, 1.5]. 

(c) Determine whether [1.25, 1.375] or [1.375, 1.5] contains a zero. 

solution Note that fix ) is continuous for all x . 

(a) /( 1) = 1, y (1.5) = 2 1 - 5 - (1.5) 3 < 3 - 3.375 < 0. Hence, fix) = 0 for some* between 1 and 1.5. 

(b) y (1.25) « 0.4253 > 0 and y (1.5) < 0. H ence, fix) = 0 for some * between 1.25 and 1.5. 

(c) y (1.375) -0.0059. Hence, fix) = 0 for some* between 1.25 and 1.375. 

19 . Find an interval of length J in [1, 2] containing a root of the equation * 7 + 3* - 10 = 0. 

solution Let fix) = x 1 + 3* - 10. Observe that / is continuous with /( 1) = -6 and f(2) = 124. Therefore, 
by the IVT there is a c e [1,2] such that /(c) = 0. /( 1.5) ~ 11.59 > 0, so /(c) = 0 for some c e [1,1.5]. 
/(1.25) «a -1.48 < 0, and so /(c) = 0 for some c e [1.25, 1.5]. This means that [1.25, 1.5] is an interval of length 0.25 
containing a root of fix). 

In Exercises 21-24, draw the graph of a function /(*) on [0. 4] with the given property. 

21 . Jump discontinuity at * = 2 and does not satisfy the conclusion of the IVT. 

solution The function graphed below has a jump discontinuity at * = 2. Note that while / (0) = 2 and /( 4) = 4, 
there is no point c in the interval [0. 4] such that /(c) = 3. Accordingly, the conclusion of the IVT is not satisfied. 

y 

4- . 

3 

2 o 

1- 


H 1 1 1 X 

12 3 4 


23 . Infinite one-sided limits at* = 2 and does not satisfy the conclusion of the IVT. 

solution The function graphed below has infinite one-sided limits at* = 2. Note that while /( 0) = 2 and /( 4) = 4, 
there is no point c in the interval [0. 4] such that /(c) = 3. Accordingly, the conclusion of the IVT is not satisfied. 


y 



25 . fifi Can Corollary 2 be applied to /(*) = * 1 on [-1, 1]? Does /(*) have any roots? 

solution N 0, because fix) = * _1 is not continuous on [-1, 1], Even though /(— 1) = -1 < 0 and /(l) = 1 > 0, 
the function has no roots between * = -1 and * = 1. In fact, this function has no roots at all. 
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Further Insights and Challenges 

27. £28 Show that if f(x) is continuous and 0 < f(x) < 1 for 0 < x < 1, then /(c) = c for some c in [0. 1] 
(F igure 6). 



FIGURE 6 A function satisfying 0 < f(x) < 1 for 0 < x < 1. 

solution If /( 0) = 0, the proof is done with c = 0. We may assume that /( 0) > 0. Let g(x) = f{x) - x. 
g( 0) = /( 0) - 0 = /( 0) > 0. Since f(x) is continuous, the Rule of Differences dictates that g(x) is continuous. We 
need to prove that g(c ) = 0 for some c e [0, 1], Since /(l) < 1, g(l) = /( 1) - 1 < 0. If g( 1) = 0, the proof is done 
with c = 1, so let's assume that g(l) < 0. 

We now have a continuous function g(x) on the interval [0, 1] such that g(0) > 0 and g(l) < 0. From the IVT, there 
must be some c e [0. 1] so that g(c) = 0, so /(c) - c = 0 and so /(c) = c. 

This is a simple case of a very general, useful, and beautiful theorem called the Brouwer fixed point theorem. 

29. GS Ham Sandwich Theorem Figure 7(A) shows a slice of ham. Prove that for any angle 9 (0 < 9 < n), it 
is possible to cut the slice in half with a cut of incline 9. FI int: The lines of inclination 6 are given by the equations 
y = (tan#)* + b, where b varies from -oo to oo. Each such line divides the slice into two pieces (one of which may be 
empty). Let A(b) be the amount of ham to the left of the line minus the amount to the right, and let A be the total area of 
the ham. Show that A(b) = -A if b is sufficiently large and A(b) = A if b is sufficiently negative. Then use the IVT. 
This works if 9 / 0 or j . If 9 = 0, define A(b) as the amount of ham above the line y = b minus the amount below. 
Flow can you modify the argument to work when 9 = j (in which case tan 9 = oo)? 

y y L (?) L(8) 




(A) Cutting a slice of ham (B) A slice of ham on top 

at an angle#. of a slice of bread. 

FIGURE 7 


solution Lets be such that 9 / j. For any b, consider the lineL(0) drawn at angle 0 to the* axis starting at (0, b). 
This line has formula y = (tan#)x + b. Let A{b ) be the amount of ham above the line minus that below the line. 

Let A > 0 be the area of the ham. We have to accept the f ol low i ng (reasonabl e) assumpti onsi 

• For low enough b = bo, the line L(9 ) lies entirely below the ham, so that A(bo) = A - 0 = A. 

• For high enough b\, the line L{9) lies entirely above the ham, so that A(b\) = 0 — A = - A. 

• A(b) is continuous as a function of b. 

U nder these assumptions, we see A(b) is a continuous function satisfying A(bo) > 0 and A(b\) < 0 for some bo < b\. 
By the IVT, A(b) = 0 for somefc e [bo, b\\. 

Suppose that 9 = j. Let the line L(c) be the vertical line through (c, 0) (x = c). Let A(c) be the area of ham to the 
left of L(c) minus that to the right of L(c). Since L( 0) lies entirely to the left of the ham, A(0) = 0 - A = -A. For 
some c = ci sufficiently large, L(c) lies entirely to the right of the ham, so that A(ci) = A — 0 = A. Flence A(c) is a 
continuous function of c such that A(0) < 0 and A(ci) > 0. By the IVT, there is somec e [0, ci] such that A(c) = 0. 


2.9 The Formal Definition of a Limit 


Preliminary Questions 

1. Given that lim cosx = 1, which of the following statements is true? 

x^0 

(a) If |cos x - 1| is very small, then x is close to 0. 

(b) There is en € >0 such thet |x| < 10- 5 if 0 < |COSx — 1| <6. 
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(c) There is a 8 > 0 such that |cosx — 1| < 10 5 if 0 < |x| < S. 

(d) There is a S > 0 such that |cosx| < 10 -5 if 0 < |x - 1| < S. 

solution The true statement is (c): There is a S > 0 such that |cosx - 1| < 10 -5 if 0 < |jc| < &. 

2. Suppose it is known that for a given e and S, |/(x) - 2| < e if 0 < \x - 3| < S. Which of the following statements 
must also be true? 

(a) | /(x) — 2| < e if 0 < \x — 3| < 2S 

(b) | /(x) — 2| < 2e if 0 < |jc — 3| < S 

(c) I fix) - 2| < | if 0 < \x - 3| < ^ 

(d) |/(x) - 2| < e if 0 < |x - 3| < ^ 

solution Statements (b) and (d) are true. 


Exercises 

1. Based on the information conveyed in Figure 5(A), find values of L, e, and 5 > 0 such that the foil owing statement 
holds: I f(x) - L\ < e if 0 < |x| < S. 



solution We see -0.1 < x < 0.1 forces 3.5 < f(x) < 4.8. Rewritten, this means that \x - 0| < 0.1 implies that 
l/M-4| < 0.8. R epl aci ng numbers w here appropri ate i n the d efi n i ti o n of the I i m i 1 1 ju — c| <<5implies|y(x) — L\ <6, 
we get L = 4, e = 0.8, c = 0, and S = 0.1. 

3. Consider lim f(x), where f(x) = 8x + 3. 

.t-s-4 ' 

(a) Show that I/O) - 35| = 8|x - 4|. 

(b) Show that for any e > 0, I/O) - 35 1 < e if 0 < |x - 4| < S, where S = §. Explain how this proves rigorously that 
lim / O) = 35. 

x^4 ' 

SOLUTION 

(a) I/O) - 35 1 = |8x + 3 - 35| = |8x - 32| = |80 - 4)| = 8 |x - 4|. (Remember thatthelaststep isjustified because 
8 > 0 ). 

(b) Lets > 0. Let S = e/8 and suppose |x - 4| < S. By part (a), I/O) - 35| = 8|x - 4| < 85. Substituting S = e/8, 
we see I/O) - 35| < 8e/8 = e. We see that, for any e > 0, we found an appropriate S so that |x - 4| <5 implies 
I/O) - 35| < e. Flence lim f{x) = 35. 

x— >4 

5. Consider lim x 2 = 4 (refer to Example 2). 

X— >2 

(a) Show that |x 2 - 4| < 0.05 if 0 < |x — 2| < 0.01. 

(b) Show that |x 2 - 4| < 0.0009 if 0 < |x - 2| < 0.0002. 

(c) Find a value of S such that |x 2 - 4| is less than 10 -4 if 
0 < |x — 2 1 <5. 

SOLUTION 

(a) If 0 < |x — 2 1 < 5 = 0.01, then |x| < 3 and lx 2 — 4| = |x — 2||x + 2| < |x — 2| (|x| + 2) < 5|x — 2| <0.05. 

(b) If 0 < |x - 2| < S = 0.0002, then |x| < 2.0002 and 

lx 2 - 4| = |x - 2||x + 2| < |x - 2| (|x| + 2) < 4.0002|x - 2| < 0.00080004 < 0.0009. 
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(c) Note that |x 2 - 4 = |(x + 2)(x-2)| < \x + 2| |x - 2|. Since |jc — 2| can get arbitrarily small, we can require 

\x - 2| < 1 so that 1 < x < 3. This ensures that \x + 2| is at most 5. Now we know that lx 2 - 4| < 5|x — 2 1 . Let 

8 = 10 -5 . Then, if \x - 2| < 5, we get |x 2 - 4| < 5|x — 2| < 5 x 10 -5 < 10 -4 as desired. 

7. Refer to Example 3 to find a value of 8 > 0 such that 


1 1 
x 3 


< 10“ 4 


if 0 < |x — 3| < 8 


solution The Example shows that for any e > 0 we have 


1 

x 



if |x — 3| < 8 


where 8 is the smaller of the numbers 6e and 1. 1 n our case, we may take S = 6x 10 -4 . 

9. |[GU| Plot fix) = V2x - 1 together with the horizontal lines y - 2.9 and y = 3.1. Use this plot to find a value of 
8 > 0 such that |V2x - 1 - 3| < 0.1 if 0 < |x - 5| < 8. 

solution From the plot below, we see that 5 = 0.25 will guarantee that |V2x - 1 - 3| < 0.1 whenever |x - 5| < 8 . 


y 



11. liQUlJ The function fix) = 2~ xl satisfies lim fix) = 1. Use a plot of / to find a value of 8 > 0 such that 

x->0 

|/(x) — 1| < 0.001 if 0 < |x| < 8. 

solution From the plot below, weseethatS = 0.03 will guarantee that 


|2"* 2 -l| <0.001 

whenever 0 < |x| < 8. 

y 



13. Consider lim 

x — ^ 2 x 

(a) Show that if |x — 2| < 1, then 

< ^\x - 2 | 

(b) Let 8 be the smaller of 1 and 2e. Prove: 



1 

X 


if 0 < |x — 2| < 8 


(c) 

(d) 


Find a 5 > 0 such that || - < 0.01 if 0 < |x — 2| 

Prove rigorously that lim - = 

x — >2 x 2 


< 8 . 


SECTION 2.9 | The Formal Definition of a Limit 79 


SOLUTION 

(a) S ince |* — 2 1 < 1, it follows that 1 < * < 3, in particular that * > 1. Because* > 1, then - < 1 and 

* 


1 1 


2 — x 

\x - 2| 1 , 

x 2 


2* 

2* 2 X 


(b) Let S = minjl, 2ej and suppose that \x - 2| < S. Then by part (a) we have 


1 

* 


1 „ 1 1 „ 

< ^ \x — 2| < -S < - ■ 2e = e. 


1 1 

* 2 


< -8 = 0.01 by part(b). 


(c) Chooses = 0.02. Then 

(d) Let g > 0 be given. Then whenever 0 < \x - 2| < S = min {1, 2e), we have 


1 1 

* 2 


< -S < e. 


Since e was arbitrary, we conclude that lim - = ^. 

x — ^ 2. x 2 


15 . 


fel Let /(*) = sin*. Using a calculator, wefind: 

/(J-°- 1 H- 633 - /(j)« 0.707, /(j+0.l)»0. 

Use these values and the fact that /(*) is increasing on [0, j] to justify the statement 


774 


|/M - f (^)| < 0.08 if 0 < |* — ^-| < 0.1 
Then draw a figure like Figure 3 to illustrate this statement. 

solution Since /(*) is increasing on the interval, the three /(*) values tell us that 0.633 < /(*) < 0.774 for all * 
between ^ - 0.1 and | + 0.1. We may subtract /(^) from the inequality for /(*). This show that, for % - 0.1 < * < 
j + 0.1, 0.633 - /( < f(x) - f(j) < 0.774 - /(|). This means that, if |* - || < 0.1, then 0.633 - 0.707 < 
fix) - fij) < 0.774 - 0.707, so -0.074 < fix) - /(|) < 0.067. Then -0.08 < /(*) - /( |) < 0.08 follows 
from this, so |* - f I < 0.1 implies | /(*) - fij)\ < 0.08. The figure below illustrates this. 


y 



17 . Adapt the argument in Example 2 to prove rigorously that lim * 2 = c 2 for all c. 

X^C 

solution To relate the gap to |* - c|, we take 

|* 2 — c 2 | = |(* + c)(* — c)| = |* + c| |* — c| . 

We choose S in two steps. First, since we are requiring |* - c| to be small, we require S < |c|, so that* lies between 0 

and 2c. This means that |* + cj < 3|c|, so |* - c||* + c| < 3|c|5. Next, we require that S < , so 

3|c| 

|*-c||* + c| < ^fr3|c| =€, 

3|c| 

and we are done. 

Therefore, given e > 0, we let 

S = min |c|, -f- 
I 3|c| 


I* 2 — c 2 1 = |* — c| |* + c| < 3 1 c | <5 < 3|c|-^-- 

3|c| 


e. 


Then, for |* - c| < S, we have 
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In Exercises 19-24, use the formal definition of the limit to prove the statement rigorously. 


19. lim s/x = 2 

x— >-4 


SOLUTION 


Lete > 0 be given. We bound \ Jx — 2| by multiplying 


*sfx + 2 

\fx + 2 


\\fx- 2| 


*Jx — 2 


/ Jx + 2 \ 

VV^ + 2/ 


x-4 


fx + 2 


= \x — 4\ 


fx + 2 


We can assume S < 1, so that |x — 4| < 1, and hence ^ fx + 2 > V3 + 2 > 3. This gives us 


\Vx - 2\ = \x - 4| 


1 

«Jx + 2 


< \x - 4| 


1 

3' 


Let 5 = mind, 3e). If \x — 4| <5, 


\\fx — 2| = \x - 4| 


\fx + 2 


.1 1.1 

< \x — 4|- <5- < 3e- = e, 
1 '3 3 3 


thus proving the limit rigorously. 

21. lim x 3 = 1 

x — ^ 1 

solution Let e > 0 be given. We bound |x 3 - l| by factoring the difference of cubes: 

I* 3 — l| = Id 2 + X + l)(x — 1)1 = \x — 1| Ly 2 + X + l| . 


Let <5 = min(l, \), and assume |jc - 1| < S. Since <5 < 1, 0 < x < 2. Since x 2 + x + 1 increases as x increases for 
x > 0, y 2 + x + 1 < 7 for 0 < x < 2, and so 


|t 3 — l| = |x — 1| |x 2 + x + l| < 7|x — 1| < 1 - = e 

and the limit is rigorously proven. 

23. lim ,y“ 2 = l 
x^2 4 

solution Let e > 0 be given. First, we bound .y -2 - l : 


-2 


1 

4 


4 — x 2 
4x 2 


|2 — x| 


2 + x 

4x 2 


Let S = min(l, \e), and suppose |x - 2| < S. Since S < 1, |x - 2| < 1, so 1 < x < 3. This means that 4x 2 > 4 and 
|2 + x| < 5, so that < !■ We get: 



, 2 + x 5 .54 

|2 -"' <4 |jC - 2|< 4 5 e=e - 


and the limit is rigorously proven. 

X 

25. Let/0) = — . Prove rigorously that lim /O) does not exist. H int: Show that for any L, there always exists some 
|x| x^O 

x such that |x| < 5 but I/O) - L\>\, no matter how small 5 is taken. 

solution Let L be any real number. Let S > 0 be any small positive number. Letx = j, which satisfies |x| < <5, and 
f(x) = 1. We consider two cases: 

• (I/O) - L\ > \) '■ we are done. 

• (I/O) - L\ < j): This means \ < L < |. In this case, letx = f (x) = -1, and so \ < L - f(x). 

In either case, there exists an x such that |x| < j, but I/O) - L\> j- 
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27 . Let /(*) - mint*, x 2 ), where min(a, b) is the minimum of a and b. Prove rigorously that lim /(*) = 1. 

* —r 1 

solution Let e > 0 and let S = min(l, |). Then, whenever |* - 1| < <5, it follows that 0 < * < 2. If 1 < * < 2, 
then min(*, x 2 ) - * and 

I/O) - 1| = |* - 1| < <5 < ^ < e. 

On the other hand, if 0 < * < 1, then mine*,* 2 ) = x 2 , |* + 1| < 2 and 

|/(*) — 1| = |* 2 — 1| = |* — 1| |* + 1| < 25 < e. 

Thus, whenever |* — 1| < <5, | /(*) - 1| < e. 

29 . First, use the identity 


to verify the relation 


sin* + sin y = 2 sin 


sin(a + h ) - sin a = h 


x + y 


cos 


x — y 


sin 0/2) 
h/2 


COS a + 


■ 


Then use the inequality 
that lim sin* = sin a. 

x^a 


sin* 

* 


< 1 for* ^ 0 to show that |sin(a + h ) - si n a| < \h\ for all a. Finally, prove rigorously 


solution We first write 


sin(a + h) - sin a = sin(a + h) + sin(-a). 
Applying the identity with * = a + h, y = -a, yields: 


sino + h ) - sin a = sinO + h) + sin(-a) = 2 sin 


a + h — a 
2 


cos 


2a + h 
2 


= 2 si n - cos o + - = 2 - si n - cos « + - = h 


sin (h/2) 
h/2 


h 

COS I a + - I . 


Therefore, 


Using the fact that 
is equivalent to 


|sin(n + h ) - sina| = 


sin (h/2) 


h/2 


COS | a + - 


sin 9 


9 


< 1 and that |cos#| < 1, and making the substitution h = * - a, we see that this last relation 


| sin* — sin a\ < |* — a\. 

Now, to prove the desired limit, let e > 0, and take <5 = e. If |* -a\ <8, then 

|sin * — sin a\ < |* — a\ < 8 = e. 
Therefore, a 8 was found for arbitrary e, and the proof is complete. 


Further Insights and Challenges 

In Exercises 31-33, prove the statement using the formal limit definition. 

31 . The Constant M ultiple Law [Theorem 1, part (ii) in Section 2.3, p. 58] 
solution Suppose that lim /(*) = L. We wish to prove that lim a/(*) = aL. 

x — ^ c x — ^ c 

Let e > 0 be given. e/\a\ is also a positive number. Since lim /(*) = L, we know there is a 8 > 0 such that 

X — ^ C 

|* — c| < 8 forces | /(*) — L\ < e/|fl|. Suppose |* — c| < <5. \af(x) — aL\ — |a||/(*) — aL| < |fl|(e/|a|) = e, so the 

rule is proven. 
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33. The Product Law [Theorem 1, part(iii) in Section 2.3, p. 58], Hint: Use the identity 

/(*)*(*) -LM = {f{x) - L) g{x) + L(g{x) - M) 

solution Before we can prove the Product Law, we need to establish one preliminary result. We are given that 
lim x ->cg(x) = M. Consequently, if we set e = 1, then the definition of a limit guarantees the existence of a <5i > 0 
such that whenever 0 < \x - c| < 6i, | g(x) - M | < 1. Applying the inequality |g(x)| - \M\ < |g(x) - M\, it follows 
that \g(x)\ < 1 + \M\. In other words, because lim, v - » c g(x) = M, there exists a <5i > 0 such that \g(x)\ < 1 + \M\ 
whenever 0 < \x-c\ <S h 

We can now prove the Product Law. Let e > 0. As proven above, because lim^ c g(x) = M, there exists a <5i > 0 
such that |g(x)| < 1 + \M\ whenever 0 < \x - c| < Si. Furthermore, by the definition of a limit, lirn^cgO) = M 
implies there exists a 52 > 0 such that \g(x) - M | < 2 (i+|z,| ) w h enever 0 < \x - c| < 52 ' We have included the "1+" 
in the denominator to avoid division by zero in case L = 0. The reason for including the factor of 2 in the denominator 
will become clear shortly. Finally, because lirn Y ^ c /(x) = L, there exists a 53 > 0 such that \f{x) - L\ < 2(1h !| M | } 
whenever 0 < \x - c| < 53 . Now, let S - min(5i, S 2 , 53 ). Then, for all x satisfying 0 < \x - c| < 5, we have 


Hence, 


I f(x)g(x) - LM\ = I {fix) - L)g{x) + L{g(x) - M)\ 
< \f(x)-L\\g{x)\ + \L\\g{x)-M\ 
(1 + \M\) + |L| 


2(1 + |M|) 
€ € 

< 2 + 2 = 6 - 


2(1 + |L|) 


lim f{x)g{x) = LM — lim f{x) • lim g{x). 
x->-c x— >c x—>c 


35. 



Here is a function with strange continuity properties: 


/(*) = 


1 

q 


0 


if x is the rational number p/q in 
lowest terms 

if x is an irrational number 


(a) Show that f(x) is discontinuous ate if c is rational. H int: There exist irrational numbers arbitrarily close to c. 

(b) Show that /(x) is continuous at c if c is irrational. H int: Let / be the interval {x : |x - c| < 1). Show that for any 

Q > 0, / contains at most finitely many fractions p/q with q < Q. Conclude that there is a S such that all fractions in 
{x : |x - c| < 5) have a denominator larger than Q. 

SOLUTION 

(a) Let c be any rational number and suppose that, in lowest terms, c = p/q, where p and q are integers. To prove the 
discontinuity of / at c, we must show there is an e > 0 such that for any S > 0 there is an x for which |x - c| < S, but 
that | f(x) - /(c) | > e. Let c = ^ and S > 0. Since there is at least one irrational number between any two distinct real 

numbers, there is some irrational x between c and c + S. Hence, |x - c| <5, but|/(x)-/(c)| = |0- 

(b) Let c be irrational, let e > 0 be given, and let N > 0 be a prime integer sufficiently large so that l K e. Let 

7 T, ■■■, tt 1 be all rational numbers £ in lowest terms such that - c| < 1 and q < N. Since N is finite, this is a 

finite list; hence, one number bl | n the list must be closest to c. Let 5 = il^i - c|. By construction, \ - cl > S for all 

qi l qi qi 

i = 1 ... m. Therefore, for ony retionol number ^ such thet |f -C[ <S,q >N,SO \ < 1 <6. 

Therefore, for any rational number x such that |x - c| < S, |/(x) - /(c) | < e. |/(x) - /(c)| = 0 for any irrational 
number x, so |x - c| < S implies that |/(x) - / (c) | < e for any number x. 
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1. The position of a particle at time? (s) is s(t) = ^Jt 1 + 1 m. Compute its average velocity over [2. 5] and estimate its 
instantaneous velocity at / = 2. 

solution Lets(f) = y/t 2 + 1. The average velocity over [2, 5] is 


s{5) - s{ 2) 
5 — 2 


V26- V5 

3 


0.954 m/s. 


From the data in the table below, we estimate that the instantaneous velocity at t = 2 is approximately 0.894 m/s. 
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interval 

[1.9,2] 

[1.99,2] 

[1.999,2] 

[2,2.001] 

[2.2.01] 

[2,2.1] 

average ROC 

0.889769 

0.893978 

0.894382 

0.894472 

0.894873 

0.898727 


3. For a whole number n, let P(n) be the number of partitions of n, that is, the number of ways of writing n as a sum 
of one or more whole numbers. For example, P( 4) = 5 since the number 4 can be partitioned in five different ways: 4, 
3 + 1, 2 + 2, 2 + 1 + 1, and 1 + 1 + 1 + 1. T reating P(n) as a continuous function, use Figure 1 to estimate the rate of 
change of P(n) at« = 12. 


P(n) 



solution The tangent line drawn in the figure appears to passthrough the points (15. 140) and (10.5. 40). We therefore 
estimate that the rate of change of P(n) at n = 12 is 

140 - 40 _ 100 _ 200 
15-10.5 - 4.5 9 ’ 


In Exercises 5-10, estimate the limit numerically to two decimal places or state that the limit does not exist. 
1 - cos 3 (x) 


5. lim 


SOLUTION 


Let f(x) = 1 c °f x ■ T he data in the table below suggests that 

1 - cos 3 x 


im 


1.50. 


x->0 x l 

In constructing the table, we take advantage of the fact that / is an even function. 


X 

±0.001 

±0.01 

±0.1 

fix) 

1.500000 

1.499912 

1.491275 


(The exact value is |.) 


solution Let/(jc) = Thedata in thetable below suggeststhat 


X x _ 4 

lim ^ ss 1.69. 

x^2 x* — 4 


X 

1.9 

1.99 

1.999 

2.001 

2.01 

2.1 

fix) 

1.575461 

1.680633 

1.691888 

1.694408 

1.705836 

1.828386 


(The exact value is 1 + In 2.) 

„ / 7 3 

9. lim 1 y 

X-»l \ 1 — x^ 1 — x 3 

SOLUTION Let fix) = 


The data in the table below suggests that 
7 3 


lim 


1 \ 1 — jc 7 1 — x 3 


2 . 00 . 


X 

0.9 

0.99 

0.999 

1.001 

1.01 

1.1 

fix) 

2.347483 

2.033498 

2.003335 

1.996668 

1.966835 

1.685059 


(The exact value is 2.) 
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In Exercises 11-50, evaluate the limit if it exists. If not, determine whether the one-sided limits exist (finite or infinite). 
11. Iim(3 + * 1/2 ) 

x-s-4 

solution lim (3 + a 1 / 2 ) = 3 + </4 = 5. 
x-s-4 


13. lim 

x — — 2 a 3 

,.4 4 1 

SOLUTION 1 1 m -^5- = y = — -. 

x^-2 A 3 (— 2) 3 2 

15. lim 3 
9 t - 9 


, n/?-3 .. 

solution lim — = lim 


■s/t — 3 


= lim 


f->9 f-9 (Vf-3)(Vr + 3) r^9Vf + 3 V9 + 3 6 


17. lim 


A 3 — A 
- 1 A — 1 


solution lim = lim — — + ^ = lim a(a + 1) = 1(1 + 1) = 2. 

x—>l x — 1 1 x — 1 Jt-> 1 

19. lim 

r^9 Vr- 3 

solution Because the one-sided limits 


lim ^ ^ = -oo and 

9- VF-3 


t • 


lim — ^ 
9+ Vf- 


= OO, 


are not equal, the two-sided limit 


j. g 

lim— does notexist. 

r^9 V?-3 


21 . lim - 

X — > — 1 -|- A + 1 

solution For a > — 1, a + 1 > 0. Therefore, 


lim = oo. 

X— >- — 1-1- A + 1 


23. lim 


c 3 — 2 a 


► 1 A — 1 

solution Because the one-sided limits 


im 


x i — 2a 


1- a — 1 


= oo and 


lim 


x i — 2a 


are not equal, the two-sided limit 


lim 


v 3 - 2 a 
► 1 A — 1 


1+ A — 1 


does notexist. 


25. 


lim 

x-s-0 


4^ x _ 4X 

4 V - 1 


SOLUTION 


lim 

x-s-0 


4 ^x _ 4 X 

¥ - 1 


4 A (4 A -1)(4* + 1) 
x^O 4- v - 1 


lim 4 A (4 V + 1) = 1 ■ 2 = 2. 

x-s-0 


27. 


lim 

x-s-1.5 


M 

A 


lim 

x-s-1.5 


w 

A 


[1-5] 1 _ 2 

1.5 1.5 3' 


SOLUTION 
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29 . lim , z + 3 — 
r->— 3 z 2 + 4z + 3 


SOLUTION 


i z + 3 

1 1 m -= 

z — s — 3 z 2 + 4z + 3 


lim 

z^-3 


z + 3 

(z + 3)(z + 1) 


lim 

z^-3 


1 

z + 1 


1 

2 ' 


31 . 


im 


x 3 -t 3 


>b X — b 


SOLUTION 


im 


x s -b* 


>b x — b 


lim 

X—rb 


(x — b)(x 2 + xb + b 2 ) 
x — b 


= lim (x 2 +xb + b 2 ) = b 2 + b(b) + b 2 = 3b 2 . 

x—>-b 


33 . 


lim 

X-S-0 



x(x + 3) 


SOLUTION 


lim 

x — 0 



x(x + 3) 


N (x + 3) - 3 = 1 = 1 = 1 

x — >-0 3x(x + 3) x-»0 3(x + 3) 3(0 + 3) 9 


35 . lim 

x — > 0 — 


SOLUTION 


w 

x 

Forx sufficiently close to zero but negative, [x] = -1. Therefore, 

[x] -1 

lim — = lim — = oo. 
x — y 0 — x x — ^ 0 — x 


37 . lim esece 


solution Because the one-sided limits 


lim esece = oo and lim esece = -oo 

are not equal, the two-sided limit 

lim esece does not exist. 

e-s-f 


39 . lim 


cose - 2 


.0 9 

solution Because the one-sided limits 


0^0- 

are not equal, the two-sided limit 


cose -2 

lim = oo 


and 


im 


cose - 2 


lim 


cose - 2 


e^o e 


6^0+ 9 


does not exist. 


.. x - 3 
41 . lim 

x->2- x — 2 

solution Forx close to 2 but less than 2, x - 3 < 0 and x - 2 < 0. Therefore, 


x - 3 

lim = oo. 

x— >2— x — 2 


43 . lim 

x-»l+ 


1 

x/x — 1 



SOLUTION 


lim 

X ^ 1+ 


\Vx - 1 



lim 

X ^ 1+ 


Vx+T- 1 

\J x 2 — 1 


= 00. 
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45 . lim tan* 

solution Because the one-sided limits 


lim tan* = oo and lim tan* = 

— ^ T *^T + 


are not equal, the two-sided limit 


lim tan* does not exist. 

X -> 7 


47 . lim V/cos- 
r-»0+ t 

solution F or r > 0, 


-1 < cos 



< 1, 


so 


-Vt < Vt cos 



< y/t. 


Because 


lim -y/t = lim yft = 0. 
r->0+ r^0+ 


it follows from the Squeeze Theorem that 


lim v^cos = 0. 
r->0+ \t ) 


49 . 


lim 

X — >■ o 


cos* - 1 
sin* 


SOLUTION 


cos*-l .. cos*-l cos* + l .. -sin 2 * sin* 0 

lim — ; = lim — ; • = lim — = - lim = -- — - = 0. 

x^o sin* x^o sin* cosx + 1 *^o sin *(cos* + 1) *^ocos* + l 1 + 1 


51 . Find the left- and right-hand limits of the function /(*) in Figure 2 at * = 0, 2. 4. State whether /(*) is left- or 
right-continuous (or both) at these points. 



solution According to the graph of /(*), 

lim /(*) = lim /(*) = 1 
*->o- ' *->o+ ' 

lim /(*) = lim /(*) = oo 
*-> 2 - ' *-> 2 + ' 

lim /(*) = — oo 
*-> 4 - ' 

lim /(*) = oo. 

*-> 4 + 

The function is both left- and right-continuous at* = 0 and neither left- nor right-continuous at* = 2 and * = 4. 
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53. Graph h(x) and describe the discontinuity: 


h(x) = 



for* < 0 
for x > 0 


Is h(x) left- or right-continuous? 

solution The graph of h{x) is shown below. At. x = 0 , the function has an infinite discontinuity but is left-continuous. 


y 



x 


55. Find the points of discontinuity of 


g(x) = 


/ JT X \ 

c°s( T ) 


for \x | < 1 
for \x | > 1 


Determine the type of discontinuity and whether g (*) is left- or right-continuous. 

solution First note that cos (^) is continuous for -1 < x < 1 and that \x - 1| is continuous for x < -1 and for 
x > 1. Thus, the only points at which g(x) might be discontinuous are * = ±1. At* = 1, we have 

lim g(x)= lim cos(^-) = cos(^) = 0 
jc — ^ 1 — x — > 1 — V 2 / 


and 


lim g(x) = lim \x - 1 | = |1 - 1 | = 0. 

X — > 1 -|- X — >1+ 

so g(x) is continuous at* = 1. On the other hand, at* = -1, 

lim g(*)= lim cos(^) = cos(-^) = 0 
*->-1+ *->—1+ V 2 / \ 2 / 


and 


lim g(x) = lim |* - 1| = | - 1 - 1| = 2, 

X — >■ — 1 — X — ^ — 1 — 


so g(*) has a jump discontinuity at* = -1. Since g(-l) = 2, g(x) is left-continuous at* = -1. 
57. Find a constants such that/r(*) is continuous at* = 2, where 


h (*) = 


(* + l 

\b-x 2 


for |*| <2 
for |*| > 2 


With this choice of b, find all points of discontinuity. 

solution To make/i(*) continuous at* = 2, we must have the two one-sided limits as* approaches 2 be equal. With 


lim h(x) = lim (* + l) = 2 + 1 = 3 

x— >2— x— >2 — 


and 

lim h(x) = lim (b-x 2 ) = b- 4, 

x^>2+ x-s-2+ 

it follows that we must choose b = 7. Because* + 1 is continuous for -2 < * < 2 and 7-* 2 is continuous for* < -2 
and for* > 2, the only possible point of discontinuity is* = -2. At* = -2, 

lim /;(*)= lim (* + 1) = -2 + 1 = -1 

x->— 2+ x-»-2+ 
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and 


lim h(x) = lim (7 - x 2 ) = 7 - (-2) 2 = 3, 

x-s- — 2- jc-s-— 2— 


so h (x ) has a jump discontinuity at* = -2. 


In Exercises 58-63, find the horizontal asymptotes of the function by computing the limits at infinity. 


59. f(x) = 


x l — 3.1 
x — 1 


solution B ecause 


and 


it follows that the graph of y 


61. f{u) = 

SOLUTION 


2i/ 2 - 1 

^6 + m 4 

Because 


lim 

x — >- oo 



lim 

x — >oo 


l/x 2 — 3 
l/x 3 - l/x 4 


= —oo 


lim 

X — > — OO 

x 2 - 3x 4 
x — 1 


x 2 — 3x 4 .. l/x 2 — 3 

= lim — j = oo. 

X — 1 x-s--oo l/x’ — l/x 4 

does not have any horizontal asymptotes. 


and 


lim 

u — > OO 


2m 2 - 1 

76 + H 4 


lim 

u — > OO 


2 — 1/h 2 

76/m 4 + 1 


2 

71 


= 2 


lim 

w— > — OO 


2m 2 - 1 

76 + M 4 


lim 

u—^—oo 


2 — 1/m 2 
76/m 4 + 1 


2 

7f 


= 2 , 


it follows that the graph of y 


63. /(f) = 


f 1/3 — f 1/3 
(f-f-7 1 / 3 


solution B ecause 


2m 2 — 1 

76 + m 4 


has a horizontal asymptote of y = 2. 


7/ 3 -f- 1 / 3 r l-f- 2 / 3 i 

(r — f— i)i/3 = (i — f-2 ) 1/3 = 773 = 1 
and 

fl/3 _ f— 1/3 ^ l-f 2 / 3 1 

J-oo (f — T — 1)1/3 = ri-oo (1 — f— 2)1/3 = ll73 = 1 ’ 

fl/3 _ f— 1/3 

it follows that the graph of y = has a horizontal asymptote of y = 1. 

65. Assume that the following limits exist: 

fix} 

A = lim f(x), B= lim gix), L= lim 

x^a J x->a° x — ><2 g(x) 

Prove that if L - 1, then A = B. H int: You cannot use the Quotient Law if B = 0, so apply the Product Law to L and B 
instead. 

solution Suppose the limits A, B, and L all exist and L = 1. Then 


fix) .. fix) 

B = B l = B L = lim gix) ■ lim — = lim gix )- — 
x-> -a 6 x-s-a gix) x->a° g(x) 


lim fix) = A. 

x^a 
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67. C=3lfe] In the notation of Exercise 65, give an example where L exists but neither A nor B exists. 
solution Suppose 

1 1 

fix) = 3 3 and g(x) = 


(x — ay 


( x - a) 


5' 


Then, neither A nor B exists, but 


, . (x — a) 2 , . 7 

L = I im = lim (x - ay = 0. 

x-*a (x - a)-3 x-w 


69. 


Let 


fix) = x where [x] is the greatest integer function. Show that for * / 0, 


Then use the Squeeze Theorem to prove that 


Hint: Treat the one-sided limits separately. 


- - 1 < 
X 


li m .1 

x^O 


1 

< — 
x 


= 1 


solution Let y beany real number. F rom the definition of thegreatestintegerfunction, itfol lows that y - 1 < [y] < y, 
with equality holding if and only if y is an integer. If x / 0, then \ is a real number, so 


- - 1 < 

X 

Upon multiplying this inequality through by x, we find 

1 — x < x 

Because 


< 1 . 


lim (1 - x) = lim 1 = 1 . 


it follows from the Squeeze Theorem that 


lim x - 

x — ^0 x 


= 1 . 


71. UsethelVT to prove that the curves v = x 2 and y = cosx intersect. 

solution Let fix) = x 2 - cosx. Note that any root of fix) corresponds to a point of intersection between the curves 

1 2 
y = and y = cosx. Now, fix) is continuous over the interval [ 0 , j], /( 0 ) = -1 < 0 and fij) = \ > 0 . 

Therefore, by the Intermediate Value Theorem, there exists a c e (0. j) such that /(c) = 0; consequently, the curves 

y = x 2 and y = cosx intersect. 

73. Use the I VT to show that 2 - * 2 = x has a solution on (0, 1). 

solution Let fix) = 2~ x ' 2 - x. Observe that / is continuous on [ 0 . 1 ] with f(0) = 2° - 0 = 1 > 0 and /(l) = 
2 -1 - 1 < 0. Therefore, the IVT guarantees there exists ace (0, 1) such that /(c) = 2~ c? - c = 0. 

75. CSj Give an example of a (discontinuous) function that does not satisfy the conclusion of the IVT on [-1, 1], 
Then show that the function 


fix) = 


. 1 
sin - 

X 

0 


X 0 


x = 0 


satisfies the conclusion of the IVT on every interval [-a, a], even though / is discontinuous atx = 0. 
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solution Let g(x) = [x], This function is discontinuous on [-1, 1] with g(-l) = -1 and g(l) = 1. For all c / 0, 
there is no x such that g{x) = c; thus, g(x) does not satisfy the conclusion of the Intermediate Value Theorem on [-1, 1], 
Now, let 


/ O) = 



forx 7 S 0 
for x = 0 


and let a > 0. On the interval 


x e 


a a 
2 + 2na ' 2 


C [—a, a ], 


\ runs from | to | + In, sothesinefunction covers one full period and clearly takes on every value from - sin a through 
si n <3. 

77. [[GUI] Plot the function f(x) = x 1 / 3 . Use the zoom feature to find a S > 0 such that lx 1 / 3 - 2| < 0.05 for 
|x — 8| <5. 

solution The graphs of _y = fix) = x 1 / 3 and the horizontal lines v = 1.95 and y = 2.05 are shown below. From 
this plot, we see that S = 0.55 guarantees that |xU 3 - 2| < 0.05 whenever |x - 8| < S. 


y 



79. Prove rigorously that lim (4 + 8x) = -4. 

X — > — 1 

solution Let e > 0 and take S = e/8. Then, whenever |x - (-1)| = |x + 1| < 5, 

|/(x) - (-4)| = |4 + 8x + 4| = 8|x + 1| < 85 = e. 


3 DIFFERENTIATION 


3.1 Definition of the Derivative 


Preliminary Questions 

1. Which of the lines in Figure 10 are tangent to the curve? 



FIGURE 10 


solution Lines B and D are tangent to the curve. 

2. W hat are the two ways of writing the difference quotient? 
solution The difference quotient may be written either as 

fix) - f(a) 
x — a 

or as 

f (a + h) - f(a) 
h 


3. Find a and h such that - — + ^ is equal to the slope of the secant line between (3, /( 3)) and (5, /(5)). 

h 

solution With a = 3 and /? = 2, ^ + h ^ is equal to the slope of the secant line between the points (3, /( 3)) 

h 

and (5, /(5)) on the graph of f(x). 


4. 


W hich derivative is approximated by 


tan(f +0.0001) - 1 ? 
0.0001 ' 


SOLUTION 


tan(J +0.0001) - 1 
OTOOl 


is a good approximation to the derivative of the function /(*) = tan x at.v = 


IT 


5. What do the following quantities represent in terms of the graph of /( x) = sinx? 

, , . , , . „ „ sin 1.3 - sin 0.9 , , , „ „ 

(a) sin 1.3 -sin 0.9 (b) ^ (c) /'(0.9) 


solution Consider the graph of y = si n jc. 

(a) The quantity sin 1.3 - sin 0.9 represents the difference in height between the points (0.9, sin 0.9) and (1.3, sin 1.3). 


(b) T he quantity 


sin 1.3 - sin 0.9 

0T 


represents the si ope of the secant line between the points (0.9, sin 0.9) and (1.3, sin 1.3) 


on the graph. 

(c) The quantity /'( 0.9) represents the si ope of the tangent line to the graph at* = 0.9. 


Exercises 

1. Let / (x) = 5x 2 . Show that /( 3 + h) - 5 h 2 + 30/; + 45. Then show that 


/( 3 + h) - /( 3) 
h 


5/7 + 30 


and compute /'( 3) by taking the limit as h 0. 
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92 CHAPTER 3 | DIFFERENTIATION 


solution With f(x) = 5x 2 , it follows that 

/( 3 + h) = 5(3 + h ) 2 = 5(9 + 6/z + h 2 ) = 45 + 30/z + 5/z 2 . 

Using this result, we find 

/( 3 + h) — /( 3) 45 + 30/z + 5/z 2 - 5-9 45 + 30 h + 5 h 2 — 45 30/z + 5 h 2 

h h h h 

A s h 0, 30 + 5/z -> 30, so /'( 3) = 30. 

In Exercises 3-6, compute f' (a ) in two ways, using Eq. ( 1 ) and Eq. (2). 

3. f(x) = x 2 + 9x, a = 0 
solution Let f(x) = x 2 + 9x. T hen 

\2 


= 30 + 5/z. 


, „ /(0 + /z)-/(0) (0 + h) 2 + 9(0 + h) - 0 .. 9/z+/z 2 „ 

/'(0) = lim 7 * 9 — — = lim = lim — - — = lim(9 + /z) = 9. 

h — >■ 0 h /z->0 h h->0 h h->0 


A Iternately, 


/'( 0) = lim 


fix ) - /( 0) = |jm x 2 + 9x-0 


0 x - 0 


= lim (.v + 9) = 9. 

x x — >• 0 


5. f{x) = 3jt 2 + 4x + 2, a = — 1 
solution Let /(jc) = 3x 2 + 4x + 2. Then 


A Iternately, 


/'(- 1) = lim /(-l + »)-/(-» = lim 3(-l + Z,) 2 + 4(— 1 + /,) + 2 - 1 
/z->0 /z /?->• 0 /z 

3/z 2 — 2/z 

= lim = lim (3/z - 2) = -2. 

/z — >0 h A— »-0 


/ , ,. /(x) — /(— 1) 3x 2 +4x + 2 — 1 

/'(— 1) = lim 3 — — — -= lim 

x->-l x — (— 1) x->-l x + 1 

(3x + l)(x + l) 

= lim = lim (3x + l) = -2. 

X — >— 1 X + l X— >— 1 


/zz Exercises 7-10, refer to Figure 11. 


y 



7. USM Find the slope of the secant line through (2, f(2)) and (2.5, /( 2.5)). Is it larger or smaller than /'( 2)? 
Explain. 

solution From the graph, it appears that /(2.5) = 2.5 and /( 2) = 2. Thus, the slope of the secant line through 
(2, /( 2)) and (2.5, /( 2.5)) is 

/ (2.5) — /(2) 2.5-2 

2.5-2 2.5-2 

From the graph, it is also clear that the secant line through (2, /(2)) and (2.5, /( 2.5)) has a larger slope than the tangent 
line at x = 2. In other words, the slope of the secant line through (2, /( 2)) and (2.5, /(2.5)) is larger than f'(2). 

9. Estimate /'(l) and /' (2). 

solution Fromthegraph, it appears that the tangent line at x = 1 would be horizontal. Thus, /'( 1) ~ O.The tangent 
line at jc = 2 appears to pass through the points (0.5, 0.8) and (2, 2). Thus 
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In Exercises 11-14, refer to Figure 12. 


4 
3 
2 

1 

1 2 3 4 5 6 7 8 9 

FIGURE 12 Graph of f(x). 

11. Determine fia) fora = 1, 2, 4, 7. 

solution Remember that the value of the derivative of / at x = a can be interpreted as the slope of the line tangent 
to the graph of y = fix) at x = a. From Figure 12, we see that the graph of _y = fix) is a horizontal line (that is, a line 
with zero slope) on the interval 0 < x < 3. Accordingly, /'( 1) = f'(2) = 0. On the interval 3 < x < 5, the graph of 
y = fix) is a line of slope thus, /'( 4) = j. Finally, the line tangent to the graph of y = fix) at a = 7 is horizontal, 

so f'fl) = 0. 

13. W hich is larger, /'(5.5) or /' (6.5)7 

solution The line tangent to the graph of y = fix) at a = 5.5 has a larger slope than the line tangent to the graph of 
y = fix) at a- = 6.5. Therefore, /'(5.5) is larger than /'(6.5). 

In Exercises 15-18, use the limit definition to calculate the derivative of the linear function. 

15. fix) = lx — 9 

SOLUTION 



.. f(a + h) — fia) 7(a + h) — 9 — (la . — 9) 

hm — — - — = lim — 

A-9-0 h A— 9-0 h 


lim 7 = 7. 

a— >- 0 


17 . git) = 8-3 1 

SOLUTION 


| jm gia + h)- g(a) 

A-9-0 h 


8 - 3(o + h) - (8 - 3a) -3 h .. 

lim = lim = lim (-3) = -3. 

h^O h h^O h h^O 


19 . Find an equation of the tangent line at a = 3, assuming that/(3) = 5 and f'G) = 2? 

solution By definition, the equation of the tangent line to the graph of fix) at a = 3 is y = f( 3) + /'(3)(a - 3) = 
5 + 2(a — 3) = 2a — 1. 

21 . Describe the tangent line at an arbitrary point on the "curve" y = 2a + 8. 

solution Since y = 2a + 8 represents a straight line, the tangent line at any point is the line itself, y = 2x + 8. 

23 . Let fix) = -. Does /(- 2 + h) equal — - — or — + — ? Compute the difference quotient at a = -2 with 
a —2 + h —2 h 

h = 0.5. 

solution Let fix) = J: . Then 


fi-2 + h) 


1 

—2 + h 


W ith a = -2 and h = 0.5, the difference quotient is 


fia + h) - fia) _ fi- 1.5) - /(- 2) _ 313 - 13 

h ~ 0.5 “ 0.5 


1 

3' 


25 . Let fix) = 1/Va. Compute /'(5) by showing that 

/( 5 + h) - fi 5) 1 


h 


V5V5 + + h + \/5) 
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solution L et /(*) = 1 /^ fx . T hen 


/ (5 + h) — f (5) _ _ \/5 - V5 + h 

h h 5V5 + h 


V5 _ + h ( V5 + V5 + 

h\f \ 5 V5 + h y V5 + V5 + h J 

5 - (5 + h) _ 1 

h-J 5V5 + h(-f 5 + h + s/5) ^5^5 + /z (a/5 + h + \/5) 


/'(5) = lim ^ (5 + /7) — ^2 = lim - -2= 

/i^O A 


h—>0 \/5\/5 + h (+/5 + h + \/5 ) 


V5 V5(V5 + 10 V5‘ 

In Exercises 27^14, use the limit definition to compute f'(a) and find an equation of the tangent line. 

27. fix) = 2x 2 + 10jt, a = 3 
solution Let fix) = 2x 2 + 10*. Then 

,'( 3, = lim = lim 2(3 + »,* + 10(3 + 1,)- 48 

/i^o /; /i^o A 

18 + 12/z + 2/i 2 + 30 + 10/7 - 48 .. „ „ 

= lim = lim (22 + 2/i) = 22. 

h — + 0 h h-> 0 


Ata = 3, the tangent line is 


y = f '( 3 )(x — 3) + /( 3) = 22(* — 3) + 48 = 22* — 18. 


29. fit) — l — 2 ? 2 , a = 3 
solution Let fit) = t - 2r 2 . Then 


/'( 3,= lim — + — ~ Eh = |im (3 + »-2(3 + (,P-(-15) 
A— +0 h h — + 0 h 

3 + A - 18 - 12/i - 2 h 2 + 15 

= I im 

/i-s-0 /z 

= lim (-11 - 2 h) = -11. 
h—> 0 


Atfl = 3, the tangent line is 


y = f '( 3)(f - 3) + /(3) = -ll(f - 3) - 15 = -11? + 18. 


31. fix ) = + *, a = 0 

solution L et /(*) = *3 + *. T hen 


, „ .. /(/;)-/( 0) /7 3 + /i-0 

/'(0) = lim — — — -1 = lim — 

h — + 0 h A-+0 /z 

= lim (/i 2 + 1) = 1. 

/z — > 0 


Atfl = 0, the tangent line is 

y = /'( 0 )(* - 0 ) + /( 0 ) = *. 

33. fix ) = * _1 , a = 8 
solution Let fix ) = * _1 . Then 

/', 8) = lim ^ 8 + '"-^ l8) = lim = lim =2 = lim c ± 

h->0 h h->0 h h->0 h h->0 (64 + 8h)h 



SECTION 3.1 | Definition of the Derivative 95 


The tangent at a = 8 is 

y = /'( 8)(* - 8) + f(8) = -^x-6)+\ = -±x + 


35. f(x) = — a = -2 
* + 3 

solution Let y ( jc) = Then 


/'(— 2) = lim 

/i^O 


/ (—2 + /0 — / (—2) 
h 


lim ~ 2+;,+:j — - 
A — >0 h 


lim 

/i— >-0 



.. -h 

lim — 

*->■0 /r(l + h) 


lim 

h->0 l + h 


= - 1 . 


The tangent line at a = -2 is 


y = /'(- 2)0 + 2) + /(— 2) = — 1 (jt + 2) + 1 = -x - 1. 


37. f(x) — s/x + 4, a = 1 
solution L et f(x) — s/x + 4. T hen 


/'(l) = lim /(1 + / °- /(1) = lim = lim + 

/?— >-0 /z /7 — >-0 h /7 — >-0 h - 1- 5 -|- \/5 


*-►0 h(\/h + 5 + V5) /i^O y/h + 5 + \/5 2^/5 


Thetangentlineata = 1 is 


y = f'(l)(x - 1) + /( 1) = ^=(* - T) + V5 = 


1 9 

"I 

2V5 2x/5 


39. /(or) = 



a = 4 


solution Let /O) = — — . Then 

V* 


1 _ 1 2-/4+A _ 2+/4+A 4-4-/i 

/' (4) = lim /(4 + /l) ~ /(4) = lim -^±5 — - = lim 2s/2W 2 +s /4+a = |jm 4 v /4+; ) +2(4+; i) 

A^O h /,->0 h h->0 h /i->0 h 


h^O 474+7) + 2(4 + A) 16’ 
At a = 4 the tangent line is 


y = /'( 4)(x - 4) + / (4) = - 4) + ^ = 


41. /(f) = + 1, a = 3 

solution Let /(f) = \/f 2 + 1. Then 

/(3) = lim ^ + '"-^ 131 = lim V10 + 6), + ^-VT0 
A — >0 h A^O h 

, x/10 + 6 h + h 2 - VW VlO + 6 h + h 2 + VW 

*->•0 h x/10 + 6/r + A 2 + VTO 

6/; + A 2 6 + A 3 

= lim — — = lim — = 

hW10 + 6h + h 2 + VW) h ^° ^10 + 6 A + h 2 + VlO VlO 

The tangent line at a = 3 is 


y = /'(3)(f — 3) + /(3) = 


3 

7T5 


(f - 3) + TlO = 


3 1 

ynf + VT5' 
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43. fix) = p 1 , a = 0 
x 1 - + 1 

solution Let fix) = — ^ — .Then 

X L + 1 

/'(0) = lim |im wimil = Nm Zk = Nm = 0. 

h — >0 h h — >0 h h — >0 ft h — >0 h ^ + 1 

The tangent line at a = 0 is 

v = /( 0) + /'(0)(x - 0) = 1 + 0(* - 1) = 1. 

45. Figure 13 displays data collected by the biologist J ul ian H uxl ey (1887-1975) on the average antler weight W of male 
red deer as a function of age/. Estimate the derivative at / = 4. For which values of t is the slope of the tangent line equal 
to zero? For which values is it negative? 



FIGURE 13 

solution Let Wit) denote the antler weight as a function of age. The "tangent line" sketched in the figure below passes 
through the points (1, 1) and (6, 5.5). Therefore 

, „ 5.5-1 

W (A) sa — — — = 0.9 kg/year, 
o — l 

If the slope of the tangent is zero, the tangent line is horizontal. This appears to happen at roughly t = 10 and at / = 11.6. 
The slope of the tangent line is negative when the height of the graph decreases as we move to the right. F or the graph in 
F igure 13, this occurs for 10 < / < 11.6. 



(a) Plot fix) over [-2. 2], Then zoom in near x = 0 until the graph appears straight, and estimate the slope /'(0). 

(b) Use (a) to find an approximate equation to the tangent line at x = 0. Plot this line and fix) on the same set of axes. 

SOLUTION 

(a) Thefigure below attheleftshowsthegraph of fix) = over[-2, 2], The figure below atthe right is a close-up 
near x = 0. From the close-up, we see that the graph is nearly straight and passes through the points (-0.22, 2.15) and 
(0.22, 1.85). We therefore estimate 
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(b) Using the estimate for /'( 0) obtained in part (a), the approximate equation of the tangent line is 

y = /'( 0)0 - 0) + /( 0) = —0.68* + 2. 

The figure below shows the graph of fix) and the approximate tangent line. 


y 



49 . Determine the intervals along the jc-axis on which the derivative in Figure 15 is positive. 



solution The derivative (that is, the slope of the tangent line) is positive when the height of the graph increases as we 
move to the right. From Figure 15, this appears to be true for 1 < x < 2.5 and for jc > 3.5. 

In Exercises 51-56, each limit represents a derivative f'(a). Find fix ) and a. 

(5 + /7) 3 - 125 


51 . lim 

h^O h 

solution The difference quotient + h) — has the form 


f(a + h) - f{a) 3 

where fix ) = x 2 and a = 5. 


53 . lim 

*-»• o 


sin + h) - 0.5 


solution The difference quotient s ' n( ~5' + ^ ^ has the form ^ a + — — — where fix) = si n uc and a = 

h h ‘ D 

„ .. 5 2 + ft — 25 

55 . lim 

/j^o h 

5 (2+/i) _ 25 fr a + /,) _ fr a ) 

solution The difference quotient has the form ; — - — where fix) = 5 A and a = 2. 

h h 

57 . Apply the method of Example 6 to fix) = sin* to determine /' (f ) accurately to four decimal places. 
solution We know that 


fin/ 4)= lim 
/!-»■ 0 


fin / 4 + h) - fjn/ 4) 
h 


sin(7r/4 + /i) — V2/2 

lim — 

h-> 0 h 


Creating a table of values of h close to zero: 


h 

-0.001 

-0.0001 

-0.00001 

0.00001 

0.0001 

0.001 

sin(| + h) — is/2/2) 
h 

0.7074602 

0.7071421 

0.7071103 

0.7071033 

0.7070714 

0.7067531 


Accurate up to four decimal places, /'(f ) ^ 0.7071. 
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59. Qid For each graph in Figure 16, determine whether /'( 1) is larger or smaller than the slope of the secant line 
between x = 1 and * = 1 + h for h > 0. Explain. 



(A) (B) 

FIGURE 16 


SOLUTION 

• On curve (A), /'(l) is larger than 


/(I + /?)-/(!) 
h 

the curve is bending downwards, so that the secant line to the right is at a lower angle than the tangent line. We say 
such a curve is concave down, and that its derivative is decreasing. 

• On curve (B), f(l) is smaller than 


/(I + /i) — / (1) . 
h 

the curve is bending upwards, so that the secant line to the right is at a steeper angle than the tangent line. We say 
such a curve is concave up, and that its derivative is increasing. 


61. |lGU]j Sketch the graph of f(x) - x 5 / 2 on [0, 6]. 

(a) U se the sketch to justify the i negual iti es for h > 0: 

/(4) — /(4 — h) < , < /(4 + /i) — / (4) 

h ~ ~ h 

(b) Use (a) to compute /'( 4) to four decimal places. 

(c) Use a graphing utility to plot fix) and the tangent line at* = 4, using your estimate for /'( 4). 


SOLUTION 

(a) The slope of the secant line between points (4, /( 4)) and (4 + h, /( 4 + h)) is 

/(4 + A) — / (4) 
h 

x 5 / 2 is a smooth curve increasing at a faster rate as x ->• oo. Therefore, if h > 0, then the slope of the secant line is 
greater than the slope of the tangent line at /( 4), which happens to be /'( 4). Likewise, if h < 0, the slope of the secant 
line is less than the slope of the tangent line at /( 4), which happens to be /'( 4). 

(b) We know that 


/( 4) . lim + . lim l4 + , - )5/2 - 32 . 

/j— s-O h /!->■ 0 h 


Creating a table with values of h close to zero: 


h 

-0.0001 

-0.00001 

0.00001 

0.0001 

(4 + /z) 5 / 2 — 32 
h 

19.999625 

19.99999 

20.0000 

20.0000375 


Thus, /'( 4) w 20.0000. 

(c) Using the estimate for /'( 4) obtained in part (b), the equation of the line tangent to f(x) = x 5 / 2 at x = 4 is 


y = /'(4)(x - 4) + /( 4) = 20(x - 4) + 32 = 20x - 48. 
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y 



63 . 11 Use a plot of f(x) = x x to estimate the value c such that /'(c) = 0. Find c to sufficient accuracy so that 

f{c + h) - /(c) 


h 


< 0.006 for h = ±0.001 


solution FI ere is a graph of f(x) = x x over the interval [0, 1.5]. 



The graph shows one location with a horizontal tangent line. The figure below at the left shows the graph of f(x) together 
with the horizontal lines y = 0.6, y = 0.7 and y = 0.8. The line y = 0.7 is very close to being tangent to the graph of 
/(x). The figure below at the right refines this estimate by graphing f(x) and y = 0.69 on the same set of axes. The point 
of tangency has an ^-coordinate of roughly 0.37, so c ^ 0.37. 

y y 




We note that 


and 


/(0.37± 0.001) -/(0.37) 

oTooi 


0.00491 < 0.006 


/(0.37- 0.001) -/(0.37) 
0M 


0.00304 < 0.006. 


so we have determined c to the desired accuracy. 

In Exercises 65-71, estimate derivatives using the symmetric difference quotient (SDQ), defined as the average of the 
difference quotients at h and —h: 


1 / fia + h) - f (a) f{a - h) - f(a) \ _ f(a + h) - f(a - h) 

2 V h -h ) ~ 2/r 


■ 


The SDQ usually gives a better approximation to the derivative than the difference quotient. 

65 . The vapor pressure of water at temperature T (in kelvins) is the atmospheric pressure P at which no net evaporation 
takes place. U se the following tableto estimate P'(T) for T = 303, 313, 323, 333, 343 by computing theSDQ given by 
Eq. (4) with h = 10. 


T (K) 

293 

303 

313 

323 

333 

343 

353 

P (atm) 

0.0278 

0.0482 

0.0808 

0.1311 

0.2067 

0.3173 

0.4754 
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solution Using equation (4), 


P'(303) 

P'(313) 

P'(323) 

P'(333) 

P'(343) 


P(313) - P(293) 

0.0808 - 0.0278 

20 

20 

P* (323) - P(303) 

0.1311 - 0.0482 

20 

20 

P(333) - P(313) 

0.2067 - 0.0808 

20 

20 

P(343) - P(323) 

0.3173-0.1311 

20 

20 

P(353) - P(333) 

0.4754 - 0.2067 

20 

20 


= 0.00265 atm/K; 
= 0.004145 atm/K; 
= 0.006295 atm/K; 
= 0.00931 atm/K; 
= 0.013435 atm/K 


In Exercises 67 and 68, traffic speed S along a certain road ( in km/h ) varies as a function of traffic density q ( number of 
cars per km of road). Use the following data to answer the questions: 


q (density) 

60 

70 

80 

90 

100 

5 (speed) 

72.5 

67.5 

63.5 

60 

56 


67. Estimate S' (80). 

solution Let5(<y) be the function determining S given q. Using equation (4) with h = 10, 


with h = 20, 


5'(80) 


5(90) - 5(70) 
20 


60 - 67.5 
20 


-0.375; 


5' (80) 


5(100) - 5(60) 
40 


56 - 72.5 
40 


-0.4125; 


The mean of these two symmetric difference quotients is -0.39375 kph-km/car. 


Exercises 69-71: The current (in amperes) at time t (in seconds) flowing in the circuit in Figure 19 is given by Kirchhoff’s 
Law: 


i(t) = Cv\t) + R~ 1 v(t ) 


where v (t) is the voltage (in volts), C the capacitance (in farads), and R the resistance (in ohms, £2). 


FIGURE 19 


69. Calculate the current at? = 3 if 

v(t) = 0.5f + 4 V 

where C = 0.01 F and R = 100 £7. 

solution Since v ( t ) is a line with slope 0.5, v '( t ) = 0.5 volts/s for all t . From the formula, i (3) = Ct/(3) + 
(1/PM3) = 0.01(0.5) + (1/100)(5.5) = 0.005 + 0.055 = 0.06 amperes. 

71. Assume that R = 200 £7 but C is unknown. Use the following data to estimate t/(4) (by an SDQ) and deduce an 
approximate value for the capacitance C. 


t 

3.8 

3.9 

4 

4.1 

4.2 

v(t) 

388.8 

404.2 

420 

436.2 

452.8 

i(t ) 

32.34 

33.22 

34.1 

34.98 

35.86 
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solution Solving / (4) = Ci/(4) + (l/i?)u(4) for C yields 


C = 


i(4) — (l/i?)u(4) 34.1 — 


420 

ZOO 


i/(4) i/(4) 

To compute C, we first approximate v' (4). Taking h = 0.1, we find 

w(4.1) - v(3.9) 436.2 - 404.2 

v (4) — = — = 160. 


0.2 


0.2 


Plugging this in to the equation aboveyields 


34.1-2.1 

C & — — — — = 0.2 farads. 
160 


Further Insights and Challenges 

73. Explain how the symmetric difference quotient defined by Eq. (4) can be interpreted as the slope of a secant line. 
solution The symmetric difference quotient 


f(q + /?) - f(q - h) 

2 h 

is the slope of the secant line connecting the points ( a - h, f(a - h)) and ( a + h, f(a + h)) on the graph of /; the 
difference in the function values is divided by the difference in thex-values. 

75. £SKj Show that if fix) is a quadratic polynomial, then the SDQ at x = a (for any h f 0) is equal to f'{a). 
Explain the graphical meaning of this result. 

solution Let f(x) = px 2 + qx + r be a quadratic polynomial. We compute the SDQ at x = a. 


fia + h) — fia — h) pia + h) 2 + qia + h) + r — ip(a — h) 2 + qia — h) + r) 


2 h 


2/7 

pa 2 + 2 pah + ph 2 + qa + qh + r — pa 2 + 2 pah — ph 2 — qa + qh — r 


Apah + 2qh 2h(2pa + q) 


2 h 


2h 


2h 


= 2 pa + q 


Since this doesn't depend on h, the limit, which is equal to f'ia), is also 2 pa + q. Graphically, this result tel Is us that the 
secant line to a parabola passing through points chosen symmetrically about x - a is always parallel to the tangent line 
at x = a. 


3.2 The Derivative as a Function 


Preliminary Questions 

1. W hat is the slope of the tangent line through the point (2, f(2)) if fix) = x 3 ? 

solution The slope of the tangent line through the point (2, f(2)) is given by f'(2). Since fix) = x 3 , it follows that 
/'( 2 ) = 2 3 = 8 . 

2. Evaluate (/ - g)'(l) and (3/ + 2g)'(l) assuming that /'( 1) = 3 and g'(l) = 5. 

solution if - g)'(l) = /'( 1) - g'il) = 3 - 5 = -2 and (3/ + 2g)'(l) = 3/'(l) + 2g'(l) = 3(3) + 2(5) = 19. 

3. To which of the following does the Power Rule apply? 

(a) fix) = x 2 (b) fix) = 2 n 

(c) fix) = x n (d) fix) = n x 

(e) fix) = x* (f) fix) = x- 4 / 5 

SOLUTION 

(a) Yes. x 2 is a power function, so the Power Rule can be applied. 

(b) Yes. 2 71 is a constant function, so the Power Rule can be applied. 

(c) Y es. x n is a power function, so the Power Rule can be applied. 

(d) No. tc x is an exponential function (the base is constant while the exponent is a variable), so the Power Rule does not 
apply. 
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(e) No. a v is not a power function because both the base and the exponent are variable, so the Power Rule does not apply. 

(f) Yes. a- - 4 / 5 is a power function, so the Power Rule can be applied. 

4. Choose (a) or (b). The derivative does not exist if the tangent line is: (a) horizontal (b) vertical. 

solution The derivative does not exist when: (b) the tangent line is vertical. At a horizontal tangent, the derivative is 
zero. 

5. If f{x) is differentiable at x = c, is fix) necessarily continuous at x = c? Do there exist continuous functions that 
are not differentiable? 

solution By Theorem 4, if / is differentiable at * = c, then it is continuous at* = c. The converse does not hold, 
however. For example, /(*) = |*| is continuous at * = 0 but is not differentiable there since the slopes from the left 
equal -1 while those from the right equal 1. 


Exercises 

In Exercises 1-6, compute f'(x) using the limit definition. 


1 . f(x) = 3x — 7 

solution Let f(x) = 3* — 7. Then, 


fix) = lim 
/!-»■ 0 


fix + h) - fix) 
h 


. 3(* + h) — 7 — (3* — 7) 3/? 

lim = lim — 

/i^O h h^>0 h 


3 . fix) = X 3 

solution Let fix) = a. Then, 


fix) = lim 
h^O 


fix + h) - fix) 


= lim 

fi-s-0 


(A + if — A 3 


= lim : 

h— >0 


+ 3a 2 A + 3* A 2 + A 3 — A 3 


= lim 

*->•0 


3a 4 A + 3*A 4 + h i 


= lim (3a 2 + 3xh + A 2 ) = 3a 2 . 
h—> 0 


5. fix) — x — fx 

solution L et fix) — x — s/x. Then, 

, = |im f( x + /7) ~ = iim x + A - y* + A - (a - fx) _ _ Va + h - fx / Va + A + Va \ 

h—>0 h h- s-0 h h - >0 h yfx~+~h + fxj 

(a + A) — A .. 1 .. 1 

= 1 - lim , = 1 - lim , = 1 - — — . 

A-s-0 A(V* + A + V*) li-*0 f x + A + fx 2fx 


In Exercises 7-14, use the Power Rule to compute the derivative. 


d 4 

7 ' Av* 


SOLUTION 


t =-2 

d 



dx 

9 . ^ ? 2 / 3 


dt 

t= 8 


d 

SOLUTION 

dt 

n . — — a ^‘ 33 

dx 

d 

SOLUTION 

— 


dx 




. 5 d 4 

= 4* J so — a 4 
dx 


*=— 2 


= 4(— 2) J = —32. 


(P/3) . 


- rf- 1 ' 3 so i< 2 / 3 




= l (8) " l/3= r 

r=8 j 


(a 035 ) = 0.35(a°' 35_1 ) = 0.35a 


-0.65 


13 . - f 11 
dt 


SOLUTION 


Ut^ 1 ) = fUt^- 1 

dt v ’ 
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In Exercises 15-18, compute fix) and find an equation of the tangent line to the graph at x = a. 

15. f(x) — x 4 , a = 2 

solution Let fix) = x 4 . Then, by the Power Rule, f'(x) - 4a 3 . The equation of the tangent line to the graph of 
f(x) at a- = 2 is 

y = f'(2)(x — 2) + fi 2) — 32(x — 2) + 16 = 32a — 48. 

17. fix) — 5a — 32^/a, a = 4 

solution Let fix) = 5a - 32a 1 / 2 . Then fix) = 5 - 16a -1 / 2 . In particular, /'( 4) = -3. The tangent line at a = 4 
is 

y = /'(4)(a - 4) + /( 4) = —3 (a - 4) - 44 = -3a - 32. 


19. Find an equation of the tangent line to y = - at a = 9. 

A 


solution Let fix) = -.Then /( 9) = -, /'(a) = -i, and /'( 9) = The equation of the tangent line is 
a 9 x l 81 


y -\ = ~k {x - % 


or 


y = “8l* + 9 


In Exercises 21-32, calculate the derivative. 

21. fix) — 2a 3 — 3a 2 + 5 

solution — (2a 3 — 3a 2 + 5) = 6a 2 — 6a. 

d a V I 

23. fix) = 4a 5 / 3 - 3a -2 - 12 

SOLUTION (4a 5 / 3 — 3a -2 — 12) = ^A 2 / 3 + 6a -3 . 

25. giz) = 7z -5 / 14 + z -5 + 9 

SOLUTION — (7z -5 / 14 + z -5 + 9 ) = -L -19/14 - 5z -6 . 

dz ' 12 

27. f(s) = fs + f~s 

solution fis) = fs + tys = .s - 1/4 + i 1 / 3 . In this form, we can apply the Sum and Power Rules. 

± (.s 1 / 4 + a 1 / 3 ) = \isM~h + |(,< 1 / 3 >- 1 ) = I *- 3 / 4 + is -2 / 3 . 


29. gi a) = 7T 2 

solution Because 7T 2 is a constant, — n 2 = 0. 

dx 

31. hit) = flt^ 

SOLUTION —V2t'^ = 2t'^~ 1 . 
dt 

In Exercises 33-36, calculate the derivative by expanding or simplifying the function. 
33. Pis) = (4.s — 3) 2 

solution Pis) = (4.s — 3) 2 = 16.s 2 — 24.s + 9. Thus, 


35. gi a) = 


a 2 + 4a 1 / 2 


SOLUTION 


gix) = 


A 2 + 4.A 1 / 2 


1 + 4a -3 / 2 . Thus, 


dg_ 

dx 


6a -5 / 2 . 
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In Exercises 37^12, calculate the derivative indicated. 


37. 


dT | 

dC I C=8 ' 


T = 3 C 2 / 3 


solution With T(C) = 3C 2 / 3 , we have — 

dC 


2 C 1//3 . Therefore, 


dT 

dC 


= 2 ( 8) -1 / 3 = 1 . 

C = 8 


39. — I , s = 4; — 16; 2 
dz lz=2 

- ds 

solution With j = 4; - 16; 2 , we have — = 4 - 32;. Therefore, 

dz 


= 4 - 32(2) = -60. 

z= 2 


ds 

dz 


41. 



f 2 + 1 

r - , 1/2 


solution We have 


Evaluating atr = 4 gives 


dr 

dt 


d f2 +1 - lo3/2 , r l/2x _ 3 1/2 _ l r — 3/2 
dr fi/2 “ dr U + 2 2 


— = 3 4 l /2 _ I 4 - 3/2 = 1 Z 

dr r=4 2 2 16 


43. M atch the functions in graphs (A)-(D) with their derivatives (l)-(lll) in Figure 11. Note that two of the functions 
have the same derivative. Explain why. 



y 


(I) 


x 


y y 



(B) (C) 


y y 



(ID (Ml) 

FIGURE 11 


y 



X 


(D) 


SOLUTION 

• Consider the graph in (A). On the left side of the graph, the slope of the tangent line is positive but on the right 
side the slope of the tangent line is negative. Thus the derivative should transition from positive to negative with 
increasing x. This matches the graph in (III). 

• Consider the graph in (B). This is a linear function, so its slope is constant. Thus the derivative is constant, which 
matches the graph in (I). 

• Consider the graph in (C). M ovingfrom I eft to right, the slope of the tangent line transitions from positive to negative 
then back to positive. The derivative should therefore be negative in the middle and positive to either side. This 
matches the graph in (II). 

• Consider the graph in (D). On the left side of the graph, the slope of the tangent line is positive but on the right 
side the slope of the tangent line is negative. Thus the derivative should transition from positive to negative with 
increasing x. This matches the graph in (III). 

Note that the functions whose graphs are shown in (A) and (D) have the same derivative. This happens because the 
graph in (D) is just a vertical translation of the graph in (A), which means the two functions differ by a constant. The 
derivative of a constant is zero, so the two functions end up with the same derivative. 
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45 . Assign the labels / Or), g(x), and h{x) to thegraphs in Figure 13 in such a way that f'(x) = g(x) and g'(x ) = h(x). 


y y y 



(A) (B) (0 

FIGURE 13 


solution Consider the graph in (A). M oving from left to right, the slope of the tangent line is positive over the first 
quarter of the graph, negative in the middle half and positive again over the final quarter. The derivative of this function 
must therefore be negative in the middle and positive on either side. This matches the graph in (C). 

Now focus on the graph in (C). The slope of the tangent line is negative over the left half and positive on the right 
half. The derivative of this function therefore needs to be negative on the left and positive on the right. This description 
matches the graph in (B). 

We should therefore label the graph in (A) as f(x), the graph in (B) as h(x), and the graph in (C) as g(x). Then 
fix) = g(x) and g'(x) = h{x). 

47 . C?8 Use the table of values of /(*) to determine which of (A) or (B) in Figure 15 is the graph of Explain. 


X 

0 

0.5 

1 

1.5 

2 

2.5 

3 

3.5 

4 

fix) 

10 

55 

98 

139 

177 

210 

237 

257 

268 



solution The increment between successive* values in the table is a constant 0.5 but the increment between successive 
/(*) values decreases from 45 to 43 to 41 to 38 and so on. Thus the difference quotients decrease with increasing x, 
suggesting that /'(*) decreases as a function of *. Because the graph in (B) depicts a decreasing function, (B) might be 
the graph of the derivative of /(*). 

49. Compute the derivatives, where c is a constant. 

(a) 4- ct 3 (b) ( 9 c ' 2 v 3 - 24c) (c) 4- (5c + 4cc 2 ) 

at ay dz 

SOLUTION 

(a) -^c? 3 = 3c? 2 . (b) ^-(5z + 4cz 2 ) = 5 + 8 cz. (c) -^-(9c 2 v 3 - 24c) = 27 c 2 v 2 . 

dt dz dy 

51 . Find the points on the graph of y = x 2 + 3* - 7 at which the slope of the tangent line is equal to 4. 
solution Let y = x 2 + 3x - 7. Solving dy/dx = 2x + 3 = 4 yields* = \ . 

53 . Determine a and b such that p(x) = x 2 + ax + b satisfies p(l) = 0 and p'( 1) = 4. 

solution Let p(x) = x 2 + ax + b satisfy p( 1) = 0 and p’( 1) = 4. Now, p'(x) = 2 x + a. Therefore 0 = p(l) = 

1 + a + b and 4 = p'{ 1) = 2 + a; i.e., a = 2 and b = -3. 

55 . Let f(x) = * 3 - 3* + 1. Show that f'(x) > -3 for all * and that, for every m > -3, there are precisely two points 

where f'(x) = m. Indicate the position of these points and the corresponding tangent lines for one value of m in a sketch 
of the graph of /(*). 

solution Let P = (a, b ) be a point on the graph of f(x) = * 3 - 3* + 1. 

• The derivative satisfies f'{x} = 3* 2 - 3 > -3 since 3* 2 is nonnegative. 

• Suppose the slope m of the tangent line is greater than -3. Then f'(a ) = 3 a 2 - 3 = m, whence 


a 


2 


m + 3 
3 


> 0 


and thus 



3 


The two parallel tangent lines with slope 2 are shown with the graph of /(*) here. 
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57 . Compute the derivative of f(x) = x 3 / 2 using the limit definition. Hint: Show that 


f(x + h) — f(x) ( x + hy — x i 


h h \ V (x + A ) 3 + ) 

solution Once we have the difference of square roots, we multiply by the conjugate to solve the problem. 

. .. (x + /i ) 3 / 2 - x 3 / 2 y ( x + h) 3 - Vx^ / V(x + A ) 3 + Vx^\ 

/ (x) = lim = lim — 

/i^O /; /i \ v /(x + /i) 3 + V^/ 

(x + /l) 3 — x 3 


= lim 

h — >0 


/z 


y (x + /i ) 3 + vx^ / 


The first factor of the expression in the last line is clearly the limit definition of the derivative of x 3 , which is 3x 2 . The 
second factor can be evaluated, so 

-* 3 /2 = 3*2_l L I/ 2 . 
dx 2Vxi 2 

59 . Show, using the limit definition of the derivative, that /(x) = |x 2 — 4| is not differentiable at x = 2. 
solution We have 


f{2 + h) — f (2) (2 + hr —4—0 

/'( 2) = lim n ’ — — = lim ! 

h^O h h^O 


\lr + 4 h\ 


= lim ■ 

/; A->0 h h->0 h 

t\sh approaches zero, h + 4 approaches 4. However, the second factor is 1 if h is positive and is -1 if h is negative. Thus 

\h\ \h\ 

lim + 4| ■ — = —4. and lim |A + 4|- — =4 

*->■ 0- h / f ^0+ h 

Since the two one-sided limits are unequal, /(x) is not differentiable atx = 2. 

61 . Biologists have observed that the pulse rate P (in beats per minute) in animals is related to body mass (in kilograms) 
by the approximate formula P = 200m -1 / 4 . This is one of many allometric scaling laws prevalent in biology. Is \dP/dm\ 
an increasing or decreasing function of ml Find an equation of the tangent line at the points on the graph in Figure 16 
that represent goat (m = 33) and man ( m = 68). 

Pulse 

(beats/mi n) 


= lim \h +4 1 • — 
/;-> 0 h 


200 


100 


Guinea 

pig 
















\Goat 









M ar 









Cattle 


100 200 300 400 500 

M ass (kg) 

FIGURE 16 

solution dP/dm = —50m -3 / 4 . For m > 0, \dP/dm\ = |50m — 3 / 4 |. \dP/dm\ — > 0 as m gets larger; \dP/dm\ gets 
smaller as m gets bigger. 

For each m = c, the equation of the tangent line to the graph of P atm is 

y = P r (c)(m - c) + P(c). 

For a goat (m = 33 kg), P( 33) = 83.445 beats per minute (bpm) and 

ti P 

— = — 50(33) — 5/4 ~ -0.63216 bpm/kg. 
dm 


Hence, y = -0.63216(m - 33) + 83.445. 
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For a man (m = 68 kg), we have P(68) = 69.647 bpm and 

J p 

— = — 50(68) -5 / 4 « -0.25606 bpm/kg. 
dm 

Hence, the tangent line hasformula y = -0.25606(m - 68) + 69.647. 

63. T he C lausius- C lapeyron Law rel ates the vapor pressure of water p (in atmospheres) to the temperature T (in kelvins): 

dP P 

= k^r 

dT T 2 

where it is a constant. Estimatec/P/r/r for T = 303, 313, 323, 333, 343 using the data and the approximation 

dP P(T + 10) - P(T - 10) 




dT 


20 




T (K) 

293 

303 

313 

323 

333 

343 

353 

P (atm) 

0.0278 

0.0482 

0.0808 

0.1311 

0.2067 

0.3173 

0.4754 


Do your estimates seem to confirm the Clausius- C lapeyron Law? What is the approximate value of kl 
solution Using the indicated approximation to the first derivative, we calculate 

P(313) - P(293) 0.0808 - 0.0278 


P'(303) 
P'(313) 
P'( 323) 
P'(333) 
P'(343) 


20 

20 

P(323) - P(303) 

0.1311 - 0.0482 

20 

20 

P(333) - P(313) 

0.2067 - 0.0808 

20 

20 

P(343) - P(323) 

0.3173-0.1311 

20 

20 

P(353) - P(333) 

0.4754 - 0.2067 


20 


20 


= 0.00265 atm/K; 
= 0.004145 atm/K; 
= 0.006295 atm/K; 
= 0.00931 atm/K; 
= 0.013435 atm/K 


T 2 dP 


If the Clausius-C lapeyron law is valid, then — — should remain constant as T varies. Using the data for vapor 
pressure and temperature and the approximate derivative values calculated above, we find 


T (K) 

303 

313 

323 

333 

343 

T 2 dP 
~P~dT 

5047.59 

5025.76 

5009.54 

4994.57 

4981.45 


These values are roughly constant, suggesting that the Clausius-C lapeyron law is valid, and that it 5000. 

65. In the setting of Exercise 64, show that the point of tangency is the midpoint of the segment of L lying in the first 
quadrant. 

solution In the previous exercise, we saw that the tangent line to the hyperbola xy = 1 or y = | at x = a has 
y-intercept p - (0, |) and x-intercept Q = (la, 0). The midpoint of the line segment connecting P and Q is thus 

0 + 2« j) + 0 


= I a, - 
a 


which is the point of tangency. 

67. M ake a rough sketch of the graph of the derivative of the function in Figure 18(A). 



FIGURE 18 
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solution The graph has a tangent line with negative slope approximately on the interval (1, 3.6), and has a tangent 
line with a positive slope elsewhere. This implies that the derivative must be negative on the interval (1, 3.6) and positive 
elsewhere. The graph may therefore look like this: 



69. Sketch the graph of fix) = x \x\. Then show that /'( 0) exists. 

solution For x < 0, fix) = — x 2 , and f'ix) = — 2x. For x > 0, fix) = x 2 , and f'ix) = 2x. At x = 0, wefind 


and 


fi0 + h)-fi0) .. h l 

lim — = lim — 

/?-> 0+ h A-S.0+ h 


lim 

/!->■ o- 


/( 0 + h) - /(0) 


.. -h l 
= lim 

0 - h 



Because the two one-sided limits exist and are equal, it follows that /'( 0) exists and is equal to zero. FI ere is the graph 
of fix) = x\x\. 



In Exercises 71-76, find the points c (if any) such that f'ic) does not exist. 

71. fix) = |x - 1| 

SOLUTION 


y 



FI ere is the graph of fix) = \x - 1|. Its derivative does not exist at* = 1. At that value of * there is a sharp corner. 

73. fix) = x 2 / 3 

solution FI ere is the graph of fix) = x 2 / 3 . Its derivative does not exist at x = 0. At that value of x, there is a sharp 
corner or "cusp". 



75. fix) = |x 2 - 1| 

solution FI ere is the graph of fix) = lx 2 — 1 1 . Its derivative does not exist at x = -1 or at x = 1. At these values 
of x, the graph has sharp corners. 
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y 



[[GUI] In Exercises 77-82, zoom in on a plot of f(x) at the point (a, /(a)) and state whether or not f(x) appears to be 
differentiable at x = a. If it is nondifferentiable, state whether the tangent line appears to be vertical or does not exist. 

77 . /(*) = (* — 1)|*|, a = 0 

solution The graph of fix ) = (* - 1)|*| for jc near 0 is shown below. Because the graph has a sharp corner at. x = 0, 
it appears that / is not differentiable at* = 0. M oreover, the tangent line does not exist at this point. 



79 . fix) = (* — 3) 1 / 3 , a = 3 

solution The graph of fix) = (* - 3) 1 / 3 for * near 3 is shown below. From this graph, it appears that / is not 
differentiable at* = 3. Moreover, the tangent line appears to be vertical. 



81 . fix) = | si n * |, a = 0 

solution The graph of fix) = | sin*| for* near 0 is shown below. Because the graph has a sharp corner at* = 0, it 
appears that / is not differentiable at* = 0. M oreover, the tangent line does not exist at this point. 


y 



83 . 1 ! Plot the derivative /"'(*:) of fix) = 2* 3 - 10* 1 for* > 0 (setthe bounds of the viewing box appropriately) 
and observe that /'(*) > 0. What does the positivity of /'(*) tell us about the graph of /(*) itself? Plot /(*) and confirm 
this conclusion. 

solution Let fix ) — 2* 3 - 10* _1 . Then fix ) = 6* 2 + 10* -2 . The graph of /'(*) is shown in the figure below at 
the left and it is clear that /'(*) > 0 for all * > 0. The positivity of /'(*) tells us that the graph of /(*) is increasing for 
* > 0. This is confirmed in the figure below at the right, which shows the graph of fix ). 


y y 


400- 

/ 800- 

/ 

300- 

/ 600- 

/ 

200- 

/ 400- 

/ 

100- 

/ 200- 



2 4 6 8 

f 2 4 6 8 


-200- 
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Exercises 85-88 refer to Figure 21. Length QR is called the SUbtangent at P. and length RT is called the subnormal. 


y 



85. Calculate the subtangent of 

fix) = x 2 + 3jc at x = 2 

solution Let fix) = x 2 + 3x. Then fix) = lx + 3, and the equation of the tangent line at* = 2 is 

y = f'Qfix - 2) + / (2) = 7(x - 2) + 10 = lx - 4. 

This line intersects thex-axis at a- = j. Thus 2 has coordinates (y, 0), 7? has coordinates (2, 0) and the subtangent is 

4 _ 10 
7 “ 7 ' 

87. Prove in general that the subnormal at P is |/'(x)/(x)|. 

solution The slope of the tangent line at P is fix). The slope of the line normal to the graph at p is then -1//'(a), 
and the normal line intersects the x-axis at the point T with coordinates (x + fix) fix), 0). The point R has coordinates 
(a, 0), so the subnormal is 

|x + /(x)/'(x)-x| = |/(x)/'(x)|. 


89. Prove thefol lowing theorem of A pollonius of Perga (the G reek mathematician born in 262 bce who gave the parabola, 
ellipse, and hyperbola their names): The subtangent of the parabola y = a 2 at x = a is equal to a/2. 

solution Let fix) - x 2 . The tangent line to / atx = a is 

y — f\a)ix — a) + fid) = 2a(x — a) + a 2 = 2 ax — a 2 . 

T hex- intercept of this line (where y = 0) is | as claimed. 



Formulate and prove a generalization of Exercise 90 for y = x n . 

Let fix) = x". Then fix) = nx n ~ l , and the equation of the tangent line tx = a is 

y = f'(a)ix — a) + /(a) = na n ~ ^(x — a) + a n = na n ~^x — in — l)a". 

This line intersects the.x-axis atx = (n - l)a/n. Thus, Q has coordinates i(n - l)a/n, 0), R has coordinates (a, 0) and 
the subtangent is 

n - 1 1 

a a = —a. 

n n 


91. Gfej 

SOLUTION 
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Further Insights and Challenges 

93. A vase is formed by rotating y = x 2 around the y-axis. If we drop in a marble, it will either touch the bottom point 
of the vase or be suspended above the bottom by touching the sides (Figure 23). How small must the marble be to touch 
the bottom? 



FIGURE 23 


solution Suppose a circle is tangent to the parabola y = x 2 at the point (t, t 2 ). The slope of the parabola at this point 
is It, so the slope of the radius of the circle at this point is -j-, (since it is perpendicular to the tangent line of the circle). 
Thus the center of the circle must be where the line given by y = -jjix - t) + t 2 crosses the y-axis. We can find the 
y-coordinate by setting x = 0: we get y = \ + 1 2 . Thus, the radius extends from (0, \ + 1 2 ) to it, t 2 ) and 


r — 




This radius is greater than \ whenever / > 0; so, if a marble has radius > 1/2 it sits on the edge of the vase, but if it has 
radius < 1/2 it rolls all the way to the bottom. 

95. Negative Exponents Let/; be a whole number. U se the Power Rule for*" to calculate the derivative of fix) = x~ n 
by showing that 

fix + h) — fix) —1 (.y + h) n — x n 

h x n (x + h) n h 


solution Let fix) — x n where;; is a positive integer. 

• The difference quotient for/ is 

fix + h) - fix) _ (x + h)~ n - x~" _ (x+h)" ~ h 
h h h 

— 1 (x + h) n - x n 
~ x n (x + h) n h ' 


x n -(x+h)" 
x n (x+li )" 

h 


Therefore, 


/ f(x + h) — f(x) .. —1 

fix) = lim — — — - = lim 

J h-> 0 h h^0x n ix + h) n 


(x + h) n - x n 


= lim 


-1 


im 


(x + h) n — x n 


/;->0 x n {x + /;)" /i->0 


h 


h 

d 

dx 


= -x~ 2n — (/). 


From above, we continue: fix) = -x 2n — (x n ) = -x in -nx n 1 = -nx n i . Since;; is a positive integer, 


—2 n 


n — 1 


— n — 1 


dx 

d 


k = -n is a negative integer and we have — ( x k ^ = — (x n ) = -nx n 1 = kx k - 1 ; i.e. — (x k ^j = kx 
for negative integers k. 


k - 1 


97. Infinitely Rapid Oscillations Define 


fix) = 


x sin — x ^ 0 

X 

0 x = 0 


Show that fix) is continuous at jc = 0 but /'( 0) does not exist (see Figure 22). 
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SOLUTION 


Let f(x) = 



if x 7 ^ 0 
if x = 0 


. A s x 


0 , 


|/(.t)-/(0)| = 


. / 1 \ „ 


. / 1 \ 

xsin - - 0 

= \x\ 

Sln - 

\x) 

W 


since the values of the sine lie between -1 and 1. Hence, by the Squeeze Theorem, lim f(x) = f( 0) and thus / is 

Y'-S-O 

continuous at* = 0 . 

A s x 0, the difference quotient at x = 0, 


m - m _ jSin (^)~° _ qin /i\ 

x — 0 x — 0 V*/ 


does converge to a limit since it oscillates infinitely through every value between -1 and 1. Accordingly, /'( 0) does 
not exist. 


3.3 Product and Quotient Rules 


Preliminary Questions 


1. A re the following statements true or false? If false, state the correct version. 

(a) fg denotes the function whose value at * is figix)). 

(b) f/g denotes the function whose value at x is f(x)/g(x). 

(c) The derivative of the product is the product of the derivatives. 


(d) 



y=4 


/(4)g'(4) - g(4)/'(4) 


(e) 



Y— 0 


/( 0)g'(0) + g(0)/'(0) 


SOLUTION 

(a) False. The notation fg denotes the function whose value at jc is /(x)g(x). 

(b) True. 

(c) False. The derivative of a product fg is/' (x)g(x) + /(x)g'(x). 


(d) False. 



Iy=4 


/ (4)g , (4) + g(4)/'(4). 


(e) True. 


2. Find (//*)'( 1) if /( 1) = /'( 1) = g(l) = 2 and g'(l) = 4. 

solution ^(//g) | T= 1 = [g(l)/'(l) - /(l)g'(l)]/g(l) 2 = [2(2) - 2(4)]/2 2 = -1. 

3. Find g(l) if /( 1) = 0, /'( 1) = 2, and (/g)'(l) = 10. 

solution (/g)'(l) = /(l)g'(l) + /'(l)g(l), so 10 = 0 • g'(l) + 2g(l) and g(l) = 5. 


Exercises 

In Exercises 1-6, use the Product Rule to calculate the derivative. 

1. f(x) — x 3 (2x 2 + 1) 
solution Let f(x) = x 3 (2x 2 + 1). Then 

f'(x) = x 3 — (2x 2 + 1) + (2x 2 + 1 ) — x 3 = x 3 (4x) + (2x 2 + l)(3x 2 ) = 10x^ + 3x 2 . 
dx dx 

3 . fix) = */x(l - x 3 ) 
solution L et fix) = */x(I — x 3 ). T hen 

fix) = fx — (1 - x 3 ) + (1 - X 3 )— sfx = a/c(-3x 2 ) + (1 - x 3 ) ( rX _1/2 ] 
dx dx \ l ) 

- _3 v 5/2 + 1, -1/2 _ * 5/2 _ _ ~f_ 5/2 _JL_ 

- ox -t- 2 x 2 t “ 2 + lx 1 / 2 
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5. — , h(s ) = (5 3 / 2 + 2i)(7 — s 1 ) 


SOLUTION 


Leth(s) = (s 3 / 2 + 2s)(7 — s 3 ).Then 


Therefore, 


f = (s~ 1/2 + 2,)f (7 - .- 1 ) + (7 - ,- 1 )f (s~V 2 + 2s) 
as ax as \ / 


= (s 1/2 + 2 s)(j 2 ) + 0-s 3/2 + 2^=-^.s' 3/2 + ^‘ s ’ 5/2 +14. 


^//z 7 0/2 3 c/2 _ . 871 

_ = _ (4) -3/2 + _ ( 4)-5/2 + 14 = 


//? Exercises 7-12, use the Quotient Rule to calculate the derivative. 

7- fix) = X 

x — 2 

solution L et / (x ) = ^2 ■ T h en 

= ~ = C* - 2 ) - . 


(* - 2) 2 


(x - 2) 2 (or - 2) 2 ' 


9. -A , g(0 = -y- — 
dt \ t= _2 t l - 1 

. f 2 + 1 

solution Let p(r) = . 

5 t 2 - 1 


tfg (r 2 -l)|r(f 2 + l)-(r 2 + l)|:(r 2 -l) (f 2 - l)( 2 r) - (t 2 + l)( 2 r) 


Therefore, 


(r 2 - l ) 2 


O 2 - l ) 2 


dg 4( — 2) 8 

* r =-2 ((— 2) 2 — l ) 2 9‘ 


4r 

./ 2 I) 2 ' 


11 . g(x) = 


SOLUTION 


1 + x 3 / 2 


g'O) = 


(l+T 3 / 2 )i(l)-l4(l+A 3 / 2 ) f.V 1 / 2 


(1 + X 3 / 2 ) 2 


(1 + x 3 / 2 ) 2 2(1 + X 3 / 2 ) 2 


In Exercises 1 3-1 6, calculate the derivative in two ways. First use the Product or Quotient Rule; then rewrite the function 
algebraically and apply the Power Rule directly. 

13. f(t ) = (2 1 + 1)0 2 - 2) 

solution Let fit ) = i 2t + 1)0 2 - 2). Then, using the Product Rule, 

f r (t) = (2t + l)(2r) + (i 2 — 2 ) (2) = 6 1 2 + 2t — 4. 

M ultiplying out first, wefind fit) = 2 ? 3 + t 2 - At - 2. Therefore, fit) = 6 1 2 + 2t - 4. 
r 2 -l 

15. hit) = - 


solution Let/r(/) = Using the quotient rule, 


= jt - 1 )( 2 Q - (r 2 - 1 )( 1 ) = r 2 - 2 ? + 1 = 
t( (t-D 2 it- 1) 2 


for r 7 S 1 . Simplifying first, wefind for t 1, 


it - l)(r + 1 ) 

hit) — — — 1 + 1 . 

it- 1 ) 


Hence h'it) = 1 for r ^ 1. 



114 CHAPTER 3 | DIFFERENTIATION 


In Exercises 17-38, calculate the derivative. 

17. f(x) = (x 3 + 5)(x 3 + a- + 1) 

solution L et fix) = (x 3 + 5)(x 3 + x + 1). T hen 

f'ix) = (x 3 + 5)(3x 2 + 1) + (x 3 + x + l)(3x 2 ) = 6x 5 + 4x 3 + 18x 2 + 5. 


19. 


dy_ 

dx 


c=3' ' V x + 10 


SOLUTION 


Therefore, 


L et _y = — pyTj . Using the quotient rule: 


dy_ _ (x + 10) (0) — 1(1) 
dx (x + 10) 2 


(x + 10) 2 


dy 

dx 


x=3 


(3 + 10) 2 169' 


21. fix) = (Vx + 1 )ifx - 1) 

solution Let fix) = ifx + l)ifx - !)■ M ultiplying through first yields fix) = x - 1 for x > 0. Therefore, 
f\x) = 1 for x > 0. If we carry out the product rule on fix) = (x 1 / 2 + lffx 1 / 2 - 1), we get 


fix) = (x 1 / 2 + 1) (^(-- 1/2 )) + (* 1/2 - 1) Q-*- 1/2 ) 


1 L-i/ 2 + ^x-i/ 2 = l 


= 2 + 2" 


23. *L 

dx 


\x=7 


x 4 - 4 
x 4 — 4 


solution L et v = — 

x L — 5 


Then 


dy_ 

dx 


Therefore, 


_ (" 2 “ 5 ) ( 4 " 3 ) “ (" 4 “ 4 ) (2x) _ 2x 5 - 2 Ox 3 + 8x 
(x 2 — 5) 2 (x 2 — 5) 2 

2 ( 2) 5 — 20 ( 2) 3 + 8 ( 2 ) 


dy 

dx 


x=2 


a 2 - si 2 


= -80. 


25. 


dz 

dx 


z = 


Y— 1 


l - 3 + 1 


solution Let z = Using the quotient rule: 


dz (x 3 + 1) (0) — l(3x 2 ) 
dx 


(x 3 + l) 2 


3x 2 

" (x 3 + 1)2 ' 


Therefore, 


dz 

dx 


3(1) 2 _ 3 

c =l " ~ d 3 + l) 2 


27. hit) = 


it + l)(r 2 + 1) 


SOLUTION Let hit) = 


-.Then 


it + 1)(/ 2 + 1) r 3 + r 2 + / + 1 

(V 3 4- r 2 4- t 4- 1^ (1) — t ^3/ 2 4- 2t 4- 1^ —2t 3 — ? 2 -|- 1 


h’ it) = 


(t 3 +t 2 +t + iy 


(t 3 + t 2 + t + 1) 


2 ■ 


29. fit) = 3 1 / 2 • 5 1 / 2 

solution Let fit) = V3\/5. Then fit) = 0, since fit) is a constant function! 
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31. f(x) — (x + 3)(x — l)(x — 5) 

solution Let f(x) = (x + 3)(x - l)(x - 5). Using the Product Rule inside the Product Rule with a first factor of 
(x + 3) and a second factor of (x - l)(x - 5), we find 

f'(x) = (x + 3) ((x — 1) (1) + (x — 5) (1)) + (x — l)(x — 5)(1) = 3.x 2 — 6x — 13. 


Alternatively, 


/(x) = (x + 3) (x 2 — 6x + 5^ = x 3 — 3x 2 — 13x + 15. 


Therefore, f’(x) = 3x 2 - 6x - 13. 


33. /(x) = 

SOLUTION 


x 3 / 2 (x 2 + 1) 

X + 1 

Using the quotient rule, and then using the product rule to differentiate the numerator, we find 


fix) 


(x + 1) ^|x 1 / 2 (x 2 + 1) + x 3 / 2 (2x)^ — x 3 / 2 (x 2 + 1) (1) 
(x + l) 2 

5x 7 / 2 + 7 x 5 / 2 + x 3 / 2 + 3xV2 
2(x + l) 2 


35. g(z) = 


SOLUTION 




Hint: Simplify first. 



for z ^ -2 and z^l. Then, 


(z + 2 )(z - 2) 
z - 1 


^ (z + l)(z - 1) ^ 


= (z - 2) (z + 1) 


g'(z) = (z + 1)(1) + (z - 2) (1) = 2z - 1 . 


37. [x constant) 

dt \t 2 - x J 

solution Let/O) = Using the quotient rule: 

C I, , _ (C 2 - x)(x) - (xt - 4)C2 1 ) 
(f2-x)2 


xt 2 — x 2 — 2xt 2 8r 
(f 2 - x)2 


—xt 2 + 8 1 — x 2 
(f 2 -x)2 


//; Exercises 39-42, calculate the derivative using the values: 


/( 4) 

/'(4) 

g(4) 

g'(4) 

10 

-2 

5 

-1 


39. (/g)'( 4) and (//g)'(4). 

solution Let A = fg and H = f/g. Then A' = fg’ + g/' and H’ = 8 . Finally, 

h'( 4) = / (4)g , (4) + g(4)/'(4) = (10)( — 1) + (5)( — 2) = -20, 
and 

H , 4 = g(4)/ , (4) - / (4)g / (4) = (5) ( — 2) - (10)(-1) = 
(g(4)) 2 (5)2 


41. G'( 4), where G(x) = g(x) 2 . 

solution Let G(x) = g(x) 2 = g(x)g(x). Then G'(x) = g(x)g'(x) + g(x)g'(x) = 2g(x)g'(x), and 


G'(4) = 2g(4)g'(4) = 2(5)(— 1) = -10. 
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43. Calculate F'(0), where 


x 9 + x® + 4x 5 — lx 

F (x) = , - , . - 

x 4 — 3x 2 + 2x + 1 


Hint: Do not calculate F'(x). Instead, write F(x) = /(x)/g(x) and express F\ 0) directly in terms of /( 0), /'(0), g(0), 
g'( 0). 

solution Taking the hint, let 


f(x) = x 9 + x® + 4x® — 7x 


and let 


g(x) = x 4 — 3x 2 + 2x + 1. 


Then F(x) = Now, 

/'(x) = 9x® + 8x 2 + 20x^ — 7 and g 7 (x) = 4x 3 — 6x + 2. 

M oreover, f(0) = 0, /'(0) = -7, g(0) = 1, and g'(0) = 2. 

Using the quotient rule: 

g(0)/'(0) - /(O)g'(O) -7-0 

f(0,_ wolT - — _ - 7 ' 


45. Verify the formula (x 3 )' = 3x 2 by writing x 3 = x ■ x ■ x and applying the Product Rule. 
solution U sing the product rule, we have 

(x 3 / = ((x ■ x) ■ x)' = (x ■ x) ■ x 7 + (x ■ x)' ■ X = (x ■ x) + (x ■ X 7 + x 7 ■ x) ■ X = (x ■ x) + (2x) ■ X = 3x 2 


47. H Plot f(x) = x/(x 2 - 1) (in a suitably bounded viewing box). Use the plot to determine whether f'(x) is 
positive or negative on its domain {x : x ±1). Then compute f(x) and confirm your conclusion algebraically. 

X 

solution Let/(x) = — .Thegraphof f(x) is shown below. From this plot, we see that /(x) is decreasing on 

x 2 — 1 

its domain (x : x ^ ±1). Consequently, f(x) must be negative. Using the quotient rule, we find 

, _ (x 2 - 1)(1) - x(2x) _ x 2 + 1 

(x 2 -l) 2 ^ (x 2 -l) 2 ’ 

which is negative for all x ^ ±1. 



49. Find all values of a such that the tangent line to 

x — 1 

f{x) = — — at x = a 

x + 8 

passes through the origin (F igure 4). 



FIGURE 4 


SECTION 3.3 | Product and Quotient Rules 117 


solution The slope of the tangent line is given by which is 


/'(*) 


(x + 8)(1) — (x — 1)(1) 
(x + 8) 2 


9 

(* + 8) 2 


When x = a, then, we have f(a) = - — ^ and f\a) = , so that the equation of the tangent line is 


y = f\a) (x -a) + f(a) = 


(fl + 8) 2 


O - a) + 


a — 1 


a + 8 (a + 8) 2 


jc + 


— 9a + (a — l)(a + 8) 
(a + 8) 2 


2 ( cr — 2a — 8 

(a + 8) 2 ' V+ (a + 8) 2 


The tangent line passes through the origin when its constant term is zero, i.e. when a 2 - 2a - 8 = 0, or for a — A, -2. 

51. The revenue per month earned by the Couture clothing chain at timer is R(t) = N(t)S(t), where N(t) is the number 
of stores and 5(f) is average revenue per store per month. Couture embarks on a two-part campaign: (A) to build new 
stores at a rate of 5 stores per month, and (B ) to use advertising to increase average revenue per store at a rate of $10,000 
per month. A ssume that N( 0) = 50 and 5(0) = $150,000. 

(a) Show that total revenue will increase at the rate 


— = 5 5(f) + 10,000(V (f) 


Note that the two terms in the Product Rule 
one hand, and the average revenue per store 

„ , , d R 

(b) Calculate — 

dt t = 0 


correspond to the separate effects of increasing the number of stores on the 
on the other. 


(c) If Couture can implement only one leg (A or B) of its expansion at t = 0, which choice will grow revenue most 
rapidly? 


SOLUTION 

(a) Given R(t) = N{t)S(t), it follows that 


— = N(t)S'(t) + S(t)N'(t). 
dt 

We are told that N'(t) = 5 stores per month and S'(t) = 10.000 dollars per month. Therefore, 

^ = 55(f) + 10.000AT(f). 


(b) Using part (a) and the given values of N( 0) and 5(0), we find 

= 5(150.000) + 10,000(50) = 1,250,000. 

t = 0 

(c) From part (b), we see that of the two terms contributing to total revenue growth, the term 55(0) is larger than the 
term 10,000Af(0). Thus, if only one leg of the campaign can be implemented, it should be part A: increase the number of 
stores by 5 per month. 

53. The curve y = l/(x 2 + 1) is called the witch of Agnesi (Figure 6) after the Italian mathematician M aria Agnesi 
(1718-1799), who wrote one of the first books on calculus. This strange name is the result of a mistranslation of the Italian 
word la versiera, meaning "that which turns." Find equations of the tangent lines at x = ±1. 


dR 

dt 



-3 -2 -1 


SOLUTION Let/(x) = —5 

X L + 1 


Then f\x) = 


FIGURE 6 The witch of Agnesi. 
(x 2 + 1)(0) - l(2x) 


(x 2 + 1) 2 


(* 2 + l) 2 


Atx = -1, the tangent line is 


y — f'(~ 1)C* + 1) + f (—1) — 2 C* + 1) + 2 — 2 X 
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• At* = 1, the tangent line is 

y = fi 1)(* - 1) + /(l) = - 1) + ^ + 1. 

55. Use the Product Rule to show that (/ 2 )' = Iff . 

solution Letg = / 2 = //.Then g' = (/ 2 )' = (//)' = //' + //' = 2//'. 


Further Insights and Challenges 

57. Let /, g, h be differentiable functions. Show that ( fgh)'(x ) is equal to 

f(x)g(x)h'(x) + f(x)g\x)h(x) + f' (x)g(x)h(x) 

Hint: W rite fgh as figh). 
solution Let p = fgh. Then 

p' = (/gfc)' = / (gA' + V) + g/*/' = fgh + /g'A + fgh'. 


59. Derivativeof the Reciprocal U se the I imit defi nition to prove 


d_ ( 1 \ = fix) 

dx \f(x)J fix) 

Hint: Show that the difference quotient for 1 //(*) is equal to 

fix) - fix + h) 
hfix)f(x + h) 

solution Letgfx) = Wethen compute the derivative of g(x) using the difference quotient: 


■ 


g'ix) = lim 

h — y 0 


g(x + h) — g(x) 


h 


= 1 1 m - 
h->-0 h 


= - lim 

h — > 0 


fix + h) - fix ) \ 
h 


fix + h ) 

1 

fix) fix + h) 


fix) 


lim - 

A— >-0 h 


( fix)-fjx + h) \ 
\ fix)fix + h) ) 


We can apply the rule of products for limits. The first parenthetical expression is the difference quotient definition of 

fix). The second can be evaluated at/; = 0 to give . Hence 

(/Wr 


g'ix) 


dx \fix) 


fix) 

fix)' 


61. Use the limit definition of the derivative to prove the following special case of the Product Rule: 

- 7 - (*/(•*)) = xf\x) + fix) 
dx 

solution First note that because /(*) is differentiable, it is also continuous. 1 1 fol lows that 

Wmfix + h) = fix). 


N ow we tackle the derivative: 


d ix + h)fix + h) — fix) 

— ixfix)) = lim — = lim 

dx /i-s -0 h /i-s -0 


/(*+/!)-/(*) , ^ 

X P fix +h) 


= x lim /(* + ft) -/(*) + lim /(* + ,,) 

/i^O /l /i^O 


= */'(*) + /(*). 


63. The Power Rule Revisited If you are familiar with proof by induction, use induction to prove the Power Rule for 
all whole numbers n. Show that the Power Rule holds for n = 1; then write*" as * ■ *" _1 and use the Product Rule. 
solution Let A: be a positive integer. If k = 1, then x k = *. Note that 


d 

dx 




1 *°. 
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Hence the Power Rule holds for k = 1. Assume it holds for k = n where n > 2. Then for k = n + 1, we have 


d 

dx 


(' t ) = s('" +1 ) = s<'-'")='s« + '"s w 

= x ■ nx n ~ + x n ■ 1 = (n + 1)a" = kx k ~^ 
Accordingly, the Power Rule holds for all positive integers by induction. 


Exercises 64 and 65: A basic fact of algebra states that c is a root of a polynomial fix) if and only if fix) = (x — c)g(x) 
for some polynomial g(x). We say that c is a multiple root if fix) = (x — c) 2 A(a), where h(x) is a polynomial. 

65. Use Exercise 64 to determine whether c = —1 is a multiple root: 

(a) a 3 + 2 x 4 — Ax 3 — 8 a 2 — x + 2 

(b) a 4 + a 3 — 5a 2 — 3a + 2 

SOLUTION 

(a) To show that -1 is a multiple root of 

fix) = a 3 + 2a 4 — 4a 3 — 8a 2 — a + 2, 

it suffices to check that /(- 1) = /'(-l) = 0. We have /(-I) = —1 + 2 + 4 — 8 + l + 2 = 0 and 

fix) = 5a 4 + 8a 3 - 12a 2 - 16a - 1 
/'(-I) = 5-8- 12 + 16- 1 = 0 

(b) Let fix) = a 4 + a 3 — 5a 2 — 3a + 2. Then f'ix) = 4a 3 + 3a 2 — 10a — 3. Because 

/(- 1 ) = 1 — 1 — 5 + 3 + 2 = 0 


but 


/'(-1) = -4 + 3 + 10-3 = 6 yto, 
it follows that a = -1 is a root of /, but not a multiple root. 


3.4 Rates of Change 

Preliminary Questions 

1. W hich units might be used for each rate of change? 

(a) Pressure (in atmospheres) in a water tank with respect to depth 

(b) The rate of a chemical reaction (change in concentration with respect to time with concentration in moles per liter) 

SOLUTION 

(a) The rate of change of pressure with respect to depth might be measured in atmospheres/meter. 

(b) The reaction rate of a chemical reaction might be measured in moles/ (1 iter-hour). 

2. Two trains travel from New Orleans to M emphis in 4 hours. The first train travels at a constant velocity of 90 mph, 
but the velocity of the second train varies. What was the second train's average velocity during the trip? 

solution Since both trains travel the same distance in the same amount of time, they have the same average velocity: 
90 mph. 

3. Estimate /( 26), assuming that /( 25) = 43, /'( 25) = 0.75. 

solution fix) ~ /(25) + /'( 25)(a - 25), SO /( 26) ^ 43 + 0.75(26 - 25) = 43.75. 

4. The population Pit) of Freedonia in 2009 was +(2009) = 5 million. 

(a) W hat is the meaning of +'(2009)? 

(b) Estimate +(2010) if +'(2009) = 0.2. 

SOLUTION 

(a) Because Pit) measures the population of Freedonia as a function of time, the derivative +'(2009) measures the rate 
of change of the population of F reedonia in the year 2009. 

(b) +(2010) ^ +(2009) + +'(2010). T hus, if +'(2009) = 0.2, then +(2009) « 5.2 million. 
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Exercises 

In Exercises 1-8, find the rate of change. 

1. A rea of a square with respect to its side s when s = 5. 

solution Let the area be A = f{s) = s 2 . Then the rate of change of A with respect to 5 is d/ds(s 2 ) = 2s. When 
.$ = 5, the area changes at a rate of 10 square units per unit increase. (Draw a 5 x 5 square on graph paper and trace the 
area added by increasing each side length by 1, excluding the corner, to see what this means.) 

3. Cube root fx with respect to * when jc = 1, 8, 27. 

solution Let fix) = fx. Writing fix) = t 1 / 3 , we see the rate of change of fix) with respect to x is given by 
fix) = j* -2 / 3 . The requested rates of change are given in the table that follows: 


c 

ROC of fix) with respect to x at* = c. 

1 

/'(!) = 3 (1) = ] 

8 

fi%) = 3(8 -2 / 3 ) = 3 ( 5 ) = n 

27 

/'(27)= 1(27- 2 / 3 ) = *(!)= 


5. The diameter of a circle with respect to radius. 

solution The relationship between the diameter d of a circle and its radius r is d = 2 r. The rate of change of the 
diameter with respect to the radius is then d' = 2. 

7. Volume V of a cylinder with respect to radius if the height is equal to the radius. 
solution The volume of the cylinder is V = nr 2 h = nf. Thus dV /dr - 3nr 2 . 

In Exercises 9—11, refer to Figure 10, the graph of distance sit) from the origin as a function of time for a car trip. 


Distance (km) 



FIGURE 10 Distance from the origin versus time for a car trip. 


9. Find the average velocity over each interval. 

(a) [0,0.5] (b) [0.5,1] (0 [1,1.5] 

SOLUTION 

(a) The average velocity over the interval [0,0.5] is 

= 100 km/hour. 

(b) The average velocity over the interval [0.5, 1] is 

100 - 50 u 

— — — = 100 km/hour. 


(c) The average velocity over the interval [1, 1.5] is 


100 - 100 
1.5-1 


= 0 km/hour. 


(d) The average velocity over the interval [1,2] is 


50 - 100 
2-1 


-50 km/hour. 


(d) [1,2] 


11. M atch the descriptions (i)-(iii) with the intervals (a)-(c). 

(i) Velocity increasing 

(ii) Velocity decreasing 

(iii) Velocity negative 

(a) [0,0.5] 

(b) [2.5,3] 

(c) [1.5,2] 
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SOLUTION 

(a) (i) : The distance curve is increasing, and is also bending upward, so that distance is increasing at an increasing rate. 

(b) (ii) : Over the interval [2.5, 3], the distance curve is flattening, showing that the car is slowing down; that is, the 
velocity is decreasing. 

(c) (iii) : The distance curve is decreasing, so the tangent line has negative slope; this means the velocity is negative. 


13 . Use Figure 3 from Example 1 to estimate the instantaneous rate of change of M artian temperature with respect to 
time (in degrees Celsius per hour) at t = 4 am. 

solution The segment of the temperature graph around t = 4 am appears to be a straight line passing through roughly 
(1:36, -70) and (4:48, -75). The instantaneous rate of change of M artian temperature with respect to time at t = 4 am 
is therefore approximately 


dT _ -75 - (-70) 
It ~ 3.2 


-1.5625°C /hour. 


15 . The velocity (in cm/s) of blood molecules flowing through a capillary of radius 0.008 cm isu = 6.4 x 10 -8 - O.OOlr 2 , 
where r is the distance from the molecule to the center of the capillary. Find the rate of change of velocity with respect 
to r when r = 0.004 cm. 

solution The rate of change of the velocity of the blood molecules is v'(r) = -0.002r. When r = 0.004 cm, this rate 
is -8 x 10 -6 cm/s. 

17 . Use Figure 12 to estimat edT/dh at h = 30 and 70, where T is atmospheric temperature (in degrees Celsius) and h 
is altitude (in kilometers). Where is dT /dh equal to zero? 



FIGURE 12 Atmospheric temperature versus altitude. 


solution At h = 30 km, thegraph of atmospheric temperature appears to be linear passing through the points (23, -50) 
and (40, 0). The slope of this segment of the graph is then 


0 — (—50) 
40-23 


50 

17 


2.94; 


so 


T— ^2.94°C/km. 
dh /i=30 

AtA = 70 km, thegraph of atmospheric temperature appears to be I inear passing through the points (58. 0) and (88, -100). 
The slope of this segment of the graph is then 


-100 — o _ -100 

88 — 58 — 30 ' ; 

so 

^ ^ -3.33°C/km. 

dh h=70 

^ = 0 at those points where the tangent line on thegraph is horizontal. This appears to happen over the interval [13, 23], 
and near the points h = 50 and h = 90. 

19 . Calculate the rate of change of escape velocity u e sc = (2.82 x 10 7 )r -1/2 m/s with respect to distance r from the 
center of the earth. 

solution The rate that escape velocity changes is u^ sc (r) = -1.41 x 10 7 r -3 / 2 . 
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21. The position of a particle moving in a straight line during a 5-strip is s(t) = t 2 - t + 10 cm. Find a timer at which 
the instantaneous velocity is equal to the average velocity for the entire trip. 

solution Let s(t ) = r 2 - r + 10. 0 < r < 5, with s in centimeters (cm) and r in seconds (s). The average velocity 
over the r- interval [0. 5] is 


5(5) - s( 0) 
5-0 


30-10 

5 


= 4 cm/s. 


The (instantaneous) velocity is v(t) = s'(t) = 2r - 1. Solving 2r - 1 = 4 yields t = | s, the time at which the 
instantaneous velocity equals the calculated average velocity. 

23. A particle moving along a line has position s(t) = r 4 - 18r 2 m at timer seconds. At which times does the particle 
passthrough the origin? At which times is the particle instantaneously motionless (that is, it has zero velocity)? 
solution The particle passes through the origin when i(r) = r 4 - 18r 2 = r 2 (r 2 - 18) = 0. This happens when r = 0 
seconds and when r = 3a/2 rs 4. 24 seconds. With s(t) = r 4 - 18r 2 , itfol lows that u(r) = s'{t) = 4r 3 - 36r = 4r(r 2 - 9). 
The particle is therefore instantaneously motionless when r = 0 seconds and when r = 3 seconds. 

25. A bullet is fired in the air vertically from ground level with an initial velocity 200 m/s. Find the bullet's maximum 
velocity and maximum height. 

solution We employ Galileo's formula, s(t) = sq + vQt - jgt 2 = 200r - 4.9r 2 , where the time r is in seconds (s) 
and the heights is in meters (m). The velocity is v(t) = 200 - 9.8r. The maximum velocity of 200 m/s occurs atr = 0. 
This is the initial velocity. The bullet reaches its maximum height when v(t) = 200 - 9.8r = 0; i.e., when r r» 20.41 s. 
At this point, the height is 2040.82 m. 

27. A ball tossed in the air vertically from ground level returns to earth 4 s later. Find the initial velocity and maximum 
height of the ball. 

solution Galileo's formula gives s(t) = sq + vQt - jgt 2 = v$t - 4.9r 2 , where the time t is in seconds (s) and the 
height s is in meters (m). W hen the ball hits the ground after 4 seconds its height is 0. Solve 0 = 5(4) = Avq - 4.9(4) 2 
to obtain i>o = 19-6 m/s. The ball reaches its maximum height when s'(t) = 0, that is, when 19.6 - 9.8c = 0, or t = 2 
s. At this time, t = 2 s, 


5(2) = 0 + 19.6(2) 


1 

2 


(9.8) (4) = 19.6 m. 


29. Show that for an object falling according to Galileo's formula, the average velocity over any time interval [?i, ti\ is 
equal to the average of the instantaneous velocities at t\ and 12 - 

solution The simplest way to proceed is to compute both values and show that they are equal. The average velocity 
over [ci, tj\ is 

S ( tj ) - 5(fj) 

n - n 


Whereas the average of the instantaneous velocities at the beginning and end of [<i, ti\ is 

s'(t i) + 5' to) 1 / \ 1 g g 

2 = 2 v ° “ gri) + (v ° ~ gt2) ) = 2 (2i;o - ) " Y 12 + f l ) = ++)• 

The two quantities are the same. 

31. By Faraday's Law, if a conducting wire of length l meters moves at velocity v m/s perpendicular to a magnetic field 
of strength B (in teslas), a voltage of size V = —Blv is induced in the wire. Assume that B = 2 and i = 0.5. 

(a) Calculate dV/dv. 

(b) Find the rate of change of v with respect to timer if v = 4r + 9. 

SOLUTION 

(a) Assuming that 5 = 2 and / = 0.5, V = — 2(0.5)w = -v. Therefore, 

^ = - 1 . 
dv 

(b) If v = 4r + 9, then V = — 2(0.5)(4c + 9) = -{At + 9). Therefore, ^ = -4. 

33. Qfi Ethan finds that with h hours of tutoring, he is able to answer correctly S(h) percent of the problems on a 
math exam. Which would you expect to be larger: S'{ 3) or S' (30)? Explain. 

solution One possible graph of S(h) is shown in the figure below on the left. This graph indicates that in the early 
hours of working with the tutor, Ethan makes rapid progress in learning the material but eventually approaches either the 
limit of his ability to learn the material or the maximum possible score on the exam. In this scenario, s"(3) would be 
larger than 5" (30). 


(50 + VQt 2 - Jgt ]) - (50 + VQt \ - \ gt 2 ) uo(?2 - *l) + f (?2 2 - o 2 ) 


n - n 

win - a) g f 

— : +02 + 0 ) = «0 - +02 + 0 ) 

tj — t\ z z 


n - n 
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An alternative graph of S{h) is shown below on the right. Here, in the early hours of working with the tutor little 
progress is made (perhaps the tutor is assessing how much Ethan already knows, his learning style, his personality, etc.). 
This is followed by a period of rapid improvement and finally a leveling off as Ethan reaches his maximum score. In this 
scenario, S'i 3) and S' (30) might be roughly equal. 




35 . To determine drug dosages, doctors estimate a person's body surface area (BSA) (in meters squared) using the formula 
BSA = y/hm/ 60, where /7 is the height in centimeters and m the mass in kilograms. Calculate the rate of change of BSA 
with respect to mass for a person of constant height h = 180. W hat is this rate at m = 70 and m = 80? Express your 
result in the correct units. Does BSA increase more rapidly with respect to mass at lower or higher body mass? 

solution Assuming constant height h = 180 cm, let /(«) = y/hm/ 60 = ^ m be the formula for body surface area 
in terms of weight. The rate of change of BSA with respect to mass is 


f(m) = 


/5/1 _ 
10 (. 2 W 


1/2 


/5 

20 y/m 


If m = 70 kg, this is 


If m = 80 kg, 


-s/5 s/14 


nr 


f'OO) = — ^ ^ 0.0133631 — . 

20/70 280 kg 


fm = 


s/5 1 1 m 2 

20/80 “ 20/16 “ 80 kg ' 


Because the rate of change of BSA depends on l//m, it is clear that BSA increases more rapidly at lower body mass. 

37 . The tangent lines to the graph of fix) = x 2 grow steeper as x increases. At what rate do the slopes of the tangent 
lines increase? 

solution Let f(x) = x 2 . The slopes s of the tangent lines are given by s = fix) = 2x. The rate at which these 
slopes are increasing is ds/dx = 2. 


In Exercises 39^16, use Eq. (3) to estimate the unit change. 

39 . Estimate /2 - /l and /lOT - /TOO. Compare your estimates with the actual values. 

solution Let fix) = y/x = x 1 ! 2 . Then fix) = \ix~ l/2 ). We are using the derivative to estimate the average rate 
of change. That is, 


so that 


y/x + h — y/x 

h 


fix). 


y/x + h — y/x ze hf'ix). 

Thus, y/2 - y/l lf'il) = ^(1) = Y The actual value, to six decimal places, is 0.414214. Also, /101 - /100 
1/'(100) = 2 (nj) = 0.05. The actual value, to six decimal places, is 0.0498756. 

41 . LetF(s) = 1.1j’ + 0.05.s 2 be the stopping distance as in Example 3. Calculate F(65) and estimate the increase in 
stopping distance if speed is increased from 65 to 66 mph. Compare your estimate with the actual increase. 

solution Let FO) = 1.1s + ,05s 2 be as in Example 3. F'(s) = 1.1 + 0.1s. 

• Then F(65) = 282.75 ft and F'( 65) = 7.6 ft/mph. 

• F'(65) f(66) - F(65) is approximately equal to the change in stopping distance per 1 mph increase in speed 

when traveling at 65 mph. Increasing speed from 65 to 66 therefore increases stopping distance by approximately 
7.6 It. 

• The actual increase in stopping distance when speed increases from 65 mph to 66 mph is F( 66) - F(65) = 
290.4 - 282.75 = 7.65 feet, which differs by less than one percent from the estimate found using the derivative. 
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43 . The dollar cost of producing x bagels is CO) = 300 + 0.25.x - 0.5O/1000) 3 . Determine the cost of producing 2000 
bagels and estimate the cost of the 2001st bagel. Compare your estimate with the actual cost of the 2001st bagel. 

solution Expanding the power of 3 yields 

CO) = 300 + 0.25jc - 5 x 10“ 10 x 3 . 

This allows us to get the derivative C'O) = 0.25 - 1.5 x lO -9 * 2 . The cost of producing 2000 bagels is 

C (2000) = 300 + 0.25(2000) - 0.5(2000/1000) 3 = 796 

dollars. The cost of the 2001st bagel is, by definition, C(2001) - C(2000). By the derivative estimate, C(2001) - 
C(2000) ^ c'(2000)(l), so the cost of the 2001st bagel is approximately 

C'(2000) = 0.25 - 1.5 x 10“ 9 (2000 2 ) = $0,244. 

C(2001) = 796.244, so the exact cost of the 2001st bagel is indistinguishable from the estimated cost. The function is 
very nearly linear at this point. 

45 . Demand for a commodity generally decreases as the price is raised. Suppose that the demand for oil (per capita per 
year) is D(p) = 900/p barrels, where p is the dollar price per barrel. Find the demand when p = $40. Estimate the 
decrease in demand if p rises to $41 and the increase if p declines to $39. 

solution D(p) = 900p _1 , so D'(p) - -900p -2 . W hen the price is $40 a barrel, the per capita demand is 0(40) = 
22.5 barrels per year. With an increase in price from $40 to $41 a barrel, the change in demand 0(41) - 0(40) is 
approximately o' (40) = -900(40“ 2 ) = -0.5625 barrels a year. With a decrease in price from $40 to $39 a barrel, the 
change in demand 0(39) - D(40) is approximately -o'(40) = +0.5625. An increase in oil prices of a dollar leads to a 
decrease in demand of 0.5625 barrels a year, and a decrease of a dollar leads to an increase in demand of 0.5625 barrels 
a year. 


47 . L-S&J According to Stevens' Law in psychology, the perceived magnitude of a stimulus is proportional (approxi- 
mately) to a power of the actual intensity I of the stimulus. Experiments show that the perceived brightness B of a light 
satisfies B = A:/ 2 / 3 , where / is the light intensity, whereas the perceived heaviness H of a weight W satisfies H = AVK 3 / 2 
(k is a constant that is different in the two cases). Compute dB/dl and dH/dW and state whether they are increasing or 
decreasing functions. Then explain the following statements: 

(a) A one-unit increase in light intensity is felt more strongly when / is small than when I is large. 

(b) Adding another pound to a load W is felt more strongly when W is large than when w is small. 

SOLUTION 

2 k i 2k 

(a) dB/dl = y/- 1 / 3 = . 

As / increases, dB/dl shrinks, so that the rate of change of perceived intensity decreases as the actual intensity 
increases. Increased light intensity has a diminished return in perceived intensity. A sketch of B against I is shown: See 
that the height of the graph increases more slowly as you move to the right. 



(b) dH/dW = !£w 1/2 . As w increases, dH/dW increases as well, so that the rate of change of perceived weight 
increases as weight increases. A sketch of H against W is shown: See that the graph becomes steeper as you move to the 
right. 
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Further Insights and Challenges 

Exercises 49-51: The Lorenz curve y = F(r) is used by economists to study income distribution in a given country (see 
Figure 14). By definition, F(r) is the fraction of the total income that goes to the bottom rth part of the population, where 
0 < r < 1. For example, if F(0.4) = 0.245, then the bottom 40% of households receive 24.5% of the total income. Note 
that F( 0) = 0 and F( 1) = 1. 


Fir) 


F(r) 



(A) Lorenz curve for Sweden in 2004 


(B) Two Lorenz curves: The tangent 
lines at rand Q have slope 1. 


FIGURE 14 


49. L_gJ Our goal is to find an interpretation for F'(r). The average income for a group of households is the total 
income going to the group divided by the number of households in the group. The national average income is A = T/N, 
where N is the total number of households and T is the total income earned by the entire population. 

(a) Show that the average income among households in the bottom rth part is equal to ( F(r)/r)A . 

(b) Show more generally that the average income of households belonging to an interval [r, r + A r] is equal to 

^ F(r + Ar)-F(r) ^ ^ 

(c) Let 0 < r < 1. A household belongs to the lOOrth percentile if its income is greater than or equal to the income of 
100r % of all households. Pass to the limit as Ar ->• 0 in (b) to derive the following interpretation: A household in the 
lOOrth percentile has income F'(r)A. In particular, a household in the lOOrth percentile receives more than the national 
average if F’(r) > 1 and less if F’(r ) < 1. 

(d) For the Lorenz curves L\ and Lj in Figure 14(B), what percentage of households have above-average income? 

SOLUTION 

(a) The total income among households in the bottom rth part is F(r)T and there are rN households in this part of the 
population. Thus, the average income among households in the bottom rth part is equal to 

F(r)T _ F(r) T _ F(r) 
rN r N r 

(b) Consider the interval [r, r + Ar], The total income among households between the bottom rth part and the bottom 
r + Ar-th part is F(r + A r)T - F(r)T. M oreover, the number of households covered by this interval is (r + Ar)N - 
rN = Ar Af. Thus, the average income of households belonging to an interval [r, r + Ar] is equal to 

F(r + A r)T - F(r)T _ F(r + Ar) - F(r) T _ F(r + Ar) - F(r) 

A rN Ar N Ar 

(c) Take the result from part(b) and let Ar -»• 0. Because 


, F(r + Ar) — F(r) 

lim 

Ar-s-0 Ar 


F\r), 


we find that a household in the lOOrth percentile has income F'(r)A. 

(d) The point P in Figure 14(B) has an r-coordinateof 0.6, while the point Q has an /-coordinate of roughly 0.75. Thus, 
on curve L\, 40% of households have F'(r) > 1 and therefore have above-average income. On curve Lj, roughly 25% 
of households have above-average income. 

51. U se Exercise 49 (c) to prove: 

(a) F'(r) is an increasing function of r. 

(b) Income is distributed equally (all households have the same income) if and only if F(r) = r for 0 < r < 1. 
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SOLUTION 

(a) Recall from Exercise 49 (c) that F'(r)A is the income of a household in the lOOr-th percentile. Suppose 0 < r\ < 
r 2 < 1. Because^ > r\, a household in the 100 r 2 -th percentile must have income at least as large as a household in the 
100ri-th percentile. Thus, F'(r 2 )A > F'{rf)A, or F'irj) > F'(ri). This implies F'(r) is an increasing function of r. 

(b) If F(r) = r for 0 < r < 1, then F'(r) = 1 and households in all percentiles have income equal to the national 
average; that is, income is distributed equally. Alternately, if income is distributed equally (all households have the same 
income), then F\r) = 1 for 0 < r < 1. Thus, F must be a linear function in r with slope 1. M oreover, the condition 
F(0) = 0 requires the F intercept of the line to be 0. Hence, F(r) = 1 ■ r + 0 = r. 

In Exercises 53 and 54, the average cost per unit at production level x is defined as Cavg(x) = C(x)/x, where C(x) is 
the cost function. Average cost is a measure of the efficiency of the production process. 

53 . Show that C a vgM is equal to the slope of the line through the origin and the point (x, C(x)) on the graph of CO). 
Using this interpretation, determine whether average cost or marginal cost is greater at points A, B,C, D in Figure 15. 


c 



solution By definition, the slope of the line through the origin and O, CO)), that is, between (0, 0) and (x, CO)) is 

CO) - 0 CO) _ 

n~ = = L av- 

x — U x 

At point A, average cost is greater than marginal cost, as the line from the origin to A is steeper than the curve at this 
point (we see this because the line, tracing from the origin, crosses the curve from below). At point B, the average cost is 
still greater than the marginal cost. At the point C, the average cost and the marginal cost are nearly the same, since the 
tangent line and the line from the origin are nearly the same. The line from the origin to D crosses the cost curve from 
above, and so is less steep than the tangent line to the curve at £>; the average cost at this point is less than the marginal 
cost. 


3.5 Higher Derivatives 


Preliminary Questions 

1. On September 4, 2003, the Wall Street Journal printed the headline "Stocks Go Higher, Though the Pace of Their 
Gains Slows." Rephrase this headline as a statement about the first and second time derivatives of stock prices and sketch 
a possible graph. 

solution Because stocks are going higher, stock prices are increasing and the first derivative of stock prices must 
therefore be positive. On the other hand, because the pace of gains is slowing, the second derivative of stock prices must 
be negative. 



2 . True or false? The third derivative of position with respect to time is zero for an object falling to earth under the 
influence of gravity. Explain. 

solution This statement is true. The acceleration of an object falling to earth under the influence of gravity is constant; 
hence, the second derivative of position with respect to time is constant. Because the third derivative is just the derivative 
of the second derivative and the derivative of a constant is zero, it follows that the third derivative is zero. 

3 . W hich type of polynomial satisfies f"{ x) = 0 for all x? 

solution The third derivative of all quadratic polynomials (polynomials of the form ax 2 3 + bx + c for some constants 
a, b and c) is equal to 0 for al I x. 


4 . W hat is the sixth derivative of fix) = a 6 ? 
solution The sixth derivative of fix) = a 6 is 6! = 720. 
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Exercises 

In Exercises 1-16, calculate y" and y '" . 

1. y = 14x 2 

solution Let y = 14a 2 . Then y' = 28a, y" = 28, and y'" = 0. 

3. y = a 4 — 25a 2 + 2a 

solution Let y = a 4 - 25a 2 + 2a. Then y' = 4a 3 - 50a + 2, y" = 12a 2 - 50, and y'" = 24a. 

e 4 3 

5. y = -7rr 

solution Let y = jjrr 3 . Then / = 47rr 2 , y" = 87rr, and >>'" = 8 tt. 

7. v = 20r 4 / 5 - 6r 2 / 3 

solution Lety = 20r 4 / 5 - 6? 2 / 3 .Then y' = 16r -1 / 5 - 4i -1 / 3 , y" = -^r -6 / 5 + ^ 2 -4 / 3 , and y w = ^r -11 / 15 - 

16, 7/3 
-g-r 

„ 4 

9 . v = z 

z 

solution Let y = z — 4z -1 . Then >•' = 1 + 4z -2 , y" — -8z -3 , and y'" = 24z -4 . 

11 . v = 6> 2 C26> + 7) 

solution Let y = 0 2 ( 2d + 7) = 20 3 + Id 2 . Then y' — 6 d 2 + 140, y" — 12 d + 14, and >>'" = 12. 


solution Let y = ^-^4 = 1 - 4a 1 .Theny / = 4A 2 ,y" = -8a 3 , and y'" = 24a 4 . 
15 . y = j- 1 / 2 (j + 1 ) 

solution Expanding gives y = s 1 / 2 + s -1 / 2 . Then 


/ = 


1 - 1/2 _ 1 - 3/2 
2 2 

_l,-3/2 + 3 ,-5/2 

4 4 

3-5/2 _ I 3 ,-7/2 
8 8 


7/2 Exercises 17-25, calculate the derivative indicated. 


17 . / (4) (1), /(A)=A 4 

solution Let f(x) = a 4 . Then /'(a) = 4a 3 , /"(a) = 12a 2 , /'"(a) = 24a, and / (4) (a) = 24. Thus / (4, (1) = 24. 


19 . 


d 2 y 
dt 2 


= 4r -3 + 3r 2 


2=1 


solution Lety = 4r 3 + 3t 2 . Then ^ = -12/ 4 + 6r and jy = 48r 5 + 6. Hence 


d 2 y 

dt 2 - 


= 48(1) -5 + 6 = 54. 

2=1 


21 . 


rf 4 A 

dl 4 


2=16 


A = 2 _ 3 / 4 


solution Let a ( 2 ) = r 3 / 4 .Then ^ = 
Thus 


tf 4 A 

rf/ 4 


3, -7/4 d 1 . x _ 21,-11/4 d 3 x _ 231,- 

' 777^ — TE r ' - --p- f 


15 / 4 , and 


0 4 a _ 3465 ,-19/4 


3465 


16 -19 / 4 


3465 

134.217,728’ 


2=16 


256 
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23. 3), f(x ) = - - x 3 

x 

solution Differentiating gives 

fix) = — 12x -2 — 3x 2 
fix) = 24x -3 — 6x 
/'"(x) = — 72x -4 - 6 

Thus, 3) = —72 • 3“ 4 - 6 = - — . 

25. h" (1), hiw) — —= 

f w - }- 1 

solution Differentiating gives 

, -\w~W 1 

/z / (if) = f =r = — — =■ 

(^/w + l) 2 2 fwifw + l) 2 

2/SJ(2(V^+1)z^“ 1/2 ) +2- ^- 1/2 (V^+1) 2 2(^+1) + w - 1 / 2 (. v /ttf+l) 2 

« (m) = — = — 

4wifu> + l) 4 4u>ifu> + l) 4 


so that 


h"il) 


2(1 + 1 ) + 1(1 + l ) 2 
4 • 1(1 + l) 4 


_ 8 _ _ 1 
64 “ 8 


27. Calculate y®(0) for 0 < k < 5, where y = x 4 + ax 3 + bx 2 + cx + d (with a, b, c, d the constants). 
solution Applying the power, constant multiple, and sum rules at each stage, we get (note y (0) is y by convention): 


k 


0 

x 4 + ax 3 + bx 2 + cx + d 

1 

4x 3 + lax 2 + 2 bx + c 

2 

12x 2 + 6ax + 2b 

3 

24x + 6 a 

4 

24 

5 

0 


from which wegety (0) (0) = d, y (1) (0) = c, y (2, (0) = 2b, _y <3) (0) = 6 a, y (4, (0) = 24, and y (5) (0) = 0. 


tf 6 

29. Use the result in Example 3 to find y-g x -1 . 
solution The equation in Example 3 indicates that 


rf 6 

dx° 


-1 


(— 1) 6 6!x _6_1 . 


(— l) 6 = 1 and 61 = 6x5x4x3x2x1 = 720, so 


A 

fifx® 


= 720x -7 . 


In Exercises 31-36, find a general formula for f^ n \x). 

31. fix) = x -2 

solution fix) = -2x -3 , fix) = 6x -4 , fix) = -24x -5 , / (4, (x) = 5 • 24x -6 Fromthiswecan conclude 

that the «th derivativecan bewritten as f (n \x) = (-1 )"(n + l)!x _< " +2) . 
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-^x -3 / 2 . We will avoid simplifying numerators and denominators to find the pattern: 
/("}(*) = ( D” (2n ~ 1)X {2n 2 ~ 3) x • ■ • x 1 x -(2«+ D/2. 


- ~t 1 = x _1 + x -2 . Taking successive derivatives gives 

fix) — —x -2 — 2x -3 
fix) = 2x~ 3 + 6x -4 
f'"{x) = — 6x -4 — 24x -3 
/ (4) (x) = 24x- 5 + 120x“ 6 

/ (n) (x) = (— l)"(n!x - " -1 + (n + l)!x-"- 2 ) 

37. (a) Find the acceleration at time / = 5 min of a helicopter whose height is sit) = 300r - 4/ 3 m. 

(b) Plot the acceleration h"(t) for 0 < t < 6. Flow does this graph show that the helicopter is slowing down during this 
time interval? 

SOLUTION 

(a) Leti(r) = 300/ - 4r 3 , with t in minutes and s in meters. The velocity is i >(/) = s\t) = 300 - 12/ 2 and acceleration 
is ait) = s"(t) = -24/. Thus a( 5) = -120 m/min 2 . 

(b) The acceleration of the helicopter for 0 < / < 6 is shown in the figure below. As the acceleration of the helicopter is 
negative, the velocity of the helicopter must be decreasing. Because the velocity is positive for 0 < / < 6, the helicopter 
is slowing down. 


-- x + 1 

35. f{x) = — y~ 

r*- 


SOLUTION Let/(x) = 


33. f{x ) = x- 1 / 2 

SOLUTION fix) = 


y 



39. Figure 5 shows /, /', and /". Determine which is which. 


y y y 



(A) (B) (C) 

FIGURE 5 


solution (a) /" (b) f (c) /. 

The tangent line to (c) is horizontal at x = 1 and x = 3, where (b) has roots. The tangent line to (b) is horizontal at 
x = 2 and x = 0, where (a) has roots. 
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41 . Figure 7 shows the graph of the position s of an object as a function of time r. Determine the intervals on which the 
acceleration is positive. 



solution Roughly from time 10 to time 20 and from time 30 to time 40. The acceleration is positive over the same 
intervals over which the graph is bending upward. 

43 . Find all values of n such that y = x" satisfies 

x 2 y" - 2xy' = Ay 

solution We have / = nx n ~ l , y" = n(n - l)x n ~ 2 , so that 

x 2 y" — 2xy' = x 2 (n(n — l)x ll ~ 2 ) — 2xnx' l ~ ^ = (n 2 — 3 n)x n = (n 2 — 3 n)y 
Thus the equation is satisfied if and only if n 2 - 3 n = 4, so that/? 2 - 3 n - 4 = 0. This happens for n = -1. 4. 

45 . According to one model that takes into account air resistance, the acceleration a(t) (in m/s 2 ) of a skydiver of mass 
m in free fall satisfies 

a(t) — —9.8 + —i /(f) 2 
m 

where v(t) is velocity (negative si nee the object is falling) and A is a constant. Suppose that??? = 75 kg and k = 14 kg/m. 

(a) W hat is the object's velocity when a(t) = -4.9? 

(b) What is the object's velocity when a(t) = 0? This velocity is the object's terminal velocity. 

solution Solving a(t) = -9.8 + v(t) 2 for the velocity and taking into account that the velocity is negative since 

the object is falling, we find 

v(t) = -Jj(a(t) + 9.8) = -.^^(0(0 + 9.8). 

(a) Substituting a(t ) = -4.9 into the above formula for the velocity, we find 

v(t) = J^A.9) = -V2625 = -5.12 m/s. 

(b) W hen a{t) = 0, 

v(t) = -^/^( 9.8) = -V52^ = -7.25 m/s. 

47 . A servomotor controlsthevertical movement of adrill bitthatwill drill a pattern of holesinsheetmetal.Themaximum 
vertical speed of the drill bit is 4 in./s, and while drilling the hole, it must move no more than 2.6 in./s to avoid warping 
the metal. During a cycle, the bit begins and ends at rest, quickly approaches the sheet metal, and quickly returns to its 
initial position after the hole is drilled. Sketch possible graphs of the drill bit's vertical velocity and acceleration. Label 
the poi nt w here the bit enters the sheet metal . 

solution There will be multi pie cycles, each of which will be more or less identical. Let v(t) beth s downward vertical 
velocity of the drill bit, and let a(t) be the vertical acceleration. From the narrative, we see that v(t) can be no greater 
than 4 and no greater than 2.6 while drilling is taking place. During each cycle, v(t) = 0 initially, v(t) goes to 4 quickly. 
When the bit hits the sheet metal, v(t) goes down to 2.6 quickly, at which it stays until the sheet metal is drilled through. 
As the drill pulls out, it reaches maximum non-drilling upward speed (v(t) = -4) quickly, and maintains this speed until 
it returns to rest. A possible plot follows: 
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A graph of the acceleration is extracted from this graph: 


y 



In Exercises 48 and 49, refer to the following. In a 1997 study, Boardman and Lave related the traffic speed S on a 
two-lane road to traffic density Q ( number of cars per mile of road) by the formula 

S = 2882<2 -1 — 0.0522 + 31.73 


for 60 < Q < 400 (Figure 9). 



49. (a) L=5fel Explain intuitively why we should expect that rfS/rfg < 0. 

(b) Show that d 2 S/dQ 2 >0. Then use the fact that dS/dQ < 0 and d 2 S/dQ 2 > 0 to justify the following statement: 
A one-unit increase in traffic density slows down traffic more when Q is small than when Q is large. 

(c) |[GU|| Plot dS/dQ. Which property of this graph shows \hatd 2 S/dQ 2 >0? 

SOLUTION 

(a) T raffic speed must be reduced when the road gets more crowded so we expect dS/dQ to be negative. This is indeed 
the case since dS/dQ = -0.052 - 2882 /Q 2 < 0. 

(b) The decrease in speed due to a one-unit increase in density is approximately dS/dQ (a negative number). Since 
d 2 S/dQ 2 = 57640“ 3 > 0 is positive, this tells us that dS/dQ gets larger as Q increases— and a negative number which 
gets larger is getting closer to zero. So the decrease in speed is smaller when Q is larger, that is, a one-unit increase in 
traffic density has a smaller effect when Q is large. 

(c) dS/dQ is plotted below. The fact that this graph is increasing shows that d 2 S/dQ 2 > 0. 

y 

100 200 300 400 

1 1 — I t — * 

- 0 . 2 -- 
-0.4-- 
- 0 . 6 -- 
- 0 . 8 -- 
- 1 -- 
- 1.2 — 



x _|_ 2 

51 . CRB Let f(x) = : . Use a computer algebra system to compute the f^ k \x) for 1 < k < 4. Can you find a 

x — 1 

general formula for f (k Hx)l 

x + 2 

solution Let f(x) = . Using a computer algebra system, 

x — 1 

, 3 I 3-1 

/'(*) = - 7 TTT = (- 1 ) 


/"(*) = 


(x - l ) 2 

6 


/'"(*) = - 


(x - l) 3 

18 


= (- 1 ) 


(x - 1) 1+1 ’ 
2 3-2-1 
(x - 1) 2+1 ’ 


(X - l) 4 


= (-l) d 


3-3! 

(x - 1) 3+1 


and 


/ ( 4 *(x) = - — = (— l ) 4 3 ' 4! 


(x - l) 3 


(x - 1) 4+1 
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From the pattern observed above, we conjecture 


f {k) (je) = (-1)* 


3 • k\ 

(x - 1)* +1 ' 


Further Insights and Challenges 

53. What is p (99) u)for p(x) as in Exercise 52? 
solution First note that for any integer « < 98, 


d" 
dx 9 9 


K n = 0. 


Now, if we expand p(x), we find 


p(x ) = + terms of degree at most 98; 


therefore, 


/" d 99 

p(x) = — ogU' 99 + terms of degree at most 98) = 


j99 

d 99 


d: dx ** V ' “ rf*99' 

Using logic similar to that used to compute the derivative in Example (3), we compute: 


j99 

d 99 


dx 99 


(x as ) = 99 x 98 x ... 1, 


,99 

so that - 99!. 

55. Use the Product Rule to find a formula for (fg)'" and compare your result with the expansion of (, a + ft) 3 . Then try 
to guess the general formula for (/g) (n) . 

solution Continuing from Exercise 54, we have 


h"’ = f"g ' + gf" + 2 (fg" + g'f") + /g'" + g"/' = f"g + 3/"g' + 3 fg" + fg" 


The binomial theorem gives 

(, a + by 1 = a 3 + 3 a 2 b + 3 aft 2 + ft 3 = a 3 ft° + 3a 2 ?! 1 + 3a^b 2 + ci°b^ 


and more generally 

(a + b) n = y 

*=0 ' 2 

where the binomial coefficients are given by 

/ n\ £(£ — 1) • • ■ (fe — n + 1) 

U/ ~ a! 


Accordingly, the general formula for (/g) (,,) is given by 


(/g) <n) = 



f(n-k)g(k)' 


where p® is the Mh derivative of p (or p itself when k = 0). 


3.6 Trigonometric Functions 


Preliminary Questions 

1. Determine the sign (+ or -) that yields the correct formula for the following: 
. . d . 

(a) — (si n x + cos *) = ± si n x ± cos x 

dx 

(b) — sec x = ± sec x tan x 
dx 

d i 

(c) — cotjr = i csc^ x 
dx 
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solution The correct formulas are 
, , d . 

(a) — (sin* + cos*) = - sin * + cos* 
dx 

(b) — sec x = sec x tan * 

dx 

(c) —— cot* = — CSC 2 X 
dx 

2. Which of the following functions can be differentiated using the rules we have covered so far? 

(a) y = 3 cos* cot* (b) y = cos(* 2 ) (c) y = 2- v sin* 

SOLUTION 

(a) 3 cosx cot x is a product of functions whose derivatives are known. This function can therefore be differentiated using 
the Product Rule. 

(b) cos(x 2 ) is a composition of the functions cos* and x 2 . We have not yet discussed how to differentiate composite 
functions. 

(c) 2* sin* is a product of functions, but we do not yet know how to differentiate 2 X , so we do not know how to 
differentiate the product. 

3. Compute ^(sin 2 x + cos 2 *) without using the derivative formulas for sin.* and cos*. 
solution Recall that sin 2 * + cos 2 * = 1 for all *. Thus, 

d . i i d _ „ 

— (sin .* + cos^*) = — 1 = 0. 
dx dx 

4. How is the addition formulaused in deriving the formula (sin*)' = cos*? 

solution The difference quotient for the function sin* involves the expression sin(* + h). The addition formula for 
the sine function is used to expand this expression as sin(* + h) = sin* cos/7 + sin h cos*. 


Exercises 

In Exercises 1-4, find an equation of the tangent line at the point indicated. 

1. y = si n *, x — j 

solution Let /(*) = sin*. Then /'(*) = cos* and the equation of the tangent line is 


y = 





V2 J2, 

-Y x + ^i 1 



3. y = tan *, x = j 

solution Let fix) = tan*. Then /'(*) = sec 2 * and the equation of the tangent line is 


n 

r 


In Exercises 5-24, compute the derivative. 

5. /(*) = sin* cos* 
solution Let fix) = sin* cos*. Then 

fix) = sin *(— sin *) + cos*(cos*) = - sin 2 * + cos 2 *. 

7. fix) = sin 2 * 

solution Let/(x) = sin 2 * = sinxsinx.Then 

fix) = sin* (cos*) + sin* (cos*) = 2 sin* cos*. 

9. Hit) = sin t sec 2 1 
solution Let Hit) = sin t sec 2 1 . Then 

H' it) = sin r— (sec ? • seer) + sec 2 r(cosr) 
dt 

= sin r(sec t sec t tan / + sec t sec t tan t) + sec t 
= 2 sin t sec 2 1 tan / + sect. 
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11 . f(0) = tan 6 sec e 

solution Let/(0) = tan 6 sec 9. Then 

f'(G) = tan 6 sec e tan 9 + sec 6 sec 2 e = sec 6 tan 2 9 + sec 3 0 = (tan 2 0 + sec 2 0 ) sec 0 . 

13. /(x) = (2x 4 — 4x _1 ) secx 

solution Let f(x ) = (2x 4 - 4x _1 )secx. Then 

fix) = (2x 4 - 4x _1 ) sec x tan x + sec x(8x 3 + 4x -2 ). 


15. >• = 


sec0 

~1T 


SOLUTION 


, . sees 
Lety = .Then 

7 0 


9 sec 6 tan 9 - sec 9 
02 


17. R(y) = 


3 COS y - 4 
sin y 


t 3 cosy - 4 

solution Let /f (y) = ^ .Then 

SI n y 


R'(y) = 


si n y(— 3 sin y) - (3 cosy - 4)(cosy) 4 cosy - 3(sin 2 y + cos 2 y) 4cosy-3 


sin 2 y 


sin 2 y 


sin 2 y 


19. fix ) = 


1 + tan x 
1 - tan x 


1 + tan x 

solution Let f(x) — - — r— — .Then 


1 - tan x 


fix) = 


(1 - tan x) sec 2 x - (1 + tan x) (- sec 2 xj 


(1 - tanx) 2 


2 sec 2 ; 
(1 - tan x) 


2 ■ 


21 . fix) = 

SOLUTION 


sinx + 1 
sinx - 1 
We have 


fix) 


(sinx - l)(cosx) - (sinx + l)(cosx) 
(sinx - l) 2 


-2cosx 
(sinx - 1) 2 


23. Ri0) = 

SOLUTION 


COS0 
4 + cose 

Differentiating, we have 


R'iG) 


(4 + cos0)(-sin0) - (cos0)(-sin0) 
(4 + cos0) 2 


4 sin e 
(4 + COS 0)2 


In Exercises 25-34, find an equation of the tangent line at the point specified. 

25. y = x 3 + COSx, x — 0 

solution Let fix) - x 3 + cosx. Then fix) = 3x 2 - sinx and /'( 0) = 0. The tangent line atx = 0 is 

y = /'(0)(x - 0) + /( 0) = 0(x) + 1 = 1. 

27. y = sin x + 3 cosx, x = 0 

solution Let fix) = sinx + 3 cosx. Then fix) = cosx - 3 sinx and /'( 0) = 1. The tangent line atx = 0 is 

y = /'(0)(x - 0) + /( 0) = x + 3. 



SECTION 3.6 | Trigonometric Functions 135 


29. y = 2(sin 9 + cos#), 0 = f 

solution Let /(0) = 2 (si n 0 + cos6>). Then fid ) = 2(cos 9 - sine) and f ' if ) = 1 - V3. The tangent line at 
x = ^ is 




31. y = (COtO(COSf), r=y 
solution Let fit) = (cot r)(cosr). Then 

fit) = (- esc 2 O(cosr) + (cotr)(— sin t) = - cot reset - cost 

For r = y, we have 


. . 7T 7T V3 

f ( t ) — COt y COS y = — , 


, n n n 2 1 

/ (0 = - COt y CSC y - COS y = - - - - 


so that the equation of the tangent line is 


In V3 

^ 1 “ _ 6 X + T8“ + "6“ 


7 

6 


33. y = * 2 (1 — sin*), x = 
solution Let fix ) = * 2 (1 - sin*). Then 


fix) = 2*(1 - sin*) - * 2 cos* 


C 37T 

Fora = — , we have 


9rr 2 9rr 2 , 9 jt 2 

/(a) = —(1 - (-1)) = — , / (a) = 3rr(l - (-1)) — (0) = 6?r 


so that the equation of the tangent line is 


, , 3n\ 97r 2 9 jt 2 

y = / (a)(* - a) + /(a) = 6rr * — H — = 07r* — 


In Exercises 35-37, use Theorem 1 to verify the formula. 

35. — cot* = - esc 2 x 
ax 

solution cot* = Using the quotient rule and the derivative formulas, we compute: 
sin* 

d t d cos* sin*(- sin*) - cos*(cos*) -(sin 2 * + cos 2 *) -1 

— cot * = ; — = = s = — , — 

ax dx sin* sin z * si n z * si n z * 


-CSC 2 *. 


37. — esc* = - esc* cot* 
dx 

solution Since esc* = -J— , we can apply the quotient rule and the two known derivatives to get: 
si n * 


d d 1 sin*(0) — I(cosjc) -cos* 

dx dx sin * sirr* si n ^ * 


cos* 1 

; = - COt* CSC*. 

sin* sin* 


In Exercises 39-42, calculate the higher derivative. 

39. f”i6), fid) = 0 sin 0 
solution Let / (6>) = 0 sine. Then 

fid) = 9 cose + sin 9 

f\9) =9i- si n 9) + cos 9 + cos 9 = -9 sin 9 + 2 cose. 
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41. y", y'" , y = tan * 

solution Let y = tan x. Then y' = sec 2 * and by the Chain Rule, 

d o *5 

y - - — sec4* = 2(sec*)(sec* tan*) = 2sec*tan* 
dx 

y'" = 2 sec 2 *(sec 2 *) + (2 sec 2 * tan *) tan * = 2 sec 4 +4 sec 4 x tan 2 * 

43. Calculate the first five derivatives of /(*) = cos*. Then determine / (8) and / (37) . 
solution L et f{x) = cos*. 

• Then /'(*) = -sin*, /"(*) = -cos*, fix) = sin*, f\x) = cos*, and /®(*) = -sin*. 

• Accordingly, the successive derivatives of / cycle among 

{- sin*, - cos*, sin*, cos*} 

in that order. Since 8 is a multiple of 4, we have / (8) (*) = cos*. 

• Since 36 is a multiple of 4, we have / (36) (*) = cos*. Therefore, / (37) (*) = - sin*. 

45. Find the values of * between 0 and 2n where the tangent line to the graph of y = sin* cos* is horizontal. 
solution Let y = sin* cos*. Then 

y' = (sin *)(— sin *) + (cos*)(cos*) = cos 2 * - sin 2 *. 

When y' = 0, we have sin* = ±cos*. In the interval [0, 2n], this occurs when * = 1 -j-. 

47. |GU| Letg(r) = t - sin r. 

(a) Plot the graph of g with a graphing utility for 0 < t < 47r. 

(b) Show that the slope of the tangent line is nonnegative. Verify this on your graph. 

(c) For which values of t inthe given range is the tangent line horizontal? 

solution LetgO) = t — sin f. 

(a) FI ere is a graph of g over the interval [0, 4 jt]. 

y 


2 4 6 8 10 12 

(b) Since g\t) = 1 - cosr > 0 for all t, the slope of the tangent line to g is always nonnegative. 

(c) In the interval [0, 4zr], the tangent line is horizontal when t = 0, 2n, An. 

49. Show that no tangent line to the graph of /(*) = tan * has zero slope. What is the least slope of a tangent 

I i ne? J ustify by sketching thegraph of (tan*)'. 

solution Let fix) = tan *. Then fix) = sec 2 * = —4—. Note that fix) - -^4— has numerator 1; the equation 

COS z x COS z x 

fix) = 0 therefore has no solution. Because the maximum value of cos 2 * is 1, the minimum value of /'(*) = 
is 1. Lienee, the least slope for a tangent line to tan* is 1. FI ere is a graph of /'. 




l 

col 2 "* 


SECTION 3.6 | Trigonometric Functions 137 


51. The horizontal range R of a projectile launched from ground level at an angle 9 and initial velocity vq m/s is 
r = (u^/9.8) sin 9 cos 9. Calculate dR/d9. If 9 = ln/2A, will the range increase or decrease if the angle is increased 
slightly? Base your answer on the sign of the derivative. 

solution Let R(9) = Og/9.8)sin(?cos0. 

cl R. o oo 

— = R'(6) = (dq/ 9.8)(— si n^ 9 + cos^ 9). 

du 

If 9 = 7;r/24, | <9 < so | si n 6>| > | cos c?|, and dR/d9 < 0 (numerically, dR/d9 = -0.0264101ujj). At this point, 
increasing the angle will decrease the range. 


Further Insights and Challenges 

53. Use the limit definition of the derivative and the addition law for the cosine function to prove that (cost)' = - sin*. 
solution Let /(x) = cost. Then 

, .. cos(x + k) - cost cost cos /r - sin x sin h - cost 

f (x) = lim : = lim 

o h h^o h 

( sin/7 cosh -1\ „ „ . 

= lim (-sinx) 1 - (cost) = (- sinx) • 1 + (cost) • 0 = -sinx. 

h^>0 V h h ) 


55. Verify the following identity and use it to give another proof of the formula (sinx)' = cost. 

si n (x + h) - sinx = 2 cos (x + jhj sin (^h) 

Hint: Use the addition formula to prove that sin (a + b) - sin(a - b) = 2 cos a sin h. 
solution Recall that 


and 


sin(77 + b) = sin a cosh + cos a sin b 


sinto - b) = sin a cos b - cos a sin b. 


Subtracting the second identity from the first yields 

sin(a + b) - sin(a - b) = 2 cos a sin b. 
If we now seta = x + j and b = |, then the previous equation becomes 


si n (x + h) - sinx = 2 cos 



sin 



Finally, we use the limit definition of the derivative of sinx to obtain 


— sinx = lim 

dx h^t-O 


sin(x + h) - sinx 
h 


= lim cos I x + 
h-> 0 


: lim 
A— s-0 


2cos(x + 2 ) sin (2 ) 


■ lim 
h-> 0 


( 5 ) 


= COST • 1 = COST. 


In other words, — (sinx) = cost. 

dx 

57. L et /(x) = x sin x and g(x) = x cost. 

(a) Show that f'(x) = g(x) + sinx and g'(x) = -/(x) + cost. 

(b) Verify that f"(x) = -/(x) + 2 cost and 
g "(x) = -g(x) - 2 sinx. 

(c) By further experimentation, try to find formulas for all higher derivatives of / and g.Hint: The £th derivative depends 
on whether k = 4;?, 4/7 + 1, 4/7 + 2, or An + 3. 


solution L et /(x) = x sin x and g(x) — x cost. 

(a) We examine first derivatives: f'(x) = xcosx + (sinx) • 1 = g(x) + sinx and g\x) = (x)(-sinx) + (cost) ■ 1 = 
-/(x) + cost; i.e., f(x) = g(x) + sinx and g\x) = -f(x) + cost. 
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(b) Now look at second derivatives: /'(*) = g'(x) + cos* = -/(*) + 2 cos* and g"(*) = -/(*) - sin* = 

-g(x) - 2 sin*; i.e., /"(*) = -/(*) + 2 cos* and g"(*) = -g(*) - 2 sin *. 

(c) • The third derivatives are /'"(*) = -/'(*) - 2 sin * = -g(x) - 3 sin jc and g"'(x) = -g'(*) - 2cos* = 

/(*) - 3 cos*; i.e., /"(*) = -g(x) - 3 sin* and g"'(x) = /(*) - 3 cos*. 

• The fourth derivatives are / (4, (*) = -g'(x) - 3 cos* = /(*) - 4 cos* and g (4) (*) = /(*) + 3 sin* = 
g(*) + 4 sin*; i.e., / (4) = /(*) - 4 cos* and g (4) (*) = g(*) + 4 sin*. 

• We can now seethe pattern for the derivatives, which are summarized in the following table. Heren = 0, 1, 2, . . . 


k 

4/! 

4n + 1 

4/; + 2 

4 « + 3 

f (k \x ) 

/(*) — kcosx 

g(*) + /r si n * 

—fix) + kcosx 

— g(*) — k sin* 

g®(*) 

g(x) + /r si n * 

—fix) + A: COS* 

—g(x) — A: sin* 

fix) — k cos* 


3.7 The Chain Rule 

Preliminary Questions 

1. Identify the outside and inside functions for each of these composite functions. 

(a) y = x/4* + 9* 2 (b) y = tan (* 2 + 1) 

(c) y = sec 5 * (d) y = (1 + * 12 ) 4 

SOLUTION 

(a) The outer function is /*, and the inner function is 4* + 9* 2 . 

(b) The outer function is tan*, and the inner function is * 2 + 1. 

(c) The outer function is * 5 , and the inner function is sec*. 

(d) The outer function is * 4 , and the inner function is 1 + * 12 . 

2. Which of the following can be differentiated easily without using the Chain Rule? 

(a) y = tan (7* 2 + 2) (b) y = — K — 

* + 1 

(c) y = Jx- sec * (d) y = V*cos* 

(e) y = * sec /* (f) y = tan (4*) 

solution The function can be differentiated using the Quotient Rule, and the function «Jx ■ sec* can be differ- 
entiated using the Product Rule. The functions tan (7* 2 + 2), /* cos*, and tan (4*) require the Chain Rule. * sec /* can 
be partially evaluated using the Product Rule, but then the Chain rule is needed to differentiate one of the factors, sec /*. 

3. W hich is the derivative of /(5*)? 

(a) 5 /'(*) (b) 5/(5*) (c) /'( 5*) 

solution The correct answer is (b): 5/(5*). 

4. Suppose that /(4) = g(4) = g'( 4) = 1. Do wehaveenough information to compute F'(4), whereF(*) = /(g(*))? 
If not, what is missing? 

solution If F(x) = f (g (*)) , then F'(x) = /(g(*))g , (*) and F'( 4) = /(g(4))g'(4). Thus, we do not have enough 
information to compute F'( 4). We are missing the value of /(!). 


Exercises 

In Exercises 1—4, fill in a table of the following type: 


f(g(x)) 

f'iu) 

f'igix)) 

g'ix) 

(fogy 







1. f(u) — M 5 / 2 , g(*) = * 4 + 1 

SOLUTION 


figix)) 

/(«) 



(/ o g/ 

(* 4 + 1) 3 / 2 

3 »V2 

|(* 4 + i) 1 / 2 

4* 3 

6* 3 (* 4 + 1) 1 / 2 
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3. /(«) = tan u, g(x) = x 4 

SOLUTION 


f(g(x)) 

/'(«) 

f'(g(x)) 

«'(X) 

(/ o g)' 

tan(x 4 ) 

sec 2 u 

sec 2 (x 4 ) 

4x 3 

4x 3 sec 2 (x 4 ) 


In Exercises 5 and 6, write the function as a composite f(g(x)) and compute the derivative using the Chain Rule. 
5. y = (x + Sin.*) 4 

solution Let fix) = x 4 , g(x) = x + sinx, and y = f(g(x)) = (x + sin*) 4 . Then 

^ = f\g(x))g' (x) = 4(x + sinx) 3 (l + cosx). 
dx 


7. Calculate — cosm for the following choices of «(x): 
dx 


(a) m = 9 — x 2 

SOLUTION 

(a) cos(k(x)) = cos(9 - x 2 ). 


(b) u = x 


-l 


(c) u = tan x 


— cos (u(x)) = — sin(w(x))i/(x) = -sin(9 -x 2 )(-2x) = 2xsin(9 -x 2 ). 
dx 


(b) cos (u(xf) = cos(x _1 ). 

d 

dx 

(c) cos(«(x)) = cos(tanx). 


cos (m(x)) = - sin(«(x))«'(x) = - si n(x I - 


sin(x _1 ) 


— cos (u(x)) = -sin(«(x))M'(x) = -sin(tanx)(sec 2 x) = - sec 2 xsin(tanx). 
dx 


df df du 

9. Compute — if — = 2 and — = 6. 

dx d« dx 

solution Assuming / is a function of u, which is in turn a function of x, 

dx du dx 


In Exercises 11-22, use the General Power Rule or the Shifting and Scaling Rule to compute the derivative. 
11. y = (X 4 + 5) 3 

solution Using the General Power Rule, 

i- ( *- 4 + 5) 3 = 3(x 4 + 5) 2 -^-(x 4 + 5) = 3(x 4 + 5) 2 (4 x 3 ) = 12x 3 (x 4 + 5) 2 . 
dx dx 


13. y = V7x — 3 

solution Using the Shifting and Scaling Rule 

-^-\/7x^3 = ^-Qx - 3) 1 / 2 = \(lx - 3)- 1 / 2 C7) 
dx dx l 


7 


15. y = (x 2 + 9x) 2 

solution Using the General Power Rule, 

— (x 2 + 9x) -2 = — 2(x 2 + 9x) -3 — (x 2 + 9x) = — 2(x 2 + 9x) _3 (2x + 9). 
dx dx 


17. y = cos 4 6 

solution Using the General Power Rule, 


— cos 4 6> = 4cos 3 0— cose = -4 cos 3 9 sine, 
de de 




140 CHAPTER 3 | DIFFERENTIATION 


19. y = (2 cose + 5 sine) 9 
solution Using the General Power Rule, 

— (2 cose + 5 sine) 9 = 9(2 cose + 5 sin e) 8 — (2 cose + 5 sine) = 9(2 cose + 5 sine) 8 (5 cose - 2 sine). 
dO dO 

21. y = sin (fx 2 + 2x + 9^ 
solution U sing the general power rule, 

f sin (Vx 2 + 2x + 9) = cos (Vx 2 + lx + 9) • ^ (• x 2 + 2x + 9 ) -1/2 • (2x + 2) 

= (x + l)(x 2 + 2x + 9) _1/2 cos (/x 2 + 2x + 9 ) 

/n Exercises 23-26, compute the derivative of f o g. 

23. f(u) = sin m, g(x) = 2x + 1 

solution Let h(x) = f(g(x )) = si n(2x + 1). Then, applying the shifting and scaling rule, h’(x) = 2 cos(2x + 1). 
A Iternately, 

ff(g(x)) = f'(g(x))g'(x) = cos(2x + 1) • 2 = 2 cos(2x + 1). 
dx 

25. f(u) = u + m - 3 , g(x) = tan x 

solution Let h(x) = f{g(x)) = tanx + cot x. Then h'(x) = sec 2 x - esc 2 x. Alternatively, 

-v-f(g{x)) = f(g(x))g\x) = (1 - cot 2 X) sec 2 X = sec 2 x - esc 2 x 
dx 

In Exercises 27 and 28, find the derivatives of f(g(x)) and g(f(x)). 

27 . f(u) = COS u, u = g(x) = x^ + 1 

SOLUTION 

" 7 -/(<?(•*)) = f'(g(x))g'(x) = - sin(x 2 + l)(2x) = — 2x si n(x 2 + 1). 
dx 

—t— gif (x)) = g\f{x))f\x) = 2(cosx)(- Sinx) = -2 sinx cosx. 


In Exercises 29^42, use the Chain Rule to find the derivative. 

29. y = si n(x 2 ) 

solution Let y = sin (x 2 ^. Then / = cos (x 2 ^ • 2x = 2x cos (x 2 
31. y = V7 2 +9 

solution Lety = x/t 2 + 9 = (t 2 + 9) 1 / 2 . Then 


/ = \i> 2 + 9)- 1 / 2 (2r) = ? . 

2 vV + 9 


33. y = (x 4 - x 3 - l) 2 / 3 

2 /3 

solution Let y = (x 4 — x 3 — l) . Then 





35. y = 



4 


SOLUTION 


Lety = 


/x + 1 
\x - 1 


4 

.Then 


y' = 4 



(x — 1) • 1 — (x + 1) • 1 8 (x + l) 3 

(x - l ) 2 ~~ ( X - l ) 5 


8(1 + x) 3 
(1 - x) 5 ‘ 
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37. v = sec - 

solution L et f(x) — sec (x -1 ) . T hen 

/'(x) = sec (x -1 ) tan (x -1 ) • (-x -2 ) 


sec (1/x) tan (l/x) 


39. v = tan (6> + cos0) 
solution Let y = tan (9 + cosO). Then 

y' = sec 2 (6 + cos6>) • (1 - sine) = (1 - sine) sec 2 (9 + cose) . 


41. y = CSC(9 - 2e 2 ) 
solution We have 

/ = - csc(9 - 2e 2 ) cot(9 - 2e 2 ) • (—40) = 4e csc(9 - 2e 2 ) cot(9 - 2e 2 ) 

In Exercises 43-72, find the derivative using the appropriate rule or combination of rules. 

43. y = tan(x 2 + 4x) 

solution Let y = tan(x 2 + 4x). By the chain rule, 

y' = sec 2 (x 2 + Ax) ■ (2.x + 4) = (2x + 4) sec 2 (x 2 + Ax). 


45. y = x COS(l - 3x) 

solution Let y = x cos (1 - 3x). Applying the product rule and then the scaling and shifting rule, 
y' = x (-sin (1 - 3x)) ■ (-3) + cos(l - 3x) • 1 = 3xsin (1 - 3x) + cos (1 - 3x) . 

47. y = (At + 9) 1 / 2 

solution Let y = (4r + 9) 1 / 2 . By the shifting and scaling rule, 

| = 4Q)(4r + 9)- 1 /2 = 2(4r + 9r 1 /2. 


49. y = (x 3 + COSx) 4 

solution Let y = (x 3 + cosx) -4 . By the general power rule, 

y' = — 4(x 3 + COSx) -5 (3x 2 - sinx) = 4 (si n x - 3x 2 )(x 3 + COSx) -5 . 


51. y = Vsinxcosx 

solution We start by using a trig identity to rewrite 


= Vif 


n x cos x 


= ^ sin2x = (sin 2x) 1/2 . 


Then, after two applications of the chain rule, 


cos 2x 




53. y = (cos6x + sinx 2 ) 1 / 2 

solution Let y = (cos6x + sinfx 2 )) 1 / 2 . Applying the general power rule followed by both the scaling and shifting 
rule and the chain rule, 


y' = ^(cos6x + sin(x 2 )) 1/2 (- sin 6x ■ 6 + cos(x 2 ) • 2x) 


xcos(x 2 ) - 3 sin 6x 
v/cos 6x + sin(x 2 ) 



142 CHAPTER 3 | DIFFERENTIATION 


55. y = tan 3 x + tan(x 3 ) 

solution Let y = tan 3 x + tan(x 3 ) = (tan x) 3 + tan(x 3 ). Applying the general power rule to the first term and the 
chain rule to the second term, 

>•' = 3(tan x) 2 sec 2 x + sec 2 (x 3 ) ■ 3x 2 = 3(x 2 sec 2 (x 3 ) + sec 2 x tan 2 x). 


57. y = 



solution L et y 



1/2 

.Applying the general power rule followed by the quotient rule, 


dy_l(z + 1\ _1/2 (z-l)-l-(z + l)-l -1 

dz 2 \z — 1/ ( Z - l) 2 Vc + l(c-l) 3/2 ' 


COS(l + x) 

1 + cost ' 

Then, applying the quotient rule and the shifting and scaling rule, 

dy _ -(1 + cost) sin(l + x) + cos(l + x) sin x _ cos(l + x) sin x - cost sin(l + x) - sin(l + x) 
dx (1 + COSx) 2 (1 + COSx) 2 

_ sin(-l) - sin (1 + x) 

(1 + cosx) 2 

The last line follows from the identity 

sin(A - B) = sin A cos B - cos A sin B 

with A = x and B = 1 + x. 

61. y = cot 7 (x 5 ) 

solution Lety = cot 7 (x 5 / Applying the general power rule fol lowed by the chain rule, 

C j- = 7 cot 6 (x 5 ) • esc 2 (jr 5 )) • 5 t 4 = — 35x 4 cot 6 (x 5 j esc 2 (x 5 ) . 


59. y = 


COS(l + x) 


1 + COST 
solution L et 


63. v = (l + cot 5 (* 4 + l)) 9 

solution Lety = (l + cot 5 (x 4 + l)) 9 . Applying the general power rule, the chain rule, and the general power rule 
in succession, 

f x = 9 (l + cot 5 (x 4 + l)) 8 • 5 cot 4 (x 4 + l) • (- esc 2 (x 4 + l)) • 4x 3 
= — 180x 3 cot 4 (x 4 + l) esc 2 (x A + l) (l + cot 5 (x 4 + l)) 8 . 


65. y = (1 — CSC 2 (1 — x 3 )) 6 

solution U sing the chain rule multiple times, we have 

— (1 - esc 2 (1 -x 3 )) 6 = 6(1 - esc 2 (1 - x 3 )) 5 — (1 - esc 2 (1 - x 3 )) 
dx dx 

= 6(1 - esc 2 (1 -x 3 )) 5 (-2csc(1 -x 3 ))(-csc(1 -x 3 )cot(l -x 3 ))(-3x 2 ) 
= — 36x 2 csc 2 (l -x 3 )cot(l — x 3 )(l - esc 2 (1 -x 3 )) 5 


v-l/2 


67. y = (x + y) 
solution Applying the chain rule gives 


\ x -\ 
dx 


- 1/2 


— — ^ I * H — 


(1 — x 2 ) = ^ (x 2 -l)(x + x 3/2 
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69. y — W 1 + y 1 + y/x 


SOLUTION L et V = 


y= ^1 + (l + .t 1 / 2 ^ 1/2 ^ . Applying the general power rule twice, 


£=H 1+ ( 1+>1,2 ) 1 


l/2\ 1 / 2 1 




-1/2 1 _i 


8 yfx y/\ + y/x yj 1 + yj 1 + y/x 


71. y = (kx + b) 1</3 ; k and b any constants 

solution Let y = {kx + ft) -1 / 3 , where ft and k are constants. By the scaling and shifting rule, 

y' = — j (kx + ft) -4 / 3 • k — —^(kx + ft) -4 / 3 . 

In Exercises 73-76, compute the higher derivative. 


Cl n 

73. — y sin(x z ) 
dx l 


SOLUTION L et 


fix) = sin (x 2 ). Then, by the chain rule, f'{x) = 2x cos (x 2 j and, by the product rule and the chain 


f"(x) = 2x (- sin (x 2 \ • 2x) + 2 cos (x 2 ) = 2 cos (x 2 ) - 4x 2 sin (x 2 j . 

75. ^(9-x) 3 

solution Let f{x) = (9 - x) 8 . Then, by repeated use of the scaling and shifting rule, 

f'(x) = 8(9 - x) 7 ■ (-1) = -8(9 - x) 7 
f"{x) = -56(9 - x) 6 • (-1) = 56(9 - x) 6 , 
f"'ix) = 336(9 - x) 5 • (-1) = -336(9 - x) 5 . 

77. The average molecular velocity v of a gas in a certain container is given by v = 29s/f m/s, where T is the 

d v 

temperature in kelvins. The temperature is related to the pressure (in atmospheres) by T = 200P. Find — 

dP p= 1.5 

solution First note that when p = 1.5 atmospheres, T = 200(1.5) = 300K.Thus, 


dP p_i c dT T_ M dP 


r=m ar ip=i.5 


-g=. \ . 

27300 3 s • atmospheres 


Alternately, substituting r = 200/ 3 into the equation for v gives v = 290^2/’. Therefore, 

dv _ 290-72 _ 290 
dP - 2-J-p ~ -J2P ’ 
so 

dv _ 290 _ 290V3 m 
dP P= i s _ 73 “ 3 s- atmospheres' 

79. An expanding sphere has radius r = 0.4/ cm at time t (in seconds). Let V be the sphere's volume. Find dV/dt 
when (a) r = 3 and (b) t = 3. 

solution Let r = 0.4/, where / is in seconds (s) and r is in centimeters (cm). With V = r/- 3 , we have 

dV i 

= 4/rr . 

dr 


dV dV dr „ 2 „ „ , , 2 

— = = 4jrr 2 • (0.4) = 1.6 nr . 

dt dr dt 

dV -> 

(a) When r = 3, — = 1.67r(3) 2 & 45.24 cm/s. 

dt 

dV -i 

(b) When t = 3, we haver = 1.2. Flence — = 1.6jt(1.2) 2 ^ 7.24 cm/s. 

dt 
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81. According to a 1999 study by Starkey and Scarnecchia, the average weight (in kilograms) at age / (in years) of 
channel catfish in the LowerYellowstone River (Figure 3) is approximated by the f uncti on: 

W(t) = (0.14 + 0.115/ - 0.002/ 2 + 0.000023/ 3 ) 3 ' 4 

Find the rate at which average weight is changing at age / = 10. 


SOLUTION 



LowerYellowstone River 


w(kg) 



FIGURE 3 Average weight of channel catfish at age/ 

Let W(t) = (0.14 + 0.115/ - 0.002/ 2 + 0.000023/ 3 ) 3 - 4 . Then 
W\t) = 3.4(0.14 + 0.115/ - 0.002/ 2 + 0.000023/ 3 ) 2 4 (0.115 - 0.004/ + 0.000069/ 2 ) 


Atage/ = 10, 


W'(10) Ri 0.36 kg/yr. 


83. With notation as in Example 7, calculate 


(a) -^sm0 

dO 


SOLUTION 

d 


0=60“ 


(b) — (0 + tan0) 
clu 


?=45“ 


(a) dO~ 0 L=6O° dO Sm ( 180^) 1=60“ ( 180 ) C ° S ( 180 (60) 1 " 180 2 360' 

(b) — (0 + tan 0)1 =— (d + tan ( -^- 0 )) I = 1 + sec2 ( t) = 1 + er- 

dO y — ; 1 0=45“ dd V V 180 // 10=45“ 180 V 4 / 90 


85. Compute the derivative of ft (sin x) at.v = assuming that ft'(0. 5) = 10. 
solution Let;< = sin* and suppose that h'(0. 5) = 10. Then 


d dh du 

— ( h(u )) = — — 
d x du dx 


dh 

— COSjc. 
du 


When x = | , we have u = 0.5. Accordingly, the derivative of ft(sinx) atx = | is 10 cos (|-) = 5V3. 


In Exercises 87-90, use the table of values to calculate the derivative of the function at the given point. 


X 

1 4 6 

fix) 
fix ) 
Six) 
fix) 

4 0 6 

5 7 4 

4 1 6 

5 \ 3 


87. f(g(x)), x = 6 


SOLUTION 


/(sM) 

dx 


= f'(g(6))g'(6) = /'(6)g'(6) = 4 x 3 = 12. 

jc=6 


89. g(fx), x = 16 


SOLUTION 


dx 


gifx) 


t=16 



1 

16' 
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91. The price (in dollars) of a computer component is P = 2C - 18C \ where C is the manufacturer's cost to produce 
it. Assume that cost at time r (in years) is C = 9 + 3/ _1 . Determine the rate of change of price with respect to time at 
t = 3. 

solution - -3 r 2 . C(3) = 10 and C'(3) = -i, so we compute: 

fit 


clP 

dt 


= 2C'(3) + 
r=3 


18 

(C(3)) 2 


, „ 2 18 

1 ( } 3 ' 100 



-0.727 


dollars 

year 


93. According to the U.S. standard atmospheric model, developed by the National Oceanic and Atmospheric Admin- 
istration for use in aircraft and rocket design, atmospheric temperature T (in degrees Celsius), pressure P (kPa = 1000 
pascals), and altitude/! (in meters) are related by these formulas (valid in the troposphere h < 11,000): 


T = 15.04 - 0.000649/1, 


P = 101.29 + 


/T + 273.1 

l 288.08 


5.256 


Use the Chain Rule to calculate dP/dh. Then estimate the change in P (in pascals, Pa) per additional meter of altitude 
when h = 3000. 


SOLUTION 


" = 5.256 
dT 


T + 273.1 
288.08 


4.256 


288.08 


= 6.21519 x 10“ 13 (273.1 + T) 


4.256 


and ^ = -0.000649°^.^ = ^, so 

dP 
dh 

W hen h = 3000 


= (6.21519 x 10“ 13 (273.1 + 7’) 4256 ) (-0.000649) = -4.03366 x 10“ 16 (288.14 - 0.000649 A) 4 256 . 


— = -4.03366 x 10“ 16 (286.193) 4 - 256 = -1.15 x 10“ 5 kPa/m : 
dh 

therefore, for each additional meter of altitude, 

AP « -1.15 x 10“ 5 kPa = -1.15 x 10“ 2 Pa. 


95. In the setting of Exercise 94, calculate the yearly rate of change of T if T = 283 K and R increases at a rate of 0.5 
Js _1 rrr 2 per year. 

solution By the Chain Rule, 

dR dR dT -zdT 

— = = 4 aT i — . 

dt dT dt dt 

Assuming T = 283 K and = 0.5Js -1 m -2 peryear, it follows that author: 

o- 5 - 4 "' 283 ) 3 ^ - 0 0973 kehin ^ r 

97. Use the Chain Rule to express the second derivative of / o g in terms of the first and second derivatives of f and g. 
solution Let h(x) = f(g(x)). Then 

h'(x) = f'(g(x))g\x) 

and 

h'\x) = f\g(x))g"{x) + g\x)f”(g{x))g'(x) = f\g(x))g"(x) + f"(g(x)) (^(.T)) 2 . 


Further Insights and Challenges 

99. Show that if /, g, and h are differentiable, then 

\f(g(h{xm' = f\g(h{x)))g'(h{x))h\x) 


solution Let /, g, and h be differentiable. Let u = h(x), v = g(u), and w = f(v). Then 


d w df dv 
dx dv dx 


dfdgdu , , . 

= f\g(Hx))g\h(x))h\x) 

dv du dx 




146 CHAPTER 3 | DIFFERENTIATION 


101. (a) L-jM Sketch a graph of any even function /(* ) and explain graphically why /'(*) is odd. 

(b) Suppose that f'(x) is even. Is /(*) necessarily odd? Hint: Check whether this is true for linear functions. 

SOLUTION 

(a) The graph of an even function is symmetric with respect to the y-axis. Accordingly, its image in the left half-plane is 
a mirror reflection of that in the right half-plane through the y-axis. If at * = a > 0, the slope of / exists and is equal to 
m, then by reflection its slope at* = -a < 0 is -m. That is, f'(-a) = Note: This means that if /'( 0) exists, 

then it equals 0. 


y 



(b) Suppose that f is even. Then f is not necessarily odd. Let /(*) = 4* + 7. Then /'(*) = 4, an even function. But 
/ is not odd. For example, /( 2) = 15, /(— 2) = -1, but /(- 2) / -/( 2). 

103. Prove that for all whole numbers n > 1, 

d" . / nn \ 

— sm* = S n(* + T ) 

Hint: Use the identity cos* = sin (* + ^). 

solution We will proceed by induction on n. For n = 1, we find 


d . . / n\ 

— sin* = cos* = sin * + - . 
dx \ 2 / 


as required. Now, suppose that for some positive integer k, 


d k . . / 

— r sin* = sin * + 
dx k v 



Then 


d k+ 1 d 

— j—y sin* = — sin 
dx k+1 dx 



= cos 



= sin * + 


(k + l)n 


105. Chain Rule This exercise proves the Chain Rule without the special assumption made in the text. For any number 
b, define a new function 

FW = m ~ f J b) for all u^b 

u — b 

(a) Show that if we define F(b) = f'(b), then F(u) is continuous at u = b. 

(b) Takei = g(a). Show that if * / a, then for all u, 

m-f(g(a)) =F{u) u-g(a) a 

X Cl X Cl 

N ote that both sides are zero if u = g(a). 

(c) Substitute u = g(x) in Eq. (2) to obtain 

f(g(x)) - f(g(a)) g(x) - g(a) 

= F(g(x)) 

x — a x — a 

Derive the Chain Rule by computing the limit of both sides as* ->• a. 
solution For any differentiable function / and any number b, define 


F(u) = 


f(u) 


m 


for all u 5 ^ b. 


u — b 
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(a) Define F(b) = f'{b). Then 

f(u) — f(b) . 

Iim F(u) = lim — - — = f\b ) = F{b), 
u — u — yb u — b 

i.e., lim F(u) = F(b). Therefore, F is continuous at u = b. 

u->-b 

(b) Let g be a differentiable function and take b = g(a). Let * be a number distinct from a. If we substitute u = g(a) 
into Eq. (2), both sides evaluate to 0, so equality is satisfied. On the other hand, if u / g(a), then 

/(«) ~ f(g(a)) f(u) - f(g(a )) u - g(a ) f(u) - f(b) u - g(a ) u - g(a ) 

= = = F(u ) . 

x — a u — g(a) x — a u — b x — a x — a 

(c) Hence for all u, we have 


/(“) - f(g(a)) u - g(a) 

= F(u) . 


(d) Substituting a = g(x) in Eq. (2), we have 

f{g(x)) - f(g(a )) 


= F(g(x)) 


g(x) - g(a) 


Letting x ->■ a gives 

f(g(x))-f{g(a)) 


im 

x->a x — a 


= lim F(g(x)) 

x— >a y 

= f\g{a))g\a) 


g(x) ~ g(a) 


= F(g{a))g\a) = F(b)g'(a) = f\b)g\a) 


Therefore (fog)' (a) = f'(g(a))g'(a), which is the Chain Rule. 


3.8 Implicit Differentiation 

Preliminary Questions 

d dy 

1. W hich differentiation rule is used to show — sin v = cos v — ? 

dx ' ' dx 

solution The chain rule is used to show that sin y = cosy^y. 

2 . One of (a)-(c) is incorrect. Find and correct the mistake. 

(a) — sin(y 2 ) = 2vcos(y 2 ) (b) — sin(.v 2 ) = 2x cos(.t 2 ) (c) — sin(y 2 ) = 2ycos(v 2 ) 

dy dx dx 

SOLUTION 

(a) This is correct. Note that the differentiation iswith respect to the variable y. 

(b) This is correct. Note that the differentiation iswith respect to the variable x. 

(c) This is incorrect. Because the differentiation is with respect to the variable*, the chain rule is needed to obtain 

-y- sin(y 2 ) = 2yCOS(y 2 )^. 
dx dx 

3 . On an exam, J ason was asked to differentiate the equation 

* 2 + 2xy + y 3 = 7 

Find the errors in J ason's answer: 2* + 2xy' + 3y 2 = 0 

solution There are two mistakes in J ason's answer. First, Jason should have applied the product rule to the second 
term to obtain 

d (2xy) = 2x^ + 2y. 
dx dx 

Second, he should have applied the general power rule to the third term to obtain 

d ,3 _ , 2 d y 

dx ' V ' dx 
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4. Which of (a) or (b) is equal to — Osiru)? 

dx 


(a) (jrcosf) 


dt 

dx 


... dt 

(b) (xcost) h sin r 

dx 


solution U sing the product rule and the chain rule we see that 


d dt 

— (xsin t) = xcost h sin r, 

dx dx 


so the correct answer is (b). 


Exercises 

1. Show that if you differentiate both sides of x 2 + 2y 3 = 6, the result is 2x + 6y 2 ^ = 0. Then solve for dy/dx and 
evaluate it at the point (2, 1). 

SOLUTION 


— {x z + 2y 3 ) = —6 


dx 


dx 


2x + 6y 2 — = 0 
dx 

2x + 6v 2 — = 0 
dx 

dx 

dy —2x 
dx 6y 2 

At (2'D-i = X = -3- 

In Exercises 3-8, differentiate the expression with respect to x, assuming that y = f(x). 
3. y 2 y 3 

solution Assuming that v depends on x, then 


d 

dx 


(y 2 y 3 ^ = x 2 • 3y 2 y' + y 3 • 2x = 3x 2 y 2 y' + 2yy 3 . 


5. (x 2 + y 2 ) 3/2 

solution Assuming that y depends on x, then 


d 

dx 


((.v 2 + y 2 ) 3/2 ) = \ (x 2 + y 2 ) 1/2 (2x + 2 yy') = 3 (x + yy') ^+y2. 


7. 


y + 1 

solution Assuming that y depends on x, then 


d y (v + l)y' - yy' 


dx y + 1 (y + l) 2 

In Exercises 9-26, calculate the derivative with respect to x. 

9. 3y 3 + x 2 = 5 


(v + l) 2 ' 


2x 

solution Let 3v 3 + x 2 = 5. Then 9 y 2 y' + 2x = 0, and y' = — . . 

9y^ 

11. x 2 y + 2x 3 y — x + y 

solution L et x 2 y + 2 x 3 y = x + y. Then 


x 2 y' + 2.vy + 2x 3 y' + 6.v 2 y = 1 + y' 

x 2 y' + 2.v 3 y / — y' = 1 — 2.vy — 6x 2 y 
, 1 — 2xy — 6.T 2 y 

y = 


13. x 3 R s = l 

solution Let x 3 r 3 = 1. Then x 3 ■ 5 R^R' + R 3 ■ 3x 2 = 0, and R' = - 


x 2 + 2x 3 — 1 

3.y 2 ^ 5 3 R 


5 y 3 /? 4 5y ' 
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15. l + -=2y 

x y 

SOLUTION L et 


Then 


y . x 

- + - = 2 y. 

x y 


xy - v V - xy , 

2 t 2 = 2 - v 


A 0 \ / / 
■> 2 ) y — , 


y 2 — x 2 — 2xy 2 . v 2 — x 2 
— T = ' 




2 

xy 


v = 


y(y 2 -x 2 ) 


x(V — x 2 — 2xy 2 ) 


2 1 ' 


17. y“ 2 / 3 + x 3 / 2 = 1 

solution Let y -2 / 3 + x 3 / 2 = 1 . Then 


2 - -5/3 / + 3 1/2 = 0 or y = 9 1/2 5/3 
3' 2 4 


19. v H — = x 2 + x 

y 


solution Let y + i = x 2 + x. Then 


, 1 , . , , 2x + 1 (2x + l)y 2 

y' ? / = 2x + 1 or y' = 


i-y 


-2 


V 2 -l ' 


21 . sin(x + v) = x + cosy 

solution L et si n(x + y) = x + cos y. T hen 

(1 + y') C0S(x + y) = 1 - y' sin y 

cos(x + y) + y' cos(x + y) = 1 - y' si n y 

(COS(x + y) + sin y) y' = 1 - COS(x + y) 

, 1 - C0S(x + v) 

v = — . 

cos(x + y) + sin y 

23. tan(x + y) = tan x + tan y 
solution Implicitly differentiating gives 

sec 2 (x + y) + y l sec 2 (x + y) = sec 2 x + y' sec 2 y 

y'(sec 2 (x + y) - sec 2 y) = sec 2 x - sec 2 (x + y) 

, sec 2 x - sec 2 (x + y) 

y = — t t— 

sec 2 (x + y) - sec 2 y 


25. x + cos(3x — y) = xy 
solution Differentiate implicitly to get 

1 — 3 si n(3x — y) + y' si n(3x — y) = y + xy' 

y^sintSx — y) — x) = y — 1 + 3 sin(3x — y) 

, y — 1 + 3 sin(3x — y) 
sin(3x — y) — x 
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27. Show that x + yx _1 = 1 and y = x - x 2 define the same curve (except that (0, 0) is not a solution of the first 
equation) and that implicit differentiation yields / = yx _1 - x and / = 1 - 2x. Explain why these formulas produce 
the same values for the derivative. 

solution M ultiply the first equation by x and then isolate the y term to obtain 

2 2 
x + y — x =>■ y — x — x . 

Implicit differentiation applied to the first equation yields 

1 — yx -2 + x -1 / = 0 or y' = yx -1 — x. 

From the first equation, we find yx -1 = 1 - x; upon substituting this expression into the previous derivative, we find 

y' = l— x— x — 1 — 2x, 


which is the derivative of the second equation. 


In Exercises 29 and 30, find dy/dx at the given point. 
29. (x + 2) 2 - 6(2y + 3) 2 = 3, (1, -1) 
solution By the scaling and shifting rule, 


If x = 1 and y = -1, then 


sothat24y / = 6, ory' = \. 


2(x + 2) — 24(2y + 3)y / = 0. 


2(3) - 24(1)/ = 0. 


In Exercises 3 1-38, find an equation of the tangent line at the given point. 
31. xy + x 2 y 2 = 5, (2, 1) 

solution Taking the derivative of both sides of xy + x 2 y 2 = 5 yields 

xy’ + y + 2xy 2 + 2 x 2 yy' = 0. 


Substituting x = 2,y = 1, we find 

2y' + 1 + 4 + 8y' = 0 or y' = -^. 

Hence, the equation of the tangent line at (2, 1) is y - 1 = -\(x - 2) or y = -\x + 2. 
33. x 2 + sin y = xy 2 + 1, (1, 0) 

solution Taking the derivative of both sides of x 2 + sin y = xy 2 + 1 yields 

2x + COS yy' = y 2 + 2xyy' . 


Substituting x = l,y = 0, we find 


2 + y' = 0 or y' — —2. 


Hence, the equation of the tangent line is y - 0 = -2(x - 1) or y = -2x + 2. 
35. 2X 1 / 2 + 4y -1 / 2 = xy, (1,4) 

solution Taking the derivative of both sides of 2 a- 1 / 2 + 4y -1 / 2 = xy yields 

x -1 / 2 - 2y _3 / 2 y / = xy' + y. 

Substituting x = l,y = 4, we find 

1 - 2 Q)y , = / + 4 or / = -y. 
Hence, the equation of the tangent line is y — 4 = — ^(x — 1) or y = -^x + 
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37. sin(2x — >') = — , fO. n) 
y 

solution Using implicit differentiation, 

2v x 2 / 

2 cos(2x -y)-y' cos(2x - y) = -f- 

y r 

At (0, n), this gives 2 cos(-jt) - / cos(— ?r) = 0, or -2 + y' = 0, so that / = 2. The tangent line at (0, n) is thus 
y — n = 2x, or y = 2x + n. 

39. Find the points on the graph of y 2 = x 3 - 3x + 1 (Figure 5) where the tangent line is horizontal. 

(a) First show that 2_y/ = 3x 2 - 3, where / = dy/dx. 

(b) Do not solve for /. Rather, set / = 0 and solve for x. This yields two values of x where the slope may be zero. 

(c) Show that the positive value of x does not correspond to a point on the graph. 

(d) The negative value corresponds to the two points on the graph where the tangent line is horizontal. Find their 
coordinates. 



FIGURE 5 Graph of y 2 = x 3 - 3x + 1. 


SOLUTION 

(a) Applying implicit differentiation to y 2 = x 3 - 3x + 1, we have 


(b) Setting / = 0 we have 0 = 3x 2 - 3, so x = 1 or x = -1. 

(c) If we return to the equation y 2 = x 3 - 3x + 1 and substitute jc = 1, we obtain the equation y 2 = -1, which has no 
real solutions. 

(d) Substituting x = -1 into y 2 = x 3 - 3x + 1 yields 

y 2 = (-1) 3 - 3( — 1) + 1 = -1 + 3 + 1 = 3, 
so y = V3 or -/3. The tangent is horizontal at the points (-1, /3) and (-1, -V3). 

41. Find all points on the graph of 3x 2 + 4y 2 + 3xy = 24 where the tangent line is horizontal (Figure 6). 


y 



FIGURE 6 Graph of 3u 2 + 4v 2 + 3xy = 24. 
solution Differentiating the equation 3x 2 + 4y 2 + 3xy = 24 implicitly yields 

6x + 3yy' + 3xy' + 3y = 0, 


so 

, _ 6x + 3y 
8 v + 3x ' 

Setting / = 0 leads to 6x + 3y = 0, or y = -2x. Substituting y = -2x into the equation 3x 2 + 4y 2 + 3xy = 24 yields 


3x 2 + 4(— 2x) 2 + 3x(— 2x) = 24, 
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or 13x 2 = 24. Thus, x = ±2 778/13, and the coordinates of the two points on the graph of 3x 2 + 4y 2 + 3xy = 24 
where the tangent line is horizontal are 


2^78 4V78\ 

13 ’ 13 ) 


and 


2778 4778\ 
13 ' 7L3 ~ ) ' 


43. Figure 1 shows the graph of y 4 + xy = x 3 - x + 2. Find dy/dx at the two points on the graph with x-coordinate 0 
and find an equation of the tangent line at (1, 1). 

solution Consider the equation y 4 + xy = x 3 - x ± 2. Then 4v 3 y' + xy' + y = 3x 2 - 1, and 

, 3x 2 - y - 1 

^ x + 4y 3 

• Substituting x = 0 into y 4 + xy = x 3 - x + 2 gives v 4 = 2, which has two real solutions, y = ±2 1 / 4 . When 
y = 2 1 / 4 , we have 


W hen y = -2 1 / 4 , we have 


• At the point (1, 1), we have y' = 5. At this point the tangent line is y - 1 = \{x - 1) or y = ^x + 


, — 2 1 / 4 — 1 72 + 72 

» = Tp374j- = 8— “ " 0J254 - 


/ 2^4 _ i 72 — 7 ? 

• V =7^(2374)- 8 « -0.02813. 


45. Find a point on the folium x 3 + y 3 = 3xy other than the origin at which the tangent line is horizontal. 
solution Using implicit differentiation, we find 


d 

dx 


( x3 + y3 ) = f (3 - V - V) 


3x 2 + 3y 2 y' = 3(xy' + y) 


Setting y' = 0 in this equation yields 3x 2 = 3y or y = x 2 . If we substitute this expression into the original equation 
x 3 + y 3 = 3xy, we obtain: 

x 2 +x® = 3x(x 2 ) = 3x 3 or x 3 (x 3 — 2) = 0. 

One solution of this equation is x = 0 and the other is x = 2 1 / 3 . Thus, the two points on the folium x 3 + v 3 = 3xy at 
which the tangent line is horizontal are (0, 0) and (2 1 / 3 , 2 2 / 3 ). 

47. Find the x-coordinates of the points where the tangent I ine i s horizontal on the trident curve xy = x 3 - 5x 2 + 2x - 1, 
so named by Isaac Newton in his treatise on curves published in 1710 (F igure 8). 

Hint: 2x 3 — 5x 2 + 1 = (2x — l)(x 2 — 2x — 1). 


y 



FIGURE 8 Trident curve: xy = x 3 - 5x 2 + 2x - 1. 


solution Take the derivative of the equation of a trident curve: 

xy = x 3 — 5x 2 + 2x — 1 


to obtain 


xy' + y = 3x 2 — lOx + 2. 

Setting y' = 0 gives y = 3x 2 - lOx + 2. Substituting this into the equation of the trident, we have 

xy = x(3x 2 — lOx + 2) = x 3 — 5x 2 + 2x — 1 
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or 

3x 2 — 10x 2 + 2x = x 2, — 5x 2 + 2x — 1 
Collecting like terms and setting to zero, we have 

0 = 2x ^ — 5x 2 + 1 = (2x — l)(x 2 — 2x — 1). 

Hence, x = 1 ± V2. 

49. Find the derivative at the points where x = 1 on the folium (x 2 + y 2 ) 2 = ^xy 2 . See Figure 10. 



25 

FIGURE 10 Folium curve: (x 2 + y 2 ) 2 = yxy 2 


solution First, find the points (1, y) on the curve. Setting x = 1 in the equation (x 2 + y 2 ) 2 = ^ xy 2 yields 

2 2 25 2 

(i + y> = j- r 

,* + 2,2 + 1 = 5,2 

4y 4 + 8y 2 + 4 = 25v 2 
4y 4 - 17y 2 +4 = 0 
(4y 2 - l)(y 2 - 4) = 0 

y 2 = \ or y 1 = 4 


Hence v = ±\ or y = ±2. Taking ^ of both sides of the original equation yields 


2(x 2 + y 2 )(2x + 2 yy') = y y 2 + y xyy' 

4(x 2 + y 2 )x + 4(x 2 + y 2 )yy' = y y 2 + yxyy' 

(4(x 2 + v 2 ) - yx)yv' = y y 2 - 4(x 2 + y 2 )x 

^v 2 -4(x 2 + y 2 )x 
y y(4(x 2 + y 2 ) - ^x) 


• At (1, 2), x 2 + y 2 = 5, and 


t = f 2 2 - 4(5) (1) = l 
2 ( 4 ( 5 )- ^( 1 )) “ 3 ' 


• At (1, -2), x 2 + y 2 = 5 as well, and 

, f (-2) 2 -4(5)(l) 1 

- v “ -2(4(5) -^(1)) “ 3' 


• At (1, \), x 2 + y 2 = |, and 



g: 

i 2 - 

- 4 | 


l(D 

7 I 

G(D 
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• At (1, - 2 ), x 2 + v 2 = and 


?( 

_V 

) 2 - 

- 4 | 

(t) 

1 (1) 

1 

~7 

( 4 (i) 

|- = 

¥<d) 


The folium and its tangent lines are plotted below: 



Exercises 51-53: If the derivative dx/dy ( instead of dy /dx = 0) exists at a point and dx / dy = 0, then the tangent line 
at that point is vertical 

51. Calculate dx/dy for the equation y 4 + 1 = v 2 + x 2 and find the points on the graph where the tangent line is vertical. 
solution Let y 4 + 1 = y 2 + x 2 . Differentiating this equation with respect to y yields 


. 3 dx 

4v 3 = 2y + 2x — , 
dy 

so 

dx 4y 3 — 2y y (2 y 2 — 1) 

dy 2x x 

f t ^ ^/^ . _ _ 

Thus, — = 0 when y = 0 and when y = ±— . Substituting y = 0 into the equation y 4 + 1 = y L + x l gives 
dy '2 


V2 


V3 


1 = x L , so x = ±1. Substituting y = -fc-^ , gives x L = 3/4, so x = =fc— . Thus, there are six points on the graph of 
y 4 + 1 = y 2 + x 2 where the tangent line is vertical: 

' s/3 V2\ ( V3 V2 


( 1 . 0 ), (- 1 , 0 ), 


2 ’ 2 


2 ’ 2 


•s/3 s/2 

T’ 2 


s/3 s/2 

“ 2 “’ 2 


53. CRS U se a computer algebra system to plot y 2 = x 3 - 4x for -4 < x < 4, 4 < y < 4. Show that if dx/dy = 0, 
then y = 0. Conclude that the tangent line is vertical at the points where the curve intersects the x-axis. Does your plot 
confirm this conclusion? 

solution A plot of the curve y 2 = x 3 - 4x is shown below. 



Differentiating the equation y 2 = x 3 


or 


4x with respect to y yields 


2y = 3x 2 


dx 

dy 


-4 


dx 
dy ’ 


dx 2 y 
dy 3x 3 — 4 


From here, it follows that ^ = 0 when y = 0, so the tangent line to this curve is vertical at the points where the curve 
intersects the x-axis. This conclusion is confirmed by the plot of the curve shown above. 
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In Exercises 55-58, use implicit differentiation to calculate higher derivatives. 

55. Consider the equation y 3 - \x 2 = 1. 

(a) Show that y' = x/y 2 and differentiate again to show that 

„ = y 2 — 2xyy' 
y v 4 


(b) Express y" in terms of x and y using part (a). 

SOLUTION 

(a) Let y 3 - \x 2 = 1. Then 3y 2 y' - 3x = 0, and y' = x/y 2 . Therefore, 

_y 2 -l-x- 2yy' _ y 2 - 2xyy' 

y — 4 — 4 

y 4 y 4 

(b) Substituting the expression for y' into the result for y" gives 

„ _ >’ 2 - lx y ( x /y 2 ) _ y 3 - 2.x 2 


57. Calculate y" at the point (1, 1) on the curve xy 2 + y - 2 = 0 by the following steps: 

(a) Find y' by implicit differentiation and calculate / at the point (1, 1). 

(b) Differentiate the expression for / found in (a). Then compute y" at (1, 1) by substituting x = 1, y = 1, and the 
value of y' found in (a). 


solution L et xy 2 + y — 2 = 0. 

(a) Then x ■ 2 yy' + y 2 • 1 + y' = 0, and y' = 

(b) Therefore, 


2xy + 1 


. At (x, y) = (1, 1), we have / 


1 

3' 


y" = 


(2xy + 1) (2vy ) - y i (2xy' 
Qxy + l) 2 


(3) (-I)-(D (-I + 2 ) 


3 2 


- 6 + 2-6 

27 


10 

27 


given that (x, y) = (1, 1) and y' = - - 


In Exercises 59-61, x and y are functions of a variable t and use implicit differentiation to relate dy /dt and dx /dt. 

59. Differentiate xv = 1 with respect to t and derive the relation — = -- — . 

dt x dt 

, dv dx . , dy v dx 

solution L et xy = 1. Then x— + y — = 0, and — = - . 

dt ’ dt dt x dt 

61. Calculate dy/dt in terms of dx/dt. 

(a) x 3 - y 3 = 1 (b) y 4 + 2xy + x 2 = 0 


SOLUTION 

(a) Taking the derivative of both sides of the equation x 3 - y 3 = 1 with respect to t yields 

.,2 dx -2 dy a dy x 2 dx 

dt ' dt dt y l dt 

(b) Taking the derivative of both sides of the equation y 4 + 2xy + x 2 = 0 with respect to t yields 

. -idv dy . dx _ dx 
4y 4 -3- + 2 x- 3- + 2y — + 2x— = 0, 
dt dt ' dt dt 


or 


dy x + y dx 

dt 2 y 3 + x dt 
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Further Insights and Challenges 

63. Show that if P lies on the intersection of the two curves x 2 - y 2 = c and xy = d(c,d constants), then the tangents 
to the curves at p are perpendicular. 

solution Let Cl be the curve described by x 2 - y 2 = c, and let C2 be the curve described by xy = d. Suppose that 
P = (jco > yo) lies on the intersection of the two curves x 2 - y 2 = c and xy = d. Since x 2 - y 2 = c, the chain rule gives 
us 2x - lyy' = 0, so that y = 2* = The slope to the tangent line to Cl is Ta. On the curve Cl, since xv = d, the 

product rule yields that xy' + y = 0, so that y' = Therefore the slope to the tangent line to Cl is -ffl. The two 
slopes are negative reciprocals of one another, hence the tangents to the two curves are perpendicular. 

65. Divide thecurvein Figure 14 

y 5 - y = x 2 y + x + 1 

into five branches, each of which is the graph of a function. Sketch the branches. 




X 


FIGURE 14 Graph Of ;y 5 -;y = x 2 ;y + ;t + l. 

solution T he branches are: 

• Upper branch: 




• Lower part of lower left curve: 



• Upper part of lower left curve: 



• Upper part of lower right curve: 


y 


l 


l 


2 


3 


4 
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• Lower part of lower right curve: 



3.9 Related Rates 

Preliminary Questions 

1. Assign variables and restate the following problem in terms of known and unknown derivatives (but do not solve it): 
How fast is the volume of a cube increasing if its side increases at a rate of 0.5 cm/s? 

solution Let s and V denote the length of the side and the corresponding volume of a cube, respectively. Determine 
w if 37 = °' 5 cm ' s - 

2. What is the relation between dV/dt and dr/dt if V = (^jrr 3 ? 

solution Applying the general power rule, we find ^ = 4jrr 2 |y. Therefore, the ratio is 4jrr 2 . 

In Questions 3 and 4, water pours into a cylindrical glass of radius 4 cm. Let V and h denote the volume and water level 
respectively, at time t. 

3. Restate this question in terms of dV/dt and dh/dt: How fast is the water level rising if water pours in at a rate of 
2 cm 3 /min? 

solution Determine ^ if ^ = 2 cm 3 /min. 

4. Restate this question in terms of dV/dt and dh/dt: At what rate is water pouring in if the water level rises at a rate 
of 1 cm/min? 

solution Determine if ^ = 1 cm/min. 


Exercises 

9 

In Exercises 1 and 2, consider a rectangular bathtub whose base is 18 ftr. 


1. How fast is the water level rising if water is filling the tub at a rate of 0.7 ft 3 /min? 


dV dh 

solution LetA betheheightof thewaterinthetuband V bethevolumeof thewater.Then V - 18 h and — = 18—. 
Thus 


dh _ 1 dV 
It = 18 ~dt 



0.039 ft/min. 


3. The radius of a circular oil slick expands at a rate of 2 m/min. 

(a) How fast is the area of the oil slick increasing when the radius is 25 m? 

(b) If the radius is 0 at time t = 0, how fast is the area increasing after 3 min? 

solution Let r be the radius of the oil slick and A its area. 

(a) Then A = m 2 and ^ Substituting r = 25 and ^ = 2, we find 

dA 1 

— = 2n (25) (2) = 1007T ^ 314.16 rrr/min. 
dt 

(b) Since ^ = 2 and r( 0) = 0, it follows that r ( t) = 2r. Thus, r(3) = 6 and 

— = In (6) (2) = 24?r « 75.40 m 2 /min. 
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In Exercises 5-8, assume that the radius r of a sphere is expanding at a rate of 30 cm/min. The volume of a sphere is 

A o n 

V = and its surface area is Vjrr . Determine the given rate. 


5. Volume with respect to time when r = 15 cm. 

solution As the radius is expanding at 30 centimeters per minute, we know that ^ = 30 cm/min. Taking ^ of the 
equation V = r 3 yields 


dV 

dt 




Substituting r = 15 and ^ = 30 yields 

dV -> n 

— = 47t(15)^ (30) = 27.000jt cnr/min. 


7. Surface area with respect to time when r = 40 cm. 

solution Taking the derivative of both sides of A = 47r* 2 with respect to t yields ^ = 87r r^. ^ = 30, so 

— = 8tt(40)(30) = 9600jt cm 2 /min. 


In Exercises 9-12, refer to a 5-meter ladder sliding down a wall, as in Figures 1 and 2. The variable h is the height of the 
ladder’s top at time t, and x is the distance from the wall to the ladder’s bottom. 


9. Assume the bottom slides away from the wall at a rate of 0.8 m/s. Find the velocity of the top of the ladder at t = 2 s 
if the bottom is 1.5 m from the wall at t = 0 s. 

solution Let x denote the distance from the base of the ladder to the wall, and h denote the height of the top of the 
ladder from the floor. The ladder is 5 m long, so h 2 + * 2 = 5 2 . At any time t, x — 1.5 + 0.8/. Therefore, at time t = 2, 
the base is* = 1.5 + 0.8(2) = 3.1 m from the wall. Furthermore, we have 


„ dh „ dx _ dh 

2 /; |-2* — =0 so — 

dt dt dt 


x dx 
h dt 


Substituting * = 3.1, h = V 5 2 - 3.1 2 and ^ = 0.8, we obtain 


dll 

dt 


3.1 

s/5 2 - 3.1 2 


( 0 . 8 ) 


-0.632 m/s. 


11. Suppose that /i (0) = 4 and the top slides down the wall at a rate of 1.2 m/s. Calculate* and dx/dt at r = 2 s. 
solution Let h and* bethe height of the ladder's top and the distance from the wall of the I adder's bottom, respectively. 
After 2 seconds, h = 4 + 2 (-1.2) = 1.6 m. Since A 2 + * 2 = 5 2 , 

* = s/5 2 - 1.6 2 = 4.737 m. 

dh dx dx h dh ,, 

Furthermore, we have 2/? h 2* — = 0, so that — = . Substituting h = 1.6, * = 4.737, and /A = -1.2, we 

dt dt dt x dt 

find 

dx 1.6 

— ^ ( - L2) ~°' 405 m / S - 


13. A conical tank has height 3 m and radius 2 m at the top. Water flows in at a rate of 2 m 3 /min. FI ow fast is the water 
level rising when it is 2 m? 

solution Consider the cone of water in the tank at a certain instant. Let r be the radius of its (inverted) base, h its 


height, and V its volume. By similar triangles, £ = | or r = 4h and thus V = i7rr 2 /z = 


jjjth 2 . 


Therefore, 


dV 


> dh 


= nith^- — , 


dt 


dt 


and 


dh 9 dV 

dt Anh 2 dt 


Substituting h = 2 and ^ = 2 yields 


dh 

dt 


9 ~> 9 
47T (2) 2 8jt 


0.36 m/min. 
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15. The radius r and height h of a circular cone change at a rate of 2 cm/s. How fast is the volume of the cone increasing 
when r = 10 and h = 20? 

solution Let r be the radius, h be the height, and V be the volume of a right circular cone. Then V = \jtr 2 h, and 


dV 

dt 


1 

r 


idh 
r L 1- 2 hr — 


dt 


dr 

dt 


When r = 10, h = 20, and ^ ^ = 2, wefind 

— = % (l0 2 -2 + 2 -20 -10 -2) 

dt 3 V / 


IOOOtt 

3 


1047.20 cm 3 /s. 


17. A man of height 1.8 meters walks away from a 5-meter lamppost at a speed of 1.2 m/s (Figure 9). Find the rate at 
which his shadow is increasing in length. 



FIGURE 9 


solution Since the man is moving at a rate of 1.2 m/s, his distance from the light post at any given time is jc = 1.2/. 
Knowing the man is 1.8 meters tall and that the length of his shadow is denoted by y, we set up a proportion of similar 
triangles from the diagram: 

y _ 1.2 t + y 
L8 “ 5 ' 

Clearing fractions and solving for y yields 

y = 0.675/. 


Thus, dy/dt = 0.675 meters per second is the rate at which the length of the shadow is increasing. 

19. At a given moment, a plane passes directly above a radar station at an altitude of 6 km. 

(a) The plane's speed is 800 km/h. How fast is the distance between the plane and the station changing half a minute 
later? 

(b) How fast is the distance between the plane and the station changing when the plane passes directly above the station? 

solution Let x be the distance of the plane from the station along the ground and h the distance through the air. 

(a) By the Pythagorean Theorem, we have 

h 2 = x 2 + 6 2 = x 2 + 36. 


dh dx dh x dx , , 

Thus 2 k — = 2x — , and — = .After half a minute, x = k 

dt sit nt h rtf 


dt dt h dt 


1 ~ 1 

5U 


800 = kilometers. With x — 25, 


h=J[ y) +36= -^724 = 8.969 km, 


and ^ = 800, 


dh 20 3 X 800 = ^ 594.64 km/h. 


dt 3 2v / l8T 


n/18T 


(b) When the plane is directly above the station, x = 0, so the distance between the plane and the station is not changing, 
for at this instant we have 


dh 0 

— = - x 800 = 0 km/h. 
dt 6 
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21 . A hotair balloon rising vertically is tracked by an observer located 4 km from the lift-off point. At a certain moment, 
the angle between the observer's line of sight and the horizontal is y, and it is changing at a rate of 0.2 rad/min. How fast 
is the balloon rising at this moment? 

solution Lety be the height of the balloon (in miles) and 9 the angle between the line-of-sightand the horizontal. Via 

y 

trigonometry, we have tan 9 = -.Therefore, 


and 


2 dO 
sec z 9 ■ — 

i it 


dy dd 

— = 4 — 
dt dt 


_ 1 dy 

= lit' 
see 2 #. 


Using jy = 0-2 and 9 = y yields 


— = 4 (0.2) — =1 sb 1.22 km/min. 

dt cos 2 (jr/5) 


23 . A rocket travels vertically at a speed of 1200 km/h. The rocket is tracked through a telescope by an observer located 
16 km from the launching pad. Find the rate at which the angle between the telescope and the ground is increasing 3 min 
after lift-off. 

solution Lety be the height of the rocket and 9 the angle between the telescope and the ground. Using trigonometry, 
we have tan 9 = ^.Therefore, 


and 


2 d9 1 dy 
sec 2 9 ■ — = — — , 
dt 16 dt 


d9 COS 2 9 dy 

dt 16 dt 


After the rocket has traveled for 3 minutes (or ^ hour), its height is ^ x 1200 = 60 km. At this instant, tan 9 = 60/16 = 
15/4 and thus 


cose = 


Vl5 2 + 4 2 V24T 


Finally, 


d9 16/241 1200 „ 

— = -4r^~ (1200) = — — ss 4.98 rad/hr. 
dt lb l 41 


25 . A police car traveling south toward Sioux Falls at 160 km/h pursues a truck traveling east away from Sioux Falls, 
Iowa, at 140 km/h (Figure 11). At time t = 0, the police car is 20 km north and the truck is 30 km east of Sioux Falls. 
Calculate the rate at which the distance between the vehicles is changing: 

(a) At time i = 0 

(b) 5 minutes later 



solution Let y denote the distance the police car is north of Sioux Falls and x the distance the truck is east of Sioux 
Falls. Then y = 20 - 160/ and x = 30 + 140/. If l denotes the distance between the police car and the truck, then 

t 2 = x 2 + y 2 = (30 + 140/) 2 + (20 - 160/) 2 
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and 


= 140(30 + 1400 - 160(20 - 1600 = 1000 + 45,200r. 
at 


(a) At t = 0, l = 7302 + 20 2 = 10+13, so 

dl 1000 100yi3 


dt lO-s/13 13 


27.735 km/h. 


(b) Atr = 5 minutes = ^ hour, 


£ = , 30 + 140-— + ( 20 — 160 • — ) ^ 42.197 km 


and 


12 


dl 1000 + 45,200-^ 
di = 42.197 


12 


112.962 km/h. 


27. In the setting of Example 5, at a certain moment, the tractor's speed is 3 m/s and the bale is rising at 2 m/s. How far 
is the tractor from the bale at this moment? 

solution F rom Example 5, we have the equation 


. dx 
c dT 


dh 
dt ' 


/t 2 + 4.5 2 

where x denote the distance from the tractor to the bale and h denotes the height of the bale. G iven 


dx dh 

— = 3 and — = 2, 
dt dt 


it follows that 


3 x 

V'4.5 2 +x 2 


= 2 , 


which yields x = V16.2 « 4.025 m. 

29. Julian is jogging around a circular track of radius 50 m. In a coordinate system with origin at the center of the track, 
Julian's x-coordinate is changing at a rate of -1.25 m/s when his coordinates are (40, 30). Find dy/dt at this moment. 

solution W e have x 2 + y 2 = 50 2 , so 


_ dx . dy . 
2x— + 2y-f- =0 
dt dt 


or 


dy 

dt 


x dx 
y dt 


Given x = 40, y = 30 and dx/dt = -1.25, wefind 


dy 

dt 


40 

30 


(-1-25) 


5 

3 


m/s. 


In Exercises 31 and 32, assume that the pressure P (in kilopascals) and volume V (in cubic centimeters) of an expanding 
gas are related by PV h = C, where b and C are constants (this holds in an adiabatic expansion, without heat gain or 
loss). 

31. Find dP /dt if b = 1.2, p = 8 kPa, V = 100 cm 2 , and dV /dt = 20 cm 3 /min. 
solution L et P V b = C. T hen 


and 


PbV 


b - 1 


dV 

dt 


+ V D 


,dP 

dt 


= 0 . 


dP _ Pb dV 

dt V dt 

Substituting b = 1.2, P = 8, V = 100, and ^ = 20, wefind 

d_P_ = (8) (1.2) 

dt 100 


(20) = -1.92 kPa/min. 
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33 . The base a- of the right triangle in Figure 14 increases at a rate of 5 cm/s, while the height remains constant at/? = 20. 
How fast is the angle 0 changing when x = 20? 



FIGURE 14 


solution We have cote = — , from which 


7 dd 

■ esc 2 e ■ — 

dt 


1 dx 
20 ~dt 


and thus 


d9 Si n 2 0 dx 
dt 20 dt 


We are given ^ = 5 and when x = h = 20, 0 = Hence, 


dd 

dt 



1 

8 


rad/s. 


35 . A particle travels along a curve y = fix) as in Figure 15. Let Lit) be the particle's distance from the origin. 

(a) Show that — = ( A ) — if the particle's location at timer is P = (a, fix)). 

dt \ sjx 1 + fix) 2 ) dt 

(b) Calculate L'it) when a = 1 and x = 2 if fix) = f 3a 2 - 8a + 9 and dx/dt = 4. 


y 



SOLUTION 

(a) If the particle's location at timer is P = (a, fix)), then 


Thus, 


Lit) = J + fixY 


dL 

dt 


^ix 2 + fix) 2 ) 1/2 ^2a^ + 2/(a)/'(a)^ j = 


(b) Given fix) = fix 2 - 8a + 9, it follows that 

fix) 


3a -4 

fix 1 -8a + 9' 


Let's start with a = 1. Then /( 1) = 2, /'( 1) = and 


dL 

dt 


1-1 

ff + f 


(4) = 0. 


W ith a = 2, /(2) = V5, /'(2) = 2/V5 and 


dL 

dt 


, 2 + 2 (4) = y 

y 2 2 + vs 2 3 


* + /(*)/' ( a ) ^ ff 

^A 2 + /(A) 2 / <*' 
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Exercises 37 and 38 refer to the baseball diamond (a square of side 90 ft) in Figure 16. 


Second base 



FIGURE 16 


37 . A baseball player runs from home plate toward first base at 20 ft/s. How fast is the player's distance from second base 
changing when the player is halfway to first base? 

solution Letx be the distance of the player from home pi ate and h the player's distance from second base. Using the 
Pythagorean theorem, we have A 2 = 90 2 + (90 - x) 2 . Therefore, 


dh 


2/? — — = 2 (90 — x) \ — — 


dt 


dx 


dt 


and 


dh 90 — x dx 
dt h dt 


We are given ^ = 20. W hen the player is halfway to first base, x = 45 and h = V90 2 + 45 2 , so 


dh 

dt 


, (20) = — 4\/5 « -8.94 ft/s. 

v/90 2 + 45 2 


39 . The conical watering pail in Figure 17 has a grid of holes. Water flows out through the holes at a rate of kA m 3 /min, 
where k is a constant and A is the surface area of the part of the cone in contact with the water. This surface area 
is A = nrs/h 2 + r 2 and the volume is V = \jtr 2 h. Calculate the rate dh/dt at which the water level changes at 
h = 0.3 m, assuming that k - 0.25 m. 



solution By similar triangles, we have 


FIGURE 17 


r 0.15 1 1 

h ~ 0A5 = 3 S ° r= 3 h - 


Substituting this expression for r into the formula for V yields 


v= r (\ h ) = 


F rom here and the problem statement, it follows that 

dV 1 7 dh 


av i -> an „ „ ^ 

= —7th 2 — = —kA = —0.25 Ttry/ A 2 + r 2 . 

dt 9 dt 


164 CHAPTER 3 | DIFFERENTIATION 


Solving for dh/dt gives 


dh 

dt 



When h = 0.3, r = 0.1 and 


— = - j-^-v/0.3 2 + 0.1 2 = -0.79 m/min. 
dt 4 0.3 2 


Further Insights and Challenges 

41. A roller coaster has the shape of the graph in Figure 19. Show that when the roller coaster passes the point (x, /(*)), 
the vertical velocity of the roller coaster is equal to f'(x) times its horizontal velocity. 


solution Let the equation y = f(x) describe the shape of the roller coaster track. Taking £ of both sides of this 
equation yields ^ = f'(x)^. In other words, the vertical velocity of a car moving along the track, ^ , is equal to /'(-*) 
times the horizontal velocity, 

43. As the wheel of radius r cm in Figure 20 rotates, the rod of length L attached at point P drives a piston back and 
forth in a straight line. Letx be the distance from the origin to point Q at the end of the rod, as shown in the figure. 

(a) U se the Pythagorean T heorem to show that 


(c) Calculate the speed of the piston when 9 = j, assuming that r = 10 cm, L = 30 cm, and the wheel rotates at 4 
revolutions per minute. 



FIGURE 19 Graph of /(x) as a roller coaster track. 


L 2 = (x - r COS 9) 2 + r 2 Si n 2 9 


H 


(b) Differentiate Eq. (6) with respect to t to prove that 




Piston moves 
back and forth 


X 


FIGURE 20 


solution From the diagram, the coordinates of P are ( r cose, r si n 0) and those of Q are (x, 0). 
(a) The distance formula gives 



Thus, 


L 2 = (x - r COS 9) 2 + r 2 si n 2 9. 


Note that L (the length of the fixed rod) and r (the radius of the wheel) are constants. 
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(b) From (a) we have 


. / dx d6\ _ ■) . dd 

0 = 2 (x — r COS 0) ( 1- r Sine — + 2 r Sin 9 COS 6 — . 

\dt dt ) dt 

(c) Solving for dx/dt\n (b) gives 

d x r 1 2 sinecose^ . de rx sine# 

— = 2L - rsine— = SL. 

dt r COSe— x dt rCOSd — x 


With e = r = 10, L = 30, and ^ = 8?r, 


dx _ (10) (x) (sin j) (8jt) 
dt (10) (0) — x 


-251.33 cm/min 
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In Exercises 1—4, refer to the function fix) whose graph is shown in Figure 1. 



1. Compute the average rate of change of fix) over [0, 2], W hat is the graphical interpretation of this average rate? 
solution The average rate of change of fix) over [0, 2] is 

/ (2) - /( 0) _ 7 - 1 
2-0 2-0 

Graphically, this average rate of change represents the slope of the secant line through the points (2. 7) and (0, 1) on the 
graph of fix). 

3. Estimate + — — f or p - o.3. Is this number larger or smaller than /'(0.7)? 

h 

solution For/r = 0.3, 


/(0.7 + h)~ /( 0.7) _ /( 1) - /(0.7) _ 2.8 - 2 _ 8 
h ~ 0.3 0.3 _ 3‘ 

Because the curve is concave up, the slope of the secant line is larger than the slope of the tangent line, so the value of 
the difference quotient should be larger than the value of the derivative. 

In Exercises 5-8, compute f'(a) using the limit definition and find an equation of the tangent line to the graph of fix) 
at x = a. 

5. fix) = x 2 — x, a = 1 
solution Let fix) = x 2 — x and a = 1. Then 


fia) = lim /(a + /i) - /(0) = lim (1 + *) 2 - (l + ») - d 2 - D 
/?-> 0 h h->0 h 

1 + 2/! + /? 2 — 1 — h 

= lim = lim(l + /i) = l 

h — ► 0 h h-* 0 


and the equation of the tangent line to the graph of fix) atx = a is 


y = f'(a)(x — a) + fia) = l(x — 1) + 0 = x — 1. 
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7. f(x) = x a = 4 

solution Let fix) = x _1 and a = 4. Then 


, .. f{a + h) — f(a ) .. 

f\a) = lim 7 — — - = lim 
h^O h h-tO 


-1 

= lim — 

/i->- 0 4(4 + /?) 


1 

4+/i 


4(4 + 0) 

and the equation of the tangent line to the graph of fix) at* = a is 


h 

1 

16 


= lim 


4 - (4 + h) 


A-*- 0 4/z (4 + h) 


y = f'(a){x - a) + f (a) = - — (x - 4) + - = x + 

16 4 16 2 


In Exercises 9-12, compute dy /dx using the limit definition. 

9. y = 4 — X 2 

solution Let y = 4 — x . Then 

rfy 4 — (x + hf — (4 — f) 4 — f — 2xh — f — 4 + x^ 

dx h->0 h h-> 0 h 


lim (— 2x — h ) = — 2x — 0 = —2x. 
h — >■ 0 


11. y = 


1 

2 — x 


SOLUTION 


Let y = 


1 

2 — x 


. Then 


^ = Mm A = iim (2-x)-(2-x-/z) = |jm 1 = 1 

dx /i->0 h h- >0 h(2 — x — h)(2 — x) /;->-0 (2 — x — /i)(2 — x) (2— x)* 


/;z Exercises 13-16, express the limit as a derivative. 


13. lim 

h^O 


fl + h-1 
h 


solution L et fix) = *Jx. T hen 


lim 

/!->■ 0 


v'T+T- 1 
h 


lim 

h^o 


f( 1 + ft) - /CD 

h 


fa). 


.. Sin T COS T 
15. lim 


solution Let/(i) = si n t cos t and note that /(n-) = sin7rcos7r = O.Then 


si n t cos r fit)- fin) , 

lim = lim — — = fin). 

t-*7T t — 71 t-m t — TC 


17. Find /( 4) and /'( 4) if the tangent line to the graph of /(x) atx = 4 has equation y = 3x - 14. 

solution The equation of the tangent line to the graph of fix ) at x = 4 is y - /'( 4)(x - 4) + /(4) = /'(4)x + 
(/(4) - 4/'(4)). M atching this to y = 3x - 14, we see that /'( 4) = 3 and /(4) - 4(3) = -14, so /( 4) = -2. 

19. Is (A), (B), or (C) the graph of the derivative of the function /(x) shown in Figure 3? 



y y y 



(A) (B) (C) 

FIGURE 3 
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solution The graph of f(x) has four horizontal tangent lines on [-2, 2], so the graph of its derivative must have four 
x- intercepts on [-2, 2], This eliminates (B). M oreover, /(x) is increasing at both ends of the interval, so its derivative 
must be positive at both ends. This eliminates (A) and identifies (C) as the graph of f'(x). 

21. A girl's height h(t) (in centimeters) is measured at time t (in years) for 0 < t < 14: 

52, 75.1, 87.5, 96.7, 104.5, 111.8, 118.7, 125.2, 

131.5, 137.5, 143.3, 149.2, 155.3, 160.8, 164.7 

(a) W hat is the average growth rate over the 14-year period? 

(b) Is the average growth rate larger over the first half or the second half of this period? 

(c) Estimate lift) (in centimeters per year) for t = 3, 8. 


SOLUTION 

(a) The average growth rate over the 14-year period is 


164.7 - 52 
14 


= 8.05 cm/year. 


(b) Over the first half of the 14-year period, the average growth rate is 

125.2 - 52 _ nAC , 
R* 10.46 cm/year, 


which is larger than the average growth rate over the second half of the 14-year period: 

164.7 - 125.2 , 

S3 5.64 cm/year. 


(c) For t = 3, 


for t = 8, 


1/(3) S3 


h\ 8) « 


A (4) -h(3) 

4^3 


/i(9)-/i(8) 

9^8 


104.5 - 96.7 

I 


= 7.8 cm/year: 


137.5-131.5 

T 


= 6.0 cm/year. 


In Exercises 23 and 24, use the following table of values for the number A(t) of automobiles (in millions) manufactured 
in the United States in year t. 


t 

1970 

1971 

1972 

1973 

1974 

1975 

1976 

A(0 

6.55 

8.58 

8.83 

9.67 

7.32 

6.72 

8.50 


23. What is the interpretation of A'(t)l Estimate A'(1971). Does A' (1974) appear to be positive or negative? 

solution Because A(t) measures the number of automobiles manufactured in the United States in year t, A'(t) 
measures the rate of change in automobile production in the U nited States. For t = 1971, 


A'(1971) 


A(1972) - A(1971) 
1972 - 1971 


8.83-8.58 

1 


= 0.25 million automobiles/year. 


B ecause A(t) decreases from 1973 to 1974 and from 1974 to 1975, it appears that A'(1974) would be negative. 


In Exercises 25-50, compute the derivative. 

25. y = 3x 5 - lx 1 + 4 
solution L et y = 3x 5 - 7x 2 + 4. T hen 


dx 


15x 4 - 14x. 


27. y = t~ 13 

solution Let y = f -7 - 3 . Then 


^ = -7.3r- 83 . 
dt 
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29. y = 


x + 1 
x 2 + l 


SOLUTION 


it- -t + 1 T , 

Let y = -= .Then 

x 2 + 1 


dy 

dx 


(. x 2 + 1)(1) - (x + l)(2x) 
(. x 2 + l) 2 


1 — lx — x 2 
(x 2 + 1) 2 


31. y — (x 4 — 9.x)® 

solution Let y = (x 4 - 9x)®. T hen 

— = 6(x 4 — 9x)® — (x 4 — 9x) = 6(4x 3 — 9)(x 4 — 9x)®. 
dx dx 


33. y = (2 + 9x 2 ) 3 / 2 
solution Lety = (2 + 9x 2 ) 3 / 2 . Then 

— = |(2 + 9.x 2 ) 1 / 2 — (2 + 9x 2 ) = 27x(2 + 9x 2 ) 1 / 2 . 
dx 2 dx 


35. y = 


z 

VI — z 


solution I et y = " . Then 


Vy 

dz 


l- z 


1-z+f 2-Z 

(1 - z) 3 / 2 2(1 - z) 3 / 2 ' 


37. v = 

SOLUTION 



Then 


y = 


T" ->/x 


= x 2 +x“ 3 / 2 . 





41. y = tan (t 3 ) 

solution Lety = tan(r -3 ). Then 

= sec 2 (f~ 3 )-^f -3 = — 3/ — 4 sec 2 (? — 3 ). 
dt dt 


43. y = sin(2x)cos 2 x 

solution Lety = sin(2x)cos 2 x = 2 sin x cos 3 x. Then 

dy r ■ 1 7 ~ 4 

-f- = -6sin z xcos z x + 2cos^x. 
dx 
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45. v = 


t 

1 + sec t 


solution L et v = . T hen 

1 + sec t 


dy 1 + sec t - i sec t tan t 
dt (1 + sec/) 2 


47. y = 


8 


1 + cote 

SOLUTION L et y — 


8 


l + cote 


= 8(1 + cote) .Then 

% = —8(1 + cote) -2 -^-(l + cote) 
ad dO 


8 CSC 2 e 
(l + cote) 2 ' 


1 ^ 

sec 2 (Vl + csce) — V 1 + esc e 

dx 

sec 2 (Vl + csce) • ^(l + csce) _1/2 — (l + csce) 

2 dx 

sec 2 (VI + csce) esc e cot e 
2(Vi + csce) 

In Exercises 51-56, use the following table of values to calculate the derivative of the given function at x = 2. 


X 

fix) 

g(x) 

fix) 

*'(*) 

2 

5 

4 

-3 

9 

4 

3 

2 

-2 

3 


51. Six) = 3 f(x) - 2 g(x) 

solution Let S(x) = 3 fix) - 2gix). Then S\x) = 3 fix) - 2 g\x) and 

S' (2) = 3/' (2) - 2g'(2) = 3( — 3) - 2(9) = -27. 


49. y = tan (Vl + esc e) 

SOLUTION 

dy_ 

dx 


53. Rix) = 

SOLUTION 


fix) 
g(x ) 

Let7?(x) = fix)/gix). Then 


, gix)f\x) - fix)g'ix) 

R ix) = , 

Six ) 2 

and 

, p _ ^(2)/'(2) - / (2)g'(2) _ 4(-3) - 5(9) 
g(2) 2 4 2 


57 

16' 


55. Fix) = fig(2x)) 

solution Let Fix) = fig(2x)). Then F'ix) = 2f'ig(2x))g'(2x) and 

F'i 2) = 2/'(g(4))V(4) = 2/'(2)g'(4) = 2(-3)(3) = -18. 


57. Find the points on the graph of V - y 3 = 3xy - 3 where the tangent line is horizontal. 
solution U se implicit differentiation: 


3a- 2 - 3y V = 3y + 3xy' 
3x 2 - 3 y = y'(3x + 3v 2 ) 
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The tangent line is horizontal at those points on the graph where y = x 2 . Substituting x 2 for y in the equation of the 
graph gives 

x 3 - x 6 = 3x 3 - 3, or x 6 + 2x 3 - 3 = 0 

Treating this as a quadratic equation in x 3 gives x 3 - 1 and x 3 = -3. Thus the x-values of the points on the curve 
where the tangent is horizontal arex = 1 and x = ^-3. Since we know that at these points y = x 2 , the corresponding 
v-coordi nates are 1 and (-3) 2 / 3 = 3 2 / 3 . Thus the coordinates of the points at which the tangent line to this graph are 
horizontal are (1, 1) and (-3 1 / 3 , 3 2 / 3 ). 

59. Find a such that the tangent lines v = x 3 - 2x 2 + x + latx = aandx = a + l are parallel. 

solution Let f(x) = x 3 - 2x 2 + x + 1. Then f'(x) = 3x 2 - 4x + 1 and the slope of the tangent line at x = a is 
f{a) = 3 a 2 - 4a + 1, while the slope of the tangent line atx = a + 1 is 

f'(a + 1) = 3 (a + l) 2 — 4 (a + 1) + 1 = 3 (a 2 + 2a + 1) — 4a — 4 + 1 = 3 a 2 + 2a. 

In order for the tangent lines atx = a and x = a + 1 to have the same slope, we must have f\a) = f\a + 1), or 

3 a 2 — 4fl + 1 = 3« 2 + 2a. 

The only solution to this equation is a - The equation of the tangent line atx = i is 



and the equation of the tangent line atx = £ is 



The graphs of /(x) and the two tangent lines appear below. 



In Exercises 60-63, let f(x) = x 3 — 3x 2 + x + 4. 

61. For which values of x are the tangent lines to y = f{x) horizontal? 

solution The tangent lines are horizontal when the derivative vanishes. From the previous problem, /'(x) = 3x 2 - 

s/6 

6x + 1, which is zero when x = 1 ± 

63. Find all values of k such that f(x) has only one tangent line of slope A:. 

solution The tangent line has slope k when fix) = 3x 2 - 6x + 1 = k, so that 3x 2 - 6x + (1 - k) = 0. There is 
exactly onepointwherethetangentlinehas slope A- if this equation has only one root, which occurswhen its discriminant 
is zero. The discriminant of this quadratic is 36 - 4 • 3 ■ (1 - k) = 24 + 12A, so that k - -2. Thus k = -2 is the only 
such value of k. 

In Exercises 65-70, calculate y" . 

65. y = 12x 3 - 5x 2 + 3x 
solution Let y = 12x 3 — 5x 2 + 3x. Then 

y’ = 36x 2 - lOx + 3 and y" = 72x - 10. 

67. y = s/2x + 3 

solution Lety = s/2x + 3 = (2x + 3) 1/ ' 2 . Then 

y’ = i(2x + 3)- 1 / 2 — (2x + 3) = (2X + 3)- 1 / 2 and y" = ~(2x + 3)“ 3 / 2 — (2x + 3) = -(2x + 3)“ 3 / 2 . 

2 dx 2 dx 


69 . y = tan(x 2 ) 

solution Let y = tan (x 2 ). Then 
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y' = 2xsec 2 (x 2 ) and 


y" = 2x ( 2 sec(x z )-^- sec(x z ) ) + 2 sec 2 (x 2 ) = 8x z sec z (x z ) tan(x z ) + 2 sec z (x z ). 


r 2 , 2 , 


-. 2 , 2 . 


In Exercises 71-76, compute — . 

ax 

71 . X 3 - y 3 = 4 

solution Consider the equation x 3 - y 3 = 4. Differentiating with respecttox yields 

3x 2 - 3y 2 — = 0. 
dx 

Therefore, 

dy x 
dx y2 


73 . y = xy 2 + 2x 2 

solution Consider the equation y = xy 2 + 2x 2 . Differentiating with respecttox yields 


Therefore, 


2,y d / + yl + t,. 
dx dx 


dy y 2 + 4x 
dx 1 — 2xy 


75 . y = sin(x + y) 

solution Consider the equation y = sin(x + v). Differentiating with respect to x yields 


Therefore, 


— = cos(x + y) 
dx 




dy COS(x + y) 
dx 1 — COS(x + y) 


77 . In Figure 5, label the graphs f, f, and f". 




FIGURE 5 


solution First consider the plot on the left. Observe that the green curve is nonnegative whereas the red curve is 
increasing, suggesting that the green curve is the derivative of the red curve. M oreover, the green curve is linear with 
negative slope for x < 0 and linear with positive slope for x > 0 while the blue curve is a negative constant for x < 0 
and a positive constant for x > 0, suggesting the blue curve is the derivative of the green curve. Thus, the red, green and 
blue curves, respectively, are the graphs of /, f and f". 

Now consider the plot on the right. Because the red curve is decreasing when the blue curve is negative and increasing 
when the blue curve is positive and the green curve is decreasing when the red curve is negative and increasing when the 
red curve is positive, it follows that the green, red and blue curves, respectively, are the graphs of /, f and f". 
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Exercises 79-81: Let q be the number of units of a product (cel! phones, barrels of oil, etc.) that can be sold at the price p. 
The price elasticity of demand E is defined as the percentage rate of change ofq with respect to p. In terms of derivatives, 


p dq (100A q) q 

= I im — — — — - 

q dp Ap—>0 (100Ap)/p 


79. Show that the total revenue R = pq satisfies — = q{ 1 + £). 

dp 

solution Let R = pq. Then 


dR d( l , P d< l , , n 

— = p— + q = q-— + q= q(E + 1). 
dp dp q dp 


81. The monthly demand (in thousands) for flights between Chicago and St. Louis at the price p is q = 40 - 0.2 p. 
Calculate the price elasticity of demand when p = $150 and estimate the percentage increase in number of additional 
passengers if the ticket price is lowered by 1%. 

solution Letg = 40 - 0.2p. Then q'{p) = -0.2 and 


E( P ) = 



dq 

dp 


0.2p 

0.2/? — 40 ' 


For p - 150, 


£(150) = 


0.2(150) 
0.2(150) -40 


= -3, 


so a 1% decrease in price increases demand by 3%. The demand when p = 150 is q = 40 - 0.2(150) = 10, or 10,000 
passengers. Therefore, a 1% increase in demand translates to 300 additional passengers. 

83. The minute hand of a clock is 8 cm long, and the hour hand is 5 cm long. How fast is the distance between the tips 
of the hands changing at 3 o'clock? 

solution Let S be the distance between the tips of the two hands. By the law of cosines 


5 2 = 8 2 + 5 2 — 2 - 8 ■ 5cos(6»), 


where 6 is the angle between the hands. Thus 


25 


dS 

dt 


80 si n (0) 


d9 

dt 


Atthreeo'clock 9 = tt/2, 5 = 789 , and 

d6 ( Tt Jt \ , 11 TV 

~T = ) rad/min = -— rad/min, 

dt V 360 30/ 360 

so 

dS 1 — ll:rr 

— = — — (80)(1) — — -0.407 cm/min. 

dt 2^89 360 

85. A bead slides down the curve xy = 10. Find the bead's horizontal velocity at time t = 2 s if its height at time t 
seconds is y = 400 - 16/ 2 cm. 

solution Let .*y = 10. Then x = 10/y and 


dx 10 dy 

dt y2 dt 

If y = 400 - 16r 2 , then ^ = -32r and 

dx _ 10 _ 320? 

It ~ ~ (400 - 16/ 2 ) 2 _ 0 ^ (400 - 16f 2 ) 2 ‘ 

Thus, at t = 2, 


dx 640 
~di = (3367 


0.00567 cm/s. 
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87. A light moving at 0.8 m/s approaches a man standing 4 m from a wall (Figure 9). The light is 1 m above the ground. 
How fast is the tip P of the man's shadow moving when the light is 7 m from the wall? 



solution Let x denote the distance between the man and the light. Using similar triangles, we find 


Therefore, 


0.8 _ P — 1 
x 4 + x 


or 


P = — + 1.8. 

x 


dP 3.2 dx 

dt x 2 dt 


When the light is 7 feet from the wall, x = 3. With ^ = -0.8, we have 

— = -^(-0.8) = 0.284 m/s. 
dt 


4 APPLICATIONS OF 
THE DERIVATIVE 


4.1 Linear Approximation and Applications 

Preliminary Questions 

1. True or False? The Linear Approximation says that the vertical change in the graph is approximately equal to the 
vertical change in the tangent line. 

solution T his statement is true. The li near approximation does say thatthe vertical change in thegraph is approximately 
equal to the vertical change in the tangent line. 

2. Estimate g ( 1.2) - g (l) if g'(l) = 4. 
solution Using the LinearApproximation, 

*(1.2) - *(1) « g'(l)(1.2 - 1) = 4(0.2) = 0.8. 

3. Estimate /(2.1) if /( 2) = 1 and /'( 2) = 3. 
solution Using the Linearization, 

/ (2.1) « /( 2) + /'(2)(2.1 - 2) = 1 + 3(0.1) = 1.3 

4. Complete the sentence: The Linear Approximation shows that up to a small error, the change in output A/ is directly 
proportional to ... . 

solution The Linear Approximation tells us that up to a small error, the change in output A / is directly proportional 
to the change in input Ax when Ax is small. 

Exercises 

In Exercises 1-6, use Eq. (1) to estimate A f = /(3.02) — /( 3). 

1. fix) — x 2 

solution Let fix) = x 2 . Then fix) = 2x and A / ^ /'( 3) Ax = 6(0.02) = 0.12. 

3. fix) = x -1 

i -> 1 

solution Let/(x) = x . Then fix) = -x 2 and A/ ^ /'(3)Ax = — — (0.02) = -0.00222. 

9 

5. fix) = f x + 6 

solution Let fix) = fx + 6. Then /'(x) = j(x + 6) -1 / 2 and 

A / ~ f' (3) Ax = ^ 9 -1 / 2 (0.02) = 0.003333. 

7. The cube root of 27 is 3. How much larger is the cube root of 27.2? Estimate using the Linear Approximation. 
solution Let fix) = x 1 / 3 , a = 27, and Ax = 0.2. Then fix) = ^x -2 / 3 and /'(a) = f'Q.1) = The Linear 
Approximation is 

A / « fia) Ax = ^(0.2) = 0.0074074 


In Exercises 9-12, use Eq. (1) to estimate A/. Use a calculator to compute both the error and the percentage error. 

9. fix) = Vl + x, a = 3, Ax = 0.2 

solution Let fix ) = (1 + x) 1 / 2 , a = 3, and Ax = 0.2. Then fix ) = ^ (1 + x) -1 / 2 , f'if = f'i 3) = \ and 
A / « fia) Ax = |(0.2) = 0.05. The actual change is 

A / = /(a + Ax) - fia) = /(3.2) - y (3) = TO - 2 « 0.049390. 


The error in the Linear Approximation is therefore |0. 049390 - 0.05 1 = 0.000610; in percentage terms, the error is 


0.000610 


x 100% 


1.24%. 


0.049390 
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11. fix ) — j, a = 3, Ax = 0.5 

1 + x 1 

solution Let f(x) = a - 3, and Ax = 0.5. Then fix) = - (1 _^+2 ■ /'(a) = /'(3) = -0.06 and 

A/ w f'ia)Ax = -0.06(0.5) = -0.03. The actual change is 

A / = /(a + Ax) - /(a) = y (3.5) - /( 3) « -0.0245283. 

The error in the Linear Approximation is therefore | - 0.0245283 - (-0.03)1 = 0.0054717; in percentage terms, the 
error is 


0.0054717 

-0.0245283 


x 100% 


22.31% 


In Exercises 13-16, estimate Ay using differentials [Eq. (3)J. 

13. y — cosx, a = dx = 0.014 

solution Let/(x) = cosx.Then fix) = -sinx and 


Ay « dy = f\a)dx = — sin ^ (0.014) 


-0.007. 


10 - x 2 
2+x 2 


15. v =?■< =-, a = l, dx = 0.01 

^ ■ >-2 


10 - x 2 

solution Let fix) = Then 

2 + x L 


fix) = 


(2 + x 2 )(— 2x) — (10 — x 2 )(2x) 


(2 + x 2 ) 


2^2 


and 


24x 

(2 + x 2 ) 2 


Ay ~ dy = f )a)dx = — — (0.01) = —0.026667. 


In Exercises 17-24, estimate using the Linear Approximation and find the error using a calculator. 
17. V26-V25 

solution Let fix) = fx, a = 25, and Ax = 1. Then fix) = \x~ l ! 2 and f\a) = /'(25) = 

• The Li near Approximation is A / rs fia) Ax = to (1) = 0- 1 ' 

• The actual change is A/ = fia + Ax) - fia) = /(26) - /(25) « 0.0990195. 

• The error in this estimate is 1 0.0990195 - 0.1| = 0.000980486. 


19 - - 

•v/ioi 10 

solution Let fix) = -j=, a = 100, and Ax = 1. Then fix) = j^(+ -1 / 2 ) = —\x~^i 2 and fia) = = 

-0.0005. 

• The Li near Approximation is A / rs f\a) Ax = -0.0005(1) = -0.0005. 

• The actual change is 


A / = fia + Ax) - fia) = — L= - 4 = -0.000496281. 
VlOl 10 

The error in this estimate is |-0.0005 - (-0.000496281)1 = 3.71902 x 10 -6 . 


21. 9 1 / 3 - 2 

solution Let fix) = x 1 / 3 , a = 8, and Ax = 1. Then fix) = ^x -2 / 3 and fia) = f(8) = jj 

• The Li near Approximation is A / rs fia) Ax = ^(1) = 0.083333. 

• The actual change is A / = fia + Ax) - f(a) = /( 9) - /(8) = 0.080084. 

• The error in this estimate is 1 0.080084 - 0.083333| rs 3.25 x 10 -3 . 
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23. sin(0.023) 

solution Let f{x) = sinx, a = 0, and Ax = 0.023. Then f'(x) = cosx and f'(a) = /'( 0) = 1. 

• The Linear Approximation is A / ^ f'(a) Ax = 1 • 0.023 r* 0.023. 

• The actual change is A / = f(a + Ax) - f(a) = /(0.023) - /(0) w 0.02299797. 

• The error in this estimate is |0.023 - 0.02299797| k» 2 x 10 -6 . 

25. Estimate /(4.03) for f(x) as in Figure 8. 





solution Using the Linear Approximation, /(4.03) kb /( 4) + /'(4)(0.03). From the figure, we find that /( 4) = 2 
and 


/'( 4) 


4-2 

10-4 


1 

3' 


Thus, 


/ (4.03) 


2+ -(0.03) = 2.01. 


27. Which is larger: *J21- ~J2 or V9 71 - V9? Explain using the LinearApproximation. 

solution Let /(x) = ,/x, and Ax = 0.1. Then /'(x) = jx -1 / 2 and the LinearApproximation at x = a gives 


A / = Vfl + 0.1 - ,/a kb /'(a)(0.1) 


J«-V 2 (0.1) 


0.05 

■Ja 


We see that A / decreases as a increases. In particular 

is larger than V97T - \/9 « 

Jl 3 


29. Box office revenue at a multiplex cinema in Paris is R(p) = 3600p - 10p 3 euros per showing when the ticket price 
is p euros. Calculate R(p) for p = 9 and use the Linear Approximation to estimate A R if p is raised or lowered by 0.5 
euros. 

solution Let R(p) = 3600p - 10p 3 . Then R(9) = 3600(9) - 10(9) 3 = 25,110 euros. M oreover, R'(p) = 3600 - 
30p 2 , so by the LinearApproximation, 

AT? SB R'(9)Ap = 1170Ap. 

If p is raised by 0.5 euros, then AT? w 585 euros; on the other hand, if p is lowered by 0.5 euros, then AT? « -585 euros. 

31. A thin silver wire has length L = 18 cm when the temperature is T = 30°C. Estimate A L when T decreases to 25°C 
if the coefficient of thermal expansion is Tfc = 1.9 x 10 _5o C _1 (see Example 3). 

solution We have 

l —=kL = (1.9 x 10 _5 )(18) = 3.42 x 10“ 4 cm/°C 
dT 

The change in temperature is AT = -5° C, so by the Linear Approximation, the change in length is approximately 
AL KB 3.42 X 10“ 4 Ar = (3.42 x 10“ 4 )(— 5) = -0.00171 cm 
At T = 25° C, the length of the wire is approximately 17.99829 cm. 

33. The atmospheric pressure p at altitude h = 20 km is P = 5.5 kilopascals. Estimate P at altitude h = 20.5 km 
dP 

assuming that — = -0.87. 
s dh 

solution We have 


A P kb p'(h)Ah = -0.87 • 0.5 kb -0.435 
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so that 


/ > (20.5) kb P{ 20) + A P = 5.5 - 0.435 5.065 kilopascals. 

35. Newton's Law of Gravitation shows that if a person weighs w pounds on the surface of the earth, then his or her 
weight at distance x from the center of the earth is 

uj /? 2 

W(x) = (for x> R) 

x L 

where R = 3960 miles is the radius of the earth (Figure 9). 

(a) Show that the weight lost at altitude /? miles above the earth's surface is approximately A IV «b -(0.0005id)/l Hint: 
Use the LinearApproximation with dx = h. 

(b) Estimate the weight lost by a 200-lb football player flying in a jet at an altitude of 7 miles. 


A 


FIGURE 9 The distance to the center of the earth is 3960 + h miles. 

SOLUTION 

(a) Using the LinearApproximation 

AW kb W'(R)Ax = - 2u ^-h = - — sa -0.0005 id/7. 

R 3 R 

(b) Substitute w = 200 and h = 7 into the resultfrom part (a) to obtain 

AfV — 0.0005(200) (7) = -0.7 pounds. 

37. A stone tossed vertically into the air with initial velocity v cm/s reaches a maximum height of h = u 2 /1960 cm. 

(a) Estimate Ah if v = 700 cm/s and An = 1 cm/s. 

(b) Estimate Ah if v = 1000 cm/s and Av = 1 cm/s. 

(c) In general, does a 1 cm/s increase in v lead to a greater change in h at low or high initial velocities? Explain. 

solution A stone tossed vertically with initial velocity u cm/s attains a maximum height of h(v) = d 2 /1960 cm. 
Thus, h'( v) = d/980. 

(a) If v = 700 and Ad = 1, then Ah w h'( v)Av = gg^(700)(l) w 0.71 cm. 

(b) If d = 1000 and Ad = 1, then Ah & h'(v)Av = g^j(1000)(l) = 1.02 cm. 

(c) A one centimeter per second increase in initial velocity v increases the maximum height by approximately d/980 cm. 
Accordingly, there is a bigger effect at higher velocities. 



In Exercises 39 and 40, use the following fact derived from Newton s Laws: An object released at an angle 6 with initial 
velocity v ft/s travels a horizontal distance 


s 


1 

32 


d 2 sin 20 ft 


(Figure 10) 


FIGURE 10 


y 



39. A player located 18.1 ft from the basket launches a successful jump shot from a height of 10 ft (level with the rim of 
the basket), at an angles = 34° and initial velocity d = 25 ft/s.) 

(a) Show that As ^ O.255A0 ft for a small change of AS. 

(b) Is it likely that the shot would have been successful if the angle had been off by 2°? 
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solution Using Newton's laws and the given initial velocity of u = 25 ft/s, the shot travels 5 = ^u 2 sin2? = 
^ sin 2 1 ft, where t is in radians. 

(a) If e = 34° (i.e., t = g^7r), then 

A, « COS J Ar = — COS ^ O.255A0. 

(b) If A 0 = 2°, this gives As « 0.51 ft, in which case the shot would not have been successful, having been off half a 
foot. 

41 . The radius of a spherical ball is measured at r = 25 cm. Estimate the maximum error in the volume and surface area 
if r is accurate to within 0.5 cm. 

solution The volume and surface area of the sphere are given by V = jjrr 3 and S - 4jn- 2 , respectively. If r - 25 
and A r - ±0.5, then 

AV « V'(25)A r = 4tt( 25) 2 (0.5) « 3927 cm 3 , 


and 


AS ~ 5'(25)Ar = 8tt( 25)(0.5) - 314.2 cm 2 . 


43. The volume (in liters) and pressure P (in atmospheres) of a certain gas satisfy PV = 24. A measurement yields 
V = 4 with a possible error of ±0.3 L. Compute P and estimate the maximum error in this computation. 

solution Given PV = 24 and V = 4, it follows that P = 6 atmospheres. Solving PV = 24 for P yields P = 24 V -1 . 
Thus, P' = -24V -2 and 

A p « P'( 4)AV = -24(4) -2 (±0.3) = ±0.45 atmospheres. 


In Exercises 45-54, find the linearization at x = a. 

45 . f(x ) = a 4 , a = 1 

solution Let fix) = a- 4 . Then /'(a) = 4a 3 . The linearization at a = 1 is 

L( a) = f\a)ix — a) ± /(a) = 4(a — 1) + 1 = 4a — 3. 

47 . fid) = sin 2 9, a= f 

solution Let/(0) = sin 2 ±Then /'(6>) = 2 sin 0 cos 0 = sin 26. The linearization at a = | is 
Li6) = fiaW - a) + /(a) = l(e-J)±^=0-J±^. 

49 . y = (1 + a) - 1 / 2 , a = 0 

solution Let /(a) = (1 + a) -1 / 2 . Then /'(a) = — j(1 + a) -3 / 2 . The linearization ata = 0 is 

Li x) = f'iafix - a) + fia) = -^a + 1. 

51 . y = (1 + a 2 ) -1 / 2 , a = 0 

solution Let /(a) = (1 + a 2 ) -1 / 2 . Then /'(a) = -a(1 + a 2 ) -3 / 2 , /(a) = 1 and /'(a) = 0, so the linearization 
ata is 

Lix) = f\a)i x - a) + /(a) = 1. 


__ sin x tv 

53. 3 ; = , a = — 

x l 

, sin jc Tl 

solution Let f(x)= .Then 


fix) = 


x cos a — sin a 


2 , 4 

/(a) = — , f id) — 7 


so the linearization of fix) at a is 

£(*) = f\a)ix - a) + fia) = 


2 (a — — ) 4 — 7 a 4 

7T Z \ 2 > 7T 7r z 7T 
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55 . What is /( 2) if the linearization of fix) at a = 2 is L(x) = 2x + 4? 
solution /(2) = L(2) = 2(2) + 4 = 8. 

57 . Estimate V16.2 using the linearization L(x) of fix) = fx at a = 16. Plot /(x) and L(x) on the same set of axes 
and determine whether the estimate is too large or too small. 

solution Let/(x) = x l ! 2 ,a = 16, and Ax = 0.2. Then /'(x) = \x~ 112 and f\a) = /'(16) = ^ . T he I i nearization 
to f{x) is 

L(x) = f\a)(x - a) + fia) = -(x - 16) + 4 = ^x + 2. 

Thus, we have V16.2 « L(16.2) = 4.025. Graphs of fix) and L(x) are shown below. Because the graph of Lix) lies 
above the graph of fix), we expect that the estimate from the Linear Approximation is too large. 


y 



In Exercises 59-67, approximate using linearization and use a calculator to compute the percentage error. 



solution Let fix) — x l ! 2 , a = 16, and Ax = 1. Then fix) = —\x 3 / 2 , f\a) — f'i 16) = -jje ar| d the 
linearization to fix) is 

Lix) = f'iafix - a) + fia) = -^(x - 16) + ^ = -y^x + |- 


Thus, we have 


l 


Zv (17) ss 0.24219. The percentage error in this estimate is 


7 h - °- 24219 
1 

vn 


X 100% 


0.14% 


61 . T 

(10.03) 2 

solution Let fix) = x -2 , a = 10 and Ax = 0.03. Then fix) = -2x -3 , fia) = /'(10) = -0.002 and the 
linearization to fix) is 

L(x) = f' ia)ix — a) + fia) = — 0.002(x — 10) + 0.01 = — 0.002x + 0.03. 


Thus, we have 


(10.03) 2 

The percentage error in this estimate is 


L(10.03) = -0.002(10.03) + 0.03 = 0.00994. 


( 10.03 ) z °- 00994 

~ 1 

(10.03)* 


X 100% ** 0.0027% 


63 . (64.1) 1 / 3 

solution Let/(x) = x l / 2 ,a = 64, and Ax = 0.1. Then fix) = jx -2 / 3 , fia) = /'(64) = ^ and the I i nearization 
to/(x)is 

Lix) = f(a)(x -a)+ fia) = ^(x - 64) + 4 = -^x + |. 

Thus, we have (64. 1) 1 / 3 L(64.1) & 4.002083. The percentage error in this estimate is 

(64.1) 1 / 3 — 4.002083 
(64. 1) 1 /- 3 


x 100% ^ 0.000019% 


180 CHAPTER 4 | APPLICATIONS OF THE DERIVATIVE 


65. tan (0.04) 

solution Let /(*) = tan* and a = 0. Then /'(*) - sec 2 *, fia) = tanO = 0, and fia) - sec 2 0 = 1. The 
linearization of /(*) is then 


L{x) = f'(a)(x — a) + fia) = 1(* — 0) + 0 = x 


Thus, we have tan (0.04) « 0.04. The percentage error in this estimate is 


tan (0.04) - 0.04 
tan (0.04) 


x 100% 


0.053%. 


67l 01)12 
sin(3.1/2) 

X 71 

solution Let f(x) = — — and a = —.Then 
sin.* 2 


fix) = 


sin * — * cos* 
sin 2 * 


n 

fia ) = y, 


fia) = 1 


The linearization of fix) is then 


L{x) = /'(«)(* - a) + / (a) + * 


Thus, we have — 


(3.1/2) 


sin(3.1/2) 


3.1 

2 


= 1.55. The percentage error in this estimate is 


(3.1/2) 
sind. 1/2) 


- 1.55 


(3.1/2) 
sin (3. 1/2) 


x 100% ^ 0.022% 


69. Show that the Linear Approximation to fix) = fx at* = 9 yields the estimate V9 + h - 3 ~ lh. Set K = 0.01 
and show that |/"(*)| < K for * > 9. Then verify numerically that the error E satisfies Eq. (5) for h = 10 — " , for 
1 < n < 4. 

solution Let/(*) = v/x.Then /(9) = 3, /'(*) = \ x ~ l/2 and /'(9) = ^.Therefore, by the Li near Approximation, 

/( 9 + h) - /( 9) = V9T7/ - 3 « \h. 

M oreover, /"(*) = -|* -3 / 2 , so |/"(*)| = J* -3 / 2 . Because this is a decreasing function, it follows that for * > 9, 

K = max |/"(*)| < |/" (9)| = ^ < 0.01. 

From the following table, we see that for /i = 10 _ ", 1 < n < 4, E < 


h 

E= \fW+Ti-3- \h\ 

\Kh 2 

i — i 

l 

o 

i — i 

4.604 x 10“ 5 

5.00 x 10“ 5 

10“ 2 

4.627 x 10“ 7 

5.00 x 10 -7 

10- 3 

4.629 x 10“ 9 

5.00 x 10“ 9 

1 

o 
1 — 1 

4.627 x 10- 11 

5.00 x IQ” 11 


Further Insights and Challenges 

71. Compute dy/dx at the point P = (2, 1) on the curve y 3 + 3*y = 7 and show that the linearization at p is 
L(*) = -i* + |. Use L(x) to estimate the y-coordinate of the point on the curve where* = 2.1. 

solution Differentiating both sides of the equation y 3 + 3*y = 7 with respect to * yields 

3y 2 — + 3* — + 3y = 0, 
dx dx 


dy_ = y 
dx y 2 + * 


so 
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Thus, 


and the linearization at p = (2, 1) is 


dy 

dx 


( 2 , 1 ) 


1 

l 2 + 2 


1 

3’ 


, 1 . 15 

L( x) = 1- j(x -2) = --x + 

Finally, when jc = 2.1, we estimate that the v-coordinate of the point on the curve is 

1(2.1) = -*(2.1) + | = 0.967. 


73. Apply the method of Exercise 71 to P = (-1, 2) on y 4 + Ixy = 2 to estimate the solution of v 4 - 7.7y = 2 near 

T — 2- 

solution Differentiating both sides of the equation y 4 + Ixy = 2 with respect to x yields 


so 


Thus, 


4v 3 ^ + 7,Ti + 7,.0. 
dx dx 


dy_ _ ly 
dx 4y3 + lx 


dy_ _ 7(2) 

dx (-1,2) 4(2) 3 + 7 (— 1) 

and the linearization at P = (-1, 2) is 


14 

25’ 


L(x) = 2 


14 

25 


(x + 1) = 



+ 


36 

25' 


Finally, the equation y 4 - 7.7 y = 2 corresponds to jc = -1.1, so we estimate the solution of this equation near y = 2 is 


y ~ L(-l.l) 


14 

25 


(- 1 . 1 ) 


+ 


36 

25 


2.056. 


75. Let A f = /( 5 + h) - /( 5), where f(x) = x 2 . Verify directly that E = | A / - f'(5)h\ satisfies (5) with K = 2. 
solution L et f(x) = x 2 . T hen 

A f = /( 5 + h) - /( 5) = (5 + h) 2 - 5 2 = A 2 + 10/? 


and 


E — | A/ — /(5)/t| = |/i 2 + 10/? - 10/?| = h 2 



1 

2 


A"/? 2 . 


4.2 Extreme Values 


Preliminary Questions 

1. What is the definition of a critical point? 

solution A critical point is a value of the independent variable* in the domain of a function/at which either fix) = 0 
or fix) does not exist. 

In Questions 2 and 3, choose the correct conclusion. 

2. If fix) is not continuous on [0, 1], then 

(a) fix) has no extreme values on [0, 1], 

(b) fix) might not have any extreme values on [0, 1], 

solution The correct response is (b): fix) might not have any extreme values on [0, 1], Although [0, 1] is closed, 
because/is not continuous, the function is not guaranteed to have any extreme values on [0, 1], 
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3. If fix) is continuous but has no critical points in [0, 1], then 

(a) fix) has no min or max on [0, 1], 

(b) Either /( 0) or /(l) is the minimum value on [0, 1], 

solution The correct response is (b): either /( 0) or /(l) is the minimum value on [0, 1], Remember that extreme 
values occur either at critical points or endpoints. If a continuous function on a closed interval has no critical points, the 
extreme values must occur at the endpoints. 

4. Fermat's Theorem does not claim that if f\c) = 0, then /(c) is a local extreme value (this is false). W hat does 
F ermat's T heorem assert? 

solution Fermat's Theorem claims: If /(c) is a local extreme value, then either f'{c) = 0 or /'(c) does not exist. 


Exercises 

1. The following questions refer to Figure 15. 

(a) Flow many critical points does fix) have on [0. 8]? 

(b) W hat is the maximum value of fix) on [0, 8]? 

(c) W hat are the local maximum values of fix)! 

(d) Find a closed interval on which both the minimum and maximum values of fix) occur at critical points. 

(e) Find an interval on which the minimum value occurs at an endpoint. 



FIGURE 15 


SOLUTION 

(a) fix) has three critical points on the interval [0, 8]: atx = 3, x = 5 and x = 7. Two of these, x = 3 and x — 5, are 
where the derivative is zero and one, x = 7, is where the derivative does not exist. 

(b) The maximum value of fix) on [0, 8] is 6; the function takes this value atx = 0. 

(c) fix) achieves a local maximum of 5 atx = 5. 

(d) Answers may vary. One example is the interval [4, 8]. Another is [2, 6], 

(e) Answers may vary. The easiest way to ensure this is to choose an interval on which the graph takes no local minimum. 
One example is [0, 2], 


In Exercises 3-20, find all critical points of the function. 

3. fix) = x 2 — 2x + 4 

solution Let fix) = x 2 - 2x + 4. Then fix) = 2x — 2 = 0 implies thatx = 1 is the lone critical point of /. 

5. fix) = x 2 — |x 2 — 54x + 2 

solution Let fix) = x 3 - jx 2 - 54x + 2. Then fix) = 3x 2 - 9x - 54 = 3(x + 3)(x - 6 ) = 0 implies that 
x = -3 and x = 6 are the critical points of /. 

7 . fix) — x -3 — x -2 

solution Let fix) = x _1 — x -2 . Then 


fix) = — X 2 + 2x 3 = 5 — - = 0 


implies thatx = 2 is the only critical point of /. Though fix) does not exist atx = 0, this is not a critical point of / 
because x = 0 is not in the domain of /. 


9 - m = ^ 


1 — X 


solution Let/(x) = — .Then fix) = — = — - — T = 0 implies thatx = ±1 are the critical points of /. 

x l + 1 ix3 + l) z 


11 . fit) = t - 4VFT1 

solution L et fit) = t - 4 V? + 1. T hen 
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implies that t = 3 is a critical point of /. Because f'(t) does not exist at t - -1, this is another critical point of /. 
13. f{x) = X 2 \/ 1 — X 2 


This derivative is 0 when x = 0 and when x = ±fTj3\ the derivative does not exist when * = ±1. All five of these 
values are critical points of / 

15 . g{0) = sin 2 9 

solution Let g(0) — sin 2 6. Then g'{6) = 2 sine cose = sin 26 = 0 implies that 

nn 

e = T 

is a critical value of g for all integer values of n. 

17 . L et f{x) = x 2 — 4x + 1. 

(a) Find the critical point c of fix) and compute /(c). 

(b) Compute the value of fix) at the endpoints of the interval [0.4], 

(c) Determine the min and max of fix) on [0, 4], 

(d) Find the extreme values of fix) on [0, 1], 

solution Let fix) = x 2 — 4x + 1. 

(a) Then /'(c) = 2c - 4 = 0 implies that c = 2 is the sole critical point of /. We have /(2) = -3. 

(b) /( 0) = / (4) = 1. 

(c) Using the results from (a) and (b), we find the maximum value of / on [0, 4] is 1 and the minimum value is -3. 

(d) We have /( 1) = -2. H ence the maximum value of / on [0, 1] is 1 and the minimum value is -2. 

19 . Find the critical points of fix) = sinx + cosx and determine the extreme values on [0. f]. 


• Let f(x) = sinx + cosx. Then on the interval [0, y], we have f'(x) = cosx - sinx = 0 atx = |, the only 
critical point of / in this interval. 

• Since fij) = y/2 and /( 0 ) = fij) = 1 , the maximum value of / on [0, j] is s/2, while the minimum value 
is 1. 


21. Plot fix) = 2yfx - x on [0, 4] and determine the maximum value graphically. Then verify your answer 

using calculus. 

solution The graph of y = 2Jx - x over the interval [0. 4] is shown below. From the graph, we see that at x = 1, 
the function achieves its maximum value of 1. 


solution L et fix) = x 2 -v/l - x 2 . T hen 



SOLUTION 



0.6 

0.4 

0.2 


0.8 



X 


4 


To verify the information obtained from the plot, let fix) = 2jx - x. Then fix) = x -1 / 2 - 1. Solving fix) = 0 
yields the critical points x = 0 and x = 1. Because /(0) = /(4) = 0 and /( 1) = 1, we see that the maximum value of 
/ on [0, 4] is 1. 
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23. Uhl 5 Approximate the critical points of g(x) = xcosx on / = [0, 2n] and estimate the minimum value of g(x) 
on I. 

solution g'(x) = cosx - xsin.x, so g'(x) = 0 when x ^ 0.860334 and when x ~ 3.425618. Evaluating g at the 
endpoints as well as at these critical points gives g(0) = 0, ^f0. 860334) 0.561096, g(3. 425618) ks -3.288371, and 

g(2n) = 2n ^ 6.28. Hence the minimum value of g(x) on / is -3.288371 atx 3.425618. 


In Exercises 25-58, find the min and max of the function on the given interval by comparing values at the critical points 
and endpoints. 


25. y = 2x 2 + 4x + 5, [-2,2] 

solution Let f(x) = 2x 2 + 4-Y + 5. Then fix) = 4x + 4 = 0 implies thatx = -1 is the only critical point of /. 
The minimum of / on the interval [-2, 2] is /(- 1) = 3, whereas its maximum is /( 2) = 21. (Note: /(- 2) = 5.) 

27. y = 6t- t 2 , [0, 5] 

solution Let fit) = 6 t - r 2 .Then fit) = 6-2 1 - 0 implies that t = 3 is the only critical point of /.The minimum 
of / on the interval [0. 5] is f(0) = 0, whereas the maximum is /( 3) = 9. (Note: f( 5) = 5.) 

29. y = x 3 - 6x 2 + 8, [1, 6] 

solution Let fix) = x 3 - 6x 2 + 8. Then fix) = 3x 2 - 12x = 3x(x - 4) = 0 implies thatx = 0 and x = 4 are 
the critical points of /. The minimum of / on the interval [1, 6] is /( 4) = -24, whereas the maximum is /( 6) = 8. 
(Note: f( 1) = 3 and the critical pointx = 0 is not in the interval [1, 6].) 

31. y = 2/ 3 + 3/ 2 , [1,2] 

solution Let f(t) = 2 r 3 + 3 1 2 . Then fit) = 6 1 2 + 6 1 = 6 t(t + 1) = 0 implies that t = 0 and t = -1 are the 
critical points of /. The minimum of / on the interval [1, 2] is /(l) = 5, whereas the maximum is /(2) = 28. (Note: 
Neither critical points are in the interval [1,2].) 

33. y = z 5 - 80z, [-3, 3] 

solution Let fiz) = z 5 - 80z. Then f(z) = 5z 4 - 80 = 5(z 4 - 16) = 5(z 2 + 4)(z + 2)(z - 2) = 0 implies 
that z = ±2 are the critical points of /.The minimum value of / on the interval [-3, 3] is /( 2) = -128, whereas the 
maximum is /(— 2) = 128. (Note: /(- 3) = 3 and /( 3) = -3.) 


35. y = 


x 2 + l 
x — 4 ' 


[5,6] 


SOLUTION 


Let f(x) = 


x 2 + 1 
x - 4 ' 


Then 


fix) 


(x — 4) • 2x — (x 2 + 1) ■ 1 
(x - 4) 2 


x 2 — 8x — 1 
(X - 4) 2 


= 0 


implies x = 41 VT7 are critical points of /. x = 4 is not a critical point because x = 4 is not in the domain of /. On 
the interval [5, 6], the minimum of / is /( 6) = ^ = 18.5, whereas the maximum of / is /(5) = 26. (Note: The critical 
points x = 4 ± fll are not in the interval [5, 6].) 

Ay 

37.y = x-—~, [0,3] 

X + 1 

4jc 

solution Let/(x) = x —.Then 

x + 1 


fix) = 1 - 


4 

(* + 1) 2 


(x - l)(x + 3) 
(x + l ) 2 


implies thatx = 1 and x = -3 are critical points of f.x = -1 is not a critical point because x = -1 is not in the domain 
of /. The minimum of / on the interval [0, 3] is /( 1) = -1, whereas the maximum is /( 0) = /( 3) = 0. (Note: The 
critical pointx = -3 is not in the interval [0, 3].) 

39. y = (2 + x ) j 2 + (2 — x) 2 , [0, 2] 

solution L et fix ) = (2 + x ) f 2 + (2 - x) 2 . T hen 


fix) = J2 + Q- x) 2 - (2 + x)(2 + (2 - x ) 2 )- 1 / 2 (2 - x) = 2(X 1)2 = 0 

v/2 + (2-x) 2 

implies thatx = 1 is the critical point of /. On the interval [0, 2], the minimum is /CO) = 2V6 « 4.9 and the maximum 
is /( 2) = 4V2 ^ 5.66. (Note: f( 1) = 3^3 « 5.2.) 
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41. y = \/ x + x 2 — 2^/x, [0, 4] 
solution L et f(x) = y/x + x 2 — 2v^. T hen 

/(*) = ^(.t + x 2 )“ 1/2 (1 + 2u)-.t- 1/2 = - - - = 0 

4 2y/XyJ 1 + * 

implies that x = 0 and x = ^ are the critical points of /. Neither x = -1 nor x = is a critical point because 
neither is in the domain of /. On the interval [0, 4], the minimum of / is / « -0.589980 and the maximum is 

/( 4) 0.472136. (Note: /( 0) = 0.) 

43. y = sin x cos x, [0, y] 

solution Let/(x) = sinxcosx = \ sin2x. On the interval [0, y], f'(x) = cos2x = Owhenx = The minimum 
of / on this interval is /( 0) = /(y) = 0, whereas the maximum is /(|) = j. 

45. _v = V2 0 - sec 6», [0, |] 

solution Let f(9) = V20 - sec0. On the interval [0, y], /'(0) = V2 - sec0 tan 0 = 0 at 0 = f. The minimum 
value of / on this interval is /( 0) = -1, whereas the maximum value over this interval is /(|) = V2(f - 1) & 
-0.303493. (Note: /(f) = - 2 « -0.519039.) 

47. y = 6 - 2 sin 0, [0. 2 jt] 

solution Let g(9) = 9 - 2 si n 0. On the interval [0.2^], g'(9) = 1 - 2cos0 = 0 at 9 = y and 9 = \n. The 
minimum of g on this interval is g(|) = | & -0.685 and the maximum is gijn) = y7r + V3 & 6.968. (Note: 

g( 0) = 0 and g(27r) = 2n & 6.283.) 

49. y = tan x — 2x, [0, 1] 

solution Let/(x) = tanx - 2x.Then on the interval [0, 1], f'(x) = sec 2 x - 2 = 0 atx = The minimum of / 
is/(|) = 1- f « -0.570796 and the maximum is /( 0) = 0. (Note: /( 1) = tan 1 - 2 & -0.442592.) 

51. Let f(9) = 2 sin 29 + sin 46. 

(a) Show that 9 is a critical point if cos 40 = - cos 29. 

(b) Show, using a unit circle, that cos0i = - cos 02 if and only if 6\ = n ± 02 + 2nk for an integer k. 

(c) Show that cos40 = - cos 20 if and only if 0 = ^ + nk or 0 = ^ + (^)k. 

(d) Find the six critical points of /(0) on [0. 2 jt] and find the extreme values of /(0) on this interval. 

(e) [GU| Check your results against a graph of f(9). 

solution /(0) = 2 sin 20 + sin 40 is differentiable at all 0, so the way to find the critical points is to find all points 
such that f'(9) = 0. 

(a) f'(9) = 4 cos 20 + 4 cos 40. If f(9) = 0, then 4 cos 40 = -4 cos 20, so cos 40 = - cos 20. 

(b) Given the point (cos 0, sin0) at angle 0 on the unit circle, there are two points with x coordinate - cos 0. The graphic 
shows these two points, which are: 

• The point (cos (0 + n), si n(0 + n)) on the opposite end of the unit circle. 

• The point (cos(rr - 0), si n(0 - n)) obtained by reflecting through the y axis. 



If we include all angles representing these points on the circle, we find that cos0i = -cos02 if and only if 9\ = 
(n + 02 ) + 2nk or 9\ = ( re - 9j) + 2 nk for integers k. 

(c) Using (b), we recognize that cos 40 = - cos 20 if 40 = 20 + 7r + 2nk or 40 = n - 20 + 2nk. Solving for 0, we 
obtain 9 = j + kn or 0 = ^ + jk. 

(d) To find all 0, 0 < 0 < 2n indicated by (c), we use the following table: 


k 

0 

1 

2 

3 

4 

5 

2 + kn 

JT 

7 

3n 

~T 





n _i_ n t. 

71 

71 

bn 

In 

3n 

lln 

¥ 

7 

T 

6 

2 

6 
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The critical points in the range [0, 2n] are j, =^, and On this interval, the maximum value is = 

fOf) = hp and the minimum value is /(^) = /(^) = -bp-. 

(e) The graph of /(0) = 2 sin 20 + sin 40 is shown here: 



We can see that there are six flat points on the graph between 0 and 2n, as predicted. There are 4 local extrema, and two 
points at (j. 0) and , 0) where the graph has neither a local maximum nor a local minimum. 

In Exercises 53-56, find the critical points and the extreme values on [0, 4]. In Exercises 55 and 56, refer to Figure 18. 


y y 




y = \x 2 + 4x- 12j 

FIGURE 18 


y= |cos jr | 


53 . y = |jc — 2 1 

solution Let fix) = \x - 2\. For* < 2, we have f\x) = — 1. For jc > 2, we have fix) = 1. Now as.c -*► 2-, we 


have 


fix) - f ( 2 ) (2 -x)-0 


-1; whereas as x ->• 2+, we have 


fix) - f(2) = (x - 2) - 0 
x — 2 x — 2 


1. Therefore, 


x — 2 x — 2 

f'i 2) - lim does not exist and the lone critical point of / is* = 2. Alternately, we examine the graph of 

x->2 x — 2 

fix) = \x - 2| shown below. 

To find the extremum, we check the values of fix) at the critical point and the endpoints. /(0) = 2, /(4) = 2, and 
f(2) = 0. fix) takes its minimum value of 0 at jc = 2, and its maximum of 2 at jc = 0 and at x = 4. 



55 . y = |.t 2 + 4jc — 12 1 

solution Let fix) - |jc 2 + 4jc - 12| = \ix + 6 )ix - 2)|. From the graph of / in Figure 18, we see that fix) does 
not exist at .v = -6 and at jc = 2, so these are critical points of /. There is also a critical point between x = -6 and 
jc = 2 at which fix) = 0. For —6 < jc < 2, fix) = -.c 2 - 4x + 12, so fix) = -2.c -4 = 0 when .c = -2. On 
the interval [0, 4] the minimum value of / is f(2) = 0 and the maximum value is /(4) = 20. [Note: f) 0) = 12 and the 
critical points x = -6 and x = -2 are not in the interval.) 


In Exercises 57—60, verify Rolle’s Theorem for the given interval. 

57 . fix) = jc + jc - 1 , [j, 2] 

solution Because / is continuous on [j, 2], differentiable on (j, 2) and 


/ 


1\ 1 1 5 „ 1 

2 )- 2 + T- 2 - 2+ 2 - /(2) ’ 


we may conclude from Rolle'sTheorem that there exists a c e i\,2) at which /'(c) = 0. FI ere, fix) = l-x~ 2 = 
so we may takec = 1. 
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59 ' /w = E^TI' r5 > 

solution Because / is continuous on [3, 5], differentiable on (3, 5) and /( 3) = /(5) = 1, we may conclude from 
Rolle's Theorem that there exists a c e (3, 5) at which /'(c) = 0. Here, 

^ (8x — 15)(2x) — 8x 2 2x(4x — 15) 

f U) = (8.x- - 15) 2 = (8.x- - 15) 2 ’ 


so we may take c= ^ . 

61. Prove that f(x) = x 5 + 2.x 3 + 4.x - 12 has precisely one real root. 

solution Let's first establish the f(x) = x 5 + 2x 3 + 4x - 12 has at least one root. Because / is a polynomial, it is 
continuous for all x. Moreover, /( 0) = -12 < 0 and /( 2) = 44 > 0. Therefore, by the Intermediate Value Theorem, 
there exists ace (0, 2) such that /(c) = 0. 

Next, we prove that this is the only root. We will use proof by contradiction. Suppose /(x) = x 5 + 2x 3 + 4x - 12 has 
two real roots, x = a andx = b. Then /(a) = f(b) = 0 and Rolle's Theorem guarantees that there exists ace ( a , b) at 
which /'(c) = 0. However, /'(x) = 5x 4 + 6x 2 + 4 > 4 for all x, so there is no c e (a, b) at which /'(c) = 0. Based on 
this contradiction, we conclude that /(x) = x 5 + 2x 3 + 4x - 12 cannot have more than one real root. Finally, / must 
have precisely one real root. 

63. Prove that /(x) = x 4 + 5x 3 + 4x has no root c satisfying c > 0. Hint: N ote that x = 0 is a root and apply Rolle's 
Theorem. 

solution We will proceed by contradiction. Note that /( 0) = 0 and suppose that there exists a c > 0 such that 
/(c) = 0. Then /( 0) = /(c) = 0 and Rolle's Theorem guarantees that there exists a d e (0, c) such that f'{d) = 0. 
However, /'(x) = 4x 3 + 15x 2 + 4 > 4 for all x > 0, so there is no d e (0, c) such that f'(d) = 0. Based on this 
contradiction, we conclude that /(x) = x 4 + 5x 3 + 4x has no root c satisfying c > 0. 

65. The position of a mass oscillating at the end of a spring is s(t) = A sin cat, where A is the amplitude and w is the 
angular frequency. Show that the speed KOI is at a maximum when the acceleration a(t) is zero and that KOI is at a 
maximum when v(t) is zero. 

solution Lets(r) = A sin art. Then 


ds 

v(t) = — = Aa> COS art 
dt 


and 


dv a ■ 

a(t) = — = —Act Sin cat. 
dt 


Thus, the speed 


KOI = \Ao)COSoat\ 

is a maximum when [ cosor| = 1, which is precisely when sin cat = 0; that is, the speed KOI is at a maximum when the 
acceleration a (t) is zero. Similarly, 


|a(OI = | Ate 2 sin | 


is a maximum when | si n cor | = 1, which is precisely when coswr = 0; that is, KOI ' s at a maximum when c(0 is zero. 

67. In 1919, physicist A If red Betz argued that the maximum efficiency of a wind turbine is around 59%. If wind enters a 
turbine with speed v\ and exits with speed vj, then the power extracted is the difference in kinetic energy per unit time: 


P = 




watts 


where m is the mass of wind flowing through the rotor per unit time (Figure 19). Betz assumed thatm = pA(v i + «2)/2, 
where p is the density of air and A is the area swept out by the rotor. Wind flowing undisturbed through the same area 
A would have mass per unit time pAv\ and power Pq = \pAv\. The fraction of power extracted by the turbine is 
F = P/P 0 . 

(a) Show that F depends only on the ratio r = vi/v\ and is equal to F(r ) = ^(1 - r 2 )(l + r), where 0 < r < 1. 

(b) Show that the maximum value of F(r), called the Betz Limit, is 16/27 ^ 0.59. 

(c) £52 Explain why Betz's formula for F{r) is not meaningful for r close to zero. Hint: How much wind would 
pass through the turbine if V2 were zero? Is this realistic? 
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( A ) Wi nd f I owi ng through a turbi ne. 


F 



(B) F is the fraction of energy 
extracted by the turbine as a 
function of r = u 2 /u L 


FIGURE 19 


SOLUTION 

(a) We note that 


(b) Based on part (a), 


„ 1 pA(vi+V 2 ) , 2 , 2 \ 

F _ _ _ 1 2 {V 1 v 2 ' 


PO 


\pAv\ 


1 v l — v 2 l>l + i>2 

2 v} t’l 


= ; 1-4 


i + ^ 

VI 


= ^(1 — r)(l + r). 


F\r)= i(l-r 2 )-r(l + r) = 



1 

r 


The roots of this quadratic are;- = -1 and r = i. Now, F(0) = F(l) = 0 and 


F 



1 8 4 

2 ' 9 ‘ 3 


16 

27 


^ 0.59. 


Thus, the Betz Limit is 16/27 0.59. 

(c) If i >2 were 0, then no air would be passing through the turbine, which is not realistic. 

69. The response of a circuit or other oscillatory system to an i nput of frequency co (“omega") is described by the function 


4>(a>) = 


1 

^/(o>q — co 2 ) 2 + 4£) 2 co 2 


Both cog (the natural frequency of the system) and D (the damping factor) are positive constants. The graph of </> is called a 
resonance curve, and the positive frequency <o r > 0, where stakes its maximum value, if it exists, is called the resonant 

frequency. Show thatav = Ja>l - 2D 2 if 0 < D < <uo/^/2 and that no resonant frequency exists otherwise (Figure 21). 



(A)D = 0.01 (B)Z) = 0.2 (C) D = 0.75 (no resonance) 

FIGURE 21 Resonance curves with coo = !■ 

solution Let cj>(co) = ((<ug - co 2 ) 2 + 4D 2 a> 2 ) -1 / 2 . T hen 


2co((a>l - co 2 ) - ID 2 ) 

0 (0}) = ((co 2 - co 2 ) 2 + 402^2)3/2 


and the non-negative critical points are co = 0 and co = Jco^ - 2d 2 . The latter critical point is positive if and only if 
coq - 2D 2 > 0, and since we are given D > 0, this is equivalent to 0 < D < coo/*/2. 
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Define w r = yjai^ - 2D 2 . Now, 0(0) = 1/wq and 0(«) -»• 0 as a> -»• oo. Finally, 

1 

0(«r) = — 

2D 

which, for 0 < D < &> o/a/ 2, is larger than l/wjj. Flence, the point co = y /m \ - 2 d 2 , if defined, is a local maximum. 

71. Find the maximum of y = x a - x b on [0. 1] where 0 < a < b. In particular, find the maximum of y = x 5 - x 10 on 

[0,1]. 

SOLUTION 

• Let f(x ) = x a - x b . Then f'(x ) = ax a_1 - bx b ~ l . Since a < b, fix ) = x a ~ 1 (a - bx b ~ a ) = 0 implies 
critical points x = 0 and x = (^) 1 ^ b ~ a \ which is in the interval [0, 1] as a < b implies | < 1 and consequently 
x = (“)!/(*-«) < i. Also, /( 0) = /( 1) = 0 and a < b implies x a > x b on the interval [0, 1], which gives 
f(x) > 0 and thus the maximum value of / on [0, 1] is 

^ ^ a^a/(b-a ) ^ci^b/(b-a) 



• Let f(x) = x 5 - x 10 . Then by part (a), the maximum value of / on [0, 1] is 



In Exercises 72-74, plot the function using a graphing utility and find its critical points and extreme values on [—5. 5], 

1 1 


73. m 


y = 


1 + |x — 1| 1 + |x — 4| 


SOLUTION L et 


The plot follows: 


/(*) = 


1 

1 + |x 


1 

Ti + 1 + 1* - 4| ■ 



We can see on the plot that the critical points of f(x) lie at the cusps at x = 1 and x = 4 and at the location of the 
horizontal tangent line at x = With /(— 5) = /( 1) = /( 4) = |, f(\) = ^ and /( 5) = it follows that the 

maximum value of f(x) on [-5, 5] is /( 1) = /( 4) = | and the minimum value is /(- 5) = U. 

75. (a) Use implicit differentiation to find the critical points on the curve 27x 2 = (x 2 + y 2 ) 3 . 

(b) |GU, Plot the curve and the horizontal tangent lines on the same set of axes. 

SOLUTION 

(a) Differentiating both sides of the equation 27x 2 = (x 2 + y 2 ) 3 with respect to x yields 

54x = 3(x 2 + y 2 ) 2 ^2x + 2vy- j . 

Solving for dy/dx we obtain 

dy 21 x — 3x(x 2 + y 2 ) 2 x(9 — (x 2 + y 2 ) 2 ) 

dx ~ 3y(x 2 + v 2 ) 2 “ y(x 2 + y 2 ) 2 

Thus, the derivative is zero when x 2 + y 2 = 3. Substituting into the equation for the curve, this yields x 2 = 1, orx = ±1. 
There are therefore four points at which the derivative is zero: 

(-1, —>/2), (-1, a/2), (1, —a/2), (1, a/2). 
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There are also critical points where the derivative does not exist. This occurs when y = 0 and gives the following points 
with vertical tangents: 


(0, 0), (±v^7, 0). 

(b) The curve 27 x 2 = ( x 2 + y 2 ) 3 and its horizontal tangents are plotted below. 


y 



77. Sketch the graph of a continuous function on (0, 4) having a local minimum but no absolute minimum. 

solution Here is the graph of a function / on (0, 4) with a local minimum value [between x = 2 and x = 4] but no 
absolute minimum [since /( x) -> -oo asx -> 0+]. 


y 



79. Sketch the graph of a function fix) on [0. 4] with a discontinuity such that fix) has an absolute minimum but no 
absolute maximum. 

solution Here is the graph of a function / on [0, 4] that (a) has a discontinuity [at x = 4] and (b) has an absolute 
minimum [at x = 0] but no absolute maximum [since fix) ->■ oo as* -> 4-]. 

y 



Further Insights and Challenges 

81. Show that the extreme values of fix ) = a sin x + bcos x are ±y/a 2 + b 2 . 

solution If fix) = a sin.T + bcosx , then f'ix) = a cos* - b sin jc, so that /'(jc) = 0 implies a cos, t - £> si n x = 0. 
This implies tanx = g. Then, 


Therefore 


sin x = — and cos x - — 

/a^b 2 yfa^+b 2 


fix) = a Sin x + b COSx = a - — + h — = ± 


a 2 + b 2 


y/ a 2 + b 2 yj a 2 + b 2 yj a 2 + b 2 


= ±y/ a 2 + b 2 . 


83. Show that if the quadratic polynomial fix) = x 2 + rx + s takes on both positive and negative values, then its 
minimum value occurs at the midpoint between the two roots. 

solution Let fix) = x 2 + rx + s and suppose that fix) takes on both positive and negative values. This will 
guarantee that / has two real roots. By the quadratic formula, the roots of / are 
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Observe that the midpoint between these roots is 


1 

2 



r 

r 


Next, f'(x ) = 2x + r = 0 when x = -j and, because the graph of /(x) is an upward opening parabola, it follows that 
/(-£) is a minimum. Thus, / takes on its minimum value at the midpoint between the two roots. 

85 . A cubic polynomial may have a local min and max, or it may have neither (Figure 25). Find conditions on the 
coefficients a and b of 


1 , 1 , 

fix) = -x + -ax + bx + c 

that ensure that / has neither a local min nor a local max. Hint: A pply Exercise 82 to f'(x). 



X 


(A) (B) 

FIGURE 25 Cubic polynomials 

solution Let f(x) = ^x 3 + jax 2 + bx + c. Using Exercise 82, we have g(x) = f\x) = x 2 + ax + b > 0 for all 
x provided b > \ci 2 , in which case / has no critical points and hence no local extrema. (Actually b > \a 2 will suffice, 
since in this case [as we'll see in a later section] / has an inflection point but no local extrema.) 

87 . C3§fl Prove that if / is continuous and f(a) and f(b) are local minima where a < b, then there exists a value c 
between a and b such that /(c) is a local maximum. (Hint: Apply Theorem 1 to the interval [a, b].) Show that continuity 
is a necessary hypothesis by sketching the graph of a function (necessarily discontinuous) with two local minima but no 
local maximum. 

SOLUTION 

• Let f(x) be a continuous function with f{a) and f(b) local minima on the interval [a, b]. By Theorem 1, f{x) 
must take on both a minimum and a maximum on [a, b]. Since local minima occur at /(a) and f(b), the maximum 
must occur at some other point in the interval, call it c, where /(c) is a local maximum. 

• Thefunction graphed here is discontinuous atx = 0. 



4.3 The Mean Value Theorem and Monotonicity 

Preliminary Questions 

1. For which value of m is the following statement correct? If /(2) = 3 and /( 4) = 9, and /(x) is differentiable, then 
/ has a tangent line of slope m. 

solution The M ean ValueTheorem guarantees that thefunction has a tangent line with slope equal to 

/ (4) - / (2) 9-3 

4-2 4-2 

FI ence, m = 3 makes the statement correct. 

2 . Assume / is differentiable. Which of the following statements does not follow from the M VT? 

(a) If / has a secant line of slope 0, then / has a tangent line of slope 0. 

(b) If /( 5) < /( 9), then /'(c) > 0 for some c e (5, 9). 
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(c) If / has a tangent line of slope 0, then / has a secant line of slope 0. 

(d) If f'(x) > 0 for all x, then every secant line has positive slope. 

solution Conclusion (c) does not follow from the M ean Value Theorem. As a counterexample, consider the function 
f(x) = x 3 . Note that /'( 0) = 0, but no secant line has zero slope. 

3. Can a function that takes on only negative values have a positive derivative? If so, sketch an example. 
solution Yes. The figure below displays a function that takes on only negative values but has a positive derivative. 



4. For fix) with derivativeas in Figure 12: 

(a) Is /(c) a local minimum or maximum? 

(b) Is fix) a decreasing function? 



FIGURE 12 Graph of derivative fix). 


SOLUTION 

(a) To the left of x = c, the derivative is positive, so/is increasing; to the right of x = c, the derivative is negative, so / 
is decreasing. Consequently, /(c) must be a local maximum. 

(b) No. The derivative is a decreasing function, but as noted in part (a), fix) is increasing for * < c and decreasing for 

X > c. 


Exercises 

In Exercises 1-8, find a point c satisfying the conclusion of the MVT for the given function and interval. 


1. y = x~ l , [2, 8] 

solution Let f(x) = x _1 , a = 2, b = 8. Then fix) = -x~ 2 , and by the M VT, there exists ace (2, 8) such that 

-1 = = f{b) ~ f{a) = 8-2 = _! 
c 2 b-a 8-2 16 ' 

Thus c 2 = 16 and c = ±4. Choose c = 4 e (2, 8). 

3. >• = cos x - sinx, [0, 2 jt] 

solution Let fix) = cosx - sinx, a = 0, b = 2 n. Then fix) = - sinx - cosx, and by the M VT, there exists a 
c e (0, 2 n) such that 


-sine - cos c = fie) = 


fib) - fjd) 
b — a 


1 - 1 
2^0 


= 0 . 


Thus- sin c = cos c. Choose either c = ^ or c= 7 -f e (0.2n). 

5. y = x 3 , [-4, 5] 

solution Let fix) = x 3 , a = -4, b = 5. Then fix) = 3x 2 , and by the M VT, there exists ace (-4. 5) such that 


3c 2 = fie) 


fib) - fia) 

b — a 



Solving for c yields c 2 = 7, so c = ±fl. Both of these values are in the interval [-4, 5], so either value can be chosen. 
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7. y = x sin x, [-y , yj 

solution Let fix) = xsinx, a = -y, i> = y. Then fix) = sin jc + xcosx, and by the M VT, there exists a 
c e (-y, y) such that 


sinc + ccosc = /'(c) 


fib) - fja) 
b — a 


7T 

7 ~ 




jv 


= 0 


Solving for c gives c = 0 as the only solution. 

9. |GU,j Let fix) = x 5 + x 2 . The secant line between x = 0 and x = 1 has slope 2 (check this), so by the M VT, 
/'(c) = 2 for somec e (0, 1). Plot fix) and the secant line on the same axes. Then plot y = 2x + b for different values 
of b until the line becomes tangent to the graph of /. Zoom in on the point of tangency to estimate x-coordinate c of the 
point of tangency. 

solution Let f(x) = x 5 + x 2 . The slope of the secant line between x = 0 and x = 1 is 


/(l) - /( 0) 2-0 , 

1-0 1 

A plot of f(x), the secant line between x = 0 and x = 1, and the line y = 2x - 0.764 is shown below at the left. The 
line y = 2x - 0.764 appears to be tangent to the graph of y = fix). Zooming in on the point of tangency (see below at 
the right), it appears that the x-coordinate of the point of tangency is approximately 0.62. 


y 




11. Determine the intervals on which fix) is positive and negative, assuming that Figure 13 is the graph of fix). 



FIGURE 13 

solution The derivative of / is positive on the intervals (0, 1) and (3, 5) where / is increasing; it is negative on the 
intervals (1, 3) and (5, 6) where / is decreasing. 

13. State whether /( 2) and /(4) are local minima or local maxima, assuming that Figure 13 is the graph of /'(x). 

SOLUTION 

• fix) makes a transition from positive to negative atx = 2, so /(2) is a local maximum. 

• fix) makes a transition from negative to positive atx = 4, so /( 4) is a local minimum. 


In Exercises 15-18, sketch the graph of a function fix) whose derivative fix) has the given description. 
15. /'(x) > 0 for x > 3 and /'(x) < 0 for x < 3 

solution FI ere is the graph of a function / for which fix) > 0 for x > 3 and fix) < 0 for x < 3. 



o 


1 2 3 4 5 
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17. f'(x) is negative on (1, 3) and positive everywhere else. 

solution Here is the graph of a function / for which f'(x) is negative on (1, 3) and positive elsewhere. 



In Exercises 19—22, find all critical points of f and use the First Derivative Test to determine whether they are local 
minima or maxima. 

19. f(x) = 4 + 6x — x^ 

solution Let f{x) = 4 + 6x - x 2 . Then fix) = 6 — 2jc = 0 implies that x = 3 is the only critical point of /. As x 
increases through 3, fix) makes the sign transition +, -.Therefore, /(3) = 13 is a local maximum. 


x + 1 

x 2 

Let/(x) = -.Then 

x + l 


21. fix) = 

SOLUTION 


f\x) 


x(x + 2) 

(.v + l ) 2 


implies that x = 0 andx = -2 are critical points. Note that x = -1 is not a critical point because it is notin the domain of 
/. Asx increases through -2, fix) makes the sign transition +, - so /(- 2) = —4 is a local maximum. As x increases 
through 0, fix) makes the sign transition + so /(0) = 0 is a local minimum. 


In Exercises 23^14, find the critical points and the intervals on which the function is increasing or decreasing. Use the 
First Derivative Test to determine whether the critical point is a local min or max ( or neither). 
solution Here is a table legend for Exercises 23^14. 


SYMBOL 

MEANING 

- 

The entity is negative on the given interval. 

0 

The entity is zero at the specified point. 

+ 

The entity is positive on the given interval. 

u 

The entity is undefined at the specified point. 

f 

f is increasing on the given interval. 

\ 

f is decreasing on the given interval. 

M 

f has a local maximum at the specified point. 

m 

f has a local minimum at the specified point. 

- 

There is no local extremum here. 


23. y — —x 2 + lx - 17 

solution Let fix) = -x 2 + lx - 17. Then fix) = 7 - 2x = 0 yields the critical point c = 


X 

(-oo, 

7/2 

(z- 00 ) 

f 

+ 

0 

- 

f 

f 

M 

\ 


25. y = x 3 — 12x 2 

solution Let fix) = x 3 - 12x 2 . Then fix) = 3x 2 - 24x = 3x(x - 8) = 0 yields critical points c = 0, 8. 
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X 

(—00, 0) 

0 

(0, 8) 

8 

(8, oo) 

f 

+ 

0 

- 

0 

+ 

f 

/ 

M 

\ 

m 

/ 


27. y — 3a 4 + 8a 3 — 6a 2 — 24a 

solution Let fix ) = 3a 4 + 8a 3 - 6a 2 - 24a. Then 

fix ) = 12a 3 + 24a 2 - 12a - 24 

= 12a 2 (a + 2) — 12(a + 2) = 12(a + 2)(a 2 — 1) 
= 12 (a — 1) (a + 1) (a + 2) = 0 

yields critical points c = -2, -1, 1. 


X 

(- 00 , -2) 

-2 

(-2,-1) 

-1 

(-1.1) 

1 

(1, 00 ) 

f 

- 

0 

+ 

0 

- 

0 

+ 

f 

\ 

m 

/ 

M 

\ 

m 

/ 


29. y = ja 3 + |t 2 + 2a + 4 

solution Let fix ) = i.i- 3 + |a 2 + 2a + 4. Then fix) = a 2 + 3a + 2 = (a + 1) (a + 2) = 0 yields critical points 
c = —2, — 1. 


X 

(-00, -2) 

-2 

(-2,-1) 

-1 

(-1, oo) 

f 

+ 

0 

- 

0 

+ 

f 

/ 

M 

\ 

m 

/ 


31. y = a 5 + a 3 + 1 

solution Let /(a) = a 5 + a 3 + 1. Then /'(a) = 5a 4 + 3a 2 = a 2 (5a 2 + 3) yields a single critical point: c = 0. 


X 

(— oo, 0) 

0 

(0, oo) 

f 

+ 

0 

+ 

f 

/ 

- 

/ 


33. y = a 4 - 4a 3 / 2 (a > 0) 

solution Let fix ) = a 4 - 4a 3 / 2 for a > 0. Then fix ) = 4a 3 - 6a 1 / 2 = 2a 1 / 2 (2a 5 / 2 - 3) = 0, which gives us 
the critical point c = f^) 2 / 5 . [Note: c = 0 is not in the interval under consideration.) 


X 

(o. (D 2/5 ) 

32/5 

2 

(d) 2 M 

f 

- 

0 

+ 

f 

\ 

m 

/ 


35. y = a + a 1 (a > 0) 

solution Let fix ) = a + a -1 for a > 0. Then fix) = 1 - a -2 = 0 yields the critical point c = 1. (Note: c = -1 
is not in the interval under consideration.) 


X 

( 0 , 1 ) 

1 

( 1 , 00) 

f 

- 

0 

+ 

f 

\ 

m 

/ 
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37. y = -y 


1 

a^TT 


SOLUTION L et 


/(a) = (a 2 + 1^ . Then f'(x) 



= 0 yields critical point c- = 0. 



(—00, 0) 

0 

(0, oo) 

f 

+ 

0 

- 

f 

/ 

M 

\ 


39. y = 


a 2 + 1 


SOLUTION L et fix) — V, 

V ^ 


A 2 + 1 


.Then 


,,, , (a 2 + 1)(3a 2 ) - a 3 (2a) a 2 (a 2 + 3) 

/ (A) = — — = — -r — = 0 


(a 2 + 1) 2 


(x 2 + iy 


yields the single critical point c = 0. 



(— oo, 0) 

0 

(0, oo) 

f 

+ 

0 

+ 

f 

/ 

- 

/ 


41. y = 6» + sin6» + cos6> 

solution Let f(9) = 9 + sin 9 + cos9. Then f'(0) = 1 + cos6» - sin 9 = 0 yields the critical points c = j and 

C = 71 . 


9 

(o. f) 

71 

7 

(j> Jr ) 

71 

(n, 2n) 

f 

+ 

0 

- 

0 

+ 

f 


M 

\ 

m 

/ 


43. y = sin 2 9 + sin 9 

solution Let f(9) = sin 2 9 + sin 9. Then f'(9) = 2 sine cos 9 + cos 9 = cos 9(2 sin6> + l) = 0 yields the critical 
points c = j, and 


9 

(o,f) 

7 r 

(n 7 jt\ 

In 

(In 3n\ 

3n 

(3n ILt \ 

11tt 


7 


T 


~T 


“5“ 

f 

+ 

0 

- 

0 

+ 

0 

- 

0 

+ 

f 

/ 

M 

\ 

m 

/ 

M 

\ 

m 

/ 


45. Find the minimum value of /(a) = a* for a > 0. 

solution Let /(a) = x x . By logarithmic differentiation, we know that /'(a) = a x (1 + InA). Thus, x - \ is the 
only critical point. Because /'(a) < 0 for 0 < a < \ and /'(a) > 0 for a > 

> (;) " (;) V ” “ °- 692201 

is the minimum value. 

47. Show that /(a) = a 3 - 2a 2 + 2a is an increasing function. Hint: Find the minimum value of /'(a), 
solution Let f(x) = a 3 - 2a 2 + 2a. For all a, we have 

f ( a) = 3a 2 - 4a + 2 = 3 ^a - ^ | ^ > 0. 

Since f'(x) > 0 for all a, the function / is everywhere increasing. 
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49 . 


L et /7 (jc) = 


x(x 2 — 1) 


and suppose that /'(x) = h(x). Plot /i(jc) and use theplotto describe thelocal extrema 


and the increasing/decreasing behavior of fix). Sketch a plausible graph for fix) itself. 


solution The graph of h(x) is shown below at the left. Because hix) is negative for x < -1 and for 0 < x < 1, it 
follows that f(x) is decreasing for x < -1 and for 0 < x < 1. Similarly, f{x) is increasing for —1 < jc < 0 and for 
x > l because h(x) is positive on these intervals. M oreover, f(x) has local minima at x = -1 and x = 1 and a local 
maximum at * = 0. A plausible graph for f(x) is shown below at the right. 


h[x) 



Ax) 



51 . Determine where fix) = (1000 - x) 2 + x 2 is decreasing. Use this to decide which is larger: 800 2 + 200 2 or 
600 2 + 400 2 . 

solution If fix) = (1000 - x) 2 + jc 2 , then fix) = -2(1000 - x) + 2x = 4x - 2000. fix) < 0 as long as 
x < 500. Therefore, 800 2 + 200 2 = /(200) > /(400) = 600 2 + 400 2 . 

53 . W hich values of c satisfy the conclusion of the M VT on the interval [a, b] if fix) is a linear function? 

solution Let fix) = px + q, where p and q are constants. Then the si ope of even’ secant line and tangent line of / is 

p. Accordingly, considering theinterval [a, b], every pointc e (a, b) satisfies fie) - p= * — Iff, the conclusion 

b — a 

of the M VT. 

55 . Suppose that /( 0) = 2 and f\x) < 3 for x > 0. A pply the M VT to the interval [0. 4] to prove that /( 4) < 14. 

Prove more generally that fix) <2 + 3 x for all x > 0. 

solution The M VT, applied to the interval [0, 4], guarantees that there exists ace (0. 4) such that 

fie) - /(4 j ~ q ' — or /(4) — / (0) = 4/'(c). 

Because c > 0, f'ic) < 3, so /( 4) - /(0) < 12. Finally, /( 4) < /(0) + 12 = 14. 

M ore generally, let jc > 0. The M VT, applied to the interval [0, x], guarantees there exists a c e (0, x) such that 

/ f(x) - /(0) „ , 

f'ic) = ^ or fix) - /(0) = fic)x. 

x — 0 

Because c > 0, f'ic) < 3, so fix) — /(0) < 3x. Finally, fix) < /( 0) + 3x = 3x + 2. 

57 . Show that if /( 2) = 5 and fix) > 10 for x > 2, then fix) > 10x - 15 for all x > 2. 

solution Letx > 2. The M VT, applied to the interval [2, x], guarantees there exists ace (2, x) such that 

f'ic) = f{x) ~ f {2) or fix) - f (2) = (x - 2) f'ic). 
x — 2 

Because f'ix) > 10, it follows that fix) - f(2) > 10(x - 2), or fix) > f(2) + 10(x - 2) = lOx - 15. 


Further Insights and Challenges 

59. Prove that if /'(0) = g(0)and/'(x) < g'(x)forx > 0, then /(x) < g(x)forallx > 0. Hint: Show that fix) - g(x) 
is nonincreasing. 

solution Let hix) = fix) - g(x). By the sum rule, h\x) = fix) - g'(x). Since fix) < g'(x) for all x > 0, 
h'ix) < 0 for all x > 0. This implies that h is nonincreasing. Since A(0) = /( 0) - g(0) = 0, hix) < 0 for all x > 0 (as 
h is nonincreasing, it cannot climb above zero). Flence fix) - g(x) < 0 for all x > 0, and so fix) < g(x) for x > 0. 

61. Use Exercise 59 and the inequality sinx < x for x > 0 (established in Theorem 3 of Section 2.6) to prove the 
following assertions for all x > 0 (each assertion follows from the previous one). 

(a) cosx > 1 - 2 * 2 

(b) sinx > x - jjx 3 

(c) COSx <1 — \x 2 + 

(d) Can you guess the next inequality in the series? 
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SOLUTION 

(a) We prove this using Exercise 59: Let gix) = cos* and fix) = 1 - \x 2 . Then /( 0) = g(0) = 1 and g'(x) = 
- sin* > -* = /'(*) for* > 0 by Exercise 60. Now apply Exercise 59 to conclude that cos* > 1 - \x 2 for* > 0. 

(b) Letg(*) = sin* and /(*) = * - g* 3 . Then /( 0) = g(0) = 0 and g\x) = cos* > 1 - \x 2 = fix) for* > 0 by 
part (a). Now apply Exercise 59 to conclude that sin* > * - g* 3 for* > 0. 

(c) Letg(*) = 1 - jx 2 + 23 * 4 and /(*) = cos*. Then /( 0) = g(0) = 1 and g'(x) = -* + |* 3 > - sin* = /'(*) 
for * > 0 by part (b). Now apply Exercise 59 to conclude that cos* < 1 - 2* 2 + pi * 4 for* > 0. 

(d) The next inequality in the series is sin* < * - ^* 3 + j^* 5 , valid for * > 0. To construct (d) from (c), we note 
that the derivative of sin* is cos*, and look for a polynomial (which we currently must do by educated guess) whose 
derivative is 1 - \x 2 + ^* 4 . We know the derivative of * is 1, and that a term whose derivative is -\x 2 should be 
of the form C* 3 . ^C* 3 = 3C* 2 = -\x 2 , so C = A term whose derivative is ^* 4 should be of the form D* 5 . 
From this, ^£>* 5 = 50* 4 = ^* 4 , so that 50 = or 0 = 

63. Assume that f" exists and /"(*) = 0 for all *. Prove that /(*) = mx + b, where m = /'( 0) and b = /( 0). 

SOLUTION 

• Let /"(*) = 0 for all *. Then /'(*) = constant for all *. Since /'( 0) = m, we conclude that /'(*) = m for all *. 

• Let g(x) = /(*) - mx. Then g'(x) = /'(*) - m = m - m = 0 which implies that g(*) = constant for all * and 
consequently /(*) - mx = constant for all *. Rearranging the statement, /(*) = mx + constant. Since /( 0) = b, 
we conclude that /(*) = m* + fo for all *. 

65. Suppose that /(*) satisfies the following equation (an example of a differential equation): 

/"(*) = -fix) H 

(a) Show that fix) 2 + fix) 2 - f(0) 2 + f'i 0) 2 for all *. Hint: Show that the function on the left has zero derivative. 

(b) Verify that sin* and cos* satisfy Eq. (1), and deduce that sin 2 * + cos 2 * = 1. 

SOLUTION 

(a) Letg(*) = /(*) 2 + /'(*) 2 . Then 

g'ix) = 2 fix) fix) + 2 fix) fix) = 2 fix) fix) + 2 /(*)(—/(*)) = 0 , 

where we have used the fact that /"(*) = -/(*). Because g'(0) = 0 for all *, g(*) = /(*) 2 + /'(*) 2 must be a constant 
function. In other words, fix) 2 + f\x) 2 = C for some constant C. To determine the value of C, we can substitute any 
numberfor*. In particular, for this problem, wewantto substitute* = 0 and find C = /(0) 2 + /'( 0) 2 . H ence, 

/(*) 2 + /'(*) 2 = /( 0) 2 + / , ( 0 ) 2 . 

(b) Let fix) = sin*. Then /'(*) = cos* and /"(*) = - sin*, so /"(*) = -fix). Next, let /(*) = cos*. Then 
fix) = - sin*, fix) = - cos*, and we again have fix) = - fix). Finally, if we take fix) = sin*, the result from 
part (a) guarantees that 

sin 2 * + cos 2 * = sin 2 0 + cos 2 0 = 0 + 1 = 1. 

67. Use Exercise 66 to prove: fix) = sin* is the unique solution of Eq. (1) such that /(0) = 0 and /'( 0) = 1; and 
gix) = cos* is the unique solution such that g(0) = 1 and g'(0) = 0. This result can be used to develop all the properties 
of the trigonometric functions "analytically"— that is, without reference to triangles. 

solution In part (b) of Exercise 65, it was shown that fix) = sin* satisfies Eq. (1), and we can directly calculate 
that /( 0) = sin 0 = 0 and /'( 0) = cosO = 1. Suppose there is another function, call it Fix), that satisfies Eq. (1) with 
the same initial conditions: F(0) = 0 and F'i 0) = 1. By Exercise 66, it follows that F(*) = sin* for all*. H ence, 
fix) - sin* is the unique solution of Eq. (1) satisfying /( 0) = 0 and /'( 0) = 1. The proof that gix) = cos* is the 
unique solution of Eq. (1) satisfying g(0) = 1 and g'(0) = 0 is carried out in a similar manner. 


4.4 The Shape of a Graph 

Preliminary Questions 

1. If / is concave up, then f is (choose one): 

(a) increasing (b) decreasing 

solution The correct response is (a): increasing. If the function is concave up, then f" is positive. Since f" is the 
derivative of f, it follows that the derivative of f is positive and f must therefore be increasing. 
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2. What conclusion can you draw if /'(c) = 0 and /"(c) < 0? 
solution If /'(c) = 0 and /"(c) < 0, then /(c) is a local maximum. 

3. T rue or False? If /(c) is a local min, then /"(c) must be positive. 
solution False, /"(c) could bezero. 

4. T rue or False? If fix) changes from + to - at x = c, then / has a point of inflection atx = c. 
solution False. / will have a point of inflection atx = c only if x = c is in the domain of /. 


Exercises 

1. M atch the graphs in Figure 13 with the description: 
(a) fix) < 0 for all x. 

(c) /"( x) > 0 for all x. 


(b) /"( x) goes from + to -. 
(d) f"(x) goes from - to +. 



SOLUTION 

(a) In C, we have /"(x) < 0 for all x. 

(b) I n A , f"{x) goes from + to -. 

(c) In B, we have /"(x) > 0 for all x. 

(d) In D, /"(x) goes from - to +. 


In Exercises 3-14, determine the intervals on which the function is concave up or down and find the points of inflection. 


3. y = x 2 — 4x + 3 

solution Let /(x) = x 2 - 4x + 3. Then /'(x) = 2x - 4 and /"(x) = 2 > 0 for all x. Therefore, / is concave up 
everywhere, and there are no points of inflection. 

5. y = 10x 3 - x 5 

solution Let /(x) = 10x 3 — x 5 . Then f'(x) = 30x 2 — 5x 4 and fix) = 60x — 20x 3 = 20x(3 — x 2 ). Now, / is 
concave up for x < -V3 and for 0 < x < -s/3 since fix) > 0 there. M oreover, / is concave down for -V3 < x < 0 
and for x > V3 since f"{x) < 0 there. Finally, because fix) changes sign atx = 0 and atx = ±V3, /(x) has a point 
of inflection atx = 0 and atx = ±>/3. 


7. y = 8 - 2 sine, [0, 2 jt] 

solution Let /(e) = e - 2 sine. Then f{8) = 1-2 cose and /"(e) = 2 sin 8. Now, / is concave up for 0 <8 < n 
since /"(e) > 0 there. M oreover, / is concave down for n < 8 < In since /"(e) < 0 there. Finally, because /"(e) 
changes sign at 6 = n, f(8) has a point of inflection ate = n. 

9. y = x(x — 8^/x) (x > 0) 

solution Let /(x) = x(x — 8fx) = x 2 — 8x 3 / 2 . Then /'(x) = 2x — 12x 3 / 2 and fix) = 2 — Gx - ^ 2 . Now, / 
is concave down for 0 < x < 9 since fix) < 0 there. M oreover, / is concave up for x > 9 since f"(x) > 0 there. 
Finally, because f"(x) changes sign atx = 9, /(x) has a point of inflection atx = 9. 

11. y = (x — 2)(1 — x 3 ) 

solution Let /(x) = (x - 2) (l - x 3 ^ = x - x 4 - 2 + 2x 3 . Then /'(x) = 1 - 4x 3 + 6x 2 and /"(x) = 12x - 

12x 2 = 12x(l - x) = 0 at x = 0 and x = 1. Now, / is concave up on (0. 1) since /"(x) > 0 there. M oreover, / 
is concave down on (-oo, 0) u (1, oo) since /"(x) < 0 there. Finally, because /"(x) changes sign at both x = 0 and 
x = 1, /(x) has a point of inflection at both x = 0 and x = 1. 


13. y = 


1 

x 2 + 3 


SOLUTION 


Let f{x) = — . Then /'(x) = 
x z + 3 


2a - and 
(x 2 + 3) 2 


/"« 


2(x 2 + 3) 2 — 8x 2 (x 2 + 3) 6x 2 — 6 

(x 2 + 3) 4 = (x 2 + 3) 3 


Now, / is concave up for |x| > 1 since fix) > 0 there. M oreover, / is concave down for |x| < 1 since fix) < 0 
there. Finally, because fix) changes sign at both x = -1 and x = 1, fix) has a point of inflection at both x = -1 and 
X = 1 . 


200 CHAPTER 4 | APPLICATIONS OF THE DERIVATIVE 


15. LJml The growth of a sunflower during the first 100 days after sprouting is modeled well by the logistic curve 
y = hit) shown in Figure 15. Estimate the growth rate at the point of inflection and explain its significance. Then make 
a rough sketch of the first and second derivatives of hit). 


Height (cm) 



t (days) 


solution The point of inflection in Figure 15 appears to occur at t = 40 days. The graph below shows the logistic 
curve with an approximate tangent line drawn at? = 40. The approximate tangent line passes roughly through the points 
(20, 20) and (60, 240). The growth rate at the point of inflection is thus 


240 - 20 
60-20 


220 

40" 


= 5.5 cm/day. 


Because the logistic curve changes from concave up to concave down at t = 40, the growth rate at this point is the 
maximum growth rate for the sunflower plant. 


Height (cm) 



t (days) 


Sketches of the first and second derivative of hit) are shown below at the left and at the right, respectively. 


h' 



h" 



17. Repeat Exercise 16 but assume that Figure 16 is the graph of the derivative f'(x). 

solution Points of inflection occur when /"( x) changes sign. Consequently, points of inflection occur when /'( x) 
changes from increasing to decreasing or from decreasing to increasing. In Figure 16, this occurs at x = b and at x - e; 
therefore, f{x) has an inflection point at x = b and another at x = e. The function f(x) will be concave down when 
fix) < 0 or when f'{x) is decreasing. Thus, f{x) is concave down for b < x < e. 

19. Figure 17 shows the derivative f'(x) on [0, 1.2]. Locate the points of inflection of fix) and the points where the 
local minima and maxima occur. Determine the intervals on which fix) has the foil owing properties: 

(a) Increasing (b) Decreasing 

(c) Concave up (d) Concave down 



FIGURE 17 
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solution Recall that the graph is that of /', not f. The inflection points of / occur where /' changes from increasing 
to decreasing or vice versa because it is at these points that the sign of f" changes. From the graph we conclude that f 
has points of inflection at * = 0.17, x = 0.64, and x = 1. The local extrema of / occur where f' changes sign. This 
occurs at* = 0.4. Because the sign of /' changes from + to /(0.4) is a local maximum. There are no local minima. 

(a) / is increasing when f is positive. Flence, / is increasing on (0. 0.4). 

(b) / is decreasing when f is negative. Flence, / is decreasing on (0.4, 1) u (1, 1.2). 

(c) Now / is concave up where /' is increasing. This occurs on (0, 0.17) u (0.64, 1). 

(d) M oreover, / is concave down where f is decreasing. This occurs on (0.17, 0.64) u (1, 1.2). 


In Exercises 21-34, find the critical points and apply the Second Derivative Test (or state that it fails). 

21. f(x) = x 3 — 12*^ _|_ 45^ 

solution Let fix) = x 3 - 12x 2 + 45*. Then fix) = 3* 2 - 24* + 45 = 3(* - 3)(* - 5), and the critical points 
are * = 3 and * = 5. M oreover, fix) = 6* - 24, so /"( 3) = -6 < 0 and /"( 5) = 6 > 0. Therefore, by the Second 
Derivative Test, /(3) = 54 is a local maximum, and /(5) = 50 is a local minimum. 

23. fix) = 3* 4 — 8* 3 + 6* 2 

solution Let fix) = 3* 4 — 8* 3 + 6* 2 . Then f'{x) — 12x 3 — 24* 2 + 12* = 12* (* — l) 2 = 0 at * = 0, 1 and 
/"(*) = 36* 2 - 48* + 12. Thus, /"( 0) > 0, which implies /TO) is a local minimum; however, /"( 1) = 0, which is 
inconclusive. 


25. 


fix) = 


* 2 — 8 * 

* + 1 


SOLUTION 


Let fix) = 


* 2 — 8 * 

x + 1 


Then 


fix) 


* 2 + 2 * — 8 
(-V + 1) 2 


and fix) 


2 (* + l ) 2 — 2(* 2 + 2 * — 8 ) 
(* + l ) 3 


Thus, the critical points are * = -4 and * = 2. M oreover, /"(- 4) < 0 and f"(2) > 0. Therefore, by the second 
derivative test, /(- 4) = -16 is a local maximum and f(2) = —4 is a local minimum. 

27. y = 6* 3 / 2 - 4* 1 / 2 

solution Let f(x) = 6* 3 / 2 - 4* 1 / 2 . Then /'(*) = 9* 1 / 2 - 2* -1 / 2 = * _1 / 2 (9* - 2), so there are two critical 
points: * = 0 and* = l. Now, 


fix) = jx 1</2 +* 3 / 2 = ^* 3 / 2 (9* + 2). 


Thus, /"(|) > 0, which implies f ^ is 9 local minimum. is undefined atx = 0, so the Second DerivativeTest 
cannot be applied there. 

29. fix) = x 3 + - 

solution We have /'(*) = 3* 2 - 48* -2 , so /'(*) = 0 when 3* 4 = 48, so * = ±2. Now, /"(*) = 6* + 96* -3 , 
96 96 

and /"(- 2) = -12 — — = -24 < 0 while /"( 2) = 12 + — = 24 > 0, so that * = —2 is a local maximum and 
8 8 

* = 2 is a local minimum. 

31. /(*) = sin 2 * + cos*, [0, 7r] 

solution Let fix) = sin 2 * + cos*. Then /'(*) = 2 sin* cos* - sin* = sin*(2 cos* - 1). On the interval [0, n], 
fix) = 0 at * = 0, * = y and * = n. N ow, 

fix) = 2 cos 2 * - 2 sin 2 * - cos*. 


Thus, fid) > 0, so /( 0) is a local minimum. On the other hand, /"(§-) < 0, so /( |) is a local maximum. Finally, 
fin) > 0, so fin) is a local minimum. 

33. /(*) = 2 + tan 2 *, (-y-y) 

solution We have /'(*) = 2tan*sec 2 * and fix) = 2sec 4 * + 4tan 2 *sec 2 *. Now, /'(*) = 0 in the specified 
interval when tan * = 0, i.e. when * = 0. Since fid) = 2, fid) = 2 is a local minimum. 
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In Exercises 35— 52, find the intervals on which f is concave up or down, the points of inflection, the critical points, and 
the local minima and maxima. 

solution Here is a table legend for Exercises 35-45. 


SYM BOL 

M EANING 

- 

The entity is negative on the given interval. 

0 

The entity is zero at the specified point. 

+ 

The entity is positiveon thegiven interval. 

u 

The entity is undefined at the specified point. 

/ 

The function (/, g, etc.) is increasing on thegiven interval. 

\ 

The function (/, g, etc.) is decreasing on the given interval. 

- 

The function (/, g, etc.) is concave up on the given interval. 

- 

The function (/, g, etc.) is concave down on the given interval. 

M 

The function (/, g, etc.) has a local maximum at the specified point. 

m 

The function (/, g, etc.) has a local minimum at the specified point. 

1 

The function (/, g, etc.) has an inflection point here. 

- 

There is no local extremum or inflection point here. 


35. f(x) — x 3 — 2x 2 + x 
solution Let f(x) = x 3 — 2x 2 + x. 

• Then f'(x) = 3x 2 - Ax + 1 = (x - l)(3x - 1) = 0 yields x — 1 and x = 3 as candidates for extrema. 

• M oreover, fix) = 6x - 4 = 0 gives a candidate for a point of inflection at jc = 



(-CX), 2 ) 

2 

3 

(|,o°) 

/" 

- 

0 

+ 

/ 

- 

1 

- 


X 

(- 00 ' 3 ) 

1 

3 

(I*) 

1 

(l- 00 ) 

f 

+ 

0 

- 

0 

+ 

f 

/ 

M 

\ 

m 

/ 


37. f(t) = t 2 -t 3 
solution Let f(t) = t 2 - f 3 . 

• Then fit) = 2 1 - 3 1 2 = t ( 2 — 3/) = 0 yields t = 0 and t = \ as candidates for extrema. 

• M oreover, /"(f) = 2 - 6f = 0 gives a candidate for a point of inflection at t - 3 . 


t 

(- 00 ,]) 

1 

3 

( 3 - 00 ) 

f" 

+ 

0 

- 

f 

- 

1 

- 


t 

(— 00 , 0) 

0 

(o,I) 

2 

3 

( 3 ’ 00 ) 

f 

- 

0 

+ 

0 

- 

f 

\ 

m 

/ 

M 

\ 


39. fix) - x 2 - 8a 1 / 2 (a > 0) 

solution Let fix) = a 2 - 8a 1 / 2 . Note that the domain of / isx > 0. 

• Then /'(a) = 2a - 4a -1 / 2 = a -1 / 2 (2x 3 / 2 - 4 ) = 0 yields x = 0 and a = (2) 2 / 3 as candidates for extrema. 

• M oreover, fix) = 2 + 2a -3 / 2 > 0 for all a > 0, which means there are no inflection points. 


X 

0 

(0, (2) 2 / 3 ) 

(2) 2 / 3 

((2) 2 / 3 , cx) 

f 

u 

- 

0 

+ 

f 

M 

\ 

m 

/ 
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41 . /(*) = 

v ^ 


+27 


SOLUTION Let/(jc) = 


* 2 + 27 


Then /'(*) = 


27 -* 2 
(x 2 + 27) 2 


— 2x 


M oreover, /"(*) = 


a point of inflection at* = 0 and at x = ±9. 


r = 0 yields * = +3V3 as candidates for extrema. 

(* 2 + 27) 2 - (27 - * 2 )(2) (* 2 + 27) (2*) 2x (* 2 - 8l) 

(* 2 + 27) 3 


(* 2 + 2iy 


- 0 gives candidates for 


X 

00, — 3V3) 

-3V3 

(-3V3, 3 a/3) 

3 a/3 

^3V3. 00) 

f 

- 

0 

+ 

0 

- 

f 

\ 

m 

/ 

M 

\ 


X 

( — 00, —9) 

-9 

(-9,0) 

0 

(0.9) 

9 

(9, 00) 

f 

- 

0 

+ 

0 

- 

0 

+ 

f 

- 

1 

- 

1 

- 

1 

- 


43 . f{0) = 9 + Sine, [0,2jt] 
solution Let f(9) = 9 + sine on [0. 27r], 

• Then f'(6) = 1 + cos0 = 0 yields 6 = n as a candidate for an extremum. 

• M oreover, f"(9) = - sin 6 = 0 gives candidates for a point of inflection at 9 = 0, at 0 = n, and at 9 = 2 n. 


9 

(0, n) 

7 T 

in, 2: r) 

f 

+ 

0 

+ 

f 


- 

/ 


9 

0 

(0, 7 t) 

71 

in, 2n) 

2tt 

f" 

0 

~ 

0 

+ 

0 

f 

- 


1 

- 

- 


45. f{x)~ tan*, (— j, j) 
solution Let f(x) — tan* on (-j, j). 

• Then /'(*) = sec 2 * > 1 > 0 on (-f, j). 

• M oreover, /"(*) = 2 sec* ■ sec* tan* = 2 sec 2 * tan* = 0 gives a candidate for a point of inflection at* = 0. 


X 

(-f.o) 

0 

( 0 , f) 

f" 

- 

0 

+ 

f 

- 

1 

- 


X 

(-M) 

f 

+ 

f 

/ 


47 . Sketch the graph of an increasing function such that fix) changes from + to - at* = 2 and from - to + at* = 4. 
Do the same for a decreasing function. 

solution The graph shown below at the left is an increasing function which changes from concave up to concave 
down at * = 2 and from concave down to concave up at * = 4. The graph shown below at the right is a decreasing 
function which changes from concave up to concave down at * = 2 and from concave down to concave up at* = 4. 



2 4 


y 



y 
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In Exercises 48-50, sketch the graph of a function f (x) satisfying all of the given conditions. 

49. (i) /'(x) > 0 for all x, and 

(ii) f"(x) < 0 for x < 0 and f"(x) > 0 for x > 0. 

solution Here is the graph of a function f(x) satisfying (i) fix) > 0 for all x and (ii) /"(x) < 0 for x < 0 and 

f"(x) > 0 for x > 0. 



51. P&J An infectious flu spreads slowly at the beginning of an epidemic. The infection process accelerates until a 
majority of the susceptible individuals are infected, at which point the process slows down. 

(a) If R(t ) is the number of individuals infected at time t, describe the concavity of the graph of R near the beginning 
and end of the epidemic. 

(b) Describe the status of the epidemic on the day that R(t) has a point of inflection. 

SOLUTION 

(a) Near the beginning of the epidemic, the graph of R is concave up. Near the epidemic's end, R is concave down. 

(b) "Epidemic subsiding: number of new cases declining." 

53. &S3 Water is pumped into a sphere of radius R at a variable rate in such a way that the water level rises at a 
constant rate (Figure 18). Let V(t) be the volume of water in the tank at time t. Sketch the graph V(t) (approximately, 
but with the correct concavity). W here does the point of inflection occur? 

solution Because water is entering the sphere in such a way that the water level rises at a constant rate, we expect the 
volume to increase more slowly near the bottom and top of the sphere where the sphere is not as "wide" and to increase 
more rapidly near the middle of the sphere. The graph of V(t) should therefore start concave up and change to concave 
down when the sphere is half full; that is, the point of inflection should occur when the water level is equal to the radius 
of the sphere. A possible graph of V(t) is shown below. 


v 



Further Insights and Challenges 

In Exercises 55-57, assume that fix) is differentiable. 


55. Proof of the Second Derivative Test Letc be a critical point such that /"(c) > 0 (the case /"(c) < 0 is similar). 

(a) Show that /"(c) = lim - (< + , '\ 

J h-> o h 

(b) Use (a) to show that there exists an open interval (a, b) containing c such that /'(x) < 0 if a < x < c and f\x) > 0 
if c < x < b. Conclude that /(c) is a local minimum. 


SOLUTION 

(a) Because c is a critical point, either f'(c) = 0 or /'(c) does not exist; however, /"(c) exists, so /'(c) must also exist. 
Therefore, /'(c) = 0. Now, from the definition of the derivative, we have 


/"(c) = lim 

/z — > 0 


/'(c + h) — /'(c) 


= lim 

h — >■ 0 


f(c + h) 


h 


h 
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(b) We are given that /"(c) > 0. By part (a), it follows that 


lim 

h — >■ 0 


fic + h) 
h 


> 0 ; 


in other words, for sufficiently small h, 


f'(c + h ) n 

Now, if h is sufficiently small but negative, then f(c + h ) must also be negative (so that the ratio f'(c + h)/h will be 
positive) and c + li < c. On the other hand, if h is sufficiently small but positive, then fie + h) must also be positive 
and c + h > c. Thus, there exists an open interval ( a , b) containing c such that fix) < 0 for a < x < c and f'(c) > 0 
for c < x < b. Finally, because f f (x ) changes from negative to positive at x = c, / (c) must be a local minimum. 

57. fi3§3 Assume that fix) exists and let c be a point of inflection of fix). 

(a) Use the method of Exercise 56 to prove that the tangent line atx = c crosses the graph (Figure 19). Hint: Show that 
G(x) changes sign atx = c. 

(b) [QUjj Verify this conclusion for fix) = — ^ — by graphing f(x) and the tangent line at each inflection point on 

3x* + 1 

the same set of axes. 



FIGURE 19 Tangent line crosses graph at point of inflection. 


SOLUTION 

(a) Let G(x) = f(x) - /'(c) (jt - c) - /(c). Then, as in Exercise 55, G(c) = G'(c) = Oand G"(x) = f”(x). If f"{x) 
changes from positive to negative at x = c, then so does G"(x) and G'(x) is increasing for x < c and decreasing for 
x > c. This means that G'(x) < 0 for x < c and G'(x) < 0 for x > c. This in turn implies that G(x) is decreasing, so 
G(jc) > 0 for jc < c but G(x) < 0 for jc > c. On the other hand, if f"(x) changes from negative to positive at x = c, then 
so does G"(x) and G'(x) is decreasing for x < c and increasing for x > c. Thus, G'(x) > 0 for x < c and G'{x) > 0 
for jc > c. This in turn implies that G(x) is increasing, so G(x) < 0 for x < c and G(x) > 0 for x > c. In either case, 
G(x) changes sign atx = c, and the tangent line atx = c crosses the graph of the function. 

(b) L et /(x) = j .Then 

3x z + 1 


f\x) 


1 - 3x 2 
(3x 2 + 1) 2 


and 


fix) 


— 18x(l — x 2 ) 
(3x 2 + 1) 3 


Therefore fix) has a point of inflection atx = 0 and atx = ±1. The figure below shows the graph of y = /(x) and its 
tangent lines at each of the points of inflection. It is clear that each tangent line crosses the graph of /(x) at the inflection 
point. 



59. Let f{x) be a polynomial of degree n > 2. Show that fix) has at least one point of inflection if n is odd. Then give 
an example to show that fix) need not have a point of inflection if n is even. 

solution Let fix) - a n x" + a n _\x n ~ l -\ — + aix + qq be a polynomial of degree >z. Then fix) = na n x n ~ l + 
in — l)fl„_ix ' !-2 + • • • + 2 fl 2 x + a\ and /"(x) = nin — 1 )fl„x n-2 + (n — 1 )(n — 2)a n -ix n ~^ + • • • + 6 « 3 X + 2aj- 
If n > 3 and is odd, then n- 2 is also odd and fix) is a polynomial of odd degree. Therefore fix) must take on both 
positive and negative values. It follows that fix) has at least one root c such that fix) changes sign ate. The function 
fix) will then have a point of inflection atx = c. On the other hand, the functions fix) = x 2 , x 4 and x 8 are polynomials 
of even degree that do not have any points of inflection. 
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4.5 Graph Sketching and Asymptotes 

Preliminary Questions 

1. Sketch an arc where f' and f" have the sign combination ++. Do the same for — h 

solution An arc with the sign combination ++ (increasing, concave up) is shown below at the left. An arc with the 
sign combination — i- (decreasing, concave up) is shown below at the right. 



2. If the sign combination of f and f" changes from ++ to H — at* = c, then (choose the correct answer): 

(a) /(c) is a local min (b) /(c) is a local max 

(c) c is a point of inflection 

solution Because the sign of the second derivative changes at * = c, the correct response is (c): c is a point of 
inflection. 

3. The second derivative of the function /(*) = (* - 4) _1 is /"(*) = 2(* - 4) -3 . A Ithough f"(x) changes sign at 
* = 4, /(*) does not have a point of inflection at* = 4. Why not? 

solution The function/does not have a point of inflection at* = 4 because* = 4 is not in the domain off. 


Exercises 

1. Determine the sign combinations of f and f" for each interval A-G in Figure 15. 



FIGURE 15 


SOLUTION 

• In A, / is decreasing and concave up, so /' < 0 and f" > 0. 

• In B, / is increasing and concave up, so /' > 0 and f" > 0. 

• In C, / is increasing and concave down, so f' > 0 and f" < 0. 

• In D, / is decreasing and concave down, so /' < 0 and f" < 0. 

• In E, / is decreasing and concave up, so f < 0 and f" > 0. 

• In F, / is increasing and concave up, so f > 0 and f" > 0. 

• In G, / is increasing and concave down, so /' > 0 and /" < 0. 


In Exercises 3-6, draw the graph of a function for which f' and f" take on the given sign combinations. 

3. H — F, H — , — 

solution This function changes from concave up to concave down at * = -1 and from increasing to decreasing at 
* = 0 . 



y 
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5 . -+, — , -+ 

solution The function is decreasing everywhere and changes from concave up to concave down at* = -1 and from 
concave down to concave up at* = 


y 



7. Sketch the graph of y = x 2 - 5x + 4. 

solution Let /( x) = x 2 - 5x + 4. Then fix) = 2x - 5 and fix) = 2. Hence / is decreasing for x < 5/2, is 
increasing for x > 5/2, has a local minimum at % = 5/2 and is concave up everywhere. 

y 



9. Sketch the graph of fix) = x 3 - 3x 2 + 2. Include the zeros of /(x), which arex = 1 and 1 ± V3 (approximately 
-0.73,2.73). 

solution Let f ( x ) = x 3 — 3x 2 + 2. Then f \ x ) = 3x 2 — 6x = 3x(x — 2) = 0 yieldsx = 0, 2 and f "( x ) = 6x — 6. 
Thus / is concavedown forx < 1, is concaveup for.v > 1, has an inflection point atx = 1, is increasing forx < 0 and 
forx > 2, is decreasing for 0 < x < 2, has a local maximum atx = 0, and has a local minimum atx = 2. 


y 



11. Extend the sketch of the graph of fix) = cosx + \x in Example 4 to the interval [0. 5n], 

solution Let/(x) = cosx+ jx.Then fix) = -sinx + j = 0 yields critical points atx = 
and M oreover, fix) = - cosx so there are points of inflection atx = and 



In Exercises 13-34, find the transition points, intervals of increase/decrease, concavity, and asymptotic behavior. Then 
sketch the graph, with this information indicated. 

13. y = x 3 + 24x 2 

solution Let fix ) = x 3 + 24x 2 . Then fix ) = 3x 2 + 48x = 3x (x + 16) and fix) = 6x + 48. This shows that / 
has critical points atx = 0 and x = -16 and a candidate for an inflection point atx = -8. 


Interval 

(— oo, —16) 

(-16, -8) 

(-8,0) 

(0, oo) 

Signs of f' and f" 

+- 

— 

-+ 

++ 
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Thus, there is a local maximum at* = -16, a local minimum at* = 0, and an inflection point at* = - 8 . M oreover, 

lim /(*) = -o o and lim /(*) = oo. 

X— >— oo x— »oo 

Here is a graph of / with these transition points highlighted as in the graphs in the textbook. 


y 



15. y = x 2 — 4*3 

solution Let /(*) = * 2 - 4* 3 . Then /'(*) = 2* - 12* 2 = 2*(1 - 6*) and /"(*) = 2 - 24*. Critical points are 
at* = 0 and * = 5 , and the sole candidate point of inflection is at* = 


Interval 

(— 00 , 0 ) 

(°, yD 

( 1 

( 5 -°°) 

Signs of /' and f" 

-+ 

++ 

+- 

— 


Thus, /( 0) is a local minimum, f(l) is a local maximum, and there is a point of inflection at* = M oreover, 

lim /(*) = 00 . 
x — >-±oo 

Here is the graph of / with transition points highlighted as in the textbook: 



17. y = 4 - 2* 2 + jt *- 4 

solution Let /(*) = jj * 4 - 2* 2 + 4. Then /'(*) = |* 3 - 4 * = |* ( * 2 - 6 ) and /"(*) = 2 * 2 - 4. This shows 
that / has critical points at* = 0 and * = ±V 6 and has candidates for points of inflection at* = ±fl. 


Interval 

(— 00 , — V6) 

(— — \/2) 

( — s/2, 0) 

(0, V2) 

(V2, n/6) 

(n/6, cxj) 

Signs of /' and f" 

-+ 

++ 

+- 

— 

-+ 

++ 


Thus, / has local minima at* = ±V6, a local maximum at* = 0, and inflection points at* = ±fl. M oreover, 

lim f(x) = 00 . 
x — >-±oo 

Here is a graph of / with transition points highlighted. 



19. y = x 5 + 5* 

solution Let f{x) = x 5 + 5*. Then /'(*) = 5* 4 + 5 = 5(* 4 + 1) and /"(*) = 20* 3 . fix) > 0 for all *, so the 
graph has no critical points and is always increasing. /"(*) = 0 at* = 0. Sign analyses reveal that /"(*) changes from 
negative to positive at* = 0, so that the graph of /(*) has an inflection point at (0, 0). M oreover, 

lim fix) = -00 and lim fix) = 00 . 

x —> — 00 x — > 00 

Here is a graph of / with transition points highlighted. 
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21. y = x 4 — 3x 3 + 4x 

solution Let f(x) — x 4 — 3x 3 + Ax. Then f'(x) = 4x 3 — 9x 2 + 4 = (4x 2 — x — 2)(x — 2) and f" (x) — 

1 zb V33 

12x 2 - 18x = 6x(2x - 3). This shows that / has critical points at x - 2 and x = — - — and candidate points of 


8 


inflection atx = 0 and x = Sign analyses reveal that /'(x) changes from negative to positive atx = 1 g 33 , from 
positive to negative at x = ^±gf^ , and again from negative to positive at x = 2. Therefore, /f 1- ^ 33 ) and /(2) are 
local minima of /(x), and /( 1+ 3 ^ ) is a local maximum. Further sign analyses reveal that /"(x) changes from positive 
to negative atx = 0 and from negative to positive atx = so that there are points of inflection both atx = 0 and x = 

M oreover, 


lirn f (x) = oo. 
->•±00 


FI ere is a graph of /(x) with transition points highlighted. 



23. y = x 1 - 14x 6 

solution Let /(x) = x 7 - 14x 6 . Then fix) = 7x 6 - 84x 5 = 7x 5 (x - 12) and f"(x) = 42x 5 - 420x 4 = 
42x 4 (x - 10). Critical points are atx = 0 and x = 12, and candidate inflection points are atx = 0 and x = 10. Sign 
analyses reveal that f\x) changes from positive to negative atx = 0 and from negative to positive atx = 12. Therefore 
/( 0) is a local maximum and /(12) is a local minimum. Also, f"{x) changes from negative to positive atx = 10. 
Therefore, there is a point of inflection atx = 10. M oreover, 

lim f (x ) = — oo and lim /(x) = oo. 

XS--00 x->oo 

FI ere is a graph of / with transition points highlighted. 

y 

1 x io 7 

5 x io 6 
-5 x 10 6 



25. y = x — A^fx 

solution Let /(x) = x - A^fx. = x - 4.x 1 / 2 . Then /'(x) = 1 - 2x -1 / 2 . This shows that / has critical points at 
x = 0 (where the derivative does not exist) and atx = 4 (where the derivative is zero). Because f'(x) < 0 for 0 < x < A 
and f’{x) > 0 for x > 4, / (4) is a local minimum. Now f"(x) = x -3 / 2 > 0 for all x > 0, so the graph is always 
concave up. M oreover, 


lim /(x) = oo. 

x — > OO 

Here is a graph of f with transition points highlighted. 



y 
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27. y = x(8 — x) 1 / 3 

solution Let fix) = x (8 - a) 1 / 3 . Then 

fix) = x ■ l (8 - x )- 2 / 3 (- 1 ) + (8 - x ) 1 / 3 • 1 = 24 ~ 4 * 3 

3 (8 - xr /D 


and similarly 


fix) 


4x - 48 
9 (8 - a ) 5 / 3 ' 


Critical points are at jc = 8 and x — 6, and candidate inflection points are* = 8 and x = 12. Sign analyses reveal that 
fix) changes from positive to negative at x = 6 and fix) remains negative on either side of x = 8. M oreover, fix) 
changes from negative to positive at x = 8 and from positive to negative at x = 12. Therefore, / has a local maximum 
at jc = 6 and inflection points at* = 8 and * = 12. M oreover, 


lim fix) = — oo. 

X — > ioO 


Here is a graph of / with the transition points highlighted. 



29. y = (lx - a 2 ) 1 / 3 
solution We have 


fix) = * (2* - *V 2 / 3 (2 - 2x) 3(2x 2 _^ j2/3 


fix) = 


2(* 2 — 2* + 4) 

9a (a - 2)(2a - a 2 ) 2 / 3 


The only critical point is at a = 1, and since the numerator of fix) is always positive, there are no inflection points. Sign 
analysis shows that fix) changes from positive to negative at a = 1 , so that / has a local maximum at a = 1 . Finally, 

lim fix) = oo 

x — >±oo 


so that the graph has no horizontal asymptotes. Here is a graph of / with the transition points highlighted: 



31. y = x — a 1 

solution We have /'(a) = 1 + a -2 and fix) = -2a -3 . Since fix) never vanishes, there are no critical points. 
Since fix) = 0 only at a = 0, there are no inflection points. Finally, 

lim fix) = ±oo, lim fix) = —cxj, lim fix) = oo 
A->±00 A-S-0+ X — >■ 0 — ' 

so that the graph has a vertical asymptote at a = 0 but no horizontal asymptotes. Here is a graph of /: 
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y 



33 . y = x 3 


48 


solution We have f'(x) = 3x 2 + 96x 3 and f"(x) = 6 x - 288x 4 . The critical points occur for 0 = f'(x) - 
3x 2 + 96x -3 , so where 3x 5 = -96. Thus the only critical point is x — -2. f"(x) vanishes when 6 x 5 = 288, so that 
x 5 = 48 and x = </48. Sign analysis shows that f'(x) changes from positive to negative atx = -2, so thatx = —2 is a 
local maximum, but does not change sign, remaining positive, atx = 2. Thusx = 2 is not a local extremum. M oreover, 
f"(x) changes from negative to positive atx = ^45, so that this is a point of inflection. Finally, 


lim /(x) = ±oo, lim /(x) = — oo 

x->±oo x->0 

so that the graph has a vertical asymptote atx = 0 but no horizontal asymptotes. FI ere is a graph of / with the transition 
points highlighted: 


y 



35 . Sketch the graph of /(x) = 18(x - 3)( 

/'(*) = 


x - l ) 2 / 3 using the formulas 

30 (* ~ |) 

" (x - l) 1 / 3 ’ 


f\x) = 


20(-^-I) 

(x - I ) 4 / 3 


SOLUTION 


yields critical points atx = |, x = 1 . 


f'(x) 


30(x — |) 
(x - I ) 1 / 3 


f"(x) 


20(x - 3 ) 
(x - I ) 4 / 3 


yields potential inflection points atx = |, x = 1 . 


1 nterval 

signs of /' and f" 

(- 00 . 5 ) 

+- 

d.i) 

++ 

a-!) 

-+ 

(|, 00 ) 

++ 


The graph has an inflection point at x = |, a local maximum at x = 1 (at which the graph has a cusp), and a local 
minimum atx = |. The sketch looks something like this. 
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CHS In Exercises 37-40, sketch the graph of the function, indicating all transition points. If necessary, use a graphing 
utility or computer algebra system to locate the transition points numerically. 


37. y = x 3 


4 

x 2 +1 


solution We have 


fix) = 3x 2 + 


8x 

(x 2 + l) 2 ’ 


f”(x) = 6x - 


8(3x 2 - 1) 
(x 2 + l) 3 


The critical points are the roots of fix), which are x = 0 and x = -0.8678. Candidates for inflection points occur 
when fix) vanishes; the only root of fix) is -0.41119. Sign analysis reveals that fix) changes from positive to 
negative at x = -0.8678 and from negative to positive at x = 0. Also, fix) changes sign from negative to positive 
at x = -0.41119. Thus / has a local maximum at x = -0.8678, a point of inflection at x = -0.41119, and a local 
minimum atx = 0. M oreover, lim = ±oo, so there are no horizontal asymptotes. Since f{x) is defined everywhere, 

x — >itoo 

there are no vertical asymptotes. Here is a graph of / with the transition points highlighted: 





39. y = x 4 — 4x 2 + x + 1 

solution Let f(x) = x 4 - 4x 2 + x + 1. Then f'{x) = 4x 3 - 8x + 1 and fix) = 12x 2 - 8. The critical points 
are x = -1.473, x = 0.126 and x = 1.347, while the candidates for points of inflection are x = ±J\- Sign analysis 
reveals that f'{x) changes from negative to positive at x = -1.473, from positive to negative at x = 0.126 and from 
negative to positive at x = 1.347. F or the second derivative, fix) changes from positive to negative at x = - J | and 
from negative to positive atx = ^.Therefore, / has local minima atx = -1.473 and x = 1.347, a local maximum at 
x = 0.126 and points of inflection atx = M oreover, 

lim fix) = oo. 

x — >-±oo 

Here is a graph of f with the transition points highlighted. 

y 


2 



In Exercises 41—46, sketch the graph over the given interval, with all transition points indicated. 

41. y=x + sinx, [0, 2:rr] 

solution Let fix) = x + sinx. Setting fix) = 1 + cosx = 0 yields cosx = -1, so that x = n is the lone critical 
point on the interval [0, 2n). Setting fix) = - sin x = 0 yields potential points of inflection at x = 0, n, 2 n on the 
interval [0. 2n], 


Interval 

signs of f and f" 

(0, 7 r) 

+- 

in, 2 n) 

++ 


The graph has an inflection point atx = n, and no local maxima or minima. Here is a sketch of the graph of fix): 
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43. y = 2 si n x — COS 2 x, [0. 2: r] 

solution Let f(x) = 2sinx - cos 2 x. Then f'(x) = 2cosx - 2cosx(-sinx) = sin2x + 2cosx and f"(x) = 
2 cos2x - 2 sinx. Setting /'(x) = 0 yields sin 2x = -2 cosx, so that 2 sinx cosx = -2 cosx. This implies cosx = 0 
or sinx = -1, so that x = j or If. Setting f"(x) = 0 yields 2 cos2x = 2 sinx, so that 2 sin(y - 2x) = 2 sinx, or 
2 — 2x = x ± Inn. This yields 3x = ^ + 2 wjt, orx = ^ = ^f. 


1 nterval 

signs of /' and /" 

(o. f) 

++ 

(1-5) 

+- 

(?>¥) 

— 

(5n 3 tt\ 
V IT’ ~T) 

-+ 

( 3 -f.2n) 

++ 


The graph has a local maximum atx = f, a local minimum atx = If, and inflection points atx = | and x = 
Here is a graph of / without transition points highlighted. 

y 



45. y = sinx + v^cosx, [O.jt] 

solution Let /(x) = sinx + V3cos.x. Setting f'(x) = cosx - V3sin.x = 0 yields tanx = In the interval 
[0, n], the solution is x = f. Setting /"(x) = - sinx - V3 cosx = 0 yields tanx = -V3. In the interval [0, n], the 
lone solution is x = - f . 


1 nterval 

signs of /' and /" 

(0, jt/6) 

+- 

(n/6, 2n/3) 

— 

(2n/3, n) 

-+ 


The graph has a local maximum at x = | and a point of inflection at x = ^f. A plot without the transition points 
highlighted is given below: 



-2 
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47. L--M Are all sign transitions possible? Explain with a sketch why the transitions ++ -»• — p and »• h — do 

not occur if the function is differentiable. (See Exercise 76 for a proof.) 

solution In both cases, there is a point where / is not differentiable at the transition from increasing to decreasing or 
decreasing to increasing. 




49. Which of the graphs in Figure 17 cannot be the graph of a polynomial? Explain. 



(A) 


(B) 

FIGURE 17 


(C) 


solution Polynomials are everywhere differentiable. Accordingly, graph (B) cannot be the graph of a polynomial, 
since the function in (B) has a cusp (sharp corner), signifying nondifferentiability at that point. 

3x 3x 2 

51. M atch the graphs in Figure 19 with the two functions y = — and y = — . Explain. 


r 2 - 1 


v 2 -l' 




(A) 


(B) 


FIGURE 19 


3x 2 3 3x 2 

solution Since lim " — = -■ lim 1 = 3, the graph of y = — has a horizontal asymptote of y = 3; 

x — >±oo — 1 1 x—^zLoo — 1 

3.x 2 

hence, the right curve is the graph of f(x) = -= . Since 

x L — 1 

3x 3 i A 

lim -= = -• lim x =0, 

x — >±oo x* — 1 1 x— >±oo 

3x 3x 

the graph of y = — has a horizontal asymptote of v = 0; hence, the left curve is the graph of f(x) = — . 

x L — 1 ' x z — 1 

In Exercises 53-70, sketch the graph of the function. Indicate the transition points and asymptotes. 

53. y = 1 


3x — 1 


1 —3 

solution Let f(x) = -.Then f'(x) = so that / is decreasing for all x / i. m oreover, f"(x) = 

3x 1 (3x 1) 

18 1 

5 -, so that f is concave up for x > \ and concave down for x < \. Because lim = 0, / has a 

(3x — 1)^ x->±oo 3x — 1 

horizontal asymptote at y = 0. Finally, / has a vertical asymptote at* = i with 


lim 


. i _ 3x — 1 


iim 

x^l+ 3x - 1 


= — OO 


and 


= OO. 
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55 . y = 


+ 3 
-2 


solution Let fix) = 


x + 3 
7^2 


. Then fix) = 


-5 

(x - 2) 2 


, so that / is decreasing for all x 2. M oreover, fix) = 


^ so that / is concave up for* > 2 and concave down for x < 2. Because lim = 1, / has a horizontal 


(x - 2) 3 

asymptote at y = 1. Finally, / has a vertical asymptote at* = 2 with 


>±oo x — 2 


.. x + 3 

lim = -cx 

c-j- 2— x - 2 


and 


. . x + 3 

lim = oo. 

t^2+ x - 2 



57 ., .1 + ^ 

1 1 2y 2 -2x + 1 

solution Let fix) = — I Then /'(x) = — — 2 , so that / is decreasing for all x ^ 0, 1. M oreover, 


/"(x) = 


and 


x — 1 

^2x 3 — 3x 2 + 3x — 1 j 
x 3 (x - 1) 3 


x L (x - 1)^ 


1. Because lim 


- x->±oo V X ' X — 1 

asymptotes atx = 0 and x = 1 with 

1 


, so that / is concave up for 0 < x < j and x > 1 and concave down for x < 0 
= 0, / has a horizontal asymptote at y = 0. Finally, / has vertical 


1 1 

- + 


and 


lim - + 


0- \ x x — 1 


, i 1 1 

lim - + 


X-7-1- V x x — 1 


and 


and 


, i 1 1 

lim - + 


x->0+ Vx x — 1 


, i 1 1 

lim - + 


x — , l - ! - \ X X 1 



59 . y = 


x(x — 2) 


SOLUTION Let fix) — 


x(x — 2) 

decreasing for 1 < x < 2 and x > 2. M oreover, fix) = 


. Then fix) = so that / is increasing for x < 0 and 0 < x < 1 and 


x 2 (x-2) 2 

rf/ N 2(3x 2 — 6x + 4) 


x 3 (x — 2) 3 


, so that / is concave up for x < 0 and x > 2 


and concave down for 0 < x < 2. Because lim . 

x->-±oo \x(x — 2) 

has vertical asymptotes atx = 0 and x = 2 with 


= 0, / has a horizontal asymptote at v = 0. Finally, / 


lim 

l->o+ \x(x — 2) 


lim 

x->0— 


x(x — 2) 


= +oo and 


= —CXI 
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and 


lim 

x^l- 


x(x — 2 ) 


and 


lim 

x^>2+ 


x(x — 2) 


= 00 . 



61. y = 


1 

x 2 — 6x + 8 


solution Let f(x) = — ~ = . Then f'{x) = T , so that / is increasing for 

x L - 6x + 8 (x - 2) (x - 4) t x 2 _ 6 V + 8) 2 

x < 2 and for 2 < x < 3, is decreasing for 3 < x < 4 and for x > 4, and has a local maximum at x = 3. M oreover, 

2 (3x 2 - 18.x + 28) 

f"(x) = — t — — , so that / is concave up for x < 2 and for x > 4 and is concave down for 2 < x < 4. 

(x 2 — 6x + 8) 

Because lim — \ = 0, / has a horizontal asymptote at v = 0. Finally, / has vertical asymptotes atx = 2 

x-s-±oo x l — 6x + 8 
and x = 4, with 


and 


lim 


2- U 2 — 6x + 8 


= oo and lim 


2+ \x 2 — 6x + 8 


lim 


4- \x 2 — 6x + 8 


= -oo and lim 


4+ \x 2 — 6x + 8 



X 


63. y = 1 - - + ^ 
x x i 

3 4 

solution Let /(x) = 1 1 — r. Then 

x X i 

, 3 12 3(x - 2)(x + 2) 

/(•*)= ~2 4 = 4 

X L X H 

so that / is increasing for |jc| > 2 and decreasing for -2 < * < 0 and for 0 < * < 2. M oreover, 

/" W = - 1 + 

X D X J X D 

so that / is concave down for -2V2 < x < 0 and for x > 2s/2, while f is concave up for x < -2s/2 and for 
0 < x < 2V2. Because 


lim 

—>±00 




/ has a horizontal asymptote at y = 1. Finally, / has a vertical asymptote atx = 0 with 


im 

-*0- 


. 3 4 

1 1 T ] = “OO 


and 


lim 

f-s-0+ 


. 3 4 

1 1 T 
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65. y = -y - 

X L 


(x - 2) 2 


SOLUTION Let fix) = -=■ » 

x 2 (x-2) 2 

2 and is decreasing for 0 < x < 2. M oreover, 


Then f\x) = -2x 3 + 2 (jc — 2) 3 , so that / is increasing for jr < 0 and for 


x > 


fix) = 6x 4 — 6 (x — 2) 4 


48(.v — 1)(>2 — 2x + 2) 

.v 4 (x - 2) 4 


so that / is concave up for x < 0 and for 0 < x < 1, is concave down for 1 < x < 2 and for x > 2, and has a point 
of inflection at x = 1. Because lim ( ) = 0, / has a horizontal asymptote at y = 0. Finally, / has 


>±oo 


vertical asymptotes atx = Oandx = 2 with 


(x - 2)2 



67. v = — = ~ 

(> 2 + 1)2 

SOLUTION L et fix) = 


Then f\x) = 


-4* 


(x 2 + 1)2 

and has a local maximum at x = 0. M oreover, 


so that/ is increasing for x < 0, is decreasing for x > 0 


fix) = 


(x 2 + 1) 3 

-4(x 2 + l) 3 + Ax ■ 3 ix 2 + l) 2 ■ 2x 20 x 2 - 4 


( a ' 2 + l ) 6 


(x 2 + l) 4 ’ 


so that / is concave up for |jc| > 1/V5, is concave down for |jc| < 1/V5, and has points of inflection at x = +1/V5. 

Because lim — , T = 0, / has a horizontal asymptote at y = 0. Finally, / has no vertical asymptotes. 

*->•±00 (x L + 1)^ 
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69. y = 


V * 2 + 1 


solution Let fix) = .Then 

ff+i 

f\x ) = - * = = -jc(x 2 + 1) _3/2 , 

V (* 2 + 1) 3 

so that / is increasing for * < 0 and decreasing for * > 0. M oreover, 

f"(x ) = -^jc(x 2 + 1) _5 / 2 (-2x) - ( x 2 + 1)“ 3 / 2 = (2.v 2 - l)(x 2 + l) -5 / 2 , 
so that / is concave down for |x| < ^ and concave up for |jc| > Because 


lim —= 

*^ ±0 ° J x 7 + 1 


= 0. 


/ has a horizontal asymptote at y = 0. Finally, / has no vertical asymptotes. 





Further Insights and Challenges 

In Exercises 71-75, we explore functions whose graphs approach a nonhorizontal line as x oo. A tine y — ax + b is 
called a slant asymptote if 

li m (fix) — (ax + b)) = 0 

x— >oo 
or 

li m (f( x ) ~ ( ox + b)) = 0 

x — >— oo 
v 2 

71. Let f(x) = (Figure 21). Verify the following: 

x — 1 

(a) /( 0) is a local max and /( 2) a local min. 

(b) / is concave down on (-oo, 1) and concave up on (1, oo). 

(c) lim f(x) = -oo and lim fix) = oo. 

X—>1— X— >1+ 

(d) y = x + 1 is a slant asymptote of fix) as x ->■ ±oo. 

(e) The slant asymptote lies above the graph of fix) for x < 1 and below the graph for x > 1. 



ji x(x — 2) 2 

solution Let f(x) = — — .Then fix) = — i and fix) = =■ . 

x - 1 ' (jc — \) A (x - l)^ 

(a) Sign analysis of fix) reveals that fix) < 0 on (-oo, 1) and fix) > 0 on (1, oo). 

(b) Critical points of fix) occur at x = 0 and x = 2. x = 1 is not a critical point because it is not in the domain of /. 
Sign analyses reveal that jc = 2 is a local minimum of / and x = 0 is a local maximum. 
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(c) 


lim f(x) = -1 lim — - — = -oo and lim f(x) — 1 lim — = oo. 

x^l- x^l-l-X I->1+ JC->1+ jc — 1 


(d) Note that using polynomial division, f(x) 


x — 1 

lim (fix) — (x + 1)) = lim * + 1 h - (jc + 1) = lim — ^— = 0 

X — >■ ioo X — >-±00 JC — 1 X — >ioO X — 1 


— X 1 + 


x — 1 


Then 


(e) For x > 1, fix) - (jc + 1) = > 0, so fix) approaches x + 1 from above. Similarly, for jc < 1, fix) - ix + 

x — 1 

1) = < 0, so fix) approaches jc + 1 from below. 

JC — 1 

73 . Sketch the graph of 


fix) = 


x + 1 


Proceed as in the previous exercise to find the slant asymptote. 


solution Let fix) = — — Then f'ix) = 


jc (jc -|- 2) 2 

, .... — and f'ix) = Thus, f is increasing for x < -2 and 

x + 1 J (x + 1) 2 J (x + 1) 3 J a 

for x > 0, is decreasing for — 2 < jc < — 1 and for — 1 < jr <0, has a local minimum at x = 0, has a local maximum at 
x = -2, is concave down on (-oo, -1) and concave up on (-1, oo). Limit analyses give a vertical asymptote at jc = -1, 
with 


lim — — = -oo 
-+-i- x + 1 


and 


lim — — = oo. 
-+-1+ x + 1 


By polynomial division, fix) = x - 1 + 


and 


x + 1 

lim ( x - 1 + 


- (x - 1) = 0 


x — >+oo V x + 1 

which implies that the slant asymptote is y = x - 1. Notice that / approaches the slant asymptote as in exercise 71. 



75 . Sketch the graph of fix) = 


1 — x^ 

2 — x 


1 - x 2 3 

solution Let fix) = — . Using polynomial division, fix) = x + 2 -. Then 

2 — x x — 2 


lim ifix) - ix + 2)) = lim I (x + 2) + — - (x + 2)) = lim ^ 

X — > ioo X — >■ ioO \ JC — Z / X — > ioO JC — Z 1 X — >-znOO 


im x 1 = 0 


which implies that y = x + 2 is the slant asymptote of fix). Since fix) - (x + 2) = > 0 for x > 2, fix) 

x — 2 

approaches the slant asymptote from above for x > 2; similarly, < 0 for x < 2 so fix) approaches the slant 

x — 2 

x 2 — 4 x + 1 — 6 

asymptote from below forx < 2. M oreover, f'ix) = : and /"(x) = Sign analyses reveal a local 

(2 — xY ( 2-xy 

minimum at jc = 2 + V3, a local maximum atx = 2 - V3 and that / is concave down on (-oo, 2) and concave up on 
(2, oo). Limit analyses give a vertical asymptote atx = 2. 
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77. C&J Assume that f”(x) exists and fix) > 0 for all x. Show that fix) cannot be negativefor all x. Hint: Show 
that fib) / 0 for some/? and use the result of Exercise 56 in Section 4.4. 

solution Let/(x) be a function such that fix) exists and fix) > Oforall x. Since /"(x) > 0, there is at least one 
point x = b such that fib) £ 0. If not, f'{x) = 0 for all x, so f"(x) = 0. By the result of Exercise 56 in Section 4.4, 
f(x ) > f(b ) + f\b) (x - b). N ow, if fib) > 0, we find that fib) + f{b){x - b) > 0 whenever 

bfib) - fib ) 


a condition that must be met for some* sufficiently large. For such x, fix) > fib) + f{b)i x - b) > 0. On the other 
hand, if fib) < 0, we find that fib) + fib)ix - b) > 0 whenever 


X < 


bfjb) - fib) 
fib) 


For such an x, fix) > fib) + f'{b){x — b) > 0. 


4.6 Applied Optimization 

Preliminary Questions 

1. The problem is to find the right triangle of perimeter 10 whose area is as large as possible. What is the constraint 
equation relating the baseband height/; of the triangle? 

solution The perimeter of a right triangle is the sum of the lengths of the base, the height and the hypotenuse. If the 
base has length b and the height is /;, then the length of the hypotenuse is fb 2 + h 2 and the perimeter of the triangle is 
p = b + h + fb 2 + h 2 . The requirement that the perimeter be 10 translates to the constraint equation 

b + h + V b 2 + h 2 = 10. 

2. Describe a way of showing that a continuous function on an open interval (a, b) has a minimum value. 

solution If the function tends to infinity at the endpoints of the interval, then the function must take on a minimum 
value at a critical point. 

3. Is there a rectangle of area 100 of largest perimeter? Explain. 

solution No. Even by fixing the area at 100, we can take one of the dimensions as large as we like thereby allowing 
the perimeter to become as large as we like. 


Exercises 

1. Find the dimensions?: and _v of the rectangle of maximum area that can be formed using 3 meters of wire. 

(a) W hat is the constraint equation relating x and yt 

(b) Find a formula for the area in terms of x alone. 

(c) W hat is the interval of optimization? Is it open or closed? 

(d) Solve the optimization problem. 

SOLUTION 

(a) The perimeter of the rectangle is 3 meters, so 3 = 2x + 2y, which is equivalent to y = | - x. 

(b) Using part (a), A = xy = x(| - x) = \x - x 2 . 

(c) This problem requires optimization over the closed interval [0. |], since both x and y must be non-negative. 

(d) A'ix) = I - 2x = 0, which yields x = | and consequently, y = Because A(0) = A(3/2) = 0 and A(|) = 

0.5625, the maximum area 0.5625 m 2 is achieved with x = y = | m. 
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3 . Wire of length 12 m is divided into two pieces and the pieces are bent into a square and a circle. How should this be 
done in order to minimize the sum of their areas? 

solution Suppose the wire is divided into one piece of length x m that is bent into a circle and a piece of length 
12 - x m that is bent into a square. Because the circle has circumference x, it follows that the radius of the circle is x/27r; 
therefore, the area of the circle is 


' x \2 x 2 
yin) 47 r 


As for the square, because the perimeter is 12 - x, the length of each side is 3 - x/4 and the area is (3 - x/4) 2 . Then 


= 4^ + I 3 


Now 


A'(x) = 



= 0 


when 


Because A(0) = 9 m 2 , A (12) = 36/n 


Yin 

4T“ 


n 


11.46 m 2 , and 


5.28 m. 


A 


Yin 
4 + n 


5.04 m 2 , 


we see that the sum of the areas is minimized when approximately 5.28 m of the wire is allotted to the circle. 

5 . A flexible tube of length 4 m is bent into an L-shape. Where should the bend be made to minimize the distance 
between the two ends? 

solution Let x, y > 0 be lengths of the side of the L. Since x + y = 4 or y = 4 - x, the distance between the ends 
of L is h (x) = y/x 2 + y 2 = yj x 2 + (4 - x) 2 . We may equivalently minimize the square of the distance, 


f(x) = x 2 + y 1 = x 2 + (4 - x) 2 


This is easier computationally (when working by hand). Solve f’{x) = 4x - 8 = 0 to obtain x = 2 m. Now /( 0) = 
/( 4) = 16, whereas f(l) = 8. Hence the distance between the two ends of the L is minimized when the bend is made at 
the middle of the wire. 

7 . A rancher will use 600 m of fencing to build a corral in the shape of a semicircle on top of a rectangle (Figure 9). 
Find the dimensions that maximize the area of the corral. 



FIGURE 9 


solution Let x be the width of the corral and therefore the diameter of the semicircle, and let y be the height of the 
rectangular section. Then the perimeter of the corral can be expressed by the equation 2y + x + Jx = 2y + (1 + J)x = 
600 m or equivalently, y =■ \ (600 - (1 + J)x). Since x and y must both be nonnegative, it follows that x must 
be restricted to the interval [0. The area of the corral is the sum of the area of the rectangle and semicircle, 

A = xy + Jx 2 . M aking the substitution for y from the constraint equation, 

A(x) = \x (600 - (1 + j)xJ + Jx 2 = 300x - ^ (l + J) x 2 + Jx 2 . 

Now, A'(x) = 300 - (1 + j)x + Jx = 0 impliesx = . 30 ° ks 168.029746 m. With A(0) = 0 m 2 , 

/ 300 \ , / 600 \ , 

A ( ) ss 25204.5 m 2 and Al- -) & 21390.8 m 2 , 

\ 1 + 7r/4 / \l + n/lj 

it follows that the corral of maximum area has dimensions 

300 150 

x = m and y = m. 
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9. Find the dimensions of the rectangle of maximum area that can be inscribed in a circle of radius r = 4 (Figure 11). 


solution Place the center of the circle at the origin with the sides of the rectangle (of lengths 2x > 0 and 2y > 0) 
parallel to the coordinate axes. By the Pythagorean Theorem, x 2 + y 2 = r 2 = 16, so that y = x/l6 - x 2 . Thus the area 
of the rectangle is A(x) = 2x ■ 2y = 4aVi6 - x 2 . To guarantee both x and y are real and nonnegative, we must restrict 
x to the interval [0, 4], Solve 

, 4,-2 

A' (x) = 4yl6 — x 2 = 0 

\/l6 — x 2 

for x > 0 to obtain x = -^= = 2^/2. Since A(0) = A(4) = 0 and A( 2^/2) = 32, the rectangle of maximum area has 
dimensions 2x - 2 y = 4^2. 

11. Find the point on the line y = x closest to the point (1, 0). Hint: It is equivalent and easier to minimize the square 
of the distance. 

solution With y = x, let's equivalently minimize the square of the distance, f(x) = (x - l) 2 + y 2 = 2.v 2 - 2.v + 1, 
which is computationally easier (when working by hand). Solve f\x) = Ax - 2 = 0 to obtain .* = Since /(. x) -»• 

as x -> ±oo, (j, 2 ) is the point on y = x closest to (1. 0). 

13. Find the coordinates of the point on the graph of y = x + 2x~ l closest to the origin in the region x > 0 (Figure 13). 


solution The distance from the origin to the point (x, x + 2x on the graph of y = x + 2x 1 is d = 
s/x 2 + (x + 2.r -1 ) 2 . As usual, wewill minimized 2 . Letrf 2 = f(x) =x 2 + (x + 2* -1 ) 2 . Then 

fix) = 2.v + 2(x + 2x~ *)(1 — 2x~ 2 ) = Ax — 8.v -2 . 

To determine x, we need to solve f'{x) = 0. M ulti plying through by x 3 gives 4x 4 - 8 = 0, so that x = & 1.189. 

Since /(1.189) sa 2.871, the point on y = x + 2x~ 3 that is closest to the origin is approximately (1.189, 2.871). 

15. Find the angle 9 that maximizes the area of the isosceles triangle whose legs have length i (Figure 14). 


yields 9 = j. Since A(0) = A( n) - 0 and A(^) = \l 2 , the angle that maximizes the area of the isosceles triangle is 



FIGURE 11 



X 


FIGURE 13 



FIGURE 14 


solution The area of the triangle is 



where 0 <9<n. Setting 
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17. Find the area of the largest isosceles triangle that can be inscribed in a circle of radius r. 
solution Consider the following diagram: 



The area of the isosceles triangle is 

A(6) = 2 • ^r 2 Sin(7T -9) + ^r 2 sin(26>) = r 2 sin 9 + ^r 2 sin(26>), 

where 0 < 9 < n. Solve 


A' (9) = r 2 COS 9 + r 2 COS(2 9) = 0 


to obtain 9 = n. Since A(0) = A( n) = 0 and A(|) = ^pr 2 , the area of the largest isosceles triangle that can be 
inscribed in a circle of radius r is ^pr 2 . 

19. A poster of area 6000 cm 2 has blank margins of width 10 cm on the top and bottom and 6 cm on the sides. Find the 
dimensions that maximize the printed area. 

solution Let* be the width of the printed region, and I et _y be the height. The total printed area is A = xy . Because the 
total area of the poster is 6000 cm 2 , we have the constraint (* + 12)(y + 20) = 6000, so that*_y + 12y + 20* + 240 = 
6000, or y = 57 T heref ore, A(*) = 20 • where 0 < * < 288. 

A(0) = A(288) = 0, so we are looking for a critical point on the interval [0, 288], Setting A'(*) = 0 yields 

2q(* + 12) (288 - 2*) - (288* - * 2 ) _ ^ 

(* + 12) 2 ” 

-* 2 - 24* + 3456 

* 2 + 24* - 3456 = 0 
(* — 48)(* + 72) = 0 


Therefore* = 48 or * = -72. * = 48 is the only critical point of A(*) in the interval [0, 288], so A(48) = 3840 is the 
maximum value of A(*) in the interval [0, 288]. Now, y = 20 ^g 8 ^ 8 = 80 cm, so the poster with maximum printed area 
is 48 + 12 = 60 cm. wide by 80 + 20 = 100 cm. tall. 

21. Kepler’s Wine Barrel Problem In his work Nova stereometric doliorum vinariorum (New Solid Geometry of 
a Wine Barrel), published in 1615, astronomer Johannes Kepler stated and solved the following problem: Find the 
dimensions of the cylinder of largest volume that can be inscribed in a sphere of radius R. Hint: Show that an inscribed 
cylinder has volume 2nx(R 2 - * 2 ), where* is one-half the height of the cylinder. 


solution Place the center of the sphere at the origin in three-dimensional space. Let the cylinder be of radius y and 
half-height *. The Pythagorean Theorem states, * 2 + y 2 = R 2 , so that y 2 = R 2 - * 2 . The volume of the cylinder is 
V(x) = ny 2 (2*) = 2it (^R 2 - xp x = 27ri? 2 * — 2zr* 3 . Allowing for degenerate cylinders, we have 0 < * < R. 
Solve V'(x ) = 2itR 2 - 6irx 2 = 0 for * > 0 to obtain * = ~^=. Since V(0) = V(R) = 0, the largest volume is 

v3 


V(-^=) = gjr-/3f7 3 when * = and y = J^R- 

23. A landscape architect wishes to enclose a rectangular garden of area 1,000 m 2 on one side by a brick wall costing 
$90/m and on the other three sides by a metal fence costing $30/m. W hich dimensions minimize the total cost? 


solution Let* be the length of the brick wall and y the length of an adjacent side with *, y > 0. With xy = 1000 or 
y = the total cost is 


C(x) = 90* + 30 (* + 2y) = 120* + 60.000* -1 . 

Solve C'(x) = 120 - 60,000*“ 2 = 0 for * > 0 to obtain * = 10^5. Since C(x ) -»• oo as* -»• 0+ and as* ->• oo, the 
minimum cost is C(10>/5) = 2400V5 ^ $5366.56 when * = 10^5 rj 22.36 m and y = 20V5 44.72 m. 
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25. Find the maximum area of a rectangle inscribed in the region bounded by the graph of y = 
(Figure 17). 


4 — x 
2 + x 


and the axes 


y 



solution Lets be the width of the rectangle. The height of the rectangle is h = ix 1 , so that the area is 


A(s) = s 


4 — s 

2T7 


4s — s 2 

T+^T' 


We are maximizing on the closed interval [0, 4], It is obvious from the pictures that A(0) = A (4) = 0, so we look for 
critical points of A. 


A'(s) = 


(2 + s) (4 — 2s) — (4s — j 2 ) s 2 + 4s — 8 
(2 + s) 2 “ (s + 2) 2 


The only point where A'(s) doesn't exist is s = -2 which isn't under consideration. 
Setting A'(s) = 0 gives, by the quadratic formula, 


- 4±va = _ 2 ± 2 V 3 , 


Of these, only -2 + 2 V3 is positive, so this is our lone critical point. A(-2 + 2V3) sa 1.0718 > 0. Since we are finding 
the maximum over a closed interval and -2 + 2V3 istheonly critical point, the maximum area is A(-2 + 2V3) 1.0718. 

27. Find the maximum area of a rectangle circumscribed around a rectangle of sides L and H. Hint: Express the area in 
terms of the angle 0 (Figure 18). 



solution Position the L x H rectangle i n the first quadrant of the xy-plane with its "northwest" corner at the origin. 
Let# betheanglethebaseof thecircumscribed rectangle makes with the positivex-axis, where 0 < 9 < y.Thenthearea 
of the circumscribed rectangle is A = LH + 2 ■ j(H s\n9)(H cos6») + 2 • ^(71 sin 6>)(2L cos 0) = LH + j{L 2 + H 2 ) 
si n 20, which has a maximum value of LH + \(L 2 + H 2 ) when 9 = | because sin 29 achieves its maximum when 
* = !■ 

29. Find the equation of the line through P = (4, 12) such that the triangle bounded by this line and the axes in the first 
quadrant has minimal area. 

solution Let P = (4, 12) be a point in the first quadrant and y - 12 = mix - 4), -oo < m < 0, be a line 
through P that cuts the positivex- and y-axes. Then y = L(x) = mix - 4) + 12. The line L(x) intersects the y-axis at 
H (0, 12 - Am) and the x-axis at W (4 - o). H ence the area of the triangle is 

A(m) = - (12 — Am) (a ^ = 48 — 8 m — 72m - '*'. 

2 \ m J 

Solve A'im) = 72m -2 - 8 = 0 for m <0 to obtain m = -3. Since A -*■ oo as m -*■ -oo or m 0-, we 
conclude that the minimal triangular area is obtained when m = -3. The equation of the line through p = (4, 12) is 
y = — 3(x - 4) + 12 = — 3x + 24. 
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31. Archimedes’ Problem A spherical cap (Figure 20) of radius r and height h has volume V = n li 2 (r - \h) and 
surface area S = 2nrh. Prove that the hemisphere encloses the largest volume among all spherical caps of fixed surface 
area S. 



solution Consider all spherical caps of fixed surface area 5. Because S = 2 nrh, it follows that 


and 


Now 


when 


S 

2nh 


V(h) = nh 2 




V\h) 


S 

2 


— nh 2 


= 0 


h 2 


s 

2n 


or 


h 


S 

2nh 


H ence, the hemisphere encloses the largest volume among all spherical caps of fixed surface area 5. 

33. A box of volume 72 m 3 with square bottom and no top is constructed out of two different materials. The cost of the 
bottom is $40/m 2 and the cost of the sides is $30/m 2 . Find the dimensions of the box that minimize total cost. 
solution Let 5 denote the length of the side of the square bottom of the box and h denote the height of the box. Then 


The cost of the box is 


so 


? ,, 72 

V = s 2 h = 12 or h = -r. 


C = 40.s 2 + 120sh = 40s 2 + 


8640 


. nA 8640 

C'(s) = 80s y- = 0 


when s = m and h = 2^4 m. Because C -»• oo as s ->• 0- and as s ->■ oo, we conclude that the critical point 
gives the minimum cost. 

35. Your task is to design a rectangular industrial warehouse consisting of three separate spaces of equal size as in 
Figure 22. The wall materials cost $500 per linear meter and your company allocates $2,400,000 for the project. 

(a) W hich dimensions maximize the area of the warehouse? 

(b) W hat is the area of each compartment in this case? 


FIGURE 22 

solution Letonecompartmenthavelengtfuandwidthy.Thentotal length of thewall of thewarehouseis/’ = 4x + 6y 
and the constraint equation is cost = 2,400,000 = 500(4* + 6_v), which gives y = 800 - 

(a) Area is given by A = 3xy = 3* (800 - = 2400* - 2* 2 , where 0 < * < 1200. Then A\x) = 2400 - 4* = 0 

yields* = 600 and consequently y = 400. Since AfO) = A(1200) = Oand A(600) = 720, 000, the area of the warehouse 
is maximized when each compartment has length of 600 m and width of 400 m. 

(b) The area of one compartment is 600 ■ 400 = 240. 000 square meters. 


226 CHAPT 


ER 4 | APPLICATIONS OF THE DERIVATIVE 


37 . According to a model developed by economists E. Heady and J . Pesek, if fertilizer made from TV pounds of nitrogen 
and p pounds of phosphate is used on an acre of farmland, then the yield of corn (in bushels per acre) is 

Y = 1.5 + 0.6 TV + 0.1 P - 0.001 TV 2 - 0.002 P 2 + 0.0017V P 

A farmer intends to spend $30 per acre on fertilizer. If nitrogen costs 25 cents/lb and phosphate costs 20 cents/lb, which 
combination of N and L produces the highest yield of corn? 

solution The farmer's budget for fertilizer is $30 per acre, so we have the constraint equation 

0.257V + 0.2P = 30 or P = 150 - 1.252V 
Substituting for P in the equation for Y , we find 

Y (AO = 7.5 + 0.67V + 0.7(150 - 1.257V) - 0.0017V 2 - 0.002(150 - 1.257V) 2 + 0.001TV(150 - 1.257V) 

= 67.5 + 0.6257V — 0.0053757V 2 


Both TV and P must be nonnegative. Since P = 150 - 1.257V > 0, we require that 0 < N < 120. Next, 

— = 0.625 - 0.010757V = 0 => TV = ^ 58.14 pounds. 

dN 0.01075 M 

Now, y(0) = 67.5, 7(120) = 65.1 and 7(58.14) « 85.67, so the maximum yield of corn occurs for TV w 58.14 pounds 
and P ~ 77.33 pounds. 

39 . All units in a 100-unit apartment building are rented out when the monthly rent is set at r = $900/month. Suppose 
that one unit becomes vacant with each $10 increase in rent and that each occupied unit costs $80/month in maintenance. 
Which rent?- maximizes monthly profit? 

solution Letn denote the number of $10 increases in rent. Then the monthly profit is given by 
P(n) = (100 — «) (900 + 10n — 80) = 82000 + 180/; — 10 n 1 , 


and 


P\n) = 180 - 20 n = 0 


when n = 9. We know this results in maximum profit because this gives the location of vertex of a downward opening 
parabola. Thus, monthly profit is maximized with a rent of $990. 

41 . The monthly output of a Spanish light bulb factory is P = ILK 1 (in millions), where L is the cost of labor and K 
is the cost of equipment (in millions of euros). The company needs to produce 1.7 million units per month. W hich values 
of L and K would minimize the total costL + Kl 

^ 0.85 

solution Since P = 1.7 and P = 2L7T+ we have L = -^-.Accordingly, the cost of production is 

0.85 

C(K) = L + K = K + -=j-. 

Solve C\K) = 1 — 7 for K > 0 to obtain K = v'T/7. Since C(K) oo as K ->• 0+ and as K ->• oo, the minimum 

cost of production is achieved for K = v'177 ~ 1.2 and L = 0.6. The company should invest 1.2 million euros in 
equipment and 600, 000 euros in labor. 

43 . B randon is on one side of a river that is 50 m wide and wants to reach a point 200 m downstream on the opposite 
side as quickly as possible by swimming diagonally across the river and then running the rest of the way. Find the best 
route if B randon can swim at 1.5 m/s and run at 4 m/s. 

solution Let lengths be in meters, times in seconds, and speeds in m/s. Suppose that Brandon swims diagonally to 
a point located x meters downstream on the opposite side. Then Brandon then swims a distance V x 1 + 50 2 and runs a 
distance 200 - x. The total time of the trip is 


Solve 


fix) = 


vV + 2500 200 - x 

L5 + 4 


0 < x < 200. 


fix) 


2x 

37*2 + 2500 



to obtain * = 30^- ^ 20.2 and /( 20.2) ^ 80.9. Since /(0) « 83.3 and /(200) 137.4, we conclude that the minimal 

time is 80.9 s. This occurs when Brandon swims diagonally to a point located 20.2 m downstream and then runs the rest 
of the way. 
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In Exercises 45^17, a box (with no top ) is to be constructed from a piece of cardboard of sides A and B by cutting out 
squares of length h from the corners and folding up the sides (Figure 26). 



FIGURE 26 


45. Find the value of h that maximizes the volume of the box if A = 15 and B = 24. W hat are the dimensions of this 
box? 

solution Once the sides have been folded up, the base of the box will have dimensions (A - 2 h ) x (B - 2 h ) and the 
height of the box will be/?. Thus 

V(h) = h(A - 2h)(B - 2 h) = 4 h 3 - 2 (A + B)h 2 + ABh. 

W hen A = 15 and B = 24, this gives 

V (h) = 4/7^ — 7 8/7 2 + 360/i, 
and we need to maximize over 0 <h<^-. Now, 

V\h) = 12/i 2 - 156/7 + 360 = 0 


yields h = 3 and h = 10. Because/z = 10 is not in the domain of the problem and V(0) = V(15/2) = 0 and V(3) = 486, 
volume is maximized when h = 3. The corresponding dimensions are 9 x 18 x 3. 

47 . Which values of A and B maximize the volume of the box if h = 10 cm and AS = 900 cm. 
solution With /? = 10 and AS = 900 (which means that s = 900/A), the volume of the box is 


V (A) = 10(A - 20) 



13,000 - 200A- 


180,000 

A 


where 20 < A < 45. N ow, solving 


V'(A) = -200 + 


180,000 


= 0 


yields A = 30. Because V (20) = V(45) = 0 and V (30) = 1000 cm 3 , maximum volume is achieved with A = s = 
30 cm. 

49 . A billboard of height is mounted on the side of a building with its bottom edge at a distance/? from the street as in 
Figure 27. At what distance x should an observer stand from the wall to maximize the angle of observation el 




FIGURE 27 


solution From the upper diagram in Figure 27 and the addition formula for the cotangent function, we see that 


cote = 


1 4 - x x 

1 -r b+h h 
x _ x 
Tl b+h 


x L + h(b + h) 
bx 


where/? and h are constant. Now, differentiate with respect to x and solve 


-tst 2 9— = - - h(b + h) =Q 


dx 


bx 2 


to obtain x = y/bh + h 2 . Since this is the only critical point, and since 6 -> 0 as x -+ 0+ and 9 -+ 0 as x -+ 00 , 6(x) 
reaches its maximum at* = yjbh + h 2 . 
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51. Optimal Delivery Schedule A gas station sells Q gallons of gasoline per year, which is delivered N times per 
year in equal shipments of Q/N gallons. The cost of each delivery is d dollars and the yearly storage costs are sQT, 
where T is the length of time (a fraction of a year) between shipments and .s is a constant. Show that costs are minimized 
for N = V sQ/d . [Hint: T = 1/N.) Find the optimal number of deliveries if Q = 2 million gal, d = $8000, and 
^ = 30 cents/gal-yr. Your answer should be a whole number, so compare costs for the two integer values of N nearest the 
optimal value. 

solution There are N shipments per year, so the time interval between shipments is T = 1/iV years. FI ence, the total 
storage costs per year are sQ/N. The yearly delivery costs are dN and the total costs is C(N) = dN + sQ/N. Solving, 

, s Q 

C \ N ) = d — = 0 

for N yields N = y/sQ/d. For the specific case Q = 2,000,000, d = 8000 and s = 0.30, 


„ / 0.30(2, 000, 000) 0 cc 

* = V 8000 = 8 - 66 ' 

With C(8) = $139,000 and C(9) = $138,667, the optimal number of deliveries per year is N = 9. 

53 . Let (a, b) be a fixed point in the first quadrant and let 5(d) be the sum of the distances from (d, 0) to the points (0, 0), 
(a, b), and ( a , —b). 

(a) Find the value of d for which 5(d) is minimal. The answer depends on whether b < y/3a or b > y/3 a. Hint: Show 
that d = 0 when b > y/3 a. 

(b) (GU)J Let a = 1. Plot 5(d) for b = 0.5, V3, 3 and describe the position of the minimum. 


SOLUTION 

(a) If d < 0, then the distance from (d, 0) to the other three points can all be reduced by increasing the value of d. 
Similarly, if d > a, then the distance from (d, 0) to the other three points can all be reduced by decreasing the value of 
d. It follows that the minimum of 5(d) must occur for 0 < d < a. Restricting attention to this interval, we find 

5(d) = d + 2y/(d — a) 2 +b 2 . 


Solving 


5'(d) = 1 + 


2(d — a) 


y/ (d — a) 2 + 7> 2 


= 0 


yields the critical point d = a - b/y/ 3. If b < V3 a, then d = a - b/V 3 > 0 and the minimum occurs at this value of d. 
On the other hand, if b > y/3 a, then the minimum occurs at the endpoint d - 0. 

(b) Leta = 1. Plots of 5(d) for b = 0.5, b = a/3 and b = 3 are shown below. For b = 0.5, the results of (a) indicate the 
minimum should occur for d = 1 - 0.5/V3 ~ 0.711, and this is confirmed in the plot. For both b = V3 and b = 3, the 
results of (a) indicate that the minimum should occur at d = 0, and both of these conclusions are confirmed in the plots. 



55. I n the setting of Exercise 54, show that for any / the minimal force required is proportional to 1/y/l + / 2 . 

solution We minimize F(6) by finding the maximum value g(9) = cos 9 + / sine. The angle 9 is restricted to the 
interval [0, ^]. We solve for the critical points: 

g'(6) = -sine + / cose = 0 


We obtain 


/cose = sine => tane = / 

From the figure below we find that cose = 1/^1 + / 2 and sin 9 = f/y/l + f 2 . FI ence 


8 ( 6 ) = - + 


1 / 2 1 + f 2 


f yiTT 7 yiTT 2 


= y/l + f 2 
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T he val ues at the endpoi nts are 

g(0) = l. g(y)=/ 

Both of these values are less than Jl + f 2 . Therefore the maximum value of g(6 ) is y'l + f 2 and the minimum value 
of F(9) is 

F _ f m 8 _ f m 8 
~ g (9) ~ 



57. The problem is to put a "roof" of sides on an attic room of height/? and width b. Find the smallest length s for which 
this is possible if b = 27 and h = 8 (Figure 31). 



solution Consider the right triangle formed by the right half of the rectangle and its "roof". This triangle has hy- 
potenuse s. 



As shown, let y be the height of the roof, and let x be the distance from the right base of the rectangle to the base of the 
roof. By similar triangles applied to the smaller right triangles at the top and right of the larger triangle, we get: 


y-8 _ 8 
27/2 “ x 

s, y, and x are related by the Pythagorean Theorem: 

2 


or 


108 0 
y = 1- 8. 

x 


s = TT- 




+ >mM + 0^ 


Sinces > 0, s 2 is least whenever s is least, so we can minimizes 2 instead of s. Setting the derivative equal to zero yields 

.121 \ / 108 \ / 108 \ „ 

2 ( — + x I + 2 ( F 8 ) ( ) — 0 


2 ('? +x U 28 ( r ? + xV-T )=0 


2 1 ” +x) (1- 


x“- 

864 


= 0 


The zeros are* = (irrelevant) and x = 6V 7 ?. Since this is the only critical point of s with jc > 0, and since s -> oo 


as .t -> 0 and s -> oo as x 


so the smallest roof length is 


oo, this is the point where s attains its minimum. For this value of x, 
2 


s 2 = 


= (y + 6^ + (9^/2 + 8) 2 ^ 904.13, 


s ^ 30.07. 
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59. Find the maximum length of a pole that can be carried horizontally around a corner joining corridors of widths a = 24 
and ft = 3 (Figure 32). 



FIGURE 32 


solution In order to find the length of the longest pole that can be carried around the corridor, we have to find the 
shortest length from the left wall to the top wall touching the corner of the inside wall. Any pole that does not fit in this 
shortest space cannot be carried around the corner, so an exact fit represents the longest possible pole. 

Let 9 be the angle between the pole and a horizontal line to the right. Let c\ be the length of pole in the corridor of 
width 24 and let q be the length of pole in the corridor of width 3. By the definitions of sine and cosine, 


3 24 

— = sin 6> and — = cose, 

c 2 a 


so that ci = , C 2 = What must be minimized is the total length, given by 


Setting /'(e) = 0 yields 


/(e) 


24 3 

cose sine' 


24 sin 0 3 cose 

cos 2 e sin 2 e 

24 sine 3 cose 

cos 2 e sin 2 e 

24 sin 3 e = 3 cos 3 6 


As e < j (the pole is being turned around a corner, after all), we can divide both sides by cos 3 8, getting tan 3 e = j. 
This implies that tan e = \ (tan e > 0 as the angle is acute). 

Since /(e) -»• oo as e -»• 0+ and as 8 -»• we can tell that the minimum is attained at 9q where taneo = \- 
Because 


tan eo = 


opposite 

adjacent 


1 

r 


we draw a triangle with opposite side 1 and adjacent side 2. By Pythagoras, c = V5, so 


From this, we get 


1 2 
sineo = ^ and coseo = — . 
V 5 v 5 


f(8 0 ) = — + -7^— = -=-n/5 + 3^5 = 15%/5. 

coseo sin eo 2 


61. Find the minimum length £ of a beam that can clear a fence of height ft and touch a wall located ft ft behind the fence 
(Figure 33). 



b X 

FIGURE 33 
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solution Let y be the height of the point where the beam touches the wall in feet. By similar triangles, 


y — h h bh 

= - or y= \-h 

b x x 


and by Pythagoras: 


1 -> i bh 

t 2 = {b + x ) 2 +[ — + h 
x 


We can minimize i 2 rather than l, so setting the derivative equal to zero gives: 


bh 


bh 


2(b + x) + 2 ( F h 1 ( 1 — 2{b + x) I 1 — 


h^b 


= 0 . 


The zeroes are b = —x (irrelevant) and x = \/h 2 b. Since i 2 -> oo as* -> 0+ and as* -> oo, x = Vh^b corresponds 
to a minimum for l 2 . For this value of *, we have 

l 2 = (b + h 2/3 b 1/ 3 ) 2 + (h + h 1/3 b 2/3 ) 2 
= b 2/3 (b 2,3 + h2/3 ) 2 + h 2/3 (h 2,3 + b2/3)2 

= ( * 2 /3 + * 2 / 3)3 

and so 


l = (i . 2 / 3 + / z 2 / 3 ) 3 / 2 . 


A beam that clears a fence of height h feet and touches a wall b feet behind the fence must have length at least l = 
(Z> 2 / 3 +/i 2 / 3 ) 3 / 2 ft. 

63. £J8 A basketball player stands d feet from the basket. Let h and a be as in Figure 34. Using physics, one can 
show that if the player releases the ball at an angle 9, then the initial velocity required to make the ball go through the 
basket satisfies 

2 16 d 

v = t 

cos^ £(tan£ - tan a) 

(a) Explain why this formula is meaningful only for a < 6 < f. Why does v approach infinity at the endpoints of this 
interval? 

(b) |GU; I Take a = \ and plot v 2 as a function of 9 for ^ < 9 < ^ . Verify that the minimum occurs at 9 = 

(c) Set F( 9) = cos 2 0(tan 9 - tan a). Explain why v is minimized for 8 such that F(9) is maximized. 

(d) Verify that F'(8) = cos(a - 20)seco' (you will need to use the addition formula for cosine) and show that the 
maximum value of F(6) on [a, f] occurs at 0 q = f + f ■ 

(e) For a given a, the optimal angle for shooting the basket is Oq because it minimizes v 2 and therefore minimizes the 
energy required to makethe shot (energy is proportional to v 2 ). Show that the velocity u op t attheoptimal angle c?o satisfies 

2 _ 32V cos a _ 32 V 2 

V ° pt “ l-sina “ _ h + ^ 2^2 

(f) |iGU]J Show with a graph that for fixed V (say, V = 15 ft, the distance of a free throw), u 2 pt is an increasing function 
of Use this to explain why taller players have an advantage and why it can help to jump while shooting. 



FIGURE 34 
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SOLUTION 

(a) a = 0 corresponds to shooting the ball directly at the basket while a = n/2 corresponds to shooting the ball directly 
upward. In neither case is it possible for the ball to go into the basket. 

If the angle a is extremely close to 0, the ball is shot almost directly at the basket, so that it must be launched with 
great speed, as it can only fall an extremely short distance on the way to the basket. 

On the other hand, if the angle a is extremely close to tc/2, the ball is launched almost vertically. This requires the 
ball to travel a great distance upward in order to travel the horizontal distance. In either one of these cases, the ball has to 
travel at an enormous speed. 

(b) 



The minimum clearly occurs where 9 = n/3. 

(c) If F{9) = cos 2 6 (tan 6 - tan a), 

2 _ 16 d _ 16 d 

cos 2 9 (tan 9 - tan a) F(9)' 

Since a < 9, F(9) > 0, hence v 2 is smallest whenever F(9) is greatest. 

(d) F'(9) = -2 sin 9 cos 9 (tan 0 - tan a) + cos 2 9 (sec 2 e) = -2 sine cose tan 9 + 2 sin 9 cose tan a + 1. We will 
apply all the double angle formulas: 

cos(2e) = cos 2 e - sin 2 6» = 1 - 2sin 2 6>; sin 29 = 2 sin 6» cos 0, 


getting: 


F’{6) = 2 sine cose tan a - 2 sine cose tan 9 + 1 

„ . sin a „ . sine 

= 2 si n e cos e 2 SI n 9 cos 9 h 1 

COSa cose 

= sec a (-2sin 2 ecosa + 2 sine cose sin a + cos a 

= sec a (cosa (l - 2sin 2 e) + sin a (2 sine cos e)) 
= sec a (coso;(cos2e) + sin o?(sin 2e» 

= Sec a COS(a - 29) 


A critical point of F(9) occurs where cos(a - 2e) = 0, so that a - 29 = -%■ (negative because 2 9 > 9 > a), and this 
gives us e = a/2 + n/ 4. The minimum value F(eo) takes place at eo = a/2 + jt/4. 

(e) Plug in 9q = a/2 + tt/4. To find u 2 pt we must simplify 


cos 2 eo (tan eo - tan a) = 


cos eo (si n eo cos a - coseosina) 
COS a 


By the addition law for sine: 


and so 


sin eo cosa - cose 0 sin a = si n(eo - a) = sin(-a/2 + n/A) 


coseo(sineo COSa - coseo sin a) = COS(a/2 + ;r/4)sin(-a/2 + jr/4) 
Now use the identity (that follows from the addition law): 


to get 


1 . 

sin* cosy = -(sin(* + y) + sin(x - y)) 


COS(or/2 + jt/4) sin(-a/2 + jt/4) = (1/2)(1 - sin a) 
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So wefinally get 


and therefore 


-j (1/2)(1 - sin a) 

cos^ ©oftan - tana) = 


COS a 


2 _ 32rf COS a 

^P 1 ~ 1 — sin a 


as claimed. From Figure 34 we see that 


d h 

cos a — — and sina = 


x/rf 2 + /2 2 

Substituting these values into the expression for u 2 pt yields 


y/d 2 + h 2 ' 


2 

^opt — 


32 d 2 


—h + y/ d 2 + h 2 


(f) A sketch of the graph of Ug pt versus h for d = 15 feet is given below: u 2 pt increases with respect to basket height 
relative to the shooter. This shows that the minimum velocity required to launch the ball to the basket drops as shooter 
height increases. This shows one of the ways height is an advantage in free throws; a taller shooter need not shoot the ball 
as hard to reach the basket. 



Further Insights and Challenges 

65. Tom and Ali drive along a highway represented by the graph of fix) in Figure 36. During the trip, Ali views a 
billboard represented by the segment BC along they-axis. Let Q be the v-i ntercept of the tangent line to y = f{x). Show 
that 6> is maximized at the value of x for which the angles LQPB and LQCP are equal. This generalizes Exercise 50 (c) 
(which corresponds to the case f{x) = 0). Hints: 

(a) Show that d9/dx is equal to 

b _ Lx- 2 + (xf'ix)) 1 ) -(b- (f{x) - -r/'(-t)))(c - (f(x) - xf'(x))) 

(x 2 + (b - f(x)) 2 )(x 2 + (c - f(x)) 2 ) 

(b) Show that the y-coordinate of Q is fix) - xf'(x). 

(c) Show that the condition de/dx = 0 is equivalent to 

PQ 2 = BQ ■ CQ 

(d) Conclude that A QPB and A QCP are similar triangles. 





SOLUTION 

(a) From the figure, we see that 
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Then 

b - jfjx) - xf'jx)) _ c - jfjx) - xf'jx)) 
x 2 + jb - fix)) 2 x 2 + (c - fix)) 2 

x 2 -bc + jb + c)ifjx) - xf'ix)) - jfjx)) 2 + 2 xfjx)fjx) 

~ ‘ ’ ix 2 + (b- fix)) 2 )ix 2 + (c - fix)) 2 ) 

jx 2 + (x/'Q)) 2 - (fee - ib + c)jfjx) - x/'c*)) + (/(A-) - xf'jx)) 2 ) 

(x 2 + (b- fix)) 2 )ix 2 + (c - fix)) 2 ) 

jx 2 + (-r/'Cr)) 2 - (fc - (/(x) - xf f ix)))jc - jfjx) - xf'jx))) 
ix 2 + ib - fix)) 2 )ix 2 + (c - fix)) 2 ) 

(b) The point Q is the ^-intercept of the line tangent to the graph of fix) at point P. The equation of this tangent line is 

Y - fix) = f\x)iX-x). 

The y-coordinate of Q is then fix) - xf'ix). 

(c) From the figure, we see that 

BQ = b- if ix)- xf\x)), 

CQ = c-ifix)~ xf'ix)) 

and 

PQ = + ifix) - ifix) - xf'ix))) 2 = y.r 2 + ixf'ix)) 2 . 

dO 

Comparing these expressions with the numerator of dd/dx, it follows that — = 0 is equivalent to 

dx 

PQ 2 = BQCQ. 

(d) The equation PQ 2 = BQ ■ CQ is equivalent to 

PQ _ CQ 
BQ ~ PQ' 

In other words, the sides C Q and PQ from the triangle A QCP are proportional in length to the sides PQ and BQ from 
the triangle AQPB. As LPQB = LCQP, it follows that triangles A QCP and A QPB are similar. 

Seismic Prospecting Exercises 66-68 are concerned with determining the thickness d of a layer of soil that lies on top 
of a rock formation. Geologists send two sound pulses from point A to point D separated by a distance s. The first pulse 
travels directly from A to D along the surface of the earth. The second pulse travels down to the rock formation, then 
along its surface, and then back up to D ( path ABCD), as in Figure 37. The pulse travels with velocity in the soil and 
i >2 in the rock. 


A s D 


; 

Soil 

/ 

/ 

//0 

/ 

B 

Rock 

c 


FIGURE 37 


67. I n this exercise, assume that vj/vi > ^1 + 4 id/s) 2 . 

(a) Show that inequality (2) holds if sin G = v\/vi. 

(b) Show that the minimal time for the second pulse is 

f 2 = — (1 -£ 2 ) 1/2 + — 
v\ V2 

wher ek = v\/v 2 - 

ti 2d)Y — k 2 )i/ 2 

(c) Conclude that — = t- k. 

n 


s 
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SOLUTION 

(a) If sine = a, then 


tans = 


”1 


( 8 ) 


-1 


Because ^ > jl + 4(|) 2 , it follows that 


-I -1>,/1 + 4|-1 -1=-. 

s ) s 


Hence, tans < as required. 

(b) For the time-minimizing choice of S, we have sine = — from which sece = 1)2 and tane = 11 

V2 


Thus 


v\ - v\ 


s — 2d , 111 

2d s-2rftanS 2d V 2 J v 2 ~ v l 

t 2 = — sece h = , + ' 


v\ 


v 2 


v\ 




V2 




v\ - v\ 


2d 

VI 

2d 

vi 

2d 

vi 


V2 


/ 2 

,2 

W 2 “ 

V 1 

( 2 

2 

v 2 ~ 

V 1 

/ 2 

2 

\ v 2^/ v 2 

~ v i 


s 

+ — 



1 2 2 \ 

1 5 2d 

V”2 “ v l 

M — — 

- — ]=~ 

1 v 2 v i 

[J. 


\ r2 / 


s 

+ — 
v 2 


1- 


s 

+ — = 
v 2 


2d(l-k 2 ^ 


1/2 


vi 


+ 


v 2 


(c) Recall that zi = — . We therefore have 

VI 


n 

n 


2d(l-k : 


2\V2 


+ — 
1 V2 


2d (l - fc 2 ) 


1/2 


v 2 


2d (l - £ 2 ) 


1/2 


+ k. 


69 . CSN In this exercise we use Figure 38 to prove Heron's principle of Example 6 without calculus. By definition, C 
is the reflection of B across the line MN (so that SC is perpendicular to MN and BN = CN. Let p be the intersection 
of AC and MN. U se geometry to justify: 

(a) APNB and APNC are congruent and 6\ = 02- 

(b) The paths APB and APC have equal length. 

(c) Similarly AQB and AQC have equal length. 

(d) The path APC is shorter than AQC for all Q / p. 

Conclude that the shortest path AQB occurs for Q = P. 



FIGURE 38 
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SOLUTION 

(a) By definition, fiC is orthogonal to QM, so triangles APNB and APNC are congruent by side- angle- side. Therefore 
61 = 02 

(b) Because APNB and APNC are congruent, it follows that P B and PC are of equal length. Thus, paths APB and 
APC have equal length. 

(c) The same reasoning used in parts (a) and (b) lead us to conclude that A QNB and A QNC are congruent and that 
~PB and ~PC are of equal length. Thus, paths AQB and AQC are of equal length. 

(d) Consider triangle A AQC. By the triangle inequality, the length of side ~AC is less than or equal to the sum of the 
lengths of the sides ~AQ and QC. Thus, the path APC is shorter than AQC for all Q / P. 

Finally, the shortest path AQB occurs for Q = P. 


4.7 Newton’s Method 

Preliminary Questions 

1. How many iterations of Newton's M ethod are required to compute a root if fix) is a linear function? 

solution Remember that Newton's M ethod uses the linear approximation of a function to estimate the location of a 
root. If the original function is linear, then only one iteration of Newton's M ethod will be required to compute the root. 

2. W hat happens in N ewton's M ethod if your initial guess happens to be a zero of /? 
solution If xq happens to be a zero of/, then 


*i = *0 - r, ( \ = *0 - 0 = *o; 

/'(AO) 

in other words, every term in the Newton's M ethod sequence will remain xq. 

3. W hat happens in N ewton's M ethod if your initial guess happens to be a local min or max of /? 

solution Assuming that the function is differentiable, then the derivative is zero at a local maximum or a local 
minimum. If Newton's M ethod is started with an initial guess such that /'(x o) = 0, then Newton's M ethod will fail in 
the sense that Li will not be defined. That is, the tangent line will be parallel to the x-axis and will never intersect it. 

4. Is the following a reasonable description of Newton's M ethod: "A root of the equation of the tangent line to fix) is 
used as an approximation to a root of fix) itself"? Explain. 

solution Yes, that is a reasonable description. The iteration formula for Newton's M ethod was derived by solving the 
equation of the tangent line to y = fix) at xq for its x-intercept. 


Exercises 

In this exercise set, all approximations should be carried out using Newton ’s Method. 


In Exercises 1-6, apply Newton ’s Method to fix) and initial guess xo to calculate x\ , X2 , x 3 . 

1 . fix) = x 2 — 6 , xq = 2 
solution L et fix) = x 2 — 6 and defi ne 


With xq = 2, we compute 


fix n ) _ x„ - 6 

x n+l — x n 77 ; “ — x n =; ■ 

f'iXn) 2 x„ 


n 

1 

2 

3 

x n 

2.5 

2.45 

2.44948980 


3. fix) — x 1 — 10, xo = 2 
solution L et fix) = x 3 - 10 and defi ne 


With xq = 2 we compute 


•* 7 i+l — x n 


fix n ) _ X^j - 10 
f'(x n ) ~ Xn 3x2 


n 

1 

2 

3 

x n 

2.16666667 

2.15450362 

2.15443469 








5 . /(*) = COS* — 4*, *o — l 
solution Let f(x) — cos* - 4* and define 
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With *o = 1 we compute 


•*72 + 1 — -*72 


f (+« ) COS .X+ — 

/'On) — sin *„ — 4 ' 


n 

i 

2 

3 

x n 

0.28540361 

0.24288009 

0.24267469 


7 . Use Figure 6 to choose an initial guess xq to the unique real root of * 3 + 2* + 5 = 0 and compute the first three 
N ewton iterates. 



solution L et f(x) = * 3 + 2* + 5 and defi ne 

/ On) _ x n + 2 X n + 5 

* ,!+1 “ “ JW) - Xn “ 3*2+2 

We take *o = -1.4, based on the figure, and then calculate 


n 

1 

2 

3 

-*72 

-1.330964467 

-1.328272820 

-1.328268856 


, 1 2 

9 . Approximate the point of intersection of the graphs v = * + 4 + - and y = to three decimal places (Figure 7). 

* x l 


y 



FIGURE 7 Graphs of * 2 + 4 + 3 and + 


SOLUTION 


The point of intersection is the solution of /(*) = * 2 + 4 + * 1 + 2* 2 . We use an initial guess of 0.5. 


N ewton's M ethod *q = 0.5 (guess) 


*1 = 0.5 — 


/( 0-5) 
/'( 0-5) 


*1 ^ 0.560345 


*2 = 0.560345 - 


/(0. 560345) 
/'( 0.560345) 


* 3 = 0.573460 


/(0. 573460) 
/' (0.573460) 


*2 ^ 0.573460 
* 3 - 0.573927 


*4 = 0.573927 - 


/(0. 573927) 
/'(0. 573927) 


*4 - 0.573928 


The point of intersection has*-coordinate^ 0.574 to three decimal places. The corresponding y-coordinate is 2 
6.070. 
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In Exercises 11-14, approximate to three decimal places using Newton’s Method and compare with the value from a 
calculator. 

11. yn 

solution L et fix) = x 2 - 11, and let xq — 3. N ewton's M ethod yields: 


n 

i 

2 

3 

Xn 

3.33333333 

3.31666667 

3.31662479 


A calculator yields 3.31662479. 

13 . 2 7 / 3 

solution Note that 2 7 / 3 = 4 • 2 1 / 3 . Let fix) = x 3 - 2, and letxp = 1. Newton's M ethod yields: 


n 

i 

2 

3 

x n 

1.33333333 

1.26388889 

1.25993349 


Thus, 2 7 / 3 « 4 • 1.25993349 = 5.03973397. A calculator yields 5.0396842. 

15 . Approximate the largest positive root of f{x) = x 4 - 6x 2 + x + 5 to within an error of at most 10 -4 . Refer to 
Figure 5. 

solution Figure 5 from the text suggests the largest positive root of fix) = x 4 - 6x 2 + x + 5 is near 2. So let 
fix) = x 4 — 6x 2 + x + 5 and take xq = 2. 


n 

i 

2 

3 

4 

x n 

2.111111111 

2.093568458 

2.093064768 

2.093064358 


The largest positive root of x 4 - 6x 2 + x + 5 is approximately 2.093064358. 

|:GUJ| In Exercises 16-19, approximate the root specified to three decimal places using Newton 's Method. Use a plot to 
choose an initial guess. 


17 . N egative root of fix) = x 5 - 20x + 10. 

solution Let fix) = x 5 - 2 Ox + 10. The graph of fix) shown below suggests taking xq = -2.2. Starting from 
xq = -2.2, the first three iterates of N ewton's M ethod are: 


n 

i 

2 

3 

x n 

-2.22536529 

-2.22468998 

-2.22468949 


Thus, to three decimal places, the negative root of fix) = x 5 - 20x + 10 is -2.225. 



19 . Positive solution of 4 cosx = x 2 . 

solution From the graph below, we see that the positive solution to the equation 4cosx = x 2 is approximately 
x = 1.2. Choosing xq = 1.2, the first two iterates of Newton's M ethod applied to fix) = 4cosx - x 2 are 


n 

i 

2 

x n 

1.20154 

1.20154 


Thus, to three decimal places, the positive solution to 4cosx = x 2 is 1.20154. 
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y 



21 . m Find the smallest positive value of x at which y = x and y = tanx intersect. Hint: Draw a plot. 
solution H ere is a plot of tan x and x on the same axes: 



The first intersection with x > 0 lies on the second "branch" of y = tanx, between x = ^ and x = Let 
/(x) = tanx - x. The graph suggests an initial guess xq = from which we get the foil owing table: 


n 

i 

2 

3 

4 

x n 

6.85398 

21.921 

4480.8 

7456.27 


This is clearly leading nowhere, so we need to try a better initial guess. Note: This happens with Newton’s Method— it is 
sometimes difficult to choose an initial guess. Wetry the point directly between ^ and ^j-,xq = 


n 

i 

2 

3 

4 

5 

6 

7 

x n 

4.64662 

4.60091 

4.54662 

4.50658 

4.49422 

4.49341 

4.49341 


The first point where y = x and y = tanx cross is at approximately x = 4.49341, which is approximately 1.43 037T. 

23 . Find (to two decimal places) the coordinates of the point p in Figure 9 where the tangent line to y = cosx passes 
through the origin. 



X 


FIGURE 9 


solution Let (x>, cos(xy)) be the coordinates of the point P. The slope of the tangent line is - sin(x r ), so we are 
looking for a tangent line: 

y = - sin(x r )(x - x r ) + cos(x,.) 
such that y = 0 when x = 0. This gives us the equation: 

- sin(x r )(-x r ) + cos(x r ) = 0. 

Let f(x) = cosx + x sinx. We are looking for the first point x = r where f(r) = 0. The sketch given indicates that 
xq = 37r/4 would be a good initial guess. The following table gives successive Newton's M ethod approximations: 


n 

1 

2 

3 

4 

X,1 

2.931781309 

2.803636974 

2.798395826 

2.798386046 


The point P has approximate coordinates (2.7984, -0.941684). 
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Newton ’s Method is often used to determine interest rates in financial calculations. In Exercises 24—26, r denotes a yearly 
interest rate expressed as a decimal ( rather than as a percent). 

25. If you borrow L dollars for N years at a yearly interest rater, your monthly payment of P dollars is calculated using 
the equation 


L = P 


( 4 ^) 


where/? 



(a) Find P if L = $5000, N = 3, and r = 0.08 (8%). 

(b) You are offered a loan of L = $5000 to be paid back over 3 years with monthly payments of P = $200. Use Newton's 
M ethod to compute/? and find the implied interest rater of this loan. Hint: Show that (L/P)b 12N+1 - (1 + L/P)b l2N + 
1 = 0. 


SOLUTION 

(a) b = a + 0.08/12) = 1.00667 


(b) Starting from 


P = L 


( h ~ l ) 

U-fc-i 2N ) 


= 5000 


/ 1.00667 - 1 \ 
\1 — 1.00667 - 36 / 


$156.69 


L = P 




divide by P, multiply by 2? — 1, multiply by b UN and collect like terms to arrive at 

(L/P)b UN+1 - (1 + L/P)b 12N + 1 = 0. 


Since L/P = 5000/200 = 25, we must solve 

25/? 37 - 26Z? 36 + 1 = 0. 


N ewton's M ethod gives /? 1.02121 and 

r = 12 (b - 1) = 12(0.02121) « 0.25452 


So the interest rate is around 25.45%. 

27. There is no simple formula for the position at time t of a planet p in its orbit (an ellipse) around the sun. Introduce 
the auxiliary circle and angle 9 in Figure 10 (note that p determines 9 because it is the central angle of point B on the 
circle). Letfl = OA and e = OS/OA (the eccentricity of the orbit). 

(a) Show that sector BSA has area (a 2 /2)(9 - esin 9). 

(b) By Kepler's Second Law, the area of sector BSA is proportional to the time t elapsed since the planet passed point 
A, and because the circle has area ira 2 , BSA has area (na 2 )(t/T), where T is the period of the orbit. Deduce Kepler’s 
Equation: 


— = 9 - es\n9 
T 

(c) The eccentricity of M ercury's orbit is approximately e = 0.2. Use Newton's M ethod to find 9 after a quarter of 
M ercury's year has elapsed (r = T/ 4). Convert 9 to degrees. H as M ercury covered more than a quarter of its orbit at 
t = r/4? 
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SOLUTION 

(a) The sector SAB is the slice OAB with the triangle OPS removed. OAB is a central sector with arc 9 and radius 
~OA = a, and therefore has area OPS is a triangle with height a sin 9 and base length ~OS = ea. Hence, the area of 
the sector is 

tf 2 It- fl 2 

— 9 - -ea sin 9 = — (9 - e si n 9). 

2 2 2 

(b) Since Kepler's second law indicates that the area of the sector is proportional to the time t since the planet passed 
point A, we get 

no 2 (t/T) = o 2 /2 (9 - esin6>) 

_ t 

2jt — = 9 - eS\r\9. 

T 

(c) If t - T / 4, the last equation in (b) gives: 

y = 9 - esm9 = 9 - 0.2 sine. 

Let f(9) = 9 - 0.2 sin 9 - j. We will use Newton's M ethod to find the point where f(9 ) = 0. Since a quarter of the 
year on M ercury has passed, a good first estimate 9q would be 


n 

i 

2 

3 

4 

x n 

1.7708 

1.76696 

1.76696 

1.76696 


From the point of view of the Sun, M ercury has traversed an angle of approximately 1.76696 radians = 101.24°. M ercury 
has therefore traveled more than one fourth of the way around (from the point of view of central angle) during this time. 

29. What happens when you apply Newton's M ethod to find a zero of fix) - a- 1 / 3 ? Note that a = 0 is the only zero. 
solution Let /(a) = a 1 / 3 . Define 

f(x„) _ _ a y 3 _ 0 

x n+ 1 — x n f r (x ) — Xn 1 —2/3 — Xn ^ Xfl — ^ Xfl ' 

Take ao = 0.5. Then the sequence of iterates is -1, 2, -4, 8, -16, 32, -64 That is, for any nonzero starting value, 

the sequence of iterates diverges spectacularly, since x„ = (-2)" aq. Thus lim^oo |a„| = lim„^oo2" |aq| = oo. 


Further Insights and Challenges 

31 . Newton's M ethod can beused to compute reciprocals without performing division. Letc > Oand set /(a) = a -1 - c. 

(a) Show that a — (f(x)/f , (x)) = 2a — ca 2 . 

(b) Calculate the first three iterates of Newton's M ethod with c = 10.3 and the two initial guesses ao = 0.1 and ao = 0.5. 

(c) Explain graphically why aq = 0.5 does not yield a sequence converging to 1/10.3. 


SOLUTION 

(a) Let f{x) = i - c. Then 


fix) 

X ; = X — 


fix) " -A -2 


= 2a — CA 2 . 


(b) For c = 10.3, we have fix) = \ - 10.3 and thus x n+ \ = 2a„ - 10.3a 2 . 


• Take aq = 0.1. 


n 

1 

2 

3 

Xn 

0.097 

0.0970873 

0.09708738 


• Take ao = 0.5. 


n 

i 

2 

3 

x n 

-1.575 

-28.7004375 

-8541.66654 


(c) The graph is disconnected. If ao = 0.5, (xi, fix i)) is on the other portion of the graph, which will never converge 
to any point under N ewton's M ethod. 
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In Exercises 32 and 33, consider a metal rod of length L fastened at both ends. If you cut the rod and weld on an additional 
segment of length m, leaving the ends fixed, the rod will bow up into a circular arc of radius R (unknown), as indicated 
in Figure 12. 


L 



i 


\ / 

\ / 

\ / 

\ / 

FIGURE 12 The bold circular arc has length L + m. 

33 . Let L = 3 and m = 1. Apply Newton's M ethod to Eq. (2) to estimate 6 , and use this to estimate A. 
solution We let L = 3 and m = 1. We want the solution of: 


Let/(e) = *M-f. 


sine 

~T 

sine L 
e L + m 
sin e 3 
~e 4 


L 

L + m 
0 

0 . 



The figure above suggests that eo = 1.5 would be a good initial guess. The Newton's M ethod approximations for the 
solution follow: 


n 

i 

2 

3 

4 


1.2854388 

1.2757223 

1.2756981 

1.2756981 


Theanglewhere is approximately 1.2757. Hence 


h = L 


l - cos e 
2 sin e 


1.11181. 


4.8 Antiderivatives 


Preliminary Questions 

1. Find an antiderivative of the function /(. x) = 0. 

solution Since the derivative of any constant is zero, any constant function is an antiderivative for the function 

f(x) = 0. 

2 . Is there a difference between finding the general antiderivative of a function /(jc) and evaluating / f(x)dxl 
solution No difference. The indefinite integral is the symbol for denoting the general antiderivative. 

3 . J acques was told that fix) and g{x) have the same derivative, and he wonders whether fix) = gix). Does Jacques 
have sufficient information to answer his question? 

solution No. Knowing that the two functions have the same derivative is only good enough to tell Jacques that the 
functions may differ by at most an additive constant. To determine whether the functions are equal for all x,\ acques needs 
to know the value of each function for a single value of x If the two functions produce the same output value for a single 
input value, they must take the same value for all input values. 

4 . Suppose that F\x) = fix) and G\x) = gix). Which of the following statements are true? Explain. 

(a) If f = g, then F = G. 

(b) If F and G differ by a constant, then / = g. 

(c) If / and g differ by a constant, then F = G. 
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SOLUTION 

(a) False. Even if f(x ) = g{x), the antiderivatives F and G may differ by an additive constant. 

(b) T rue. This follows from the fact that the derivative of any constant is 0. 

(c) False. If thefunctions/and g are different, then the antiderivatives Fand G differ by a linear function: F(x) - G(x) = 
ax + b for some constants a and b. 

5. Is y = x asolution of the following Initial Value Problem? 

£= 1 . ,( 0 ) = 1 
dx 

solution A Ithough j^x = 1, the function /( x) = x takes the value 0 when x = 0, so y = x is not a solution of the 
indicated initial value problem. 


Exercises 

In Exercises 1-8, find the general antiderivative of f{x) and checkyour answer by differentiating. 

1. /(.x) — 18.x 2 

SOLUTION 


Asa check, we have 


J 18 x 2 dx = 18 J x 2 dx = 18 • ^y 3 + C = 6y 3 + C. 

— (6y 3 + C) — 18x 2 
dx 


as needed. 

3. f(x) = 2x 4 - 24x 2 + Ux- 1 


SOLUTION 


/< 


(2y 4 — 24y / + 12y 3 ) dx = 2 J x^ dx — 2 aJx 2 dx + 12 J — 

= 2 • ^Y 5 - 24 • ^Y 3 + 12 In | y | + C 
2 

= -y 3 — 8y 3 + 12 In | y | + C. 


dx 


Asa check, we have 


— ( lx 5 - 8y 3 + 12 In |y| + C^l = 2y 4 - 24y 2 + 12.x-- 1 
dx \ 5 / 

as needed. 

5. f(x) = 2 cosy - 9 sin y 

SOLUTION 


J (2 cosy - 9sinY)r?Y 



cosy dx 



si n y dx 


= 2 si n y - 9(- cosy) + C = 2sinY + 9 cosy + C 


Asa check, we have 

— (2 sin y + 9 cosy + C) = 2 cosy + 9(— sin y) = 2 cosy - 9 sin y 
dx 

as needed. 

7. /( y) = sin 2.x + 12 cos By- 

solution 


/,sin: 


1 12 

2y + 12 cos 3y) dx = / si n 2.x dx + 12 / cos 3y dx - - - cos 2.x + — sin 3y + C 


= J si n 2.x dx + 12 J 


= 4sin3Y - ^ cos 2.x + C 


Asa check, we have 


d 

dx 


4 sin 3 y - ^ cos2y + C 


sin 2.x + 12 cos3y 
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9. M atch functions (a)-(d) with their antiderivatives (i)-(iv). 


(a) /(x) = si n x 

(b) f(x) = x sin(x 2 ) 

(c) f(x) = si n(l - x) 

(d) f(x) = x sin x 


(i) F(jc) = cos(l -x) 

(ii) F(x) = - cosx 

(iii) F(x) = — 2 cos(x 2 ) 

(iv) F (x) = sinx - x cosx 


SOLUTION 

(a) An antiderivative of sin* is - cosx, which is (ii). As a check, we have ‘[ x (- cosx) = - (- sinx) = sinx. 

(b) An antiderivative of xsin(x 2 ) is - jcosfx 2 ), which is (iii). This is because, by the Chain Rule, we have 
^2 j cos(x 2 )) = — 2 (-sin(x 2 )Z - lx =xsin(x 2 ). 

(c) An antiderivative of sin (1 - x) is cos(l - x) or (i). As a check, we have 4-_ cos(l - x) = — sin(l - x) • (-1) = 
sin(l-x). 

(d) An antiderivative of xsinx is sin x — x cosx, which is (iv). This is because 

d . . 

— (sin x - x cosx) = cosx - (x (- sinx) + cosx • 1) = x sinx 
dx 


In Exercises 10-39, evaluate the indefinite integral. 

"■/ (4 — 18x) dx 

solution /, 4-18,W,=4,-9A + C. 

13. J r 6 / u dt 

solution J z _6/n dt = + C = y z 5/u + C. 

15. J (18/ 5 - 10/ 4 - 28/) dt 

solution J (18/ 5 - 10/ 4 - 28/) dt = 3/ 6 - 2 r 5 - 14/ 2 + C. 

17. j (z 4 / 5 _ v 2 /3 _|_ 2 5 / 4 ) dz 

SOLUTION J ((z _ 4/5 - Z 2/3 + Z 5/4 ) dz = yy - yy + ^4 + C = ~ ^ 5/3 + + C ■ 

15 '■ !b dx 

1 1 f _i/^ x 2 / 3 3 2 /s 

SOLUTION / - 5 — dx = / X ' fifx = — ^ r + C = -x ' + C. 
i (X J 2/3 2 

,, f 36 dt 

2L i ~ 

f 36 f „/“ 2 18 

solution / -j dt = / 36 1 D dt = 36 — - + C = --^- + C. 

23. J ( z 1 / 2 + !)(/ + l)rfz 


/<' V2 


+ !)(/ + 1) — 


- Z 1 ' 3 ' 2 


+ 1 + r 1 / 2 + 1) dt 


tV 2 


z 3 / 2 1 2 

= 572 + 2 r + 372 +f + C 

= 2 z 5/2 + ^z 2 + ^z 3/2 + z + C 


SOLUTION 
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SOLUTION 

f X 3 + 3x 2 - 4 f ^ , -7 

I - 2 ' ' 'if x — / (■* + 3 — 4x 2 ) dx 

1 ? i 

= — x -|- 3x -I- 4.x -|- C 

27 7 12 sec x tan x rfx 

solution J 12 sec x tan x dx = 12 sec x + C. 

29. J (esc /cot t)dt 

SOLUTION J (CSC / cot t)dt = - CSC / + C. 

31 7 sec 2 (7 - 30)rf6> 

solution J sec 2 (7 - 30) d6 = - ^ tan (7 - 36) + C. 

33. J 25 sec 2 (3c + l)dz 

solution J 25 sec 2 (3c + l)dz = ^ tan (3c + 1) + C. 

35 7 sec 12/ tan 12/ dt 

solution J sec 12/ tan 12/ dt = ^ sec 12/ + C 
37. / sec 4, ( 3 sec 4, — Stanton 

SOLUTION 

J sec 4x(3 sec 4x - 5 tan 4x) dx = 3 J sec 2 4x dx - 5 J sec 4x tan 4x dx = ^ tan 4x - ^ sec 4x + C 
39. J ^cos(36») - ^sec 2 d6 

solution j ^cos(360 - ^ sec 2 dd = ^ si n(30) - 2 tan + C. 

41. In F igure 3, which of graphs (A), (B), and (C) is //o/ the graph of an antiderivative of /(x)? Explain. 





solution Let F(x) be an antiderivative of f(x). Notice that f(x) = F'(x) changes sign from - to + to - to +. 
Hence, F(x) must transition from decreasing to increasing to decreasing to increasing. 

• Both graph (A) and graph (C) meet the criteria discussed above and only differ by an additive constant. Thus either 
could be an antiderivative of f(x). 

• Graph (B) does not have the same local extrema as indicated by /(x) and therefore is not an antiderivative of /(x). 
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In Exercises 43—16, verify by differentiation. 


43. f (x + 13) 6 
d 

SOLUTION 

dx 

45. J (Ax + 13) 

d 

SOLUTION 

dx 


dx = *(x + 13) 7 + C 

x + 13) 7 + C^j = (x + 13) 6 as required. 

2 dx = — (4x + 13) 3 + C 

(1(4* + 13) 3 + cj = * (4x + 13) 2 (4) = (Ax + 13) 2 


as required. 


In Exercises 47-62, solve the initial value problem. 

47. — = x 3 , y(0) = 4 
dx 

solution Since ^ = x 3 , we have 

v = J x 3 dx = -x 4 + C. 


Thus, 


4 = y (0 ) = ^0 4 + C = C, 

so that C = 4. Therefore, y = \x A + 4. 

49. c lf- = 2t + 9r 2 , v(l) = 2 
dt 

solution Since ^ = 2/ + 9r 2 , we have 


Thus, 


>’ = 


J (It + 9r 2 ) dt = t 2 + 3r 3 + C. 
2 = y(l) = l 2 + 3(1 ) 3 + C, 


so that C = -2. Therefore y = t 2 + 3 1 3 - 2. 
51. Cl y = -Jt, y(l) = 1 

dt 

solution Since ijj = -Jt = r 1 / 2 , we have 


y = J r 1 / 2 dt = ^r 3 / 2 + c. 

Thus 

1 = y(l) = | + C, 

so that C = 3 . Therefore, y = |r 3/2 + 

53. ; V = (3x + 2) 3 , y (0) = 1 
dx 

solution Since ^ = (3x + 2) 3 , we have 

/ II 1 

(3x 4 - 2 ) 3 dx = — • -(3x 4- 2 ) 4 4- C = (3x + 2 ) 4 4- C. 

Thus, 


1 = y(0) = Y 2 (2 ) 4 + C, 


so that C = 1 - 3 = - 3 . Therefore, y = ^ (3x + 2 ) 4 - j. 
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solution Since = sin jc, we have 

y = J smxdx = -cos a + C. 

Thus 

1 = y (y) = 0 + c ’ 

so that C - 1. Therefore, y = 1 - cos*. 

57 . — = cos 5a, v(tt) = 3 
dx 

solution Since ^ = cos 5a, we have 

y = J cos 5 a ^ si n + C. 

Thus 3 = y(n) = 0 + C, so that C = 3. Therefore, y = 3 + 5 sin 5a. 

59 . — = 6 sec 30 tan 30, y(^-] = -A 

dO - V 12 / 

solution We have 

y = J 6 sec 30 tan 39 dO = 2 sec 30 + C 

Thus, 

- 4 = v(^) =2 sec 3- ^ + C = 2sec^ + C = 2\/2 + C 
so that C = —4 — 2 V2. Therefore, y = 2 sec 30 - 4 - 2^. 

61 . — = cos ( 3^- — ^ 0 ), v( 37 r ) = 8 . 
do \ 2 / 

solution We have 

y = j cos - ^0^ rf0 = -2 sin ^ 37 r - ^ 0 ^ + C 

Thus, 

8 = y{ 3n) = -2 sin ^ 37 r - + C = -2 sin + C = 2 + C 

so thatc = 6 . Therefore, y = -2 sin ^3 jt - ^0^ +6 

In Exercises 63-69, first find f' and then find f. 

63 . /"(a) = 12a, /'( 0) = 1, /(0) = 2 

solution Let /"( a) = 12a. Then /'(a) = 6a 2 + C. Given /'( 0) = 1, it follows that 1 = 6(0) 2 + C and C = 1. 
Thus, /'(a) = 6a 2 + 1. Next, /(a) = 2a 3 + a + C. Given /( 0) = 2, it follows that 2 = 2(0) 3 + 0 + C and C = 2. 
Finally, /(a) = 2a 3 + a + 2. 

65 . f '{ x ) = a 3 - 2a + 1, /'(' 0) = 1, /( 0) = 0 

solution Let g (a ) = /'(a). The statement gives us #'(a) = a 3 - 2a + 1, g(0) = 1. From this, we get #(a) = 
Ja 4 — a 2 + a + C. g(0) = 1 gives us 1 = C, so f' fix ) = gfix) = |a 4 — a 2 + a + 1. f ' fix ) = |a 4 — a 2 + a + 1, so 
/(a) = jjjx 5 — ja 3 + ^a 2 + a + C. /(0) = 0 gives C = 0, so 

1 5 1 3 It 

/M = 2q^ - + 2 X + *' 

67 . /"(f) = r -3 / 2 , /'(4) = 1, / (4) = 4 

solution Letg(f) = /'(f)- The problem statement is g'(f) = f _3/2 , g(4) = 1. Fromg'(r) wegetg(r) = + 

C - - 2t~ l ! 2 + C. From g(4) = 1 we get -1 + C = 1 so that c = 2. Flence /'(r) = gfit) = -2 r -1 / 2 + 2. From 
/'(f) we get ffit) = -2 -^r 1 / 2 + 2t + C = -4 / 1 / 2 + 2f + C. F rom /( 4) = 4 we get -8 + 8 + C = 4, so that C = 4. 

FI ence, /(f) = -4r 1 / 2 + 2t + 4. 
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69. /"(f) = t - cosf, /'(0) = 2, / (0) = —2 
solution Let g(r) = The problem statement gives 

g'(t) = f - cosr, g(0) = 2. 

From g'(f), we get git) = jf 2 - si nr + C. From g(0) = 2, we get C = 2. Hence /'(f) = g(f) = ^r 2 - sin r + 2. From 
/'(f), we get /(f) = ^(^f 3 ) + cosr + 2r + C. From /(0) = -2, we get 1 + C = -2, hence C = -3, and 

/(f) = ^r 3 + cosr + 2f - 3. 

6 


71. A particle located at the origin at t = 1 s moves along the jc-axis with velocity vit) = (6f 2 - t ) m/s. State the 
differential equation with initial condition satisfied by the position sit) of the particle, and find sit). 

solution The differential equation satisfied by sit) is 


as n 

— = vit) = 6 1 - t. 
at 

and the associated initial condition is 5(1) = 0. From the differential equation, we find 

sit) = J (6 r 2 - t)dt = 2 f 3 - ^f 2 + C. 

Using the initial condition, it follows that 

0 = 5(1) = 2 ~\ + C so C — — 


Finally, 


5(f) = 2 f 2 


2 f 


3 

2 ' 


73. A mass oscillates at the end of aspring. Let 5(f) be the displacement of the mass from the equilibrium position at time 
f. Assuming that the mass is located at the origin at t = 0 and has velocity vit) = sin(;rr/2) m/s, state the differential 
equation with initial condition satisfied by 5(f), and find sit). 

solution The differential equation satisfied by sit) is 


ds 

— = vit) = Sin(jrf/2), 
at 

and the associated initial condition iss(0) = 0. From the differential equation, we find 


/* 


5 (f) = / S\n(nt/2)dt = cos(7rf/2) + C. 

7T 


Using the initial condition, it follows that 


2 2 

0 = 5(0) = + C so C = — . 

n jt 


Finally, 


5(f) = -(1 - COS(7Tf/2)). 
jt 


75. A car traveling 25 m/s begins to decelerate at a constant rate of 4 m/s 2 . After how many seconds does the car come 
to a stop and how far will the car have traveled before stopping? 

solution Since the acceleration of the car is a constant -4m/s 2 , v is given by the differential equation: 

— = - 4 , d(0) = 25. 

at 

From -ft, we get v(t ) = / -Adt = -4f + C. Since u(0)25, C = 25. From this, vit) = -At + 25 y. To find the time 
until the car stops, we must solve vit) = 0: 


-At + 25 = 0 
At = 25 

/ = 25/4 = 6.25 s. 
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Now we have a differential equation for sit). Since we want to know how far the car has traveled from the beginning of 
its deceleration at timer = 0, wehave.?(0) = 0 by definition, so: 

— = v(t) — — 4 1 + 25. 5(0) = 0. 

at 

From this, sit) = / (-At + 25) dt = - It 2 + 25r + C. Since 5(0) = 0, we have C = 0, and 

s(t) = -2 1 2 + 25 1. 


At stopping time t = 0.25 s, the car has traveled 

5(6.25) = — 2(6.25 ) 2 + 25(6.25) = 78.125 m. 

77. A 900-kg rocket is released from a space station. As it burns fuel, the rocket's mass decreases and its velocity 
increases. Let v(m) be the velocity (in meters per second) as a function of mass m. Find the velocity when m = 729 if 
dv/dm - -50m -1 / 2 . Assume that v(900) = 0. 

solution Since ^ = -50m -1 / 2 , we have vim) = /-50m -1 / 2 dm = -100m 1 / 2 + C. Thus 0 = i>(900) = 
—1007900 + C = -3000 + C, and C = 3000. Therefore, v(m) = 3000 - 1007m. Accordingly, 

t>(729) = 3000 - 1007729 = 3000 - 100(27) = 300 meters/sec. 

79. Verify the linearity properties of the indefinite integral stated in Theorem 4. 

solution To verify the Sum Rule, let F(x ) and G(x) be any antiderivatives of f(x) and g(x), respectively. Because 

-j-(F(x) + G(x)) = ^-F(x) + ^—G(x) - f(x) + g(x), 
ax ax ax 

it follows that F(x) + G(x) is an antiderivative of f(x) + ^(jc); i.e., 

J(f(x) + g(x))dx = J fix ) dx + / g(x)dx. 

To verify the M ultiples Rule, again let F(x) be any antiderivative of fix) and let c be a constant. Because 

-7- icFix )) = c^-Fix) = cfix), 
dx dx 

it follows that cF(x) is and antiderivative of cfix)\ i.e., 

j icfix)) dx = c J fix) dx. 


Further Insights and Challenges 

81. Find constants c\ and q such that Fix) = c\x cosx + q sin.r is an antiderivative of fix) — x sin jc. 

solution LetF(.v) = c\x cosx + C 2 sin x. If Fix) is to bean antiderivative of /(x), then we must have fix) = F'ix). 
Therefore 


x sin x = cosx — c\x sin x + C2 cosx = —c\x sin x + ic\ + q) cosx 

Equating coefficients of x si n x yields ci = -1; equating coefficients of cosx thengivesc 2 = l.ThusF(x) = -xcosx + 
sin.x. 

83. Suppose that F\x) = fix). 

(a) Show that jF(2x) is an antiderivative of f(2x). 

(b) Find the general antiderivative of fikx) for k 0. 

solution Let F'(x) = fix). 

(a) By the Chain Rule, we have 

Qf(2x)) = ^F'(2x) • 2 = F’i lx) = f(2x). 

Thus jF(2x) is an antiderivative of f(2x). 
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(b) For nonzero constant fc, the Chain Rules gives 

d (l \ 1 , , 

— -F(kx) = -F (kx) ■ k = F\kx) = /(Jtx). 
dx \k J k 

Thus \F(kx) is an antiderivative of /(fct). Hence the general antiderivative of f(kx) is \F(kx) + C, where C is a 
constant. 

85. Using Theorem 1, prove that F'(x) = f(x) where fix) is a polynomial of degree n - 1, then Fix) is a polynomial 
of degree n. Then prove that if g (x) is any function such that g (n) (x) = 0, then g(x) is a polynomial of degree at mostn. 

solution Suppose F'( x) = fix ) where fix) is a polynomial of degree n - 1. Now, we know that the derivative of a 
polynomial of degrees is a polynomial of degree n - 1, and hence an antiderivative of a polynomial of degree n - 1 is a 
polynomial of degree Thus, by Theorem 1, Fix) can differ from a polynomial of degreen by at most a constant term, 
which is still a polynomial of degreen. Now, suppose that g(x) is any function such that g ( ' ,+1, (x) = 0. We know that 
the + 1-st derivative of any polynomial of degree at mostn is zero, so by repeated application of Theorem 1, gix) can 
differ from a polynomial of degree at mostn by at most a constant term. Hence, gix) is a polynomial of degree at mostn. 


CHAPTER REVIEW EXERCISES 

In Exercises 1-6, estimate using the Linear Approximation or linearization, and use a calculator to estimate the error. 

1. 8.1 1 / 3 - 2 

solution Let fix) = x 1 / 3 , a = 8 and Ax = 0.1. Then f'(x) - \x~ 2 ^, f'(a) = ^ and, by the Linear Approxima- 
tion, 

A / = 8.1 1 / 3 - 2 « f'la) Ax = ^(0.1) = 0.00833333. 

Using a calculator, 8.1 1 / 3 - 2 = 0.00829885. The error in the Linear Approximation is therefore 

10.00829885 - 0.00833333| = 3.445 x 10“ 5 . 

3. 625 1 / 4 - 624 1 / 4 

solution Let f(x ) = x 1 / 4 , a = 625 and Ax = -1. Then f'ix) — |x -3 / 4 , f'la) = ^ and, by the Linear 
Approximation, 

A / = 624 1 / 4 - 625 1 / 4 w f'la) Ax = ^(-1) = -0.002. 

Thus 625 1/4 - 624 1 / 4 w 0.002. Using a calculator, 

625 1 / 4 — 624 1 / 4 = 0.00200120. 

The error in the Linear Approximation is therefore 

10.00200120 - (0.002)| = 1.201 x 10“ 6 . 



solution Let/(x) = x 1 and a = 1. Then f(a) = 1, f'(x) = -x 2 and f'la) = -1. The linearization of fix) at 
a = 1 is therefore 

L(x) = fla) + f'(a)(x — a) = 1 — (x — 1) = 2 — x, 

and ~ L(1.02) = 0.98. Using a calculator, ^ = 0.980392, so the error in the Linear Approximation is 

|0.980392 - 0.98| = 3.922 x 10“ 4 . 

In Exercises 7— 12, find the linearization at the point indicated. 

7. y = s/x, a = 25 

solution Let y = Vx and a = 25. Then y(a) = 5, / = \x~ l l 2 and y'(a) = The linearization of v at a = 25 is 
therefore 

L(x) = y(a) + y'(a)(x - 25) = 5 + — (x - 25). 
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9. A(r ) = ^nr 3 , a = 3 

solution Let A(r) = jja- 3 and a = 3. Then A (a) = 36 tt, A'(r ) = 4jrr 2 and A' (a) = 367T. The linearization of 
A(r) at a = 3 is therefore 

L(r) = A(a) + A'(a)(r — a) = 36 n + 36 n(r — 3) = 36j r(r — 2). 

11. P(0) = sin(3(f + tt), a = — 

solution We have P(a) = sin(2^) = 0, p'(0) = 3cos(30 + n), and P'(a) = 3cos27r = 3. The linearization of 
P(9) at a = y is therefore 

L(h) = P'{a)(h — a) + P(a) = 3 ^/z — — ^ = 3/? — n 


In Exercises 13-18, use the Linear Approximation. 

13. The position of an object in linear motion at time t is.s(r) = 0.4r 2 + (t + l) -1 . Estimate the distance traveled over 
the time interval [4, 4.2], 

solution Lets(r) = 0.4r 2 + (t + 1) _1 , a = 4 and At = 0.2. Then s'(t) = 0.8 1 - (t + 1)“ 2 and s' (a) = 3.16. Using 
the Linear Approximation, the distance traveled over the time interval [4, 4.2] is approximately 

As = j-( 4.2) — ,v(4) ~ s' (a) At = 3.16(0.2) = 0.632. 


15 . When a bus pass from Albuquerque to Los Alamos is priced at p dollars, a bus company takes in a monthly revenue 
of R ( p ) = l.5p - O.Olp 2 (in thousands of dollars). 

(a) Estimate A R if the price rises from $50 to $53. 

(b) If p = 80, how will revenue be affected by a small increase in price? Explain using the LinearApproximation. 

SOLUTION 

(a) If the price is raised from $50 to $53, then Ap = 3 and 

A R ~ R'(50)Ap = (1.5 - 0.02(50))(3) = 1.5 


We therefore estimate an increase of $1500 in revenue. 

(b) Because /?'(80) = 1.5 - 0.02(80) = -0.1, the LinearApproximation gives A R « -O.lAp. A small increase in 
price would thus result in a decrease in revenue. 


17 . The circumference of a sphere is measured ate = 100 cm. Estimate the maxi mum percentage error in V if the error 
in C is at most 3 cm. 

solution The volume of asphereis V = ^7rr 3 and the circumference is C = 2nr, where*- is the radius of the sphere. 
Thus, r = and 


Using the Linear Approximation, 


so 



1 

67T 2 


C 3 . 


AF 


AV 


dV It 

dC AC= 2^ C AC 


2^C 2 AC^ AC 
Ac 3 “ C 


With C = 100 cm and AC at most 3 cm, we estimate that the maximum percentage error in v is 3^ = 0.09, or 9%. 


19 . Verify the M VT for fix) = x 3 / 3 on [1, 8], 


SOLUTION 


We have /( 1) = l -1 / 3 = 1 and /( 8) = 8 -1 / 3 = 


fie) = 


/( 8 ) - HD 
8-1 


so the M VT says that there is c e [1,8] such that 
1 

“ _ 14 
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Now, fix) = -^x 4/3 . Solving for /'(x) = -T gives 


“ 3 * 


-4/3 


1 

14 


v-4/3 = _ 
14 


x 4 / 3 - — 
* “ 3 


14 \ 3 / 4 


,= . y 


3.175 € [1,8] 


21 . Verify the M VT for f(x) = x + - on [2, 5]. 

* 

solution On the interval [2, 5], f(x) is continuous and differentiable, so the M VT applies. Now, /'(*) = 1 — so 

1 _ I _ f' (c , _ m - _ Ifl - 1 

c 2 J ( ’ fc-fl “ 5-2 “ 10' 

or 


r 2 = 10 


■ = VlO € [2, 5] 


23 . Use the M VT to prove that if fix) < 2 for x > 0 and /( 0) = 4, then f(x) < 2x + 4 for all x > 0. 

solution L etx > 0. B ecause / i s conti nuous on [0, x] and differentiable on (0, x), the M ean Val ueT heorem guarantees 
there exists ace ( 0 , x) such that 

f\0 = /U) ~ n /(0> or f{x) = /( 0 ) + xf'(c). 
x — 0 

Now, we are given that /( 0) = 4 and that fix) < 2 for x > 0. Therefore, for all x > 0, 

fix) < 4 + x(2) = 2x + 4. 


In Exercises 25-30, find the critical points and determine whether they are minima, maxima, or neither. 

25 . fix) = x 3 — 4x 2 + 4x 

solution Let fix) = x 3 - 4x 2 + 4x. Then fix) = 3x 2 - 8x + 4 = (3x - 2)(x - 2), so thatx = | and x = 2 are 
critical points. Next, fix) = 6 x - 8, so f"i\) = -4 < 0 and /"(2) = 4 > 0. Therefore, by the Second Derivative 
Test, /(|) is a local maximum while f(l) is a local minimum. 

27 . fix) = x 2 (x + 2 ) 3 
solution L et fix) — x 2 (x + 2) 3 . T hen 

/'(x) = 3 x 3 (x + 2 ) 2 + 2x(x + 2 ) 3 = x(x + 2) 2 (3x + 2x + 4) = x(x + 2) 2 (5x + 4), 

so thatx = 0, x = -2 and x = are critical points. The sign of the first derivative on the intervals surrounding the 
critical points is indicated in the table below. Based on this information, /(- 2) is neither a local maximum nor a local 
minimum, /(- j) is a local maximum and /( 0 ) is a local minimum. 


Interval 

(-oo, - 2 ) 

(— 2 . — 5 ) 

0 ) 

( 0 , 00) 

Sign of /' 

+ 

+ 

- 

+ 


29 . gi0) = sin 2 <9 + 0 
solution Let giG) = sin 2 0 + 0. Then 

g'iO) = 2 sin o cos# + 1 = 2 sin 29 + 1, 


so the critical points are 

3tt 

6 = — + n n 

4 

for all integers n. Because g'iO) > 0 for all 9, it follows that g + nn^j is neither a local maximum nor a local 
minimum for all integers n. 

In Exercises 31-38, find the extreme values on the interval. 

31. fix) = x(10 — x), [—1, 3] 

solution Let fix) - x(10 - x) = lOx - x 2 . Then fix) = 10 - 2x, so thatx = 5 is the only critical point. As this 
critical point is not in the interval [- 1 , 3], we only need to check the value of / at the endpoints to determine the extreme 
values. Because /(- 1) = -11 and /( 3) = 21, the maximum value of fix) = x(10 - x) on the interval [-1, 3] is 21 
whilethe minimum value is -11. 
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33. g(O) = sin 2 6 - cose, [0, In] 
solution Let g(6) = sin 2 o - cos 9. Then 

g'{6) = 2 sine cose + sine = si n e(2 cose + 1) = 0 

when 9 = 2 n. The table below lists the value of g at each of the critical points and the endpoints of the 

interval [0, 2n\. Based on this information, the minimum value of g(9) on the interval [0. 27r] is -1 and the maximum 
value is 


e 

0 

2tt/3 

71 

4jt/3 

2tv 

g(0) 

-l 

5/4 

1 

5/4 

-i 


35. fix) = .v 2 / 3 - 2a 1 / 3 , [-1, 3] 

solution Let f(x) = a 2 / 3 - 2a 1 / 3 . Then fix) = ja -1 / 3 - |a -2 / 3 = |a _2 / 3 (a 1 / 3 - 1), so that the critical 
points are a = 0 and a = 1. With /(- 1) = 3, /( 0) = 0, /(l) = -1 and /( 3) = v^9 - 2^3 ^ -0.804, it follows that 
the minimum value of fix ) on the interval [-1, 3] is -1 and the maximum value is 3. 

37. f (a) — x — a 3 / 2 , [0.2] 

solution We have fix) = 1 - \x 1 / 2 , so that a = g is the only critical point. Then 

/ (9 = ^ 0 ' 148 ’ /(0) = 0 - / (2) ^ —0.828 

so that the maximum value of / on [0, 2] is « 0.148 and its minimum value is « -0.828. 

39. Find the critical points and extreme values of 
fix) = |a — 1| + |2a — 6| in [0,8], 

SOLUTION L et 


fix) = | a - 1| + | 2a - 6| = 


7 - 3a, 
5 — x, 
3a -7, 


A < 1 

1 < A < 3 . 
A > 3 


The derivative of fix) is never zero but does not exist at the transition points a = 1 and a = 3. Thus, the critical points 
of / are a = 1 and x = 3. With /(0) = 7, /( 1) = 4, /( 3) = 2 and /( 8) = 17, it follows that the minimum value of 
fix) on the interval [0, 8] is 2 and the maximum value is 17. 


In Exercises 41-46, find the points of inflection. 


41. y = a 3 — 4a 2 + 4a 

solution Let y = a 3 - 4a 2 + 4a. Then / = 3a 2 - 8a + 4 and y" = 6a - 8. Thus, y" > 0 and y is concave up for 
a > j, while y" < 0 and y is concave down for a < H ence, there is a point of inflection at a = 


43. >- = 


a 2 + 4 


A 2 4 

SOLUTION L et y = -TJ- = 1 =T 

a 2 + 4 v2 


x L + 4 


.Then y' = 


8 a 

(a 2 + 4) 2 


and 


„ (a 2 + 4) 2 (8) — 8a(2)(2a)(a 2 + 4) 8(4 — 3a 2 ) 

“ (a 2 + 4) 4 “ (a 2 + 4) 3 ' 


Thus, y" > 0 and y is concave up for 


2 2 

< A < — pi , 

V3 V3 


while y" < 0 and v is concave down for 



X = ± 


2 

n 


FI ence, there are points of inflection at 
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45. /(x) = 


x 3 — X 
X 2 + 1 


solution We have 


cl ^ (x 2 + l)(3x 2 — 1) — (x 3 — x)(2x) x 4 + 4x 2 — 1 

J (X) = (^+1) " = ( x -2 + 1)2 

(x 2 + 1) 2 (4 x 3 + 8x) - (x 4 + 4x 2 - l)(2(x 2 + l)(2x)) _ 4x(x 2 - 3) 

(x 2 + l) 4 “ ~~ (x 2 + l) 3 


Since the denominator of f"(x) is always positive, fix) > Oand /(x) is concave up for x < -</3andfor0 < x < V3, 
while fix) < 0 and fix) is concave down for -V3 < x < 0 and for V3 < x. Thus there are points of inflection at 
x = 0 and atx = ±a/3. 


Iii Exercises 47-56, sketch the graph, noting the transition points and asymptotic behavior. 

47. y = 12x - 3x 2 

solution Let y = I2x - 3x 2 . Then y' = 12 - 6x and y" = -6. It follows that the graph of y = 12x - 3x 2 is 
increasing for x < 2, decreasing for x > 2, has a local maximum atx = 2 and is concave down for all x. Because 

lim (12x — 3x 2 ) = — oo, 
x — >-±00 

the graph has no horizontal asymptotes. There are also no vertical asymptotes. The graph is shown below. 



49. y = x 3 — 2x 2 + 3 

solution Lety = x 3 — 2x 2 + 3. Then y ' = 3x 2 - 4x and y " = 6x - 4. It follows that the graph of y = x 3 - 2x 2 + 3 
is increasing for x < 0 and x > j, is decreasing for 0 < x < has a local maximum at x = 0, has a local minimum at 
x = j, is concave up for x > is concave down for x < | and has a point of inflection atx = Because 

lim (x 3 - 2x 2 + 3) = -oo and lim (x 3 - 2x 2 + 3) = oo, 

x->- oo x-»oo 

the graph has no horizontal asymptotes. There are also no vertical asymptotes. The graph is shown below. 



51. y = 


■ 3 + l 


solution Let v = — ■ Then 

• x 3 + 1 


. x 3 + 1 — x(3x 2 ) 1 — 2x 3 

y = 


and 


y = 


(x 3 + l) 2 (x 3 + l) 2 

(x 3 + 1) 2 (— 6x 2 ) — (1 — 2 x 3 )(2)(x 3 + l)(3x 2 ) 
(x 3 + 1) 4 ' 


6x 2 (2 — x 3 ) 
(x 3 + l) 3 


It follows that the graph of y = 


x 3 + l 


is increasing forx < -1 and -1 < x < Ji, is decreasing forx > , 3 / has 


local maximum atx = . 3 /i, is concave up forx < -1 and x > i/2, is concave down for -1 < x < 0 and 0 < x < i/2. 
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and has a point of inflection at* = Ifl. Note that* = —1 is notan inflection point because* = -1 is not in the domain 
of the function. Now, 


lim - 3 - — 
ioo x i + 1 


so y = 0 is a horizontal asymptote. M oreover, 


lim oo and 

*->— 1 — x* + 1 

so * = -1 is a vertical asymptote. The graph is shown below. 


= 0 . 


i ■ 

lim 

->•- 1+ x 3 + 1 



53. v = 

y |x + 2| + 1 

SOLUTION L et y = 


|x + 2| + 1 


Because 


lim — — = 0 , 

x->±oo |x + 2| + l 

the graph of this function has a horizontal asymptote of y = 0 . The graph has no vertical asymptotes as |x + 2 | + 1 > 1 
for all x. The graph is shown below. From this graph we see there is a local maximum atx = -2. 


y 



55. y = \/3sinx — cos* on [0. 2n] 

solution Lety = V3sinx - cosx. Then y' = V3cosx + sinxandy" = -v^sinx + cosx. I tfollows thatthe graph 
of y = V3 sin x — cosx is increasing for 0 < x < 57r/6 and IIjt/6 < x <2n, is decreasing for 5 jt/ 6 < x < IItt/6 , has 
a local maximum atx = 5 jt/ 6, has a local minimum at* = 11 tt/ 6, is concave up for 0 < x < n/3 and Ajt/ 3 < x < 2n, 
is concave down for n/3 < x < 4n/3 and has points of inflection atx = n/3 and x = 47r/3. The graph is shown below. 



57. Draw a curve y = /(x) for which f' and /" have signs as indicated in Figure 2. 


- + I ~ ~i ~ + I + + I + ~ X 

-2 0 1 3 5 

FIGURE 2 

solution The figure below depicts a curve for which /'(x) and /"(*) have the required signs. 


y 


256 CHAPT 


ER 4 | APPLICATIONS OF THE DERIVATIVE 


59. A rectangular box of height h with square base of side b has volume V = 4 m 3 . Two of the side faces are made of 
material costing $40/m 2 . The remaining sides cost $20/m 2 . W hich values of b and h minimize the cost of the box? 

solution Because the volume of the box is 


V = b 2 h = 4 it follows that h=^r. 

b 2 


Now, the cost of the box is 


7 7 480 7 

C = 40(2 Wi) + 20(2 bh) + 20/7 2 = UQbh + 20// = — + 20//. 

b 


Thus, 


C\b) = + 40/; = 0 

b l 

when b = Vu meters. Because C(b) -»• oo asb -»• 0+ and as 6 -> oo, it follows that cost is minimized when /> = 


meters and h = ^ -^12 meters. 

61. A quantity N(T) satisfies — = - - 4- for t > 4 (r in days). At which time is N increasing most rapidly? 

dt t t L 

dN 

solution N is increasing most rapidly where the slope is greatest, i.e. where N' = — has a local maximum. We 

at 

have 

„ 2 16 


and N"(t) = 0 for t = 8 . Sign analysis shows that N"(t) changes sign from positive to negative at t = 8 , so that in fact 
t = 8 is a local maximum. 


63. Find the maximum volume of a right-circular cone placed upside-down in a right-circular cone of radius R = 3 and 

3 J 


height H = 4 as in Figure 3. A cone of radius r and height/; has volume \nr 2 h 



solution Let;- denote the radius and h the height of the upside down cone. By similar triangles, we obtain the relation 

4 - h 4 „ , , 

= - so /; = 4 ( 1 — - 


(-i) 


and the volume of the upside down cone is 


for 0 < r < 3. Thus, 


1 7 4 / 7 r 

V(r) = ^ 77 ( ' — 3 " 


dV 4 

= -7t I Lr — 




dr 3 

and the critical points are;- = 0 and r = 2. Because V(0) = V(3) = 0 and 

, 4 / 8 \ 16 

v a) = r U--\ = -n, 


the maximum volume of a right-circular cone placed upside down in a right-circular cone of radius 3 and height 4 is 
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65. Show that the maximum area of a parallelogram ADEF that is inscribed in a triangle ABC, as in Figure 4, is equal 
to one-half the area of A ABC. 


B 



solution Let 9 denote the measure of angle BAC. Then the area of the parallelogram is given by AD ■ AFsin6L 
Now, suppose that 


BE/BC = x. 

Then, by similar triangles, ~AD = (1 - x)A~B, ~AF = ~DE = xAC, and the area of the parallelogram becomes A~B ■ 
ACx( 1 - x) sin 6. The function x(l - x) achieves its maximum value of \ when x = Thus, the maximum area of a 
parallelogram inscribed in a triangle A ABC is 

-AB-AC sin 0 = - I -AB • AC Sin 0 J = 2 fa rea of A ABC) . 

67. Let fix) be a function whose graph does not pass through the x-axis and let Q = (a, 0). Let p = (xo, /(xo)) be 
the point on the graph closest to Q (Figure 5). Prove that ~PQ is perpendicular to the tangent line to the graph of xq. Hint: 
Find the minimum value of the square of the distance from (jc, /(*)) to (a, 0). 



solution Let P = (a, 0) and let Q = (xq, f(x o)) be the point on the graph of y = fix) closest to P. The slope of 
the segment joining P and Q is then 


Now, let 


fix q ) 
xq - a' 


q(x) = yj(x- a ) 2 + (fix)) 2 , 

the distance from the arbitrary point (x, fix)) on the graph of y = fix) to the point P.AsixQ, f(xo)) is the point closest 
to p, we must have 


Thus, 


q'(x o) = 


2(XQ - a) + 2 /(jfQ)/ , (A-Q) 
y/(x 0 - a) 2 + ifix o )) 2 


= 0. 


f'(x o) = - 


xq — a 
fix o) 


fix Q) 

xq — a 


-1 


In otherwords, the slope of the segment joining p and Q is the negative reciprocal of the slope of the line tangent to the 
graph of y = fix) atx = xq-, hence; the two lines are perpendicular. 


69. U se N ewton's M ethod to estimate ^25 to four decimal places. 
solution Let fix) = x 3 - 25 and define 


■*72 + 1 — -*72 


f(Xn) _ _ Xn ~ 25 

f'(x n ) x " 3 x\ 


With xq = 3, we find 
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n 

1 

2 

3 

Xn 

2.925925926 

2.924018982 

2.924017738 


Thus, to four decimal places ^/25 = 2.9240. 

In Exercises 71-84, calculate the indefinite integral. 


I (4x 3 - 2x 2 ) 
JTION J (4x 3 


SOLUTION / (4x 3 — 2x 2 ) dx = x 4 — -X 3 + C. 


73. /si 


n(6> - 8 )d0 


solution / sin(0 — 8) dQ = - cos(6> - 8) + C. 


(4 1~ 3 - 12 t~ A )dt 

ion J (4 r -3 - 12 1 


solution / (4 1 3 - 12 f ^)dt = -2t 2 +4 r 3 + C. 


77. J sec ,x</x 

solution J sec 2 x rfx = tan x + C. 

79. f (y + 2)Vv 

SOLUTION j (y + 2)*dy = *(y + 2) 5 + C. 

81 . j~ (cose-e)dd 

solution J (cos6 - 9)dd = sin0 - ^6 2 + C. 


SOLUTION 


8 dx 4 
3~ = 2 + C' 


7h Exercises 85-90, solve the differential equation with the given initial condition. 

85. ^ = 4x 3 , y(l) = 4 
dx 

solution Let = 4x 3 . Then 

y(x) = J 4x 3 dx = x 4 + C. 

Using the initial condition y(l) = 4, we find y(l) = l 4 + C = 4, so C = 3. Thus, y(x) = x 4 + 3. 

87. d J- = x- 1 / 2 , v(l) = 1 
dx 

solution Let ^ = x -1 / 2 . Then 

y (x) = J x _1/2 rfx = 2.x'*'/ 2 + C. 

Using the initial condition y (1) = 1, we find y(l) = 2^/1 + C = 1, so C = -1. Thus, y(x) = 2x*/ 2 - 1. 
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89 . — = 1 + n sin 3/, v(7r) = n 

dt 

solution Integrating gives 


y(t) = J (1 + n si n 3f) dt = t - y cos 3 1 + C 


Using the initial condition, we find 


7i = y(jt) = n — y cos 37r + C = jr+ — + C 


71 71 

so that C = - y, and thus y(t) = t - y(l + cos 3/) 

91 . Find /(f) if /"(f) = 1-2 1, /( 0) = 2, and /'(0) = -1. 
solution Suppose /"(f) = 1 - It. Then 


f'(t) = J f"(t) dt = / (1 - 2f) dt = t-t 2 + C. 


Using the initial condition /'(0) = -1, we find /'(0) = 0 - 0 2 + C = -1, so C = -1. Thus, /'(f) = f - r - 1. Now, 
//) = f /'(f) df = f (t- t 2 -Ddt= \t 2 -\t 3 -t + C. 


//) = J /'(f) dt = J(t-t 2 -l)dt = ^f 2 - ^f 3 - f + C. 

Using the initial condition /(0) = 2, we find /(0) = jO 2 - jO 3 - 0 + C = 2, so C = 2. Thus, 


1 2 1 3 

fit) = ^ f 2 - ^r 3 -f + 2. 



5 THE INTEGRAL 


5.1 Approximating and Computing Area 


Preliminary Questions 

1. What are the right and left endpoints if [2, 5] is divided into six subintervals? 

solution If the interval [2, 5] is divided into six subintervals, the length of each subinterval is ^ 
endpoints of the subintervals are then 3, j, 4, 5, while the left endpoints are 2, 3, 4, j. 


2. The interval [1, 5] is divided into eight subintervals. 

(a) W hat is the left endpoint of the last subinterval? 

(b) W hat are the right endpoints of the first two subintervals? 


solution N ote that each of the 8 subintervals has length ^ = i . 

(a) The left endpoint of the last subinterval is 5 - j = 

(b) The right endpoints of the first two subintervals are 1 + \ = | and 1 + 2 (^j = 2. 


3. Which of the following pairs of sums are not equal? 
4 4 

c> E'. E^ 

i=i t = i 


(b) E? 2 . 


7=1 



k=2 


(c) 


4 

E?’ 

7=1 


E< f - 1) 


i = 2 


4 

(d) E »■(«' + !). 

1=1 


5 


E(?'- 1} ? 

7=2 


j. The right 


SOLUTION 

(a) Only the name of the index variable has been changed, so these two sums are the same. 

(b) These two sums are not the same; the second squares the numbers two through five while the first squares the numbers 
one through four. 

(c) These two sums are the same. Note that when i ranges from two through five, the expression i - 1 ranges from one 
through four. 

(d) These two sums are the same. Both sums arel-2 + 2- 3 + 3- 4 + 4-5. 


100 100 100 100 

4. Explain: £ j = T, 7 but 1 is not equal to !■ 

7=1 7=0 7 = 1 7=0 


solution The first term in the sum j is equal to zero, so it may be dropped. M ore specifically, 


100 100 100 

E7 = »+E7 = Ex 

i= o i-i i = l 


On the other hand, the first term in 1 is not zero, so this term cannot be dropped. In particular, 


100 100 100 

E^i + E^E 1 - 

7=0 7=1 7 = 1 


5. Explain why Lioo > ??ioo for fix) = x 2 on [3, 7], 

solution On [3, 7], the function f{x) = x~ 2 is a decreasing function; hence, for any subinterval of [3, 7], the function 
value at the left endpoint is larger than the function value at the right endpoint. Consequently, Lioo must be larger than 
7?100- 
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Exercises 

1. Figure 15 shows the velocity of an object over a 3-min interval. Determine the distance traveled over the intervals 
[0. 3] and [1, 2.5] (remember to convert from km/h to km/min). 


km/h 



solution The distance traveled by the object can be determined by calculating the area underneath the velocity graph 
over the specified interval. During the interval [0, 3], the object travels 







23 

24 


0.96 km. 


During the interval [1, 2.5], it travels 



1 

2 


= 0.5 km. 


3 . A rainstorm hit Portland, M aine, in October 1996, resulting in record rainfall. The rainfall rate R(t) on October 21 
is recorded, in centimeters per hour, in the following table, where t is the number of hours since midnight. Compute the 
total rainfall during this 24-hour period and indicate on a graph how this quantity can be interpreted as an area. 


t (h) 

0-2 

2-4 

4-9 

9-12 

12-20 

20-24 

R(t) (cm) 

0.5 

0.3 

1.0 

2.5 

1.5 

0.6 


solution Over each interval, the total rainfall is the time interval in hours times the rainfall in centimeters per hour. 
Thus 

R = 2(0.5) + 2(0.3) + 5(1.0) + 3(2.5) + 8(1.5) + 4(0.6) = 28.5 cm. 

The figure below is a graph of the rainfal I as a function of time. The area of the shaded region represents the total rainfall. 


y 



5 . Compute R$ and L 5 over [0, 1] using the following values. 


X 

0 

0.2 

0.4 

0.6 

0.8 

1 

fix) 

50 

48 

46 

44 

42 

40 


SOLUTION 



and 


The average is 


0.2. Thus, 

L 5 = 0.2 (50 + 48 + 46 + 44 + 42) = 0.2(230) = 46, 
R S = 0.2 (48 + 46 + 44 + 42 + 40) = 0.2(220) = 44. 
46 + 44 „ r 


This estimate is frequently referred to as the Trapezoidal Approximation. 
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7. L et fix) = 2x + 3. 

(a) Compute and over [0, 3], 

(b) Use geometry to find the exact area A and compute the errors |A - 7?6l and \ A ~ 7+1 in the approximations. 
solution L et f{x) = 2jc + 3 on [0. 3], 

(a) We partition [0, 3] into 6 equally-spaced subintervals. The left endpoints of the subintervals are jo, j, 1, 2, | } 

whereas the right endpoints are 1 , j, 2 , 3j. 

• Leta = 0, b = 3, n = 6 , Ax = (b - a) /n = j, and x k = a + kAx, k = 0, 1 5 (left endpoints). Then 

5 5 1 

f-6 = /(**) Ax = Ax f{x k ) = -(3 + 4 + 5 + 6 + 7 + 8 ) = 16.5. 

k= 0 £=0 

• With x k = a + ArAx, k = 1,2 6 (right endpoints), we have 

6 6 l 

R% = ^2, f (- r L’f Ax = Ax /(Xfc) = -(4 + 5 + 6 + 7 + 8 + 9) = 19.5. 

i=l k=l 

(b) Via geometry (see figure below), the exact area is A = j (3) ( 6 ) + 3 2 = 18. Thus, Lg underestimates the true area 
(Lg - A = -1.5), while 7^6 overestimates the true area (R§ - A = +1.5). 

y 



9. Calculate R^ and I 3 

for fix) = x 2 - x + 4 over [1,4] 

Then sketch the graph of / and the rectangles that make up each approximation. Is the area under the graph larger or 
smaller than R 3 I Is it larger or smaller than I 3 ? 

solution Let fix) = x 2 - x + 4 and set a = 1, b = 4, n = 3, Ax = ib - a) /n = (4 — 1) /3 = 1. 

(a) Let x k = a + kAx, k = 0, 1, 2, 3. 

• Selecting the left endpoints of the subintervals, xk, k = 0,1, 2, or (1, 2, 3), we have 

2 2 

I 3 = y^ fixk) Ax = Ax y] /(x£) = (1) (4 + 6 + 10) = 20. 
k = 0 *=o 

• Selecting the right endpoints of the subintervals, xk, k = l,2, 3, or [2, 3, 4}, we have 

3 3 

R 3 — y^ f(x k )Ax = Ax J2 f( x k) = (1) (6 + 10 + 16) = 32. 
k = 1 k = 1 


(b) Here are figures of the three rectangles that approximate the area under the curve fix) over the interval [1, 4], Clearly, 
the area under the graph is larger than L 3 but smaller than R 3 . 


y y 




1.0 1.5 2.0 2.5 3.0 3.5 
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11. Estimate R 3 , M 3 , and L§ over [0, 1.5] for the function in Figure 17. 



solution Let fix) on [0, \\ be given by Figure 17. For n = 3, A* = ij - 0)/3 = {jc ^ }| =0 = Jo, j, 1, 
Therefore 

1 3 

R l= 2J2 /(**) = 2 ( 2 + 1 + 2 * ) = 2 - 5 - 

Z it=l 

M 3 = \ J2 f (*k - \ Aj ) = T (3 ' 25 + L25 + L25 > = 2 - 875 - 

1 k= 1 ' 2 

For « = 6 , Ax = i\- 0)/6 = |, {x,}t 0 = { 0 . |, 1, 1 1 . Therefore 

1 ^ ■, 

L 6 = ^ J2 f(x k> = 4 (5 + 3.25 + 2 + 1.25 + 1 + 1.25) = 3.4375. 


In Exercises 13-20, calculate the approximation for the given function and interval. 


13. Ri, f{x) = l—x, [3,5] 

solution Let f{x) = 7 - x on [3, 5]. For n = 3, Ax = (5 - 3)/3 = |, and {jc *}| =0 = J 3, 5 J. Therefore 


2 

^3 = 3 E (7 ~ Xk) 

k = l 


2 

3 


10 8 

y + 3 + 2 


2 

3 


( 8 ) = 


16 

T' 


15. Mg, fix) = 4x + 3, [5,8] 

solution Let /(x) = 4x + 3 on [5, 8]. For n = 6, Ax = (8 - 5)/6 = j, and {x|}^ =0 = [5.25, 5.75, 6.25, 6.75, 
7.25, 7.75}. Therefore, 

1 5 

"6 = ,E(^ + 3 ) 

k= 0 

= 1(24 + 26 + 28 + 30 + 32 + 34) 

= 1(174) = 87. 


17. + 6 . /(x)=x 2 + 3|x|, [- 2 , 1 ] 

solution Let f(x) = x 2 + 3 |x| on [—2, 1], For n = 6, Ax = (1 — (— 2))/6 = and {^yt)f- = o = f — 2, —1.5, — 1, 
-0.5, 0, 0.5, 1). Therefore 

I ^ 1 

L 6 = - £(x 2 + 3 |x*|) = 2 ao + 6.75 + 4 + 1.75 + 0 + 1.75) = 12.125. 

1 k=Q 


19. L 4 , f (x) — cos 2 x, [^, j] 

solution Let/(x) = cos 2 x on [|-, y]. F or /z = 4, 


(jt /2 - rr/ 6 ) ?r 
Ax = - = - and 


MUo = 


TT tT TT 5?r 7T I 

6 ’ 4’T’ 12’Tj • 


4 
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Therefore 


3 

L 4 = ^ E cos2 x k ~ 0.410236. 
L k = 0 


In Exercises 21-26, write the sum in summation notation. 

21. 4 7 + 5 7 + 6 7 + 7 7 + 8 7 

solution The first term is 4 7 , and the last term is 8 7 , so it seems the kth term is k 1 . Therefore, the sum is: 

8 

E* 7 - 

lc = 4 


23. (2 2 + 2) + (2 3 + 2) + (2 4 + 2) + (2 5 + 2) 

solution The first term is 2 2 + 2, and the last term is 2 5 + 2, so it seems the sum limits are 2 and 5, and the A:th term 
is 2 k + 2. Therefore, the sum is: 

^( 2 * + 2 ). 

k=2 

25 1 2 n 

2 • 3 3 • 4 (n + 1) (« + 2) 

solution The first summand is (1+1) 1 (1+2) . This shows us 

■i *■) fl . 

1 Z fl \ > l 

2 • 3 + 3 • 4 + + (/7 + 1)07 + 2) " (f + l)(i + 2) ' 

7 = 1 


27. Calculate the sums: 
5 

(a) E 9 

i=l 


5 


(b) E 4 

7=0 


(o fv 


k = 2 


SOLUTION 


5 5 5 

&> E 9 = 9 + 9 + 9 + 9 + 9 = 45. A Iternatively, ^9 = 9^1 = (9)(5) = 45. 

7 = 1 7 = 1 7 = 1 

5 5 5 

(b) E 4 = 4 + 4 + 4 + 4 + 4 + 4 = 24.A Iternatively, E 4 = 4 E = (4)(6) = 24. 

7 = 0 7=0 7=0 

4 

(c) E k3 = 2 3 + 3 3 + 4 3 = 99. A Iternatively, 

k=2 


E p 


*=2 




u=i 



43 

2 


+ 



l 4 l 3 1 2 \ 


= 99. 


29. L et b\ = 4, bj = 1, 7>3 = 2, and Z? 4 = -4. Calculate: 

4 2 3 

(a) E*/ (b) E^-^> (c) E fc ^ 

7 = 2 7=1 7t=l 

SOLUTION 

4 

(a) E k>i = bi + 7>3 + Z 74 = 1 + 2 + (—4) = — 1. 

7=2 

2 

(b) E ( 267 - */) = (2 4 - 4 ) + (2 1 - 1) = 13. 

7 = 1 
3 

(c) E kbk — 1(4) + 2(1) + 3(2) = 12. 

k= 1 
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200 


31. Calculate ^ j. Hint: Write as a difference of two sums and use formula (3). 
7=101 


SOLUTION 


200 200 100 / 20 ()2 200 \ / 100 2 100 \ 

E j = E J - E j = -r + - ~r + t ) = 20 ’ 100 - 5050 = 15 - 050 - 

7=101 7=1 7=1 V / V 


In Exercises 33-40, use linearity and formulas (3)-(5) to rewrite and evaluate the sums. 

20 

33. 

7=1 


20 


20 


SOLUTION 

150 

35. £ n 2 

n = 51 

SOLUTION 


7=1 7=1 


t 3 J 

20 4 20 3 20' 

/=A 

4 2 4 

150 

150 50 

E " 2 = 

E" 2 -E^ 2 

21=51 

n = 1 n = 1 


/ 150 3 150 2 






= 1,136,275 - 42,925 = 1,093,350. 


50 

37. ]T./0'-l) 
7=0 

SOLUTION 


50 50 50 50 

E 7(7 - 1) = E ( j 2 - 7) = E 7 2 - E 7 

7=0 7=0 7=0 7=0 


50 3 50 2 50 \ / 50 2 50 \ 50 3 50 124,950 „ rcA 

-T + -T + T -h- + y = — = 41 ' 650 ' 


50 50 

The power sum formula is usable because ^ 7(7 - 1) = E 7(7 _ !)■ 

7=0 7=1 

30 

39. ^(4-m) 3 
m=l 

SOLUTION 


30 30 

E(4 — m) 3 = '^2 (64 — 48m + 12m 2 — rrr*) 

m= 1 m= 1 

30 30 30 30 

= 64 1 - 48 ^ m + 12 E '" 2 “ E '” 3 

m=l m=l m= 1 m=l 

= 64(30, - 48«™H2 + 12 (f + f + f)-(f + f + f 


= 1920 - 22,320 + 113,460 - 216,225 = -123,165. 
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In Exercises 41—44, use formulas (3)-(5) to evaluate the limit. 
N . 

41. lim V ' 

AT v All 


N—>oo L ~. ' N 2 
1 = 1 


SOLUTION 


1=1 


Then, 
N 2 


N . 
i=i 

i N 

1 = 1 


1 N 2 N 


Therefore, lim s N = 

N—roo 2 

N . 2 . , 

43. lim V - ~' +1 
n^o of-r iv-* 

/=i 


SOLUTION L et .V ,v = y 


N .2 . . •, 

— i — i + 1 


i=l 


rv 3 


Then 


1 1 

2 + Tv' 


i 2 — i + 1 1 

‘ s <v = y 


i=i 


rv 3 at 3 


AT 


AT 


AT 


E f2 - E f + E 1 


U=1 


Ki = 1 / \i=l 


1 

rv 3 


rv 3 AT 2 Ar\ /w 2 AT 


T + 7“ + 67“\7“ + 7 l+2V 


_ 1 2 
“ 3 + Tv 2 ' 


Therefore, lim s# = 

N-^-oo 3 


In Exercises 45-50, calculate the limit for the given function and interval. Verify your answer by using geometry. 

45. lim R Ni f(x) = 9x, [0,2] 

N—^-oo 

solution Let /( x) = 9a- on [0, 2], Let at be a positive integer and set a = 0, b = 2, and Aa = (b - a)/N = 

(2 - 0) /at = 2/AT. A Iso, let a * = a + £Aa = 2£/AT, * = 1,2 A' be the right endpoints of the N subintervals of 

[0, 2], Then 


N 


k= 1 


k= 1 


2k 


/<**> = ]vE 9 ( v) = ^E* = ^ — + y 


AT 


36 


36 N 


N 2 


k= 1 


AT 


The area under the graph is 


lim = lim 

fV— >oo N->oo 


18 + 


18 

TV 


W 2 


= 18. 


= 18 + — . 
N 


The region under the graph is a triangle with base 2 and height 18. The area of the region is then £(2)(18) = 18, which 
agrees with the value obtained from the limit of the right-endpoint approximations. 

47. lim L n , f(x) = lx + 2, [0.4] 

N- >oo L 

solution Let fix) = jx + 2 on [0. 4], Let AT > 0 be an integer, and set a = 0, b = 4, and Aa = (4 - 0) /AT = 7. 
Also, let a* = 0 + kAx = jr,k = 0. 1 N - 1 be the left endpoints of the N subintervals. Then 


AT — 1 


AT — 1 


L n = Aa y /( x k ) = — y 


k = 0 


k= 0 


1 /4k 


2 V N 


N—l 


AT — 1 




k=0 


N l 


k = 0 


= 8+ 8 «-l\ 12 _ 4 

N 2 \ 2 2 N 


The area under the graph is 


lim L n = 12. 

N—>oo 


The region under the curve over [0, 4] is a trapezoid with base width 4 and heights 2 and 4. From this, we get that the 
area is ^ (4)(2 + 4) = 12, which agrees with the answer obtained from the limit of the left-endpoint approximations. 
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49. lim M n , f(x)=x, [0,2] 

N—>oo 

solution Let fix) = x on [0, 2], Let TV > 0 be an integer and seta = 0, b - 2, and Ax = (b - a)/N = Also, 
let x£ = 0 + (k - j) Ax = k = 1, 2 TV, be the midpoints of the TV subintervals of [0. 2], Then 


2 A 2/t - 1 2 w 


- A, £ /(,p 

jfc=l jfc=l jfc=l 


4 /TV 


= 1 2 _ w = yr y + y _ y ; “" 


*=i 


TV 2 


TV 


TV 


The area under the curve over [0. 2] is 


lim m n = 2. 

7V->-oo 


The region under the curve over [0, 2] is a triangle with base and height 2, and thus area 2, which agrees with the answer 
obtained from the limit of the midpoint approximations. 

51. Show, for fix) = 3x 2 + 4x over [0, 2], that 


= /24J 2 16; 

W M 2^ ( jy2 ft 


7=1 


Then evaluate lim /?#. 

AT-s-oo 

solution L et /(x) = 3x 2 + 4x on [0, 2], L et TV be a positive integer and set a = 0, b = 2, and Ax = (b - d)/N - 

(2 - 0) /TV = 2/TV. Also, let x y - = a + j Ax = 2 //TV, / = 1, 2 TV be the right endpoints of the TV subintervals of 

[0, 3], Then 


Continuing, wefind 


Thus, 


^ 2*( (2 j\ 2 2 / 

= Ax £/(*;)=-£ <3 + 4- 

7 = 1 7=1 ' 




TV • 2 — ( \ TV 2 TV 
7=1 


_ _ 24 * , 2 16 . 

Rn - N 3 12 j + M 2 12 j 

7 = 1 


TV 2 Z . 
7=1 


24 / N 3 TV 2 TV \ 16 /TV 2 TV 

= Tv 3\ v X + T + "6 / | + TV 2 \1“ + T 

20 4 

— 16 + — + — y 

TV TV 2 


lim R n = lim ( 16 + — + -1 ) = 16. 

N^oo AT— >oo V N TV 2 / 


//? Exercises 53-60, find a formula for Rn and compute the area under the graph as a limit. 
53. f{x) = x 2 , [0. 1] 


solution Let f(x) = x 2 on the interval [0, 1], Then Ax = 


1-0 


= — and a = 0. Hence, 

TV TV 


TV 


R N - Ax Xj /( 0 + / AX) - l E y 2 ^2 - ^3 (x + T + y / - 3! 2N ^ W 
7=1 7=1 ' 


1 1 

— ^ + ^TT + 


/I 1 1 \ 1 

lim Rn = 1 1 m - + - h - — 

Af-s-oo A7 ->-oo\3 2TV 6T V 2 / 3 


and 
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55. f(x ) = 6x 2 — 4, [2, 5] 

5 — 2 3 

solution Let fix) = 6x 2 - 4 on the interval [2, 5], Then Ax = — ^ = — and a = 2. Hence, 


N TV 


N 


R N - Ax /( 2 + 2 Ax) - E ( 6 ( 2 + ff) ~ 4 ) - h E ( 20 + V + 

7 = 1 7 = 1 ' ' 7=1 ' 


AT 


72 y , 54j 2 


and 


216 ^ . 162 A , 2 

- 60 + 771 E 7 + T7I E 7 


A 2 z 

7 = 1 


7 = 1 


= 60 + 


216 In 1 tv\ 162 ( n 3 tv 2 rv 


AT 2 


2 + T) + ]v3 


3 + X + 6 


,,, 189 27 

= 222 H — — H ^ 

TV TV 2 


lim R N = lim (^222 + — + E^ = 222. 

r 77 — >00 \ W *' 2 > 


N — >00 


A' TV 2 


57. / (x) = x 2 — x, [0. 2] 

solution Let /(x) = x 3 - x on the interval [0. 2], Then Ax = 


2-0 2 

= — and a = 0. Hence, 

N N 


and 


N 


r„ = a „E/<o + m» = *E 


7=1 

AT 


TV 


7=1 



AT 7 AT 


2 JL / R ; 3 


8j J 27- 


TV \ TV 3 N 
7=1 


= 16 y, .3 _ A V ■ 
Tv 4 7 a/2 7 


7=1 

j4 


N 2 


7=1 


16 / TV 4 AT 4 AT' 


4 / AT 2 TV 


TV 4 \ 4 + 2 + 2 ) TV 2 l 2 + 2 

, 6 8 
— 2 + h y 

N TV 2 


/ 6 8 \ 

lim T?« = lim 2 4 1 y = 2. 

N—>o o N—>oo\ N N l ) 

59. /O) = 2* + 1, [a, Z?] (a, b constants with a < b) 

b — ci 

solution Let fix) = 2x + 1 on the interval [a, A], Then Ax = ^ . Hence, 


TV 


«„ = A,E/(o + Ti-«l=^E( 2 (“ + T^) + 1 


TV 


7=1 
(A — a) 


AT 


7 = 1 


. (A — a) 


77 0/1 x2 TV 

TT- «-*»E>*tE' 


7 = 1 


7=1 


(A — a) . , 2 (A — a) 2 / TV 2 AT 


AT 


and 


0 (A — a) 2 

= (A — a)(2a + 1) + (A — a) 2 + 


TV 


lim i?A/ = lim I (A - a)(2a + 1) + (A - a) 2 + — — — 
N-^-oo N-+00 \ TV 


= (b — a)(2a + 1) + (Z? — = (Z>^ + Z?) — + a). 
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In Exercises 61-64, describe the area represented by the limits. 


N 


61. |im -Y U- 

N— N — ' \ A/ 


iV 


7=1 

solution The limit 


lim r n - lim — 

TV— »oo N — >oo N 

7=1 


represents the area between the graph of fix) = x 4 and the x-axis over the interval [ 0 , 1 ], 

rv-i , 5J 


63. lim - Y -2+ — 
M 4—1 \ TV 


TV— >o o N . 

7=0 

solution The limit 


N - 1 


lim L N = lim — ( -2 + 

N— >oo N ^ — 1 1 


iV->oo 


7=0 


5/ 

AT 


represents the area between the graph of y = x and the x-axis over the interval [-2, 3], 

In Exercises 65-70, express the area under the graph as a limit using the approximation indicated ( in summation notation ), 
but do not evaluate. 

65 . Rn, fix) = sin x over [ 0 , n] 

solution Let f(x) = sinx over [0, n] and seta = 0, b = n, and Ax = (b- a) /N = n/N. Then 


N 


E Jl \ > . / /wl \ 


k=i 


k = i 


kn 


N 


Hence 


N 


. . .. Jl x — ' ■ / K-Jl 

1 1 m r n = lim — > sin — 

• N^oo N 4— 1 \ V 


N — >oo 


k= 1 


kn 


N 


is the area between the graph of /(x) = sinx and the x-axis over [0, n], 

67. L n , f(x) = V2x + 1 over [7, 11] 

11-7 4 

solution Let fix ) = J 2x + 1 over the interval [7, 11], Then Ax = = — and a - 7. Hence, 

^ N N 


N—l 


N-l 


Ln — Ax ^ /(7 + 7 Ax) — — ^ y 2(7 + j — ) + 1 


7=0 


7=0 


AT 


and 


tv— l 


lim = lim — y^./l5 + — 

TV— »oo N ^ 


N-+oo 


7=0 


TV 


is the area between the graph of fix) = «J2x + 1 and the x-axis over [7, 11], 

69. m n , fix) = tan x over [j, 1] 

solution Let fix) = tanx over the interval [j, 1], Then Ax = ^7- = 277 and a = j. Hence 


7=1 


7=1 


and so 


lim M n = lim — y^ tan (- + — (/- - 
N iV->oo IN 4—1 7N\ J 7 


/V->oo 


7=1 


IN 


is the area between the graph of fix) = tanx and the x-axis over [i, 1 ], 
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71. Evaluate lim — 

TV— >oo TV 


7 = 1 


EE- 


by interpreting it as the area of part of a familiar geometric figure. 


solution The limit 


TV 


im R n = lim — — 

1 TV— >-oo TV — ' V \ At 


N-t-oo 


7=1 


TV 


represents the area between the graph of y = f(x ) = x/l - x 2 and the x-axis over the interval [0. 1], This is the portion 
of the circular disk x 2 + y 2 < 1 that lies in the first quadrant. Accordingly, its area is |jr (l ) 2 = |. 

In Exercises 72-74, let f(x) = x and let Rjy, Ln, and My/ be the approximations for the interval [0, 1]. 

73. Show that 


_ i i 1 
Ln ~ 3~2N + 6 TV 2 ' 


MN=1 3~i^2 


Then rank the three approximations R N , L N , and M N in order of increasing accuracy (use Exercise 72). 

solution Let fix) = x 2 on [0, 1], Let TV be a positive integer and seta = 0 ,b- 1, and Ax = (b - a) /TV = 1/TV. 
Letx*; = a + kAx = k/N, k = 0, 1, .... TV and letx A * = a + (k + \)Ax = (k + \)/N, k = 0, 1, . . . , TV - 1. Then 


TV-1 j TV-1 

l N = Ax J2 f ( x k) = T, E 
k = 0 N k = 0 


TV 


TV— 1 


TV 3 


E * 2 

k = i 


1 /(TV - l) 3 (TV — l) 2 TV — 1 
TV 3 1 3 + 2 + _ 6“ 


3 2TV + 6 TV 2 


TV-1 


TV-i , TV-1 , 1\ 2 1 TV— 1 / , 


TV *—> \ N I TV 3 
k= 0 *=0 \ / *=0 




i E ” 1 

+ J E 1 


\Tfc=0 


1 

TV 3 


(TV - l) 3 + (TV - l) 2 + TV - 1 \ / (TV - l) 2 + AT - 1 


+ 4 N / 3 ~ 12TV 2 


The error of Rn is given by E + _L_ ( the error of L N is given by - E + _i_ and the error of M N is given by 

— — T . Of the three approximations, Rn is the least accurate, then L N and finally M N is the most accurate. 

12 N z 


In Exercises 75-80, use the Graphical Insight on page 291 to obtain bounds on the area. 

75. Let A be the area under f(x) = «Jx over [0. 1], Prove that 0.51 < A < 0.77 by computing 774 and L 4 . Explain your 
reasoning. 

solution Forn = 4, Ax = = | and {a-,- }f =0 = {0 + T Ax) = (0. j, 1). Therefore, 

774 = Ax E f(x,) =1(1 + ^ + ^ + ^* °' 768 

L 4 = Ax E /(*«) =1{° +1 2 + ^Y + ^y)^ °' 518 ' 

In the plot below, you can seethe rectangles whose area is represented by L 4 under the graph and the top of those whose 

area is represented by Tfy above the graph. The area A under the curve is somewhere between L 4 and 774 , so 


0.518 < A < 0.768. 
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77 . Use /?4 and L 4 to show that the area A under the graph of y = sin* over [0. y] satisfies 0.79 < A < 1.19. 
solution Let fix) = sin*. /( x) is increasing over the interval [0, n/2], so the Insight on page 291 applies, which 
indicates that L 4 < A < R 4 . For n = 4, Ax = | and {jc,- } f =0 = |0 + fAx } 4 =0 = jO, jj. From 

this, 

3 4 

L 4 = | E /(*«) « °- 79 - ^4 = | E * L18 ' 

° i=0 0 i=l 

H ence A is between 0.79 and 1.19. 



Left and Right endpoint approximations to A. 


79 . LR 5 Show that the area A under y = x 1/4 over [0, 1 ] satisfies L N < A < R N for all TV. Use a computer algebra 
system to calculate L N and Rn for TV = 100 and 200, and determine A to two decimal places. 

solution On [0, 1], fix ) = x 1 / 4 is an increasing function; therefore, L N < A < r n for all N. Wefind 

L 100 — 0.793988 and 7?ioo — 0.80399, 


while 


Z -200 = 0.797074 and R 200 — 0.802075. 
Thus, A = 0.80 to two decimal places. 


Further Insights and Challenges 

81 . Although the accuracy of R N generally improves as TV increases, this need not be true for small values of TV. Draw 
the graph of a positive continuous function fix) on an interval such that R\ is closer than R 2 to the exact area under the 
graph. Can such a function be monotonic? 

solution Let ,5 be a small positive number less than (In the figures below, <5 = But imagine S being very tiny.) 
Define fix) on [0, 1] by 


fix) = 


1 


1 _ -1 

25 S 

x _ 1 
3 25 

1 


if 0 < x < j — 5 
if j — S < x < j 
if 7 < x < j + 8 
if 2 + 5 < x < 1 


Then / is continuous on [ 0 , 1 ], (Again, just look at the figures.) 

• The exact area between / and the x-axis is A = 1 — \bh = 1 - ^ (2<5)(1) = 1 - S. (For S = we have A = -^.) 

• With Ri = 1, the absolute error is |£i| = |7?i - A| = |1 — (1 — <5)| = <5. (For S = this absolute error is 
|£il = To') 

• With R 2 = 2 ' absolute error is |£ 2 l = |/?2 - ^1 = I 2 ~ (1 - s )| = I 5 - 2 I = \ ~ s - ( For 8 = we have 
|£2l = 5-) 

• Accordingly, R\ is closer to the exact area A than is R 2 - Indeed, the tinier S is, the more dramatic the effect. 

• For a monotonic function, this phenomenon cannot occur. Successive approximations from either side get progres- 
sively more accurate. 
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X 


83. L==W Explain graphically: The endpoint approximations are less accurate when f'(x) is large. 

solution W hen /' is large, the graph of / is steeper and hence there is more gap between / and L N or R N . Recall that 
the top line segments of the rectangles involved in an endpoint approximation constitute a piecewise constant function. 
If f is large, then / is increasing more rapidly and hence is less like a constant function. 

y x 



85. In this exercise, we prove that lim R N and lim L N exist and are equal if f(x) is increasing [the case 

TV— >oo N— >oo 

of f{x) decreasing is similar]. We use the concept of a least upper bound discussed in Appendix B. 

(a) Explain with a graph why L N < R M for all N, M > 1. 

(b) By (a), the sequence {Ljv) is bounded, so it has a least upper bound L. By definition, L is the smallest number such 
that L n < L for all N. Show that L < R M for all M. 

(c) According to (b), L N < L < R N for all AC Use Eq. (8) to show that lim L w = Land lim R N = L. 

N—>oc N-^-oo 

SOLUTION 

(a) Let f(x) be positive and increasing, and let N and M be positive integers. From the figure below at the left, we see 
that L n underestimates the area under the graph of y = fix), while from the figure below at the right, we see that R M 
overestimates the area under the graph. Thus, for all N, M > 1, L N < R M . 



(b) Because the sequence {L^} is bounded above by R M for any M, each R M is an upper bound for the sequence. 
Furthermore, the sequence [L N } must have a least upper bound, call it L. By definition, the least upper bound must be 
no greater than any other upper bound; consequently, L < R M for all M. 

(c) Since L w < L < R N , R N - L < r n - L n , so \ Rn - L\ < \r n - L n \. From this, 

lim \Rpj — L\ < lim \r n - L n \. 

N— >oo N — >oo 


By Eq. (8), 


lim — Z.^1 = 

N—>oc 


lim \{b-a)if)b)- f(a))\ 
N — ^ cx) iV 


0 , 


so lim \r n - L\ < \r n - l n \ = 0, hence lim r n = L. 

N—>oo N— >oo 

Similarly, \L N - L\ = L - L N < R N - L N , so 


I Ln -L\< I Rn - Ln\ = 


ib — a) 


(fib) 


fia)). 


N 
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This gives us that 

lim \L N -L\< lim h(b-a)(f(b)~ f(a))\ = 0, 
N — > oo N->o o iv 

so lim L n = L. 

N — > oo 

This proves lim L N = lim R N = L. 

N— >oo N — >oo 


In Exercises 87 and 88, use Eq. (9) to find a value of N such that \Rg/ — A| < 10 ^ for the given function and inten’al. 
87 . f(x) = yfft, [1, 4] 

solution Let fix) = y/x on [1, 4], Then b = 4, a = 1, and 


l^-A|< 4 ¥ 1( /(4)-/ (1) )=|( 2 - 1 )=A 

We need < 10 -4 , which gives TV > 30,000. Thus 1 ^ 30,001 - A| < 10 -4 for fix) = y/x on [1, 4], 

89 . Prove that if fix) is positive and monotonic, then M N lies between R N and L N and is closer to the actual 

area under the graph than both R N and L N . Hint: In the case that fix) is increasing, Figure 19 shows that the part of the 
error in R N due to the ith rectangle is the sum of the areas A + B + D, and for M N it is \B - E\. On the other hand, 
A > E. 



FIGURE 19 


SOLUTION 


Suppose f(x) is monotonic increasing on the interval [a, b], Ax = 


b — a 
N ' 


and 


= f fl ’ a + Ax, a + 2Ax, . . . , a + (N — l)Ax, b } 


*i7V-l 
x klk = 0 


(1 a + Ax) + (a + 2Ax) 


(a + (A7-l)Ax) + i 


Note thatx,- < xf < x i+ \ implies /(x,-) < fix*) < f(x i+ 1 ) for all 0 < i < N because /(x) is monotone increasing. 
Then 

E /<«>) < E /<■'«*)] < = b -jf E /'«)) 

Similarly, if /(x) is monotone decreasing, 

( b-a N ^} \ ( b-a ^ ( b-a " \ 

I l n = — y, n*k) \ > I M * = -jy- E /(**) I > I ■ r n = E/fe) I 

Thus, if fix) is monotonic, then M N always lies in between R N and L N . 

Now, as in Figure 19, consider the typical subinterval [x,-_i,x ; ] and its midpoint xf. We let A, B, C, D, E, and F 
be the areas as shown in Figure 19. Note that, by the fact that xf is the midpoint of the interval, A = D + E and 
F = B + C. Let E r represent the right endpoint approximation error ( = A + B + D), let E L represent the I eft endpoint 
approximation error ( = C + F + E) and let E M represent the midpoint approximation error ( = \B - £|). 

• If B > E, then E m = B - E. In this case, 


Eg — Em = A + B + D — (B — E) = A + D + E> 0, 


so e r > Em, while 

E l - E m = c + F + E - {B - E) = C + (B + C) + E - {B - E) = 2C + 2E > 0, 

so E l > E m - Therefore, the midpoint approximation is more accurate than either the left or the right endpoint 
approximation. 
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• If B < E, then E m = E - b. In this case, 

E r - E m = A + B + D-(E-B) = D + E + D - (E- B) = 2D + B > 0, 
so that e r > E m while 


E l -E m = C + F + E-(E-B) = C + F + B> 0, 

so E l > E m . Therefore, the midpoint approximation is more accurate than either the right or the left endpoint 
approximation. 

• If B = E, the midpoint approximation is exactly equal to the area. 

Hence, for B < E, B > E, or B = E, the midpoint approximation is more accurate than either the left endpoint or the 
right endpoint approximation. 


5.2 The Definite Integral 


Preliminary Questions 

1. What is J dx [the function is fix) = 1]? 

solution J dx = j 1 ■ dx — 1(5 — 3) = 2. 

2 - Let,= A f(x)dx, where fix) is continuous. State whether true or false: 

(a) I is the area between the graph and thex-axis over [2, 7], 

(b) If fix) > 0, then / is the area between the graph and the jc-axis over [2, 7], 

(c) If f{x) < 0, then -/ is the area between the graph of fix) and thex-axis over [2, 7], 


SOLUTION 

(a) False. /* fix) dx is the signed wea between the graph and the x-axis. 

(b) True. 

(c) True. 

3. Explain graphically: [ cosxdx = 0. 

Jo 

solution Because cos(7r - x) = - cosx, the "negative" area between the graph of y = cosx and the x-axis over 
[j,n] exactly cancels the "positive" area between the graph and thex-axis over [0, J], 

4. Which is negative, J 8dxorJ 8dxl 
solution Because -5 - (-1) = -4, J 8 dx is negative. 


Exercises 

In Exercises 1-10, draw a graph of the signed area represented by the integral and compute it using geometry. 

1. I 2x dx 

solution The region bounded by the graph of y = 2x and thex-axis over the interval [-3, 3] consists of two right 
triangles. One has area ^ (3j»(6) = 9 below the axis, and the other has area ^ (3)(6) = 9 above the axis. Hence, 

J 3 2xdx = 9-9 = 0. 
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3 . J (3x + 4) dx 

solution The region bounded by the graph of y = 3x + 4 and the x-axis over the interval [-2, 1] consists of two 
right triangles. One has area 2 (§)(2) = \ below the axis, and the other has area ^ above the axis. Hence, 

r 1 „ 49 2 15 

J^3x + 4)dx 



5 . J (7 — x) dx 

solution The region bounded by the graph of y = 7 - x and the x-axis over the interval [6. 8] consists of two right 
triangles. One triangle has area 2 (1)(1) = \ above the axis, and the other has area 2 (1)(1) = \ below the axis. Hence, 


/. 


8 11 
(7 — x) dx = - — - = 0. 


1 

0.5 


- 0.5 

-1 


7 . [ -s/25 — x ^ dx 

J 0 

solution The region bounded by the graph of y = >/25 - x 2 and the x-axis over the interval [0, 5] is one-quarter of 
a circle of radius 5. Hence, 



25 7T 

T‘ 


5 

4 

3 

2 

1 


1 2 3 4 5 


x 


9 . / (2 — |x |) dx 

solution The region bounded by the graph of v = 2 — |x| and the x-axis over the interval [-2, 2] is a triangle above 
the axis with base4 and height 2. Consequently, 



\x\)dx= -(2)(4) = 4. 
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/■10 

11. Calculate / (8 - x)dx in two ways: 

Jo 

(a) As the limit lim R N 

N-+o o 

(b) By sketching the relevant signed area and using geometry 

solution Let f(x) = 8 - x over [0, 10], Consider the integral f 0 10 f(x)dx = / 0 10 (8 - x)dx. 

(a) Let at be a positive integer and set a = 0, b = 10, Ax = (b - a) /N = 10/7V. Also, let x^ = a + A Ax = 10/t/AC 
jfc = 1, 2 at be the right endpoints of the N subintervals of [0, 10], Then 



Hence lim R N = lim f 30 - — = 30. 

N — > oo N-+oo \ N ) 

(b) The region bounded by the graph of y = 8 - * and the jc-axis over the interval [0, 10] consists of two right triangles. 
One triangle has area ^(8)(8) = 32 above the axis, and the other has area £(2)(2) = 2 below the axis. Hence, 



(8 — x) dx = 32 — 


2 


= 30. 


y 



In Exercises 13 and 14, refer to Figure 14. 



FIGURE 14 The two parts of the graph are semicircles. 

13. Evaluate: (a) [ f{x)dx (b) f f(x)dx 
Jo Jo 

solution Let/(x) be given by Figure 14. 

(a) The definite integral / 0 2 f(x)dx is the signed area of a semicircle of radius 1 which lies below the x-axis. Therefore, 

1 t n 
fix)dxm --7T (l) 2 = - — . 

(b) The definite integral / 0 6 f{x)dx is the signed area of a semicircle of radius 1 which lies below the x-axis and a 
semicircle of radius 2 which lies above the x-axis. Therefore, 

r 6 l „ j l , 7 3?r 

/ f(x)dx = -j (2y - -tv (l) 2 = — 

Jo 2 2 2 

In Exercises 15 and 16, refer to Figure 15. 



FIGURE 15 
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15 . Evaluate 


J g(t)dt and J g(t)dt. 


SOLUTION 


• The region bounded by the curve y = g(x) and the x-axis over the interval [0. 3] is comprised of two right triangles, 
one with area £ below the axis, and one with area 2 above the axis. The definite integral is therefore equal to 



• The region bounded by the curve y = g(x) and thex-axis over the interval [3, 5] is comprised of another two right 
triangles, one with area 1 above the axis and one with area 1 below the axis. The definite integral is therefore equal 
to 0 . 


17 . Describe the partition P and the set of sample points C for the Riemann sum shown in Figure 16. Compute the value 
of the Riemann sum. 


y 



solution The partition P is defined by 

xq = 0 < x\ = 1 < x2 = 2.5 < U3 = 3.2 < .14 = 5 

The set of sample points is given by C = {ci = 0.5, q = 2, 1-3 = 3, C 4 = 4.5). Finally, the value of the Riemann sum is 
34.25(1 - 0) + 20(2.5 - 1) + 8(3.2 - 2.5) + 15(5 - 3.2) = 96.85. 


In Exercises 19-22, calculate the Riemann sum R(f, P, C) for the given function, partition, and choice of sample points. 
Also, sketch the graph of f and the rectangles corresponding to R(f, P, C). 

19 . fix) = x, P = {1, 1.2, 1.5, 2), C = {1.1, 1.4, 1.9} 
solution L et fix) = jc. W ith 

P = {uo = 1, a'i = 1.2, x2 = 1.5, .13 = 2} and C = {c^ = 1.1, C2 = 1.4, C3 = 1.9}, 

we get 


R(f, P, C) = A*i/(ci) + Ax2 f(c 2 ) + Axsf(c 3 ) 

= (1.2 - 1)(1.1) + (1.5 - 1.2X1.4) + (2 - 1.5)(1.9) = 1.59. 
H ere is a sketch of the graph of / and the rectangles. 



21 . fix) = x 1 - + x, P — {2, 3, 4.5, 5}, C = {2, 3.5, 5} 
solution L et fix) = x 2 + x. W ith 

P = {xq = 2, xi = 3, X3 = 4.5, X4 = 5} and C = {q = 2, q = 3.5, C3 = 5}, 

we get 


R(f. P, C) = Axi/(ci) + Ax 2 /(C2) + Ax3/(c3) 

= (3 - 2)(6) + (4.5 - 3X15.75) + (5 - 4.5)(30) = 44.625. 


H ere is a sketch of the graph of / and the rectangles. 
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y 



In Exercises 23—28, sketch the signed area represented by the integral. Indicate the regions of positive and negative area. 

23. f (4 x—x 2 )dx 
JO 

solution Here is a sketch of the signed area represented by the integral / 0 5 ( 4x - x 2 )dx. 



rln 

25. / sin x dx 
Jn 


solution Here is a sketch of the signed area represented by the integral f 2n sin* dx 



,e 

27. / (| 12 — 4x| — 4) dx 
JO 

solution H ere is a sketch of the signed area represented by the integral / 0 6 (|12 - 4*| - 4) dx\ 

y 



In Exercises 29-32, determine the sign of the integral without calculating it. Draw a graph if necessary. 

29. J dx 

solution The integrand is always positive. The integral must therefore be positive, since the signed area has only 
positive part. 

31. [GU] / * si n x dx 

Jo 

solution As you can see from the graph below, the area below the axis is greater than the area above the axis. Thus, 
the definite integral is negative. 
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In Exercises 33-42, use properties of the integral and the formulas in the summary to calculate the integrals. 


'■f 

JO 


33. / (6f - 3) dt 

/*4 /*4 /*4 ^ 

solution / (6? — 3) dt = 6 / t dt — 3 1 dt = 6 ■ - (4) 2 — 3(4 — 0) = 36. 

Jo Jo Jo 2 


35. [ x 2 dx 

Jo 

r 9 j l , 

solution By formula (5), / x dx = -(9) = 243. 

Jo 3 


37. f 1 


(u 2 — 2u) du 


SOLUTION 


J (u 2 — 2m) du = J u 2 du — 2 J u du = - (l) 3 — 2 (l) 2 = - 


= ' — 1 “ — 3 ■ 


39. J (It 2 + t + 1) dt 
solution First, write 


L 


r° 

(It 2 + t + 1) dt = J (It 2 +t + \)dt + j (It 2 + t + l)dt 


f\ 

Jo 


r-3 


— -J (It 2 +t + l)dt + I (It 2 +t + l)dt 


Jo 


Then, 


£ 


Qt 2 + t + l)dt = -(l- ^(-3) 3 + ^(-3) 2 - 3 ) + ( 7 ' ^ 3 + ^l 2 + 1 
= - ( -63 +|_3) + (Z + i+l) = 


L f 

J —a 


/ —a 

SOLUTION 


41. / (x 2 + x) dx 

F irst, Jq (x 2 + x) dx = Jq x 2 dx + ffi x dx = ji> 3 + j b 2 . Therefore 

/ (x 2 + x) dx = I (x 2 + x) dx + / (x 2 + x) dx = / (jr 2 + x) dx — I (x 2 + x) dx 
-a J —a jO Jo Jo 


= ( 5 ■ l 3 + \- l 2 )~ (h-a ) 3 + \(-u ) 2 ) = ^ 3 - ^ 2 + i. 


1 3 1 2 5 

3° ~2 a + 6 - 


In Exercises 43—47, calculate the integral, assuming that 

r* 5 z-5 


/ f(x)dx = 5, / g(x)dx = 

Jo Jo 

43 . r 

Jo 

solution / (/(x) + g(x)) rfx = / /(x)dx + / g(x) iJx = 5 + 12 = 17. 

Jo ' Jo Jo 


(/to + g{x))dx 
5 
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,0 

45. / g{x)dx 

r o t 5 

SOLUTION / g{x)dx = — / g(x)dx = — 12. 

J5 Jo 

47. Is it possible to calculate / g(x)f(x)dx from the information given? 

Jo 

solution It is not possibleto calculate / 0 5 g{x)f{x)dx from the information given. 

In Exercises 49-54, evaluate the integral using the formulas in the summary and Eq. (9). 


49. f x^ dx 

Jo 


>./ 3 


3 4 81 

solution By Eq. (9), j x 3 dx = — = — . 


si. r 

Jo 


(y — y j ) <2 y 
3 


i. f\ 

Jo 


SOLUTION / (x—x^)dx = / xdx — 

Jo Jo Jo 


Y^ c/y = -3 2 — -3 4 = — 
2 4 


63 

T' 


53. I (12y^ + 24y 2 — 8y) dY 


SOLUTION 


f (12y^ + 24y 2 — 8y) c/y = 12 f y 2 dx + 24 f y 2 — 8 f 

Jo Jo Jo Jo 


y dx 


= 12 - ^l 4 + 24 - |l 3 — 8 - ^l 2 
= 3 + 8 — 4 = 7 


In Exercises 55-58, calculate the integral, assuming that 

-2 


rl r2 r 4 

/ f(x)dx = l, / fix) dx = 4, / f(x)dx = l 

Jo Jo Jl 


f 


55. I f(x)dx 

f4 

solution / f(x)dx = I f{x)dx + I f{x)dx = 1 + 7 = 8. 
/o 

57. [ f(x)dx 


/*4 /*1 /*4 

/ f{x)dx = / /(y)<7y + 

JO Jo Jl 


solution J f(x)dx = — J f{x)dx = —l. 

In Exercises 59-62, express each integral as a single integral. 

59 - / Q f(x)dx + J f(x)dx 

SOLUTION [ fix) dx + [ f(x)dx= [ f(x)dx. 

Jo ' Jl Jo 


“■1 f(x)dx-J f (y) dx 


solution J fix) dx — J f{x)dx=yj f(x)dx + J f(x)dxj — J f(x)dx = J 

fh 

In Exercises 63-66, calculate the integral, assuming that f is integrable and I fix) dx = 1 — 

Jl 


s: 


63. / f(x) dx 
r5 


SOLUTION 


S 


f{x)dx = 1 — 5 1 = 


9 

fix) dx. 

b~^ for all b > 0. 
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65 . J (3 fix) — 4) dx 


SOLUTION 


J (3fix) — 4)dx = 3 J f(x)dx — 4 J Idx = 3(1 — 6 1 ) — 4(6 


1 ) = 


35 

y 


67 . CJiy Explain the difference in graphical interpretation between / f(x)dx and / |/(x)|rfx. 

Ja J a 

solution When fix) takes on both positive and negative values on [a, b\, /* f{x)dx represents the signed area 
between fix) and the u-axis, whereas /* \f(x)\ dx represents the total (unsigned) area between fix) and the x-axis. 
Any negatively signed areas that were part of /J’ fix)dx are regarded as positive areas in /j 7 |/(x)| dx. Here is a graphical 
example of this phenomenon. 




69 . 


Let f{x) = x. Find an interval [a, b] such that 




f(x)dx 


and 


f 

Ja 


\f{x)\dx = ^ 


solution If a > 0, then fix ) > 0 for all x e [a, b\, so 


f fix)dx = f \f(x)\dx 
Ja Ja 


by the previous exercise. We find a similar result if b < 0. Thus, we must have a < 0 and b > 0. Now, 


f 

Ja 


1 2 1 2 

\fix)\dx = 2 ° + 2 b ■ 


Because 


then 


f- 

f 


1 j 1 , 

fix) dx = -b 2 - -a 2 , 


fix) dx 


= _ n 2 |. 


If b 2 > a 2 , then 


1 2 1 2 3 1 2 2 1 

-d l + -b z = - and = - 


yield a = -1 and b = -Jl. On the other hand, if b 2 < a 2 , then 


It 3-2 ^ jf-2 2 3 

^ = j and 2 (a2_fc2)= 2 


yield a = -V2 and b = 1. 


In Exercises 71-74, calculate the integral. 

,5 

71 . / 1 3 — jc | dx 
JO 

solution Over the interval, the region between the curve and the interval [0, 6] consists of two triangles above the jc 
axis, each of which has height 3 and width 3, and so area |. The total area, hence the definite integral, is 9. 
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A Iternately, 


73. J \x^\dx 

SOLUTION 


Therefore, 


y 




/ I f 0 /* 1 p — 1 p 1 ^ ^ 

\x^\dx= / — x 3 dx + / dx = / x^ dx + / x^ dx = -(— l ) 4 + - 

-1 J-l Jo JO Jo 4 4 


ar 


75. Use the Comparison Theorem to show that 


I x' 1 dx < I x^ dx, I *4 dx < / x° dx 

Jo Jo Jl Jl 


solution On the interval [0, 1], x 5 < x 4 , so, by Theorem 5, 


f 1 X 5 dx < f 1 

Jo Jo 


x 4 dx. 


On the other hand.x 4 < x 5 forx e [1, 2], so, by the same Theorem, 


/ x 4 dx< / x 0 dx. 

Jl Jl 


1 

2’ 


77. Prove that 0.0198 < / 0 °2 sin.xdx < 0.0296. ffinu Show that 0.198 < sinx < 0.296 forx in [0.2. 0.3], 

solution For 0 < x < \ ks 0.52, we have ^(sin.x) = cosx > 0. Hence sinx is increasing on [0.2, 0.3], 
Accordingly, for 0.2 < x < 0.3, we have 

m = 0.198 < 0.19867 sin 0.2 < sinx < sin 0.3 0.29552 < 0.296 = M 

Therefore, by the Comparison Theorem, we have 

p03 p0.3 p03 

0.0198 = m(0. 3 — 0.2) = / mdx < I sin x dx < / Mdx = M{ 0.3 — 0.2) = 0.0296. 

J 0.2 J 0.2 J 0.2 


79. Prove that 0< [ / ^-^<7x < ^ 
Jiz/A x 2 

SOLUTION L et 


sinx 


/(-v) = 


Jt 
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As we can see in the sketch below, fix) is decreasing on the interval |>r/4, jt/ 2]. Therefore f(x) < fin/4) for all x in 
[jt/4, n /2], /( jt/ 4) = ^,so: 



sinx C 71 ! 2 2f2 

dx < I dx 

x Jtt/4 rr 


n 2f2 
4 n 


V2 

2 ' 


2d2l7r 

2/n 



— I 1 X 

7rl4 7 t/2 


81. fiSS Suppose that /(x) < g(x) on [a,b\. By the Comparison Theorem, / a fo /(.*) At < f^g(x)dx. Is italso true 
that fix) < g'(x) for x e [a, b]l If not, give a counterexample. 

solution The assertion fix ) < g'ix) is false. Consider a = 0, b - 1, fix) = x, gix) = 2. fix) < gix) for all x in 
the interval [0. 1], but fix) = 1 while gfx) = 0 for all x. 


Further Insights and Challenges 


83. Explain graphically: If fix) is an odd function, then 



fix) dx = 0. 


solution If / is an odd function, then fi-x) = - fix) for all x. Accordingly, for every positively signed area in the 
right half-plane where / is above the x-axis, there is a corresponding negatively signed area in the left half-plane where 
/ is below the x-axis. Similarly, for every negatively signed area in the right half-plane where / is below the x-axis, 
there is a corresponding positively signed area in the left half-plane where / is above the x-axis. We conclude that the 
net area between the graph of / and the x-axis over [-a, a] is 0, since the positively signed areas and negatively signed 
areas cancel each other out exactly. 



85. Let A- and b be positive. Show, by comparing the right-endpoint approximations, that 

[ x k dx = b k+ ^ f x k dx 
JO Jo 

solution Let k and b be any positive numbers. Let fix) = x k on [0, b]. Since / is continuous, both Jq fix)dx 
and /q fix)dx exist. Let N be a positive integer and set Ax = ib - 0) /N = b/N. Letxy = a + j Ax = bj/N, j - 

1,2 N be the right endpoints of the N subintervals of [0, A], Then the right-endpoint approximation to Jq fix)dx = 

Jq x k dx is 


N 


N 


*„ = A, £/(,,)=£ X(J) =*« 

j = 1 j = 1 




In particular, if b = 1 above, then the right-endpoint approximation to /g 1 fix)dx = /q x k dx is 


N 


N 


Sn - AxJ2 - N y N ) - N k + 1 j k - b k + 1 
j= 1 .7=1 .7=1 


N 


r n 


In other words, r n = b k+l S N . Therefore, 

f x k dx= lim R n = lim b k+1 S N = b k+1 lim s N =b k+1 f x k dx. 
J o N— >oo N->oo N-^-oo J o 
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87. Theorem 4 remains true without the assumption a <b <c. Verify this for the cases b < a < c and c < a < b. 

solution The additivity property of definite integrals states for a < b < c, we have / a c /(x)dx = /j 7 f(x)dx + 
fb f(x)dx. 

• Suppose that we have b < a < c. By the additivity property, we have / b f f(x ) dx = f(x) dx + / a e f(x) dx. 

Therefore, / fl f f(x ) dx = fjj f{x) dx - /(x) dx = /* /(x) dx + fjj /(x) dx. 

• Now suppose that we havec < a < b. By the additivity property, we have/* f(x)dx = /“ f(x)dx + /* f{x)dx. 

Therefore, / fl f /(x) dx = - /(x) dx = /j 7 /(x) dx - fj? f(x) dx = /j 7 /(x) dx + /(x) dx. 

• Hence the additivity property holds for all real numbers a, A, and c, regardless of their relationship amongst each 
other. 
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Exercises 

In Exercises 1—4, sketch the region under the graph of the function and find its area using FTC I. 


1. f(x) = x 2 , [0, 1] 

SOLUTION 


We have the area 


3 . f(x) = x 2 , [1, 2] 

SOLUTION 


We have the area 


y 



A = 



x dx 



1 

3' 


y 






1 

2 ' 


In Exercises 5-34, evaluate the integral using FTC I. 


L 


5, I x dx 


i 1 2 

SOLUTION / X dx = -X 


i; 


1,2 X 2 27 

= r-(6) 2 - :r(3) 2 = — . 

3 2 L l 


7 . J (3/ — 4) dt 
solution / (3/ - 4)dt = ( ^t 2 - 4r 


/:< 


9. f 


-3 


= ^5 2 — 4 • 5 - li- 3) 2 + 4 • (-3) = -8 


9 . / (4x — 9x 


/;< 


SOLUTION / (4x — 9x 2 ) dx = (2x 2 — 3x 3 ) 


= (2 - 3) - (0 - 0) = -1. 


n. [ 

Jo 


(12x 3 + 3x 2 — 4x) dx 
•2 


r 

Jo 


solution / (12x 5 + 3x 2 — 4x) dx — (2x° + x i — 2x L ) 
r 0 
1 3 


.-6 jiL .3 


= (128 + 8 - 8) - (0 + 0 - 0) = 128. 


0 


r ( 

13 7 


(2f 3 - 6 t 2 )dt 


J%2t 3 - 6t 2 ) dt = Qr 4 -2 r 3 


o 


81 


= (0 — 0) — ( — — 54 ) = — . 


27 


SOLUTION 
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SOLUTION 


17. ( l 

J 1/1 


SOLUTION 


fv~ydy = / 4 = 2 ,3/2 4 = | (4) 3/2 _ ^ (0)3/2 = W 

Jo Jo 3 o 3 3 3 


/ ,1/4* *,5/4 

/1/16 5 


4 1 _ 31 

5 ~~ 40 “ 40' 


SOLUTION 


r 3 dt r 3 7 i 3 l 2 

A Wi*' dt = ~ f T 3 +1 =3- 


r 1 8 

21 . / — =■ dx 

J 1/2 

solution / -^dx = / 8jc — ^ = — 4jc — 2 =—4 + 16 = 12. 

Jl/2 Jl/2 1/2 


23. / (x^ — x 2 ) c/x 


SOLUTION J {x 2 - - X 2 )fi?X = ^X 3 +X ^ ^ + 1 ^ = 

B. fi + A 

Jl Vi 


SOLUTION 


/i” ^7T = /i 27(?1/2 + f " 1/2) = ( f 3/2 + 2?1/2 ) 

= ( 2 (8lV3) + 6VAl - ( 2 + 2 ) = 60V3 - 


sin ede 


SOLUTION 


t™! 1 * . 3n / 4 V2 V2 /r 

/ sin<9d0 = -cos6> =— + — - = V2. 
Jtt/ 4 jr/4 ^ 2 


29 . [ ' cos/AAW# 


C n ' 1 (\ 

SOLUTION / COS - 

Jo \3 
31. / o " 6 sec 2 (3,- |) 


cos (^) de = 3sin 


1 \ */ 2 3 

3* n =2- 


/' 7r/b 2 1 /„ 7TN ^ 1 / 1 \ 4 

Jo SK ( 3 '-6) 1 "=3“( 3 '-6)o = 3 (' /5+ VSJ = 3V3 


SOLUTION 


rn/10 

33. / esc 5x cot 5x dx 
Jjr/20 

fir/10 1 

SOLUTION / CSC 5x cot 5x rfx = — - CSC 5x 

Jit/ 20 5 


itt/10 ^ 


(l-V2) = i(V2-l). 


In Exercises 35^10, write the integral as a sum of integrals without absolute values and evaluate. 

35. J \x\dx 

SOLUTION 


1-2 1 10 
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3? - £ 

SOLUTION 


|x 3 | dx 


39. [ |C0Sx| t7x 
JO 


SOLUTION 


/ 3 I'O ^3 ^ 

|x 3 | dx — / (— x 3 )<ix + / x 3 <7x = — -x 4 

-2 J -2 Jo 4 


0 1 

1 4 

+ 7 X 
-2 4 


= 0+£-2) 4 +^3 4 -0= 

4 4 4 


rjz r^/2 /’tt 

/ | cos x | <i.Y = / cos.xr/x + / (— cos.y) dx = si n x 

Jo Jo Jjt /2 


?r/2 


— sin jc 


tt/2 


= 1 - 0 - (- 1 - 0 ) = 2 . 


In Exercises 41-44, evaluate the integral in terms of the constants. 

rb 

41. J x ^ d* 


SOLUTION 


I'D 1 O 1 ^ ^ 

J x 3 dx - -x 4 = -7> 4 - -(l) 4 - 4 ( ft4 _ l) f° r any number b. 


43. J x 5 dx 


SOLUTION 


/; 

■/. 


x 3 dx = -x 

6 


= -b® - 7 (1) D = - (Zr - 1) for any number b. 

I 6 6 6 


45. Calculate / f(x)dx, where 


J 12 — x 2 for x < 2 
fix) = { 3 

v for x > 2 


SOLUTION 


f f(x)dx= [ f{x)dx+ [ f(x)dx= [ (12 — x 2 )c/x+ [ x^ dx 

1-2 J-2 J 2 ' J-2 J 2 


— I 12x — -x 3 


+ 7X 
-2 4 


= (l2(2) - ^2 3 ) - ^12(— 2) - ^(-2) 3 ) + ^3 4 - J 2 4 

_ 128 65 _ 707 

“ X + T ~ 12 ' 


=£■ 


47. Use FTC I to show that / x n dx = 0 if n is an odd whole number. Explain graphically. 
solution We have 


£ 


,-H + l 


x" rfx = 


n + 1 


1 _ (1)" +1 (-1)" +1 
— 1 + 1 n + 1 ' 


Because n is odd, n + 1 is even, which means that (-1)” +1 = (1)" +1 = 1. Hence 

( 1)" +1 (- 1)" +1 1 1 


n + 1 n + 1 n + 1 n + 1 


= 0. 


Graphically speaking, for an odd function such asx 3 shown here, the positively signed area from x - 0 tox = 1 cancels 
the negatively signed area from x = -1 to x = 0. 
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49 . Calculate F( 4) given that F(l) = 3 and F'(x) = x 2 . Hint: Express F(4) - F(l) as a definite integral. 
solution By FTC I, 


/■4 43 _ i 3 

F( 4) - F(l) = / x L dx = — - — = 21 
J 1 3 


Therefore F(4) = F(l) + 21 = 3 + 21 = 24. 


51 . 



Does 



dx get larger or smaller as n increases? Explain graphically. 


solution Let n > 0 and consider /g 1 x n dx. (N ote: for n < 0 the integrand x n -4 coasx 
possibility.) Now 






-4 0+, so we exclude this 
1 

n + 1 


which decreases as n increases. Recall that /g 1 x” dx represents the area between the positive curve /(x) = x" and the 
x-axis over the interval [0, 1], Accordingly, this area gets smaller asn gets larger. This is readily evident in the following 
graph, which shows curves for several values of n. 


x 



Further Insights and Challenges 

53 . Prove a famous result of Archimedes (generalizing Exercise 52): For r < s, the area of the shaded region in Figure 8 
is equal to four-thirds the area of triangle AACE, where C is the point on the parabola at which the tangent line is parallel 
to secant line AF. 

(a) Show that C has x-coordinate ( r + s)/2. 

(b) Show that ABDE has area (s - r) 3 / 4 by viewing it as a parallelogram of heights - r and base of length CF. 

(c) Show that AACE has area (s - r) 3 /8 by observing that it has the same base and height as the parallelogram. 

(d) Compute the shaded area as the area under the graph minus the area of a trapezoid, and prove Archimedes' result. 

y 

B 


FIGURE 8 Graph of f(x) = (x - a)(b - x). 



SOLUTION 

(a) The slope of the secant line A~E is 

- f(r) (s - a)(b - s) - (r - a)(b - r ) 


s — r 


s — r 
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and the slope of the tangent line along the parabola is 

f'(x) = a + b — 2.x. 

If C is the point on the parabola at which the tangent line is parallel to the secant line A~E, then its ^-coordinate must 
satisfy 

r + s 

a + b — 2x=a + b — (r + s) or x = — - — . 

(b) Parallelogram ABDE has height 5 - - r and base of length CF. Since the equation of the secant line TlE is 


y = [a + b - (r + s)] (x - r) + (r - a)(b - r). 


the length of the segment CF is 


r + s 


— a I I b — 


r + s 


-[a + b - (r + s)] 


r + s 


— r ) — (r — a)(b — r) = 


Os - r r 


Thus, the area of ABDE is {s 4 r) . 

(c) T riangle ACE is comprised of A ACF and A CEF. Each of these smaller triangles has height s A r and base of length 


(s-r) 


Thus, the area of A ACE is 


Is — r (s — ry Is— r (s — ry ( s — ry 
2 “~2 4 + 2~2 4 = 8 ' 

(d) The area under the graph of the parabola between x = r and x = s is 


i: 


(x — a)(b — x) dx — ( — abx + - (a + b)x z — -*' 


1 7 1 a 1 7 1 a 

= — abs + -( a + b)s L — -.s' 5 + abr — —(a + by + - r 3 

1 1 , 

= ab(r - s) + ^ (a + b)(s — r)(s + r) + -(r - s)(r + rs + s ), 


while the area of the trapezoid under the shaded region is 

^ (s - r) [(s - a)(b - s) + (r - a)(b - r)] 


= ^ ( s _ r ) [-2 ab + (a + b)(r + s) - r 2 - s 2 j 

1 1 2 2 

= ab(r - s) + ^ (a + b)(s — r)(r + 5 ) + ^ (r — s)(r + s ). 


Thus, the area of the shaded region is 

n 2 1 1 2 1 ? 1 ?\ /1 2 1 1 2 \ 1 2 

(r - s) I ^r + y s + y - y ~ 2 s ) ~ ^ “ r - ) ( Q r ~ 3" + y ) = g( 5 - r F' 

which is four-thirds the area of the triangle ACE. 

55. U se the method of Exercise 54 to prove that 

2 2 4 

. X , X X 

l- T <co»<l- T + H 

X- — <s\nx<x~ — + — (for x > 0) 

6 6 120 

Verify these inequal ities for * = 0.1. Why have we specified % > Ofor sinx butnotforcosx? 

solution By Exercise 54, t - g/ 3 < sin t < t for t > 0. Integrating this inequality over the interval [0, *], and then 

solving for cos*, yields: 


1 2 1 4 , 1 2 

-X L — — * 4 < 1 — COS* < -* Z 

2 24 - - 2 


1 - -x l < cos* < 1 - -x l + — * 4 . 


24' 


These inequalities apply for * > 0. Since cos*, 1 - and 1 - ' 2 


< o. 


T + 24 


are all even functions, they also apply for 
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Having established that 



< cos? < 



for all t > 0, we integrate over the interval [0, *], to obtain: 


x — 


6 


< si n x < x - 



The functions sin.*, * - J* 3 and * - i* 3 + j^* 5 are all odd functions, so the inequalities are reversed for * < 0. 
Evaluating these inequalities at* = 0.1 yields 


0.995000000 < 0.995004165 < 0.995004167 
0.0998333333 < 0.0998334166 < 0.0998334167, 


both of which are true. 

57. Use FTC I to prove that if \ f\x)\ < K for* e [a, b\, then | /(*) - f(a)\ < K\x - o| for* e [a, b\. 
solution Let a > b be real numbers, and let /(*) be such that |/'(*)| < K for* e [a, ft]. By FTC, 

f X f\t)dt = f{x)~ f (a). 

J a 

Since /'(*) > —K for all * e [a, b], we get: 

f{x) - fia) = f X f'(t) dt > -K(x - a). 

Ja 

Since fix) < K for all * e [a, b\, we get: 

fix ) - fia) = f fit) dt < Kix - a). 

Ja 

Combining these two inequalities yields 


so that, by definition, 


—K)x — a) < fix) — fia) < K)x — a), 


|/(*)-/(a)| < K\x — a\. 


5.4 The Fundamental Theorem of Calculus, Part II 


Preliminary Questions 

1. Let G(*) = J V 7 / 3 + 1 dt. 

(a) Is the FTC needed to calculate G(4)? 

(b) Is the FTC needed to calculate G'(4)? 

SOLUTION 

(a) N o. G(4) = / 4 4 Vr 3 + 1 dt = 0. 

(b) Yes. By the FTC II, G'(*) = */* 3 + 1, so G'( 4) = -v/65. 


2. Which of the following is an antiderivative Fix) of /(*) = * 2 satisfying F(2) = 0? 



solution The correct answer is (c): J t 2 dt. 

3. Does every continuous function have an antiderivative? Explain. 

solution Yes. All continuous functions have an antiderivative, namely f fit)dt. 

r .Y ' Ja 

4. LetG(*)= / sin tdt. W hi ch of the foil owing statements are correct? 

(a) G(x) is the cofnposite function sin(* 3 ). 

(b) Gix) is the composite function A(* 3 ), where 

A(*) = f sin it)dt 
J 4 
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(c) GO x) is too complicated to differentiate. 

(d) The Product Rule is used to differentiate Gix). 

(e) The Chain Rule is used to differentiate G(x). 

(f) G'(x) = 3.v 2 sinf.t 3 ). 

solution Statements (b), (e), and (f) are correct. 


Exercises 

1. Write the area function of f(x ) = 2x + 4 with lower limit a = -2 as an integral and find a formula for it. 
solution Let f(x) = 2x + 4. The area function with lower limit a = -2 is 


Carrying out the integration, we find 


A(x)= [ X f(t) dt = 



+ 4) dt. 



+ 4 )dt = ( t 2 + At) 


X 

-2 


(x 2 + Ax) - (( — 2 ) 2 + 4(— 2)) = x 2 + Ax + 4 


or (x + 2) 2 . Therefore, A(x) = (x + 2) 2 . 

3. Let Gix) = fi(t 2 - 2 )dt. Calculate G(l), G'(l) and G'(2). Then find a formula for Gix). 

solution Let Gix) = ffit 2 - 2 )dt. Then G(l) = /^(r 2 - 2 )dt = 0. Moreover, G\x) = x 2 - 2, so that 
G'(l) = -land G' (2) = 2. Finally, 


GW = j\t 2 






— 2x + 


5 

3‘ 


5. Find G(l), G'(0), and G'(jr/4), where Gix) = J tan tdt. 

solution By definition, G(l) = fi tan tdt = 0. By FTC, G\x) = tan x, so that G'(0) = tan 0 = 0 and G'i 
tan |- = 1. 


In Exercises 7-16, find formulas for the functions represented by the integrals. 




u ^ du 


SOLUTION Fix)= I M 4 du — 


r 


_ 1 5 _ 32 


f X Sin 
Jo 


u du 


L 


SOLUTION Fix)= / sin u du = i— COSu) 


= 1 - COS Jf. 


0 


“■i 


dt 


2 t 


SOLUTION Fix) — 

r’ 


t dt 



1 '/x _ 1 1 

t 2 2 y/x 


SOLUTION 


r* 2 

Fix) = t dt 


15 7 5 


3/2 

3v/T 


r 3 dt 




1 

2' 


SOLUTION 


FW = 


-k 


c 3/2 


f dt = -t 
3vG 4 


r 3/2 


3^ 







292 CHAPTER 5 | THE INTEGRAL 


In Exercises 17-20, express the antiderivative F(x) of f(x) satisfying the given initial condition as an integral. 
17. f{x) = V* 3 + 1, F(5) = 0 

solution The antiderivative F(x) of V x 3 + 1 satisfying F( 5) = 0 is F(x) = J s/t 3 + 1 dt. 

19. fix) = secx, F(0) = 0 

solution The antiderivative F(x) of fix) = sec x satisfying F(0) = 0 is F(x) = / sec tdt. 

Jo 

In Exercises 21-24, calculate the derivative. 

21. — f X (f 5 — 9r 3 ) dt 
dx Jq 

solution By FTC II [ (I 5 - 9l 3 ) dt = x 5 - 9x 3 . 
dx Jo 

d f' 

23. — / sec(5x — 9) dx 
at JlOO 

d 

solution By FTC II, — / sec(5x - 9 ) dx = sec(5; - 9). 
at J 100 

25. LetA(x) = [ fit) dt for f(x) in Figure 8. 

Jo 

(a) Calculate A(2), A( 3), A'(l), and A' (3). 

(b) Find formulas for A(x) on [0. 2] and [2, 4] and sketch the graph of A{x). 


y 



SOLUTION 

(a) A (2) = 2-2 = 4, the area under fix) from * = 0 to x = 2, while A(3) = 2-3 + 2 = area unc ^ er /(•*) 

from = 0 tox = 3. By the FTC, A\x) = fix) so A' (2) = /(2) = 2 and A'(3) = /( 3) = 3. 

(b) For each * e [0, 2], the region under the graph of y = fix) is a rectangle of length x and height 2; for each jc e [2, 4], 
the region is comprised of a square of side length 2 and a trapezoid of height jc - 2 and bases 2 and x. H ence. 


A(x) = 


2x, 0 < x < 2 

^x 2 + 2. 2 < x < 4 


A graph of the area function A(x) is shown below. 


y 



27. Verify: f 
Jo 

solution Let fit) = |r[ = 


|r| dt = — x|x|. Hint: Consider x > 0 and x < 0 separately. 
t for t > 0 

.Then 

-t for t < 0 figure 9 


Fix) = r fit) dt= 
Jo 



for x > 0 
for x < 0 



for x > 0 
for x < 0 


For x > 0, we have Fix) = jx 2 = \x |x| since |x| = x, while for x < 0, we have F(x) = -\x 2 = \x |x| since 
|x | = -x. Therefore, for all real x we have Fix) = jx |x|. 
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In Exercises 29-34, calculate the derivative. 


29. 


d C x t dt 
dx 


r x tdt 

Jo ^+1 


d f x tdt x 2 2v 3 

solution By the Chain Rule and the FTC, — / — - = — ■ 2x - 

dx J 0 t + 1 

cos.? . 


r 2 + 1 x 2 + 1 ' 


- n: 


— / it du 


, d_ f C0Ss 

" ds J_ 6 


solution By the Chain Rule and the FTC, — / = cos 4 .? (-si ns) = -cosSsins. 


33. — f tan tdt 

Jj 


d 

dx J jj 

SOLUTION L et 


rx rx rjx 

G(x) = / tan tdt= tan tdt - / tan tdt. 
Jy/n Jo Jo 

Applying the Chain Rule combined with FTC twice, we have 


G'(x) = tan(jc 2 ) ■ 2x - tan(v^) ■ \x 1//2 = lx tan(jc 2 ) - . 

2 2^/x 


In Exercises 35-38, with f(x) as in Figure 10 let 


A(x) = J f(t)dt and B(x) = J f(t)dt. 


y 



-2 1 

FIGURE 10 


35. Find the min and max of A{x) on [0, 6], 

solution The minimum values of A(x) on [0, 6] occur where A'{x) = f(x) goes from negative to positive. This 
occurs at one place, where x = 1.5. The minimum value of A{x) is therefore A(1.5) = -1.25. The maximum values of 
A(x) on [0, 6] occur where A'(x) = f{x) goes from positive to negative. This occurs at one place, where x = 4.5. The 
maximum value of A(x) is therefore A(4.5) = 1.25. 


37. Find formulas for A{x) and B(x) valid on [2. 4], 


solution On the interval [2.4], A'(x) = B’(x ) = fix) = 1. 
Flence A{x) = {x - 2) - 1 and B(x) = (x - 2). 



f(t)dt = -1 and 



f(t)dt = 0 . 


39. LetA(*)= / fit) dt, with fix) as in Figure 11. 

Jo 

(a) Does Aix) have a local maximum at Pi 

(b) Where does A(x) have a local minimum? 

(c) Where does A(x) have a local maximum? 

(d) T rue or false? Aix) < 0 for all x in the interval shown. 



FIGURE ll Graph of fix). 
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SOLUTION 

(a) In order for A(x) to have a local maximum, A'(x) = f(x) must transition from positive to negative. As this does not 
happen at P, A(x) does not have a local maximum at P. 

(b) A(x) will have a local minimum when A'(x ) = f(x) transitions from negative to positive. This happens at R, so 
A(x) has a local minimum at R. 

(c) A(x) will have a local maximum when A'(x) = fix) transitions from positive to negative. This happens at 5, so 
A(x) has a local maximum at S. 

(d) Itis true that A(x) < 0 on / since the signed area from 0 to x is clearly always negative from the figure. 

41. Determine the function g)x ) and all values of c such that 


solution By the FTC II we have 


and therefore, 


J g)t) dt = x 2 + x — 6 


g{x) — — (x 2 + x - 6) = 7x + 1 
dx 


f 


g)t) dt = x 2 + x - (c 2 + c) 


We must choose c so that c 2 + c = 6. We can take c - 2 or c = -3. 


In Exercises 43 and 44, let A(x) = / /(f) dt. 

Ja 

43. Area Functions and Concavity Explain why the following statements are true. Assume fix) is differen- 

tiable. 

(a) If c is an inflection point of A(x), then /'(c) = 0. 

(b) A(x) is concave up if fix) is increasing. 

(c) A(x) is concave down if fix) is decreasing. 

SOLUTION 

(a) I f jc = c is an inflection point of A(x), then A"(c) = f'(c ) = 0. 

(b) If A(x) is concave up, then A”{x) > 0. Since A(x) is the area function associated with /(x), A'(x) = /(x) by FTC 
II, so A"(x) = /'(x). Therefore f\x) > 0, so /(x) is increasing. 

(c) If A(x) is concave down, then A"(x) < 0. Since A(x) is the area function associated with fix), A'(x) = fix) by 
FTC II, so A" {x) = f{x). Therefore, fix) < 0 and so fix) is decreasing. 

45. LetA(x)= f fit) dt, with fix) as in Figure 12. Determine: 

Jo 

(a) The intervals on which A(x) is increasing and decreasing 

(b) The values x where A(x) has a local min or max 

(c) The inflection points of A(x) 

(d) The intervals where A(x) is concave up or concave down 


y 



FIGURE 12 


SOLUTION 

(a) A)x) is increasing when A'(x) = fix) > 0, which corresponds to the intervals (0, 4) and (8. 12). A(x) is decreasing 
when A\x) = fix) < 0, which corresponds to the intervals (4, 8) and (12, oo). 

(b) A(x) has a local minimum when A'(x) = fix) changes from - to +, corresponding to x = 8. A(x) has a local 
maximum when A'(x) = fix) changes from + to -, corresponding to x = 4 and x = 12. 

(c) Inflection points of A(x) occur where A" (x) = fix) changes sign, or where / changes from increasing to decreasing 
or vice versa. Consequently, A(x) has inflection points atx = 2, x = 6, and x = 10. 

(d) A)x) is concave up when A")x) = fix) is positive or fix) is increasing, which corresponds to the intervals (0, 2) 
and (6, 10). Similarly, A(x) is concave down when fix) is decreasing, which corresponds to the intervals (2, 6) and 
(10, oo). 
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47. Sketch the graph of an increasing function /(*) such that both /'(*) and A(*) = f(t)dt are decreasing. 


solution If f'(x) is decreasing, then /"(*) must be negative. Furthermore, if Aix) - f f(t)dt is decreasing, then 

Jo 

A'(x) = f(x) must also be negative. Thus, we need a function which is negative but increasing and concave down. The 
graph of one such function is shown below. 




Find the smallest positive critical point of 


F(x)= f COS (t 3/2 )dt 

Jo 

and determine whether it is a local min or max. Then find the smallest positive inflection point of Fix) and use a graph 
of y = cos(* 3 / 2 ) to determine whether the concavity changes from up to down or from down to up. 

solution A critical point of Fix) occurs where F'ix) = cos(* 3 / 2 ) = 0. The smallest positive critical points occurs 
where* 3 / 2 = jr/2, so that* = (7r/2) 2 / 3 . F'ix) goes from positive to negative at this point, so* = (jr/2) 2 / 3 corresponds 
to a local maximum.. 

Candidate inflection points of Fix) occur where F"(*) = 0. By FTC, F'ix) = cos(* 3 / 2 ), so F"(*) = 
-(3/2)* 1 / 2 sin(* 3 / 2 ). Finding the smallest positive solution of F"(*) = 0, we get: 

-(3/2)* 1 / 2 sin(* 3 / 2 ) = 0 

sin(* 3 / 2 ) = 0 (since* >0) 

* 3 / 2 = n 

x = tt 2 / 3 ss 2.14503. 

From the plot below, we see that F'ix) = cos(* 3 / 2 ) changes from decreasing to increasing at ;r 2 / 3 , so Fix) changes 
from concave down to concave up at that point. 



Further Insights and Challenges 

51. Proof of FTC I FTC I asserts that /* fit)dt = Fib) - F(a) if F'ix) = fix). Use FTC II to give a new proof of 
FTC I as follows. Set Aix) = f* fit) dt. 

(a) Show that Fix) = Aix) + C for some constant. 

(b) Show that Fib) - Fid) = A)b) - Aia) = f fit) dt. 

Ja 

solution Let F\x) = fix) and A(*) = fit)dt. 

(a) Then by the FTC, Part II, A\x) = fix) and thus Aix) and Fix) are both antiderivatives of fix). Flence Fix) = 
Aix) + C for some constant C. 

(b) 


Fib) - Fia) = (Aib) + C) - (A (a) + C) = A(b) - Aia) 
r b 


= ( fu)dt- r fu)dt= f fit)dt~o= [ f i^ dt 

Ja Ja Ja Ja 


which proves the FTC, Part I . 
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53. Prove the formula 


d C v ^ 

~T / f(t)dt = f(v(x))v (x) - f(u{x))u {x) 
dx y„ (v ) 


solution W rite 


ru(x) 


rv(x) rO rv(x) rv(x) f 

/ f(x)dx= / f(x)dx+ / f(x)dx= / f(x)dx— / f(x)dx. 
J u(x) Ju{x ) Jo Jo Jo 


Then, by the Chain Rule and the FTC, 

d r w 


d fW 


„ r v v> d r 

— f(x)dx= — 

dx J u i x ) dx Jo 


d C u(x) 


f (x) dx - — 

dx Jo 


L 


f(x) dx 


= f(v (x))v'(x) - f(u(x))u\x). 


5.5 Net Change as the Integral of a Rate 

Preliminary Questions 

1. A hot metal object is submerged in cold water. The rate at which the object cools (in degrees per minute) is a function 
/(f) of time. Which quantity is represented by the integral / 0 r f(t)dtl 

solution The definite integral / 0 r f(t)dt represents the total drop in temperature of the metal object in the first T 
minutes after being submerged in the cold water. 

2. A plane travels 560 km from Los Angeles to San Francisco in 1 hour. If the plane's velocity at time t is v(t) km/h, 
what is the value of J^viOdtl 

solution The definite integral fg v(t)dt represents the total distance traveled by the airplane during the one hour 
flight from Los Angeles to San Francisco. Therefore the value of fg v(t)dt is 560 km. 

3. Which of the following quantities would be naturally represented as derivatives and which as integrals? 

(a) Velocity of a train 

(b) Rainfall during a 6-month period 

(c) M ileage per gallon of an automobile 

(d) Increase in the U .S. population from 1990 to 2010 

solution Quantities (a) and (c) involve rates of change, so these would naturally be represented as derivatives. 
Quantities (b) and (d) involve an accumulation, so these would naturally be represented as integrals. 


Exercises 

1. Water flows into an empty reservoir at a rate of 3000 + 20r liters per hour. What is the quantity of water in the 
reservoir after 5 hours? 

solution The quantity of water in the reservoir after five hours is 



(3000/ + 10r 2 ) 


5 

0 


15,250 gallons. 


3. A survey shows that a mayoral candidate is gaining votes at a rate of 2000/ + 1000 votes per day, where / is the 
number of days since she announced her candidacy. How many supporters will the candidate have after 60 days, assuming 
that she had no supporters at / = 0? 

solution The number of supporters the candidate has after 60 days is 


r 60 

L ‘ 


(2000/ + 1000) dt = (1000/ 2 + 1000/) 


60 


3,660.000. 


5. Find the displacement of a particle moving in a straight line with velocity v(t) = 4/ - 3 m/s over the time interval 
[2,5]. 

solution The displacement is given by 


i: 


(4 1 — 3) clt = (2r — 3 1 ) 


= (50 - 15) - (8 - 6) = 33m. 
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7 . A cat falls from a tree (with zero initial velocity) at timer = 0. How far does the cat fall between / = 0.5 and / = 1 s? 
Use Galileo's formula v(t) = -9.8/ m/s. 

solution Given v(t) = -9.8/ m/s, the total distance the cattails during the interval [j, 1] is 



|u(/)| dt = 



9.8/d/ = 4.9/ 2 


l 

= 4.9 - 1.225 = 3.675 m. 

1/2 


In Exercises 9-12, a particle moves in a straight line with the given velocity (in m/s). Find the displacement and distance 
traveled over the time interval, and draw a motion diagram like Figure 3 (with distance and time labels). 

9 . v(t) = 12 - 4/, [0.5] 


solution Displacement is given by / (12 - 4t)dt = (12/ - 2r) 


f 


= 10 ft, while total distance is given by 


/ 5 

Jo 


|12 — 4/|d/ = J (12-4 t)dt+l (4/ - 12) dt = (12/ - 2/ z ) 
The displacement diagram is given here. 


r 


+ (2r - 120 


o 


= 26 ft. 


7 = 5 

, * ) t=3 

7 = 0 

i 1 1 — Distance 

0 10 18 


11 . v(t) = /- 2 - 1, [0.5, 2] 

solution Displacement is given by f 

J o.f 


(t~ 2 - l)dz = (~r l - t) 


0.5 


= 0 m, while total distance is given by 


2 12 
[ I/ -2 — l| dt = [ (t~ 2 — l)d/ + I (1 — / _z ) d/ = (— Z _i — /) 
J 0.5 1 1 J 0.5 J 1 




,-l 


+ (/ + / 


0.5 


= 1 m. 


The displacement diagram is given here. 


/ = 2 


/ = 0 


D<=i 

- Distance 


0.5 


13 . Find the net change in velocity over [1, 4] of an object with a(t) = 8 / - / 2 m/s 2 . 
solution The net change in velocity is 



a(t) dt 



(8/ - / 2 ) dt = 



= 39 m/s. 


15 . The traffic flow rate past a certain point on a highway is q(t) = 3000 + 2000/ - 300/ 2 (/ in hours), where / = 0 is 
8 am. How many cars pass by in the time interval from 8 to 10 am? 

solution The number of cars is given by 

2 2 2 
f q(t)dt= f (3000 + 2000/ - 300/ 2 )d/ = (3000/ + 1000/ 2 - 100/ 3 ) 

Jo Jo v 7 0 

= 3000(2) + 1000(4) - 100(8) = 9200 cars. 


17 . A small boutique produces wool sweaters at a marginal cost of 40 - 5[[x/5]] for 0 < a < 20, where [[a]] is the 
greatest integer function. Find the cost of producing 20 sweaters. Then compute the average cost of the first 10 sweaters 
and the last 10 sweaters. 

solution The total cost of producing 20 sweaters is 

r 20 r 5 r w r is r 20 

/ (40 — 5[[x/5]]) dx = / 40 dx+ 35dx+ / 30 dx+ 25 dx 

JO JO J 5 JlO 715 

= 40(5) + 35(5) + 30(5) + 25(5) = 650 dollars. 

From this calculation, we see that the cost of the first 10 sweaters is $375 and the cost of the last ten sweaters is $275; 
thus, the average cost of the first ten sweaters is $37.50 and the average cost of the last ten sweaters is $27.50. 
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19 . The velocity of a car is recorded at half-second intervals (in feet per second). Use the average of the left- and 
right-endpoint approximations to estimate the total distance traveled during the first 4 seconds. 


t 

0 

0.5 

1 

1.5 

2 

2.5 

3 

3.5 

4 

v(t) 

0 

12 

20 

29 

38 

44 

32 

35 

30 


solution Let Ar = 0.5. Then 

R n = 0.5 • (12 + 20 + 29 + 38 + 44 + 32 + 35 + 30) = 120 ft. 

L n = 0.5 ■ (0 + 12 + 20 + 29 + 38 + 44 + 32 + 35) = 105 ft. 

The average of r n and L N is 112.5 ft. 

21 . A megawatt of power is 10 6 W, or 3.6 x 10 9 J/hour. W hich quantity is represented by the area under the graph in 
Figure 5? Estimate the energy (in joules) consumed during the period 4 pm to 8 pm. 


M egawatts (in thousands) 



H our of the day 

FIGURE 5 Power consumption over 1-day period in California (February 2010). 

solution The area under the graph in Figure 5 represents the total power consumption over one day in California. 
Assuming t = 0 corresponds to midnight, the period 4 pm to 8 pm corresponds to t = 16 to t = 20. The left and right 
endpoint approximations are 


L = 1(22.8 + 23.5 + 26.1 + 26.7) = 99.1megawatt • hours 
R = 1(23.5 + 26.1 + 26.7 + 26.1) = 102.4megawatt • hours 

The average of these values is 

100.75megawatt • hours = 3.627 x 10 11 joules. 

23 . Let N{d) be the number of asteroids of diameter < d kilometers. Data suggest that the diameters are distributed 
according to a piecewise power law: 

( 1.9 x 10 9 d -23 for d <10 
N (d) = ( , 

(2.6x10 12 d“ 4 ford >70 

(a) Compute the number of asteroids with diameter between 0.1 and 100 km. 

(b) Using the approximation N(d + 1) - N(d) « N'(d), estimate the number of asteroids of diameter 50 km. 

SOLUTION 

(a) The number of asteroids with diameter between 0.1 and 100 km is 
/■100 

/ N'(d) dd — 

7 0.1 


/*70 /* 

/ 1.9 x 10 9 d“ 23 dd+ / 

70.1 77 


100 


2.6 x 10 12 d“ 4 dd 


1.9 x 10 9 


,-1.3 


1.3 


70 


0.1 


70 

2.6 x 10 12 


3 


2.916 x 10 10 + 1.66 x 10° 2.916 x 10 iu . 


100 


(b) Taking d = 49.5, 

AT (50. 5) - AT (49.5) « Af'(49.5) = 1.9 x 10 9 49.5“ 2 - 3 = 240,525.79. 


Thus, there are approximately 240,526 asteroids of diameter 50 km. 
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25. Figure 7 shows the rate R(t) of natural gas consumption (in billions of cubic feet per day) in the mid-Atlantic states 
(New York, New Jersey, Pennsylvania). Express the total quantity of natural gas consumed in 2009 as an integral (with 
respect to time t in days). Then estimate this quantity, given the following monthly values of R(t)\ 

3.18, 2.86, 2.39, 1.49, 1.08, 0.80, 

1.01, 0.89, 0.89, 1.20, 1.64, 2.52 

Keep in mind that the number of days in a month varies with the month. 


Natural gas consumption (10 9 cubic ft/day) 



FIGURE 7 Natural gas consumption in 2009 in the mid-Atlantic states 
solution The total quantity of natural gas consumed is given by 

,-365 

/ R(t)dt. 

JO 


With the given data, we find 
I' 365 

/ R(t) dt - 31(3.18) + 28(2.86) + 31(2.39) + 30(1.49) + 31(1.08) + 30(0.80) 
JO 

+31(1.01) + 31(0.89) + 30(0.89) + 31(1.20) + 30(1.64) + 31(2.52) 


= 605.05 billion cubic feet. 


Exercises 27 and 28: A study suggests that the extinction rate r(t) of marine animal families during the Phanerozoic Eon 
can be modeled by the function r(t) = 3130/(f + 262) for 0 < t < 544, where t is time elapsed (in millions of years) 
since the beginning of the eon 544 million years ago. Thus, t = 544 refers to the present time, t = 540 is 4 million years 
ago, and so on. 

27. Compute the average of r n and L N with N = 5 to estimate the total number of families that became extinct in the 
periods 100 < t < 150 and 350 < t < 400. 

SOLUTION 


. (100 < t < 150) For N = 5, 


At = 


150-100 

5 


= 10 . 


Thetableof values {r(i,)) != 0...5 is given below: 


H 

100 

110 

120 

130 

140 

150 

r(tj) 

8.64641 

8.41398 

8.19372 

7.98469 

7.78607 

7.59709 


The endpoint approximations are: 


R N = 10(8.41398 + 8.19372 + 7.98469 + 7.78607 + 7.59709) - 399.756 families 

L n = 10(8.64641 + 8.41398 + 8.19372 + 7.98469 + 7.78607) 410.249 families 

The right endpoint approximation estimates 399.756 families became extinct in the period 100 < t < 150, the 
left endpoint approximation estimates 410.249 families became extinct during this time. The average of the two is 
405.362 families. 

. (350 < t < 400) For N = 10, 


At = 


400 - 350 
5 


= 19. 


Thetableof values (r(i,)} i= o. 5 is 9 iv en below: 


u 

350 

360 

370 

380 

390 

400 

r(ti) 

5.11438 

5.03215 

4.95253 

4.87539 

4.80061 

4.72810 
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The endpoint approximations are: 

R N = 10(5.03215 + 4.95253 + 4.87539 + 4.80061 + 4.72810) « 243.888 families 
L n = 10(5.11438 + 5.03215 + 4.95253 + 4.87539 + 4.80061) 247.751 families 

The right endpoint approximation estimates 243.888 families became extinct in the period 350 < t < 400, the 
left endpoint approximation estimates 247.751 families became extinct during this time. The average of the two is 
245.820 families. 


Further Insights and Challenges 

29. Show that a particle, located at the origin at t - 1 and moving along the jc-axis with velocity v(t) = t~ 2 , will never 
pass the point . x = 2. 

solution The particle's velocity is v(t) - s'(t ) = t~ 2 , an antiderivative for which is F(t) = -t~ l . Hence, the 
particle's position at time t is 


s{t) = 


// 


(u) du = F(u) 


= F(t) - F(l) = 1 - - < 1 
1 1 


for all t > 1. Thus, the particle will never pass* = 1, which implies it will never pass* = 2 either. 


5.6 Substitution Method 


Preliminary Questions 

1. Which of the following integrals is a candidate for the Substitution M ethod? 

(a) j" 5jc 4 si n (* 5 )</* (b) J sin 5 * cosxdx * 3 si n x dx 

solution The function in (c): * 5 sin* is not of the form £(«(*))!/(•*)■ Thefunction in (a) meets the prescribed pattern 
with g(u) = sin« and u(x) = * 5 . Similarly, the function in (b) meets the prescribed pattern with g(u) = u s and 
u(x ) = sin x. 


2. Find an appropriate choice of u for evaluating the following integrals by substitution: 


(a) 


J x(x 2 + 9) 4 dx 


(b) 


/ 


x 2 sin (.A dx 


(c) 


/si" 


x COS z ^ dx 


SOLUTION 

(a) x(x 2 + 9) 4 = j(2x)(x 2 + 9) 4 ; hence, c = j, f(u) = « 4 , and u(x) = x 2 + 9. 

(b) x 2 sin(x 3 ) = 3(3x 2 )sin(.Y 3 ); hence, c = f{u) = sin«, and u(x) = x 3 . 

(c) si n x cos 2 x = -(-sin*) cos 2 *; hence, c = - 1 , f(u ) = u 2 , and u(x) = cos*. 


3. 


Which of the following is 



* 2 (* 3 + 1 )dx for a suitable substitution? 



solution With the substitution u = * 3 + 1, the definite integral f n 2 * 2 (* 3 + 1) dx becomes i f? udu. The correct 
answer is (c). 


Exercises 

In Exercises 1-6, calculate du. 

1. u = * 3 — * 2 

solution L et u — * 3 — x 2 . T hen du = (3* 2 — 2*) dx. 

3. u = cos(* 2 ) 

solution Let u — cos(* 2 ). Then du — — sin(* 2 ) • 2* dx = —2* si n (* 2 ) dx. 
5. u - sin 4 0 

solution Let u = sin 4 9. Then du = 4 sin 3 9 cos9d9. 
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In Exercises 7-20, write the integral in terms ofu and du. Then evaluate. 

7. J ( x — 7)3 dx, u = x — 7 
solution L et u = x — 7. T hen du = dx. H ence 


(x — ly dx 


i 3 1 

= / u du = - 

J 4 


— — w + C — — (x — 7) + C. 

4 4 


9. J tv / + 1 rff, m = 7 + 1 

solution Let = ? 2 + 1. Then du = 2f dt. Hence, 

J tv/t 1 + 1 dt = ^ J u 1/2 du = ^i/ 3/2 + C = ^(f 2 + 1) 3/2 + C. 

r t 3 

11. / === rff, £1=4 — 2r 4 

J (4 — 2/ 4 ) 11 

solution Let !/ = 4 - 2r 4 . Then du = -8/ 3 dt. Hence, 

f 1 dt = [ u~ U du = ^r£/“ 10 + C = ^r(4 - 2? 4 ) -10 + C. 

J (4-2 r 4 ) 11 8 J 80 80 

13 7 x(.T + 1)® rfx, U = X + 1 

solution Let u = x + 1. Then x = u — 1 and du = rfx. Hence 

J x(x + 1)^ dx = /(££- 1 )m® rfw = J (w 3 ® — l7) rfw 

- H" 11 - 53"“ + c - H<-> + D 11 - n<' + 1) 10 + c. 

15 7 x 2 Vx + 1 dx, U = X + 1 
solution L et £/ = x + 1. T hen * = « — 1 and du = rfx. H ence 

J x 2 v/x + ldx — J (u — l) 2 z /'I 2 du = J (m 3 / 2 — 2m 3 / 2 + m 1 / 2 ) dw 
= 2^7/2 _ 4 m 5 /2 + 2 m 3 /2 + ^ 

= y(x + 1) ?/2 - ^(x + 1) 5/2 + |(x + 1) 3/2 + C. 


n. / si 


n^ecoserfe, m = sin 0 


solution Let u = sin o. Then du = cos Odd. Hence, 


in 8 cosd dO = / it du = -i£ + c = ^ sin 0 + C. 


19. J x sec 2 {x 2 )dx, u = x 2 

solution Let;/ = x 2 .Then<7i£ = 2x dx, so that i = xdx. Hence, 


- 1 / 


x sec 4 (x 4 ) dx = - / sec 4 u = - tan « + C = - tan(x 4 ) + C 


/>? Exercises 21-24, evaluate the integral in the form a si n(w(x)) + C for an appropriate choice ofu(x) and constant a. 

21 7 x 3 COS(x 4 ) dx 

solution Let u = x 4 . Then du — 4x 3 dx or | du = x 3 <7x. Hence 

Z* - ? 4 1/* 1 1.4 

/ JT COS(jT)</jc = - / COSudu = - sin w + C = — Sin(jc^) + C. 
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23 . J x 1 / 2 COS(x 3/>2 ) dx 


solution Let u = x 3 / 2 . Then du - \x^! 2 dx or I du = x 3 / 2 dx. Hence 


/ 2 r 2 2 

x 3/ 2 cos (x 3/2 ) dx = - cos u du = - sin u + C = ^ sin(x 3/2 ) + C. 


In Exercises 25-60, evaluate the indefinite integral. 
25 . f (fix + 5) 9 dx 


solution L et u = 4x + 5. T hen du — 4 dx and 


J (fix + 5) 9 dx = ^ J 


(fix + 5) a dx = - / u 3 du = — z/ 30 + C = (4jc + 5) iu + C. 


nIO 


40 


40 


27 7 


df 


VT+U 

solution Let u — t + 12. Then du — dt and 

dt 


f dt = f u~ 1/2 du = 2zz 1/2 + C = 2 s/t + 12 + C. 
J V/ + 12 J 


29 7 


.« + i 


dx 


(x 2 + 2x) 3 

solution L et « = x 2 + 2x. T hen du = (2x + 2) dx or jdu = (x + 1) dx. H ence 


f x + 1 1 f 1 1 / 1 1 , „ 

! ) + +2xr +c_ 


-1 


4(x 2 + 2x) 2 


31 7 


\/x 2 + 9 


dx 


solution L et « = x 2 + 9. T hen du — 2x dx or kdu = x dx. H ence 


f x 1 f 1 1 Ju — - 

/ 7 dx = - / — — du = - — I- C = Vx 2 + 9 + C. 

J Vx^+9 2J Vd 2 1 


1 f 1 , 1 

T~ 
2 


/< 


33 . / (3x 2 + l)(x 3 + x) 2 dx 


solution L et « = x 3 + x. T hen du — (3x 2 + 1) dx. H ence 


/ 


(3x 2 + l)(x 3 + x) 2 dx = 


f 2 1 

I u du = — 


— u 4- C — ^ (x -t- x ) 3 + C . 


35 . J (3x + 8) 11 dx 
solution L et u = 3x + 8. T hen du — 3 dx and 


/( 3x + 8) 11 dx = ^ J i 


(3x 4- 8) 11 dx — ^ / i/ 33 du — zrz:u 3 ^ -p C — ^7-7 (3x + S) 22 4~ C. 


12 


.12 


36 


36 


37 7 x 2 \/x 3 + 1 dx 

solution L et u = x 3 + 1. Then d« = 3x 2 dx and 

J x 2 \/x 3 + ldx = - J K 3 / 2 dzz = -zz 3 / 2 + C = g (x 3 + l) 3 / 2 + C. 


39 . 


/ 


dx 


(x + 5) 3 

solution L et u = x + 5. T hen du — dx and 


r dx c 

J (x + 5) 3 J 


— I u 3 du — — — zz 2 + C — — = (x + 5) 2 -|- (7. 


-2 


+ C. 
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41. f z 2 (z 3 +l) 12 dz 

solution Let u = z 3 + 1. Then du = 3z 2 dz and 

/ + l) 12 dz=lj u 12 du = l*, 13 + C = + l) 13 + C. 

43. J (x + 2)(x + l) 1 / 4 dx 

solution Let u = x + 1 . Then x = u — 1 , du = dx and 

J (x + 2)(x + l) 3 / 4 dx = J (u + l)i/ 3 / 4 du — J (« 3 / 4 + i/ 3 / 4 ) du 

= 4 m 9 / 4 + 4 h5/ 4 + c 
= ^(x + l) 9 / 4 + ^(x + I ) 5 / 4 + C. 

45. J sin (8 - 39) d9 

solution Let u = 8 — 39. Then du — -3 d6 and 

J sin (8 - 3 9)d9 = - ^ J sin udu = ^ cos« + C = ^ cos(8 - 30) + C. 


rcosV7 

47. / — dt 

J sft 

solution Let u = sTt = f 1 / 2 . Then du = jf -1 / 2 dr and 


J dt = 2 j cosudu = 2 sin m + C = 2 sin */t + C. 


*/5 


rix cost 


: dx 


Vsinx + 1 

solution Let u = sin x + 1. Then du = cos xdx and sinx = u - 1. Hence 
xCOSx . C u — 1 


r sin 
J Vsi 


Vsinx + 1 


dx 


I du = f (a 1 ' 2 - u- 1 ! 2 ) du = \?l 2 - 2 u 1 ' 2 + C 


= — (sin x + 1) 3/2 - 2(sinx + 1) 1/2 + C 


51. J sec 2 x(12tan 3 x - 6tan 2 x)rfx 
solution L et u — tan x. Then du = sec 2 x dx and 


/ 


sec 2 x(12 tan 3 x - 6 tan 2 x) dx = 


/( 


12 m 3 — 6 u 2 


) du = 3m 4 - 2m 3 + C = 3 tan 4 x - 2 tan 3 x + C 


53. J sec 2 (4x + 9 )dx 

solution L et u = 4x + 9. Then du = 4 dx or | du — dx. H ence 

J sec 2 (4x + 9) dx = \ t j sec 2 udu = ^ tan u + C = ^ tan(4x + 9) + C. 


55. 


/ 


sec 2 (,/x) rfx 
~/x 


solution L et m = «Jx. T hen du = =4= dx or 2 du = 4= dx. H ence, 

£y X y X 


/ 


sec 2 (</x) dx 
*Jx 


= 2 J sec 2 « dx = 2 tan « + C = 2 tan(Vx) + C. 
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in4xVcos4x + Idx 


solution Let« = cos4x + 1. Then du = —4 sin 4x or -\du = sin 4x. Hence 


J sin4xVcos4x + Idx = J « 1/2 du = Qw 3/2 ^ + C = -^(cos4x + 1) 3/2 + C. 


59. / sec0tan£(sec0 - l)dd 


solution Let a = sect? — 1. T hen du = sec 6 tan 9 do and 


sec e tan e (sect? - 1 )dO = 


— J u du — -;/ 2 + C — — (sec 6 — l) 2 + (7. 


61. Evaluate 


vs^i i_vuiuulv_ I , ujmu 

J (1 + VD 3 

solution L et u — 1 + «Jx. T hen 


using u = 1 + V*. Hint: Show that dx = 2 (u - 1 )du. 


du = dx or dx = 2 VI du = 2 (m — 1) du. 

2v* 


(1 + V*) 3 


■ du — 2 j (u 2 — u 3 ) du 


_1 _T 2 1 

= —2 u 4- u 4- C = — 4- — — y 4- C. 

1 4- VI (1 + VI) 2 


63. Evaluate / sin xcosxdx using substitution in two different ways: first using u = si n x and then using u = cosx. 
Reconcile the two different answers. 

solution First, let u = sin jc. Then du — cos xdx and 


sin x cosx dx — 


f ^-7 1 , i 

/ u du — -ir 4- C\ = - Sin z x 4- Ci- 


Next, let w = cosx. Then du = - sin xdx or -du = sin xdx. Hence, 

f f 1 ■) It 

/ Sin x COSx dx = — u du = — -u + C 2 = — 2 cos x + C 2 - 

To reconcile these two seemingly different answers, recall that any two antiderivatives of a specified function differ by a 
constant. To show that this is true here, note that sin 2 x 4 - Ci) - (-j cos 2 x 4 - C 2 ) = \ 4- C\ - Cj, a constant. Here 
we used the trigonometric identity sin 2 x 4 - cos 2 x = 1. 

65. What are the new limits of integration if we apply the substitution u = 3x 4- n to the integral Jq si n (3x 4 - n)dxl 
solution The new limits of integration are u( 0) = 3 • 0 4 - n = it and u{n) = 3jt 4 - n = 4n. 

In Exercises 67-78, use the Change-of-Variables Formula to evaluate the definite integral. 

67. f (x 4- 2 ) 3 dx 


solution L et u = x 4 - 2. T hen du — dx. H ence 


1 J 5 5 4 3 4 


(x + 2) dx = I u du = -u = — — = 136. 

is 4 , 4 4 


03 . I T o ax 

40 (x 2 4- l) 3 

solution L et u = x 2 4- 1. T hen du = 2x dx or 2 du = x dx. H ence 


J-/ -1 1/1 _9 \ 1 1 D ___ 

dx=- ~^du= -\--u ) =-— + - = — = 0.1875. 

2 Ji U 3 2 v 2 / 1 16 4 16 


(x 2 4- 1) 3 


2 \ 2 


1 1 3 
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+ 9 dx 


solution L et u = x l + 9. T hen du = 2x dx or 4 du = x dx. H ence 


/ x*- + 9 dx = 


p 25 1/2 \ 25 i 

J ^ \fudu = - =^(125 - 27) = 


13 . f 


( x + l)(x 2 + 2x)' ’ dx 


solution Let u = x 2 + 2x. Then d« = (2x + 2) dx = 2(x + 1) dx, and 


r 1 i /*3 i 3 y29 243 

/ (x + l)(x 2 + 2x) 5 dx = - / M 5 dzz = — z/ 6 = — — = — — . 

Jo 2 Jo 12 o 12 4 


75 C0Sxdx 

J—n/2 Vsinx + 1 

solution Let u = sin x + 1. Then du = cosx dx, and 

f 71 ! 2 COSxdx /*sin(jr/2)+l i 


cosxdx ^ 

I — = / ——du = 2^/u = 2v 2 

J—n/2 vsinx + 1 Jsin(— 7 t/2)+1 v m 0 


/ -7r/2 , 

77. / cos 71 x si n x dx 


solution Let;/ = cosx. Then dzz = — sinxdx. Hence 


: r 0 C 1 1 1 1 i 

cos ,x sinxdx = — / zz^ dzz = / ir du — -zz 4 — 0 = 

A A 4 o 4 4 


79. Evaluate / rV5 - V4 - r 2 dr. 


SOLUTION 


L et u = 5 - A4 - r 2 . T hen 


r dr r dr 
/ A _ ,-2 5 — ZZ 


Hence, the integral becomes: 


r dr = (5 — a) dzz. 


/4 — r 2 dr = J */u(5 — u)du = J (bu^/ 2 — a^/ 2 ^ du = ^yiz^ 2 — -zz'’/ 2 ^ 

= (y V5 - ioVs) - ( 10 V 3 - y V 3 ) = y As - ^ Vs. 


In Exercises 81 and 82, use substitution to evaluate the integral in terms of fix). 

81. J fix) 3 f'(x) dx 

solution Letzz = /(x). Then du — f'{x)dx. Hence 

J fix) 3 f\x)dx = J i z 3 du = yz 4 + C = ^/(x) 4 + C. 

/•jr/6 rl/2 1 

83. Show that / /(sin#)d0= / /(zz) — dzz. 

70 Jo vA-zz 2 


Jo Jo VI - zz 2 

solution Let zz = sin 6L Then u ( jt / 6 ) = 1/2 and tz(0) = 0, as required. Furthermore, du = cos Odd, so that 
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If sine = u, then u 2 + cos 2 0 = 1, so that cose = Vl - u 2 . Therefore d9 = du/Jl - u 2 . This gives 

/•jr /6 r 1/2 i 

/ f{s\nd)dd = / du. 

Jo ' Jo VI - u 2 


Further Insights and Challenges 

rn/2 dQ /»7T / z 

= / cnnn—- H int: Use substitution to show that/ is equal to J = / 

J o 1 + tan 6000 9 M Jo l + cot 6000 < 

n/2 


L 


85. Evaluate / = 
then check that / + J = / rfe 
solution To evaluate 


r^/2 rfe 


and 


/ = 


*/ 2 d* 


r*/t 

Jo T 


+ tan 6000 * ’ 

we substitute r = nil - x. Then dt - -dx, x = nil - t, t( 0) = n/1, and t{n/l) = 0. Hence, 
I = 


r 77 ! 2 dx 

f° dt 1 

r 77 / 2 dt 

Jo 1 + tan 6000 x J 

tt /2 1 + tan 6000 (?r/2 — t) J 

o 1 + cot 6000 1 


Let J = f^ 2 — . We know / = J, so / + J = ll. On the other hand, by the definition of / and J and the 

J0 l + cot 6000 (r) y 

linearity of the integral, 

r 71 ! 2 dx dx _ r 71 / 2 /I 1 \ 

I + J -Jo 1 + tan 6000 j + l + cot6000 x Jo ^l + tan™^ + lT^oPooVj^ 

io (l + tan 6000 x + 1 + (l/tan 6000 *)) dx 


dx 


(tan 6000 x + 1)/ tan 6000 .v 
tan 6000 x 


_ r 77 ^ / 1 

Jo \1 + tan 600 °jc + 

_ r 77 / 2 l 1 

Jo y 1 + tan 6000 x + 1 + tan 6000 * 
r 77 / 2 /l + tan 6000 x\ f 77 / 2 

= h 1 + tanMO 0, VVo ldx = ' 11 ' 


Hence, / + J = 11 = n/1 , so / = w/4. 

87. U se substitution to prove that f f(x ) rfx = 0 if / is an odd function. 

J —a 

solution We assume that / is continuous. If f(x) is an odd function, then f{-x) = -f(x). Let u = -x. Then 
x = -u and du = -dx or -du = ^.Accordingly, 

/ a pO pa p 0 pa 

f(x)dx = / f(x)dx+ / f(x)dx = — / /(— u)du+ / f(x)dx 

-a J —a J 0 Ja J 0 

pa pa 

— I f( x )dx— I f(u)du = 0. 

JO JO 

89. Show that the two regions in Figure 5 have the same area. Then use the identity cos 2 u = j(l + cos2«) to compute 
the second area. 




(A) 


FIGURE 5 


(B) 
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solution The area of the region in Figure 5(A) is given by fg Vl - x 2 dx. Let x = sin u. Then dx - cos udu and 
Jl - x 2 = -Jl - sin 2 u = cos u. Hence, 




u du. 


This last integral represents the area of the region in Figure 5(B). The two regions in Figure 5 therefore have the same 
area. 

Let's now focus on the definite integral f ^ 2 cos 2 udu. Using the trigonometric identity cos 2 u = ^(1 + cos 2 z<), we 
have 



u du 


1 r*/ 2 

- / 1 + COS 2 u du 

2 Jo 


1 

2 


u + - si n 



tt/2 

0 


I.*-o = 
2 2 


7 r 

4 ’ 
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In Exercises 1—4, refer to the function fix) whose graph is shown in Figure 1. 


y 



1. Estimate L 4 and M 4 on [0. 4], 

solution With n = 4 and an interval of [0, 4], Ax = ^ = 1. Then, 


and 


l 4 = Ax(/(0) + /( 1) + /( 2) + /( 3)) = 1 Q + 1 + ^ + 2^ = ^ 


Mu = Ax 





1 o 9 

2 +2+ 4 



= 7. 


3. Find an interval [a, b] on which R 4 is larger than / f(x)dx. Do the same for L 4 . 

Ja 

solution In general, R N is larger than /j 7 f(x)dx on any interval [a, b] over which /(x) is increasing. Given the 
graph of /(x), we may take [a, b\ = [ 0 , 2 ], In order for L 4 to be larger than Jj f(x)dx, f{x) must be decreasing over 
the interval [a, b]. We may therefore take [a, b ] = [2. 3], 

In Exercises 5-8, let fix) = x 2 + 3x. 

5. Calculate R 6 , Mg, and Lg for /(x) on the interval [2. 5], Sketch the graph of fix) and the corresponding rectangles 
for each approximation. 

solution Let fix) = x 2 + 3x. A uniform partition of [2. 5] with N = 6 subintervals has 

5-21 , j 

Ax = — - — = - , x;=a+/Ax = 2+ -, 

6 2 J 2 

and 

x * = a + (j - = \ + f 


7?g = Ax /(xy) = ^ (/ (0 + / (3) + / (0 + / (4) + . 


+ /( 5 ) 


1 / 55 


91 


135 


= 2 t + 18+ t + 28+ x + 4 ° =x- 


625 


Now, 
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The rectangles corresponding to this approximation are shown below. 



Next, 


«s = A,g/„*)=i(/(?) + /(H) + / (^) + / (^) + / (" 


1 /189 253 325 405 493 589 

2 1 16" + 16" + 16" + 16" + 16" + 16" 


4 / \ 4 

2254 _ 1127 
~16~' 


, 19' 

+ /, T 


32 


The rectangles corresponding to this approximation are shown below. 






2.0 2.5 3.0 3.5 4.0 4.5 


Finally, 


h 6 = At /(*7> = \ (/( 2 ) + / (0 + / (3) + / (0 + /( 4) + / 


1 55 10 91 „ 135 \ 505 

= 2( 10 + T + 18+ T + 28+ ^j = X- 

The rectangles corresponding to this approximation are shown below. 



7. Find a formula for R N for /(t) on [2, 5] and compute / f(x)dx by taking the limit. 


i: 


solution Let /( x) = x 2 + 3t on the interval [2, 5], Then At = 


5-2 


= — and a = 2. Hence, 
N N 


N 


- a - E /( 2 + ja ,> - 1 e ((2 + 1 ) ! + 3 (2 + 3/ 

F,? N 11 N 

= 30 + §E^£E' 2 


A 2 f =1 


= 30 + 


63 / rv 


TV 2 


A 


7=1 


2 + 2 ) + N3 


27 / TV 3 TV 2 N 


3 T* 6 


141 45 9 

T~ + TV + 27V 2 


=-e(io + 2 ^ + 9 4 


7=1 
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and 


lim R n = lim 

N—>oo iV— >oo 


141 45 9 \ _ 141 

T + iV + IN* ) ~ T' 


9. Calculate ^ 5 , M 5 , and I 5 for fix) = (a - 1 2 + 1) 1 on the interval [0, 1], 
solution Let f(x) = (a 2 + l) -1 . A uniform partition of [0, 1] with TV = 5 subintervals has 

1 — 01 

‘ ~ 5’ 


and 


Now, 


Next, 


Finally, 


Aa = 


A j = fl + j Ax = — , 


•*/ = a + 7 - T Aa = 


2j-l 
10 ’ 




_ 1 / 25 25 25 25 1 

i= 5\26 + 29 + 34 + 41 + 2 


0.733732. 


«5 = i,E/^) = |(/(n) + /('ra) + r(j) + /(m) + ^^ 

1 /100 100 4 100 100 


10 


- 5 1 IE + 109 + 5 + 149 + 181 ' W °- 78623L 


L 5 = Aa ^ fixj) = - ( /(0) + / 
7=0 


= f 1 + 


25 25 25 25 

26 + 29 + 34 + 41 


+ /M + /M + / 


0.833732. 


11 . Which approximation to the area is represented by the shaded rectangles in Figure 3? Compute R$ and L 5 . 


y 



solution There are five rectangles and the height of each is given by the function value at the right endpoint of the 
subinterval. Thus, the area represented by the shaded rectangles is R$. 

From the figure, we see that Aa = 1. Then 

7?5 = 1(30 + 18 + 6 + 6 + 30) = 90 and L 5 = 1(30 + 30 + 18 + 6 + 6 ) = 90. 


In Exercises 13-16, express the limit as an integral (or multiple of an integral) and evaluate. 


13 . 


1 . it 

1 1 m — 

iV — >00 6 N 


N 

Esin 

7=1 


rr \ 
3 6 N) 


solution Let fix) = sin a and TV be a positive integer. A uniform partition of the interval \n/ 3,n/2\ with N 
subintervals has 


jt 



and 


n Tt i 

1 — 

3 6 TV 
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for 0 < j < N. Then 


consequently, 


TC 

6 N 


N 

E sin 

j= i 



N 

Ay E /(*;) = ^ 

y'=l 


lim 

N—>oo 


71 

6/V 


N 

E sin 

y= l 




1 

2 ' 


5 W 

15. lim - Y J4 + 5j/N 
N^oo N ^ 

7=1 

solution Let f{x) = sfx and N be a positive integer. A uniform partition of the interval [4, 9] with N subintervals 
has 


for 0 < j < N. Then 


consequently, 


. 5 . ,5 j 

Ax = — and x, = 4 + — 

AT 1 N 


g JV 77 

77 E^ + Sj/iV = Ay E 7 i x j ) = ^rv; 

7=1 7=1 


lim — 

TV— >oo N 


N 

E74 + 577fv 

7 = 1 



54 _ 16 

T ~~ T 


38 

y 


In Exercises 17-20, use the given substitution to evaluate the integral. 


17. 


r 2 dt 

Jo (4f + 12) 2 ' 


u = 4t + 12 


solution Let « = 4r + 12. Then du = 4c/t, and the new limits of integration are u = 12 and u = 20. Thus, 


dt If 

2^ du 1 _i 

20 1/1 

_ M 

1 

Jo (4 1 + 12)2 - 4 J 1 

2 ^ = ~4" 

12 “ 4 V 12 

20 ) 

_ 120 



SOLUTION 


sin.YCOs 4 .Y<7x, 


u = COS.Y 


Let « = cosy. Then = - sin xdx and the new limits of integration are u - 1 and u = 


/’ 7r / 6 . 4 A 

I si n y cos x dx = — / « </« 

Jo J 1 


= 


73/2 

1 


n/ 3/2. Thus, 


_ 1 
” 5 

7n Exercises 21—48, evaluate the integral. 

21 . J (20y 4 — 9y A — 2y) </y 

solution J (20y 4 — 9y^ — 2y) dx = 4y 5 — ^y 4 — y 2 + C. 

23. J (2y 2 — 3y) 2 </y 

SOLUI,ON 1 0x2 - 3x>2dx ~ l (ix ‘ - 12,3 + 9,!) * - s’ 5 - 3x ‘ +3j + c 
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25. 


/ 


+ 3a 4 


dx 


SOLUTION 

?3 




dx = / (a 3 + 3x 2 ) c/a = -a 4 + x 3 + C 


4 , „3 


27 ' L 

SOLUTION 


\x — 4| dx 


J |a 2 — 4| dx — J (a 2 — 4) dx + J (4 — a 2 )c/a + J (a 2 — 4) c/a 


= i jj* 3 -4 a 


16 


-2 


-3 


+ ( 4a - -a 3 


-2 


+ - 4a 


16 16 


16 


— I + "2" ) + ( — 3 + — 

46 

T' 


29. [t]dt 

SOLUTION 


rD rz rD rz rD 

I [t]dt = I [t]dt+ I [t]dt = I dt + I 2 dt = t 

J 1 J 1 J 2 J 1 J 2 


+ 2 1 


= (2 - 1) + (6 - 4) = 3. 


31 7 


(10r-7) 14 dt 


solution Let u = 10? - 7. Then du = 10 dt and 


/ 


(10? - 7) 14 dt ~ Yq j “ 14 c/m = t ^“ 15 + C = ^(10? - 7) 15 + C. 


150 


150 


33. 


/ 


(2x 3 + 3x) dx 


(3a 4 + 9a 2 ) 5 

solution L et ?/ = 3a 4 + 9a 2 . T hen du = (12a 3 + 18a) dx — 6(2a 3 + 3a) dx and 


r ( 2x ^ + 3*) dx If 

J (3a 4 + 9a 2 ) 5 “6 J 


= 9 / ?r 5 c/M = + c = -^(3a 4 + 9a 2 ) -4 + C. 


-4 


4 , o„2n-4 


24 


24 


35. / 15a Va + 4 c/a 

JO 


solution Let m = a + 4. Then a = u - 4, du = c/a and the new limits of integration are u = 4 and u = 9. Thus, 


C-5 c-9 

I 15a Va + 4 dx = / 15(m — 4)Vmc/m 

Jo J4 

= 15 J (m 3 / 2 — 4m 1 / 2 ) c/m 


= 15 (|« 5/2 - |«3/ 2 


= 15^- 


VV 5 


72l-|“-“ 


= 506. 


»1 

37. y cos(y(? + 2)) dt 

cos(y(r + 2)) dt = ^ sin (y(? + 2)) 


SOLUTION 


1 - 3 73 
0 2jr ' 
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/' 


39. I t 2 sec 2 (9r 3 + l)dt 


solution Let u = 9/ 3 + 1. Then du = 27 1 2 dt and 


/ 


t 2 sec 2 (9r 3 + 1) dt = / sec 2 u <7« = ^ tan « + C = -T tan (9r J + 1) + C. 


A/ 


27 


27 


41. I esc* (9- 26) d9 
solution Let« = 9 - 2e. Then du = -2 dd and 


J esc 2 (9 - 26) dG = - J J esc 2 u du = ^ cot u + C = - cot(9 - 26) + C. 


43. I 

Jo 


sin 6 


dO 


cos 2 / 3 9 

r 77 / 3 sine 


solution Letw = cose. Then du = - sin e^e and when 6 = 0, u - 1 and when e = 5-, u = j . Finally, 


r 

Jo 


cos 2 / 3 e 


dd = — I u 2 / 3 <7m = —3m 3 / 3 


I 


' = — 3(2 -1 / 3 — 1) = 3 — 

1 2 


45. 


J >V 2 >’ + 3 rfy 


solution Let« = 2y + 3; then <7« = 2dy so thatc/y = ^ and y = ^(m - 3). Then 

J y^/2y + 3 dy = - J (u — 3)*Judu = - J (w 3 / 2 — 3« 3 / 2 ^ <7 m = — m 3 / 2 — -m 3 / 2 + C 


= ^(2y + 3) 5/2 -^(2y + 3) 3/2 + C 


r/ 2 x 

47. / sec 2 (cose)sinede 
Jo 

solution Let u = cose; then du = - sinddd, and the new bounds of integration are cosO = 1 to cos j 


r n 12- 

Jo 


sec 2 (cose)sine^e = - / sec 2 u du = tan n 


r 


= tan 1 


49. Combine to write as a single integral: 


solution First, rewrite 


and observe that 


p8 p0 p 6 

/ f(x)dx+ / /(.*)rf.T + / f(x)dx 

Jo J- 2 78 


/*8 p 6 p 8 

/ f{x)dx= / /(x)cLr+ / f{x)dx 

Jo Jo Jo 


f f(x) dx = - [ 
J 8 76 


8 

f{x)dx — — I f(x)dx. 


Thus, 


Finally, 


/*8 p 6 p 

/ /(x ) dx + / f(x)dx= / f{x)dx. 

Jo ‘ 78 70 


,>8 /*0 /*6 p 6 /*0 p 6 

/ /(x) <7x + / f(x)dx + / f(x)dx= / f(x)dx+ / f(x)dx= / f{x)dx. 

Jo ' 7-2 ‘ 78 70 7-2 ' 7-2 


0. Thus 
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51. Find the inflection points of A(x) = 



t dt 

PTi 


. However, do not evaluate A{x) explicitly. 


SOLUTION L et 


A(X) = 



t dt 

?+l' 


Then 


A' (or) 


* 2 + l 


and 


_ ( x 2 + 1)(1) - x(2x) 
” (.x 2 + l ) 2 


1-x 2 
(x 2 + I) 2 


Clearly A" (x) < 0 for \x\ > 1 and A"(x) > 0 for |x| < 1. Thus A(x) is concave down for |x| > 1 and concave up for 
\x | < 1. A(x) therefore has inflection points at jc = ±1. 

53. On a typical day, a city consumes water at the rate of r(t) = 100 + lit - 3 1 2 (in thousands of gallons per hour), 
where t is the number of hours past midnight. What is the daily water consumption? How much water is consumed 
between 6 pm and midnight? 

solution With a consumption rate of r(t) = 100 + lit - 3? 2 thousand gallons per hour, the daily consumption of 
water is 



+ lit — 3 1 2 ) dt — (100? + 36? 2 



100(24) + 36(24) 2 - (24) 3 = 9312, 


or 9.312 million gallons. From 6 PM to midnight, the water consumption is 



+ 72? - 3 t 2 )dt = 


(l00? + 36? 2 



= 100(24) + 36(24) 2 - (24) 3 


= 9312 - 7632 = 1680. 


(100(18) + 36(18) 2 


(18) 3 ) 


or 1.68 million gallons. 

55. Cost engineers at NASA have the task of projecting the cost P of major space projects. It has been found that the 
cost C of developing a projection increases with p at the rate dC/dP ~ 21 P~ 0 65 , where C is in thousands of dollars 
and P in millions of dollars. W hat is the cost of developing a projection for a project whose cost turns out to be P = $35 
million? 

solution Assuming it costs nothing to develop a projection for a project with a cost of $0, the cost of developing a 
projection for a project whose cost turns out to be $35 million is 



21 P~ 06S dP = 60P 035 


= 60(35)°' 35 


208.245, 


or $208,245. 


57. Evaluate 


/_ 


8 x^ dx 
-8 3 + COS 2 x ' 


solution Let f(x) — 


3+co? 


using the properties of odd functions. 
— and note that 

X 


/(-*) = 


(-*) 


15 


x 15 
cos 2 x 




3 + cos 2 (-x) 

Because f(x) is an odd function and the interval -8 < x < 8 is symmetric aboutx = 0, it follows that 
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59. gH Plot the graph of f(x) = sinmxsinnx on [0, n] for the pairs (m, n) = (2, 4), (3. 5) and in each case guess 
the value of / = Jq f(x)dx. Experiment with a few more values (including two cases with m = n) and formulate a 
conjecture for when / is zero. 

solution The graphs of fix) = srnmxsmnx with (, m,n ) = (2,4) and (. m,n ) = (3,5) are shown below. It appears 
as if the positive areas balance the negative areas, so we expect that 

7 = [ fix) dx = 0 
JO 

in these cases. 


y y 




We arrive at the same conclusion for the cases (m, n) = (4, 1) and (m, n) = (5, 2). 


y x 




However, when (m, n ) = (3, 3) and when (m, n) = (5, 5), the value of 

7 = f f(x)dx 
JO 

is clearly not zero as there is no negative area. 




We therefore conjecture that / is zero whenever m / n. 
61. Prove 


r2 1 
3 x dx < - 


2 < j 2 X dx < 4 and \ - j 
solution The function fix) = 2 X is increasing, so 1 < x < 2 implies that 2 = 2 1 < 2 X < 2 2 = 4. Consequently, 

r* 2 


r 2 f 2 
2 X dx < J 4 dx = 4. 


On the other hand, the function /(x) = 3 _JC is decreasing, so 1 < x < 2 implies that 


It then follows that 


1 = 3“ 2 < 3~ x < 3 _1 = 

g - - 3 


1 f 2 1 f 2 -3-x j f 2 1 , 1 

9 A 9 “A “A 3 3 
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63. Find upper and lower bounds for / /(x)dx, for /(x) in Figure 6, 


i 

Jo 



FIGURE 6 

solution From the figure, we see that the inequalities x 2 + 1 < /(.*) < + 1 hold for 0 < x < 1. Because 


and 


it follows that 


f 

Jo 

[\v^ 

Jo 


( x 2 + 1) dx = ( ^x 3 + x 


+ 1) dx = ( -x 3 / 2 + x 


3’ 


4 5 

3 -in f(x)dx -r 


In Exercises 64-69, find the derivative. 

r x cost 

65. A'(n), where A(x) = / dt 

h 1 + ? 

f x cos t c 

solution LetA(x) = / dt. Then A (x) = - 

Ji i + f 1 

A'(n) = 


COS X 
+ X 
COSrr 


and 


1 + 7T 1 + 71 


67. G'(x), where G(x) = J 
solution LetG(x) = J 


sin.v 


r 3 dt 


-2 

sln.v 


r dr. Then 


G'(x) = sin 3 x — sinx = sin 3 xcosx. 
dx 


r i 

69. H'(l), where H(x) = / -dt 
J 4x2 r 

f9 ^ /-4x 2 ^ 


SOLUTION L et 


r i r x i 

H(x)= / - dt = - -dr. Then 

J 4.v 2 F Jo t 


, 1 d . 7 8x 

H'(x) = — 4x z = T 

4x 2 dx 4x 2 


2 

x 


and H'( 1) = -2. 

f b 1 

71. Explain with a graph: If f(x) is linear on [a, b], then the / f(x)dx - =(Rn + L N ) for all N. 

Ja *- 

solution Consider the figure below, which displays a portion of the graph of a linear function. 


y 
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The shaded rectangles represent the differences between the right-endpoint approximation R N and the left-endpoint 
approximation l n . In particular, the portion of each rectangle that lies below the graph of y = fix ) is the amount by 
which L n underestimates the area under the graph, whereas the portion of each rectangle that lies above the graph of 
y = /( x) is the amount by which R N overestimates the area. Because the graph of y = fix) is a line, the lower portion 
of each shaded rectangle is exactly the same size as the upper portion. Therefore, if we average L N and R N , the error in 
the two approximations will exactly cancel, leaving 

1 f b 

-{R N + L N ) = J f(x)dx. 

73. CSj How can we interpret the quantity / in Eq. (1) if a < b < 0? Explain with agraph. 

solution We will consider each term on the right-hand side of (1) separately. For convenience, let I, II, III and IV 
denote the area of the similarly labeled region in the diagram below. 



Because/? < 0, the expression bf(b) is the opposite of the area of the rectangle along the right; that is, 


bf(b) = -II - IV. 


Similarly, 


- af(a ) = III + IV and 



f{x) dx = — I — III . 


Therefore, 


bf(b) -af{a) 



fix) dx — —I — II; 


that is, the opposite of the area of the shaded region shown below. 


y 



6 APPLICATIONS OF THE 
INTEGRAL 


6.1 Area Between Two Curves 


Preliminary Questions 

r h 

1. W hat is the area interpretation of / (fix) - gix )) dx if fix) > g(x)l 

J a 

solution Because fix ) > g(x), f b (f(x) - gix)) dx represents the area of the region bounded between the graphs 
of y - f^) and y = g(x), bounded on the left by the vertical linex = a and on the right by the vertical linex = b. 

f b 

2. Is / (fix) - gix)) dx still equal to the area between the graphs of / and g if fix) > 0 but gix) < 0? 

Ja 

solution Yes. Since fix ) > 0 and gix) < 0, it follows that fix) - gix) > 0. 

3. Suppose that fix) > gix) on [0. 3] and gix) > fix) on [3, 5]. Express the area between the graphs over [0, 5] as a 
sum of integrals. 

solution Remember that to calculate an area between two curves, one must subtract the equation for the lower curve 
from the equation for the upper curve. Over the interval [0, 3], y = fix) is the upper curve. On the other hand, over the 
interval [3, 5], y = gix) is the upper curve. The area between the graphs over the interval [0. 5] is therefore given by 

J (fix) ~ g(x)) dx + igix) - f(x)) dx. 


4 . Suppose that the graph of x = f(y) lies to the left of the v-axis. Is f b f(y)dy positive or negative? 

solution If the graph of x = f(y) lies to the left of the v-axis, then for each value of y, the corresponding value of x 
is less than zero. Hence, the value of f b f(y) dy is negative. 


Exercises 

1. Find the area of the region between y = 3x 2 + 12 and y = 4x + 4 over [-3. 3] (Figure 9). 



solution As the graph of y = 3x 2 + 12 lies above the graph of _v = 4x + 4 over the interval [-3, 3], the area between 
the graphs is 


/ j /> j ^ 

^(3*^ + 12) — (4x + 4)^ dx = J (3x^ — 4x + 8 )dx = — 2x ^ + 8xJ | ^ = 


= 102 . 


317 
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3. Find the area of the region enclosed by the graphs of fix) = x 2 + 2 and g(x) = 2x + 5 (Figure 10). 


y 



solution F rom the figure, we see that the graph of g(x) = 2x + 5 lies above the graph of fix) = x 2 + 2 over the 
interval [-1, 3], Thus, the area between the graphs is 



x + 5) 


^x 2 + 2^J <ix = J x 2 + 2x + 3^ 


dx 


= I — 2 * + x 



3 

-1 


= 9- 



32 

y 


In Exercises 5 and 6, sketch the region between y = si n x and y = COS x over the inten’al and find its area. 



solution Over the interval [f , f], the graph of y = cosx lies below that of y = sinx (see the sketch below). Hence, 
the area between the two curves is 


/•tt/2 

/ ' 

J 71 /4 


iir/2 

(sinx - cosx) dx = (-cosx-sinx) =(0-1) 

ljr/4 




= n/2 - 1. 



In Exercises 7 and 8, let f(x) = 20 + x — x^ and g ( x ) = x^ — 5x. 

7. Sketch the region enclosed by the graphs of fix) and g(x) and compute its area. 
solution Setting fix ) = gix) gives 20 + x - x 2 = x 2 - 5x, which simplifies to 


0 = 2x^ — 6x — 20 = 2(x — 5)(x + 2). 

Thus, the curves intersect at x = -2 and x = 5. With y = 20 + x - x 2 being the upper curve (see the sketch below), the 
area between the two curves is 


J ^(20 + x — x 2 ) — (x 2 — 5x)^ dx = J ^20 + 6x — 2x 2 ^ dx = ^ 


= ( 2 Ox + 3x 2 - lx 3 


5 

-2 


343 

T' 
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9. [|GU,' Find the points of intersection of y = x(x 2 - 1) and y - 1 - x 2 . Sketch the region enclosed by these curves 
over [-1. 1] and compute its area. 

solution A sketch of the region bounded by y = x(x 2 - 1) and y = 1 - x 2 is shown below; the region extends from 
x = —1 to x = 1. 


y 



As the graph of y = 1 - x 2 lies above the graph of y = x(x 2 - 1), the area between the graphs is 



— x 2 ) — x(x 2 


i) ) dx= L( 


— — x ^ -|- X -|- 1 


) dx = {~\ 


= I — -x — -x + 2 x +x 


-1 


4 

3 


11 . Sketch the region bounded by the liney = 2 and the graph of y = sec 2 x for -j < x < j and find its area. 

solution A sketch of the region bounded by y = sec 2 x and y = 2 is shown below. Note the region extends from 
x = on the left to x = | on the right. As the graph of y = 2 lies above the graph of y - sec 2 x, the area between 
the graphs is 



- sec 2 x) dx = (2.x - tan x) 


7T/4 
— tt/4 




= n — 2. 



In Exercises 13-16, find the area of the shaded region in Figures 12-15. 

13 . , 



SOLUTION 

region is 


As the graph of y = x 3 - 2x 2 + 10 lies above the graph of y = 3x 2 + 4x - 10, the area of the shaded 


j 2 ^ ((x 3 - 2x 2 + 10) - 


(3x 2 + 4x — 10)^ dx = J (x 3 — 5x 2 — 4x + 20^ dx 


= ( -x 4 — rx 3 — 2x 2 + 20x 

\ 4 3 


-2 


160 

T' 
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FIGURE 14 


solution The line on the top-left has equation y = 5^2 Xi and the line on the bottom-right has equation y = ^x. 
Thus, the area to the left of x = ? is 


/3V3 3 \ _ /3V3 2 _ 3 2 \ 71/6 _ 3V3 7r 2 _ 3 ?r 2 _ (2^3 - 1)tt 

/o y jt 2n J y 2n 4?r J ^ 27r 36 4 jt 36 48 


T he area to the right of jc = ^ is 



8V3 - 8 - 7T 
16 


The entire area is then 


(2V3 - 1)tt 8\/3 — 8 — tc 
48 + 16 


12V3-12 + (Vl-2)7r 
24 


In Exercises 17 and 18, find the area between the graphs of x = sin y and x = 1 — COSy over the given interval 
( Figure 16). 



17. 0 < y < | 

solution As shown in the figure, the graph on the right is x = sin y and the graph on the left is x = 1 - cosy. 
Therefore, the area between the two curves is given by 



(sin y — (1 


|ir/2 

COSy )) dy = (-cosy - y + Siny)| 




TC 

r 


19. Find the area of the region lying to the right of * = y 2 + 4y - 22 and to the left of x = 3y + 8. 
solution Setting y 2 + 4y - 22 = 3v + 8 yields 

o = y 2 + y - 30 = (y + 6)(y - 5), 

so the two curves intersect at y = -6 and y = 5. The area in question is then given by 

/ 6 ( (3 - v + 8) ~ - v 2 + 4 - v _ 22 0 dy = J 6 i~ y2 ~ y + 30 ) dy = ( _ T _ T + 30 - v 



-6 


6 
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21. Figure 17 shows the region enclosed by x = y 3 - 26 y + 10 and x = 40 - 6 y 2 - y 3 . M atch the equations with the 
curves and compute the area of the region. 



FIGURE 17 


solution Substituting y = 0 into the equations for both curves indicates that the graph of x = y 3 - 26v + 10 passes 
through the point (10, 0) while the graph of x = 40 - 6y 2 - y 3 passes through the point (40, 0). Therefore, over the 
y-interval [-1, 3], the graph of x = 40 - 6y 2 - y 3 lies to the right of the graph of x = y 3 - 26y + 10. The orientation 
of the two graphs is reversed over the y-interval [-5, -1], H ence, the area of the shaded region is 


r-l f 3 

J ((y 3 - 26y + 10) - (40 - 6y 2 - y 3 )) dy + J ((40 - 6y 2 - y 3 ) - (y 3 - 26y + 10)) dy 
= J 1 (2y 3 + 6y 2 - 26y - 30) dy + (-2y 3 - 6y 2 + 26y + 30) dy 


= Q/ + 2y 3 -13y 2 -30y 


-1 


-5 


+ I — ^y 4 — 2y 3 + 13y 2 + 30y 


= 256. 


-1 


In Exercises 23 and 24, find the area enclosed by the graphs in two ways: by integrating along the x-axis and by integrating 
along the y -axis. 


23. x = 9 — y 2 , jc = 5 

solution A long the y-axis, we have points of intersection at y = ±2. Therefore, the area enclosed by the two curves 
is 


/_ 2 { 9 ~ y2 ~ 5 ) dy = l _ 2 ( 4 “ yl ) dy = ( 4 - v _ F 3 ) 


2 

-2 


32 

y 


Along the x-axis, we have integration limits of x = 5 and x = 9. Therefore, the area enclosed by the two curves is 


/; 


2V9 — x dx = — - (9 — x) 3 / 2 


32 


= 0 - = — . 


32 


In Exercises 25 and 26, find the area of the region using the method (integration along either the x- or the y-axis) that 
requires you to evaluate just one integral. 

25. Region between y 2 = x + 5 and y 2 = 3 - x 

solution From the figure below, we see that integration along the x-axis would require two integrals, but integration 
along the y-axis requires only one integral. Setting y 2 - 5 = 3 - y 2 yields points of intersection at y = ±2. Thus, the 
area is given by 



f 2 

(y 2 + 5)) dy = (B- 2 y 2 j dy 



64 

T' 
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In Exercises 27—14, sketch the region enclosed by the cur\’es and compute its area as an integral along the x- or y-axis. 


27. y = 4 — x 2 , y = x 2 — 4 

solution Setting 4 - x 2 = x 2 - 4 yields lx 2 = 8 or x 2 = 4. Thus, the curves y = 4 - x 2 and y = x 2 - 4 intersect 
at x = ±2. From the figure below, we see that y = 4 - x 2 lies above y = x 2 - 4 over the interval [-2, 2]; hence, the 
area of the region enclosed by the curves is 


/ 2 ((4 - x 2 ) - (x 2 



(8 — 2 x 2 ) dx = 



64 

T' 



29. x + y = 4, x — y = 0, y + 3x = 4 

solution From the graph below, we see that the top of the region enclosed by the three lines is always bounded by 
x + y = 4. On the other hand, the bottom of the region is bounded by y + 3x = 4 for 0 < x < 1 and by x - y = 0 for 
1 < x < 2. The total area of the region is then 



31. y = 8 — s/x, y = -/x, x = 0 

solution Setting 8 - *Jx = *Jx yields *Jx = 4 or x = 16. Using the graph shown below, we see that y = 8 - ~/x 
lies above y = V x over the interval [0, 16]. The area of the region enclosed by these two curves and the y-axis is then 



y/x — y/x) 



dx 



128 

T' 





33. x = |y |, x = 1 — |v| 

solution F rom the graph below, we see that the region enclosed by the curves x = |y| and x = 1 - |y| is symmetric 
with respect to the x-axis. We can therefore determine the total area by doubling the area in the first quadrant. For y > 0, 
setting y = 1 - y yields y = \ asthepointof intersection. M oreover.x = 1 - |y| = 1 - y lies to the right of x = |y| = y, 
so the total area of the region is 


r l/ 2 , V 2 \\ 


1 

2 ' 


SECTION 6.1 | Area Between Two Curves 323 


y 



35 . x = y 3 — 18y, y + 2x = 0 
solution Setting y 3 - 18y = yields 

0 = y 3 




so the points of intersection occur at y = 0 and y = ±^. From the graph below, we see that both curves are symmetric 
with respect to the origin. It follows that the portion of the region enclosed by the curves in the second quadrant is identical 
to the region enclosed in the fourth quadrant. We can therefore determine the total area enclosed by the two curves by 
doubling the area enclosed in the second quadrant. In the second quadrant, y + 2x = 0 lies to the right of x = y 3 - 18y, 
so the total area enclosed by the two curves is 



(y 3 - 18y)) dy = 2 



V70/2 

0 


= 2 




1225 

“ 8 “ 



37 . x = 2y, x + 1 = (y — l) 2 
solution Setting 2 y = (y - l) 2 - 1 yields 

0 = y 2 - 4y = y(y - 4), 


so the two curves intersect at y = 0 and at y = 4. From the graph below, we see that x = 2 y lies to the right of 
x + 1 = (y - l) 2 over the interval [0. 4] along the y-axis. Thus, the area of the region enclosed by the two curves is 



l ) 2 


»4 

1)) dy = J (4y - y 2 ) dy 



32 

T' 


y 



solution From the graph below, we see that y = cosx lies above y = cos2x over the interval [0. ^]. The area of 
the region enclosed by the two curves is therefore 



(COSx — cos 2x) dx = 


^sinx 


si n 2x 


27r/3 

0 


3\/3 

~4~' 
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41. V = siru, ;y = CSC 2 x, x= — 

4 

solution Over the interval [|, |], y = esc 2 x lies above y = sinx. The area of the region enclosed by the two curves 
is then 



si n x) dx = (- cot x + cos x) 


jr/2 

7T/4 


( 0 - 0 ) 



y 



0.2 0.4 0.6 0.8 1.0 1.2 1.4 


43. y = sinx, y = x sin(x 2 ), 0<x<l 
solution A sketch of the region is shown below: 





The area of the region is then 


A = J (sinx -xsin(x 2 )) dx = J sin xdx-J x sinfx 2 ) dx 

1 r 1 ■ 

- xsir 

o Jo 


= -COSX 


in(x )dx = 1 - cosl - / xsin (x )dx 


£ 

Jo 


For the remaining integral, use the substitution u = x 2 ; then du = 2 xdx and the new bound of integration are u = 0 to 
u = 1. Thus 


r 

Jo 


A = 1 — cos 1 — / xsin(x )dx = 1 - cosl 


-I' 

2 Jo 


slnudu = 1 - cosl - ^(- COSx) 


= -(1 - cosl) 


0 


45. OR S Plot 


y = * and y = (x- l) 2 

vV + 1 

on the same set of axes. Use a computer algebra system to find the points of intersection numerically and compute the 
area between the curves. 

solution Using a computer algebra system, we find that the curves 


y = 


and 


y = (x - lr 


Vx 2 + 1 

intersect at x = 0.3943285581 and at x = 1.942944418. From the graph below, we see that y = 
y = (x - l) 2 , so the area of the region enclosed by the two curves is 

f 1.942944418 




lies above 


/o 


0.3943285581 \,/x 2 + 1 


- (x - 1 ) z dx = 0.7567130951 


The value of the definite integral was also obtained using a computer algebra system. 
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47. L-zsd Athletes 1 and 2 run along a straight track with velocities and V 2 (t) (in m/s) as shown in Figure 19. 

(a) W hich of the following is represented by the area of the shaded region over [0. 10]? 

i. The distance between athletes 1 and 2 at time t = 10 s. 

ii. The difference in the distance traveled by the athletes over the time interval [0, 10]. 

(b) Does Figure 19 give us enough information to determine who is ahead at timer = 10 s? 

(c) If the athletes begin at the same time and place, who is ahead at t = 10 s? At r = 25 s? 


(m/s) 



SOLUTION 

(a) The area of the shaded region over [0, 10] represents (ii): the difference in the distance traveled by the athletes over 
the time interval [0, 10]. 

(b) No, Figure 19 does not give us enough information to determine who is ahead at timer = 10 s. We would additionally 
need to know the relative position of the runners at r = 0 s. 

(c) If the athletes begin at the same time and place, then athlete 1 is ahead at r = 10 s because the velocity graph for 
athlete 1 lies above the velocity graph for athlete 2 over the interval [0, 10]. Over the interval [10, 25], the velocity graph 
for athlete 2 lies above the velocity graph for athlete 1 and appears to have a larger area than the area between the graphs 
over [0. 10], Thus, it appears that athlete 2 is ahead atr = 25 s. 


49. Find the area enclosed by the curves y = c - x 2 and y = x 2 - c as a function of c. Find the value of c for which 
this area is equal to 1. 

solution The curves intersect at x = ±~Jc, with y = c - x 2 above v = x 2 - c over the interval [-,/c, ,/c]. The 
area of the region enclosed by the two curves is then 


s 

J 

J 


/ ( c — ) — (x - c) dx = 

/ \2c — 2x ) dx = ( 2 cx — -x | 

S-4c ^ ' 

i 

u 


Vc 


-Vc 


8 / 5/2 
3 ' 


I n order for the area to equal 1, we must have |c 3 / 2 = 1, which gives 


gi/3 

c = — - — ^ 0.520021. 
4 


51. Set up (but do not evaluate) an integral that expresses the area between the graphs of y = (1 + x 2 ) -1 and y = x 2 . 

solution Setting (1 + x 2 ) -1 = x 2 yields x 4 + x 2 - 1 = 0. This is a quadratic equation in the variable x 2 . By the 
quadratic formula, 

2 — 1±V1 — 4(-l) -1±V5 

X ~ 2 ~ 2 ' 

As x 2 must be nonnegative, we discard ■ Finally, we find the two curves intersect at x = From the 

graph below, we see that y - (1 + x 2 ) -1 lies above y = x 2 . The area enclosed by the two curves is then 




-1+V5 
2 — 


+ x 2 r 


3 -* 2 


dx. 
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53. CFt 5 Find a numerical approximation to the area above y = |x| and below y = cosx. 
solution The region in question is shown in the figure below. We see that the region is symmetric with respect to the 
y-axis, so we can determine the total area of the region by doubling the area of the portion in the first quadrant. Using 
a computer algebra system, we find that y = cosx and y = |x| intersect at x = 0.7390851332. The area of the region 
between the two curves is then 

/■0. 7390851332 

2 / (COSx - x) dx = 0.8009772242, 

Jo 

where the definite integral was evaluated using a computer algebra system. 


y 



55. The back of J on's guitar (Figure 21) is 19 inches long. J on measured the width at 1-in. intervals, beginning and ending 
2 in. from the ends, obtaining the results 

6, 9. 10.25, 10.75, 10.75, 10.25, 9.75, 9.5, 10, 11.25, 

12.75, 13.75, 14.25, 14.5, 14.5, 14, 13.25, 11.25, 9 

Use the midpoint rule to estimate the area of the back. 



FIGURE 21 Back of guitar. 


solution Note that the measurements were taken at the midpoint of each one-inch section of the guitar. For example, 
in the 0 to 1 inch section, the midpoint would be at \ inch, and thus the approximate area of the first rectangle would be 
1 • 6 inches 2 . An approximation for the entire area is then 


A = 1(6 + 9 + 10.25 + 10.75 + 10.75 + 10.25 + 9.75 + 9.5 + 10 + 11.25 
+ 12.75 + 13.75 + 14.25 + 14.5 + 14.5 + 14 + 13.25 + 11.25 + 9) 
= 214.75 in 2 . 


Exercises 57 and 58 use the notation and results of Exercises 49-51 of Section 3.4. For a given country , F(r) is the 
fraction of total income that goes to the bottom rth fraction of households. The graph of y = F(r) is called the Lorenz 
curve. 

57. C3§J Let A be the area between y = r and y = F(r ) over the interval [0, 1] (Figure 22). The G ini index is the 
ratio G = A/B, where B is the area under y = r over [0. 1], 

(a) Show that G = 2 ( (r - F(r )) dr. 

Jo 

(b) Calculate G if 
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(c) TheGini index is a measure of income distribution, with a lower value indicating a more equal distribution. Calculate 
G if F{r) = r (in this case, all households have the same income by Exercise 51(b) of Section 3.4). 

(d) What is G if all of the income goes to one household? Hint: In this extreme case, F(r ) = 0 for 0 < r < 1. 

x 



SOLUTION 

(a) Because the graph of y = r lies above the graph of y = F" in Figure 22, 


M oreover, 


Thus, 


(b) With the given F(r), 



(c) If F(r) = r, then 


(d) If F(r ) = 0 for 0 < r < 1, then 


G = 2 C 

Jo 


(r - r ) dr = 0. 


dr 


G = 2 



(r — 0) dr = 2 



= 1. 


Further Insights and Challenges 

59 . Find the line y = mx that divides the area under the curve y = x(l - x) over [0. 1] into two regions of equal area. 
solution F i rst note that 


f 


x(l — x) dx 




1 

6' 


N ow, the line y = mx and the curve y = x(l - x) intersect when mx = x(l - x), or at x = 0 and at x = 1 - m. The 
area of the region enclosed by the two curves is then 



(jr(l — x) — mx) dx = 



(1 - m) y - 



1 — m 


1 

6 


(1 — m)^ . 


0 
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To have £(1 -m ) 3 = \ ■ £ requires 


/1\V3 

m = 1 - ( - j « 0.206299. 


61 . 



Explain geometrically (without calculation): 



+ 



(for n > 0 ) 


solution Let A\ denote the area of region 1 in the figure below. Define Aj and A 3 similarly. It is cl ear from the figure 
that 


Ai + A2 + A3 = 1. 

N ow, note that x n and a- 1 /" are inverses of each other. Therefore, the graphs of y = x n and y = a 1 /" are symmetric 
about the line y = x, so regions 1 and 3 are also symmetric about y = x. This guarantees that A\ = A3. Finally, 

r 1 r 1 

/ x n dx + / a 1//,! dx = A3 + (A2 + A3) = Ai + A2 + A3 = 1 . 

Jo Jo 


y 



6.2 Setting Up Integrals: Volume, Density, Average Value 

Preliminary Questions 

1. What is the average value of fix) on [0, 4] if the area between the graph of fix) and the A-axis is equal to 12? 
solution Assuming that /(a) > 0 over the interval [1,4], the fact that the area between the graph of /and the A-axis 
is equal to 9 indicates that f(x)dx - 9. The average value of/over the interval [1, 4] is then 

fl f(x) dx _ 9 _ 

4-1 ~ 3 “ ' 


2 . Find the volumeof a solid extending from y = 2 to y = 5 if every cross section has area A(y) = 5. 

solution Because the cross-sectional area of the solid is constant, the volume is simply the cross-sectional area times 
the length, or 5 x 3 = 15. 

3 . What is the definition of flow rate? 

solution The flow rate of a fluid is the volume of fluid that passes through a cross-sectional area at a given point per 
unittime. 

4 . Which assumption about fluid velocity did we use to compute the flow rate as an integral? 

solution To express flow rate as an integral, we assumed that the fluid velocity depended only on the radial distance 
from the center of the tube. 

5. The average value of fix) on [ 1 , 4] is 5. Find J f (a) dx. 


SOLUTION 


J f(x) dx = average value on [1,4] x length of [ 1 . 4] 
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Exercises 

1. Let V be the volume of a pyramid of height 20 whose base is a square of side 8. 

(a) Use similar triangles as in Example 1 to find the area of the horizontal cross section at a height y. 

(b) Calculate V by integrating the cross-sectional area. 


SOLUTION 

(a) We can use similar triangles to determine the side length, s, of the square cross section at height y. Using the diagram 
below, we find 


8 _ * 

20 “ 20^7 


or s = -(20 — y). 


The area of the cross section at height y is then given by ^(20 - y) 2 . 




y 


s 


(b) The volume of the pyramid is 


r 20 4 9 4 o 

I 2^(20 - y) 2 dy = - — (20 - y) 3 


1280 

3 


3 . Use the method of Exercise 2 to find the formula for the volume of a right circular cone of height h whose base is a 
circle of radius R [Figure 17(B)], 

SOLUTION 

(a) From similar triangles (see Figure 17), 

h _ R 

h-y ro ’ 

where r o is the radius of the cone at a height of y. Thus, ro = R - 

(b) The volume of the cone is 



5 . Find the volume of liquid needed to fill a sphere of radius R to height/; (Figure 19). 


FIGURE 19 Sphere filled with liquid to height /j. 

solution The radius r at any height y is given by r = ^R 2 - (R - y) 2 . Thus, the volume of the filled portion of the 
sphere is 


/" 

Jo 


7t I r 2 dy = jr J ^ R 2 — (R — y) 2 


^ dy = n J (2 Ry — y 2 ) dy = n ( Ry 2 — 


= jr I Rh 2 - k 


3 / ’ 
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7. Derive a formula for the volume of the wedge in Figure 20(B) in terms of the Constantsa, b, and c. 

solution The line from c to a is given by the equation (z/c) + (x/a) = 1 and the line from b to a is given by 
(y/b) + (x/a) = 1. The cross sections perpendicular to the x-axis are right triangles with height c(l - x/a) and base 
b( 1 — x/a). Thus we have 



be (1 


x/a) dx = 



1 

-abc. 

6 


In Exercises 9-14, find the volume of the solid with the given base and cross sections. 

9. The base is the unit circle x 2 + y 2 = 1, and the cross sections perpendicular to the x-axis are triangles whose height 
and base are equal. 

solution At each location x, the side of the triangular cross section that lies in the base of the solid extends from the 
top half of the unit circle (with y = s/l - x 2 ) to the bottom half (with y = -s/l - x 2 ). The triangle therefore has base 
and height equal to 2%/l - x 2 and area 2(1 - x 2 ). The volume of the solid is then 



2 

— x ) dx 



s 

3' 


11. The base is the semicircle y = y'9 - x 2 , where -3 < x < 3. The cross sections perpendicular to the x-axis are 
squares. 

solution For each x, the base of the square cross section extends from the semicircle y = ^9 - x 2 to the x-axis. The 
square therefore has a base with length ^9 - x 2 and an area of (V9 - x 2 j = 9 - x 2 . The volume of the solid is then 


J ^9 — x 2 ^j dx = ^9x — -x 2 ^ 


= 36. 


-3 


13. The base is the region enclosed by y = x 2 and y = 3. The cross sections perpendicular to the y-axis are squares. 

solution At any location y, the distance to the parabola from the y-axis is Jy. Thus the base of the square will have 
length 2^/y. Therefore the volume is 

J (2yy) (2v'y) d y = J 4ydy= 2y 2 | o =18. 

15. Find the volume of the solid whose base is the region |x| + |y| < 1 and whose vertical cross sections perpendicular 
to the y-axis are semicircles (with diameter along the base). 

solution The region R in question is a diamond shape connecting the points (1, 0), (0. -1), (-1, 0), and (0. l).Thus, 
in the lower half of thexv-plane, the radius of the circles is v + 1 and in the upper half, the radius is 1 - y. Therefore, 
the volume is 


n ■) Tt 

lLfi + lr “> + 2 


f 


(1 


n / 1 1\ n 

y) j + 3 rr 


17. The area of an ellipse is nab, where a and b are the lengths of the semimajor and semiminor axes (Figure 21). 
Compute the volume of a cone of height 12 whose base is an ell ipse with semi major axis a = 6 and semi minor axis b = 4. 
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solution At each height y, the elliptical cross section has major axis j(12 - y) and minor axis ^ (12 - y). The 
cross-sectional area is then ^ (12 - y) 2 , and the volume is 



dy 





i; 

= 96 n. 

0 


19 . A frustum of a pyramid is a pyramid with its top cut off [Figure 23(A)], Let V be the volume of a frustum of height 
h whose base is a square of side a and whose top is a square of side b with a > b > 0. 

(a) Show that if the frustum were continued to a full pyramid, it would have height ha /{a - b) [Figure 23(B)], 

(b) Show that the cross section at height* is a square of side (l/h)(a(h - *) + bx). 

(c) Show that V = \h(a 2 + ab + b 2 ). A papyrus dating to the year 1850 bce indicates that Egyptian mathematicians 
had discovered this formula almost 4000 years ago. 



(A) (B) 

FIGURE 23 


SOLUTION 

(a) Let H be the height of the full pyramid. Using similar triangles, we have the proportion 

H _ H -h 
~a ~ b 


which gives 


(b) Let w denote the side length of the square cross section at height*. By similar triangles, we have 

a w 
~H ~ H -*' 


Substituting the value for H from part (a) gives 


a(h — *) + bx 
h 


(c) The volume of thefrustrum is 

C li / i \ 2 


/ ^ — (a(h — *) + bx dx = J (a 2 (h — x) 2 + 2ab(h — *)* + b 2 x 2 ^j dx 


h 2 


— _ (h — *) J + abhx z — - abx 3 + -ox 


2 * 3 ^ h = ’U a 2 +ab + b 2y 
/ 0 3 


21 . The solid S in Figure 25 is the intersection of two cylinders of radius r whose axes are perpendicular. 

(a) The horizontal cross section of each cylinder at distance y from the central axis is a rectangular strip. Find the strip's 
width. 

(b) Find the area of the horizontal cross section of S at distance y. 

(c) Find the volume of 5 as a function of r. 
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FIGURE 25 Two cylinders intersecting at right angles. 


SOLUTION 

(a) Thehorizontal cross section at distance y from the central axis (for — r <y< r) is a square of width w = ijr 1 - y 2 . 

(b) The area of the horizontal cross section of S at distance y from the central axis is w 2 = 4 (r 2 - y 2 ). 

(c) The volume of the solid 5 is then 


f_y -,>)<„ = 4(p»- 1, 3 ) 


-T^ 


23 . Calculate the volume of a cylinder inclined at an angle 6> = 30° with height 10 and base of radius 4 (Figure 26). 



FIGURE 26 Cylinder inclined at an angles = 30°. 


SOLUTION 


The area of each circular cross section is 7t(4) 2 = 16tt, hence the volume of the cylinder is 


L 


10 


167 c dx = (167rx) 


10 


= 1607T 


25 . Find the total mass of a 1-m rod whose linear density function is p(x) = 10(x + l) -2 kg/m for 0 < x < 1. 
solution The total mass of the rod i s 


J p(x)dx = J ^10(x + l) -2 ) dx = 10(x + l) -1 ^ 


1 

= 5 kg. 
0 


27 . A mineral deposit along a strip of length 6 cm has density s(x ) = 0.01x(6 - x) g/cm for 0 < x < 6. Calculate the 
total mass of the deposit. 

solution The total mass of the deposit is 


J s(x)dx = J 0.01x(6 — x) dx = 


0.03x 2 - 


0.01 


= 0.36 g. 


29 . Calculate the population within a 10-mile radius of the city center if the radial population density is p{r) = 4(1 + 
r 2 ) 1 / 3 (in thousands per square mile). 

solution The total population is 

/•10 /-10 

2n I r ■ p(r) dr = 2jc I 4r (1 + ?' 2 )^ 3 dr = 377(1 + r 2 )^ 3 

Jo Jo 


4423.59 thousand ^ 4.4 million. 


0 
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31 . Table 1 lists the population density (in people per square kilometer) as a function of distance r (in kilometers) from 
the center of a rural town. Estimate the total population within a 1.2-km radius of the center by taking the average of the 
left- and right-endpoint approximations. 


TABLE 1 

Population Density 

r 

p(r ) 

r 

P(r) 

0.0 

125.0 

0.8 

56.2 

0.2 

102.3 

1.0 

46.0 

0.4 

83.8 

1.2 

37.6 

0.6 

68.6 




solution The total population is given by 

,L2 

27 r / r ■ p{r) dr. 

JO 

With Ar = 0.2, the left- and right-endpoint approximations to the required definite integral are 

L 6 = 0.2(2tt)[0(125) + (0.2)(102.3) + (0.4)(83.8) + (0.6)(68.6) + (0.8)(56.2) + (1)(46)] 

= 233.86; 

R W = 0.2(27r)[(0.2)(102.3) + (0.4)(83.8) + (0.6)(68.6) + (0.8)(56.2) + (1)(46) + (1.2)(37.6)] 
= 290.56. 


This gives an average of 262.21. Thus, there are roughly 262 people within a 1.2-km radius of the town center. 

33 . The density of deer in a forest is the radial function p(r ) = 150(r 2 + 2)~ 2 deer per square kilometer, where;- is the 
distance (in kilometers) to a small meadow. Calculate the number of deer in the region 2 < r < 5 km. 

solution The number of deer in the region 2 < r < 5 km is 


2rt 


f 2 r (150) (r 2 + 2) 2 dr = -150tt ? = -150* - J) « 61 deer. 


35 . Find the flow rate through a tube of radius 4 cm, assuming that the velocity of fluid particles at a distance;- cm from 
the center is v(r) = (16 - r 2 ) cm/s. 

solution The flow rate is 


-// 


2n I rv(r) dr = 2ir 
1 0 


f( 


16 — ; 


2 ^J dr = 2n ( 8 r 2 — -r^ 


“ = 128 ^ 

0 s 


37 . A solid rod of radius 1 cm is placed in a pipe of radius 3 cm so that their axes are aligned. Water flows through 
the pipe and around the rod. Find the flow rate if the velocity of the water is given by the radial function v(r) - 
0.5(r - 1)(3 - r) cm/S. 

solution The flow rate is 


2n 


J r(0.5)(r — 1) (3 — r) dr = Ti J — 3 r'j dr = jr - 


= jr |_ t ; . 4 + 4 . 3 _ 3. 2 


87t cm 3 

T 1“' 


In Exercises 39-48, calculate the average over the given interval. 
39 . f(x) = x 2 , [0, 4] 
solution The average is 


1 / 

' — 1 1 
II 

* 

m 

H 

3 , 1 4 

x ax = —x 

O 

1 

* 3 - 

4 J 

16 


= 16 . 
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41. f(x) = cos.r, [0, f ] 
solution The average i s 


1 

7t/6 — 0 


[*/ 6 6 / -7r / 6 

6 . 

/ COS x dx = 

cos x dx = — si n .v 

Jo tr Jo 

n 


3 

71 


43. f (s) =s 2 , [2, 5] 
solution The average i s 


1 

5^2 



1 

3 


-l 


5 

2 


1 

10 ' 


45. f(x) — 2,y 3 — 6x 2 , [—1, 3] 
solution The average i s 


1 

3 - (-1) 



6 x 2 ) dx — 



6,Vt - iG* 4 - 2 * 3 )L 



= -4. 


47. fix) = x n for n > 0, [0, 1] 

solution F or n > — 1, the average is 


II 

H 

C 

X 

{*1 1 

x"dx= x n+1 

Jo J i 

0 n + 1 


1 

n + 1 


49. The temperature (in °C) at time t (in hours) in an art museum varies according to Tit) = 20 + 5 cos (fa). Find the 
average over the time periods [0, 24] and [2. 6], 

SOLUTION 

• The average temperature over the 24-hour period is 


24- 


^ r ( 2 ° + 5c “ (S')) * = h ( 2 °' + t sin (S') 


24 


= 20°C. 


The average temperature over the 4-hour period is 

,6 


6^2 L ( 2 ° + 5 C0S (SO) dt = \ { 20t + V Sin (£0 


= 22.4°C. 


51. Find the average speed over the time interval [1, 5] of a particle whose position at timer is sit) = r 3 - 6 1 2 m/s. 
solution The average speed over the time interval [1,5] is 


5- 


Because/fr) = 3 1 2 - 12 r = 3 r(r - 4), it follows that 


1 r 5 , 

-ih 11 


(r)| dt. 


J \s\t)\dt — J il2t — 3t 2 )dt + J (it 2 -\2t)dt 


= (6 t 2 - r 3 ) 


+ (r 3 - 6r 2 ) 


= (96 - 64) - (6 - 1) + (125 - 150) - (64 - 96) 
= 34. 


34 

T 


17 

— m/s. 


Thus, the average speed is 
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53 . The acceleration of a particle is ait) = 60? - 4 r 3 m/s 2 . Compute the average acceleration and the average speed 
over the time interval [2, 6], assuming that the particle's initial velocity is zero. 

solution The average acceleration over the time interval [2,6] is 

6 
2 


— I' 
6-2 ? 2 


(60r - 4 t 2 )dt = — (30 t 2 - r 4 ) 


= -[(1080 - 1296) -(120 - 16)] 

= — ^ = -80 m/s 2 . 

4 


Given a(t) = 60 1 - 4/ 3 and u(0) = 0, it follows that v(t) = 30/ 2 - r 4 . Now, average speed is given by 

1 T 6 

6^2 J 2 imidL 

Based on the formula for v(t), 

s 

W 30 


1 


6 /-V 30 

\v(t)\dt = J 


(30 t 2 - ? 4 ) dt + 


_(r 4 - 30 t 2 )dt 


= | 10? 3 - ±f 5 


v/30 


^ - 10r 3 


v/30 


= 120^30 - ^ ^ + 120730 


= 240730- 


3392 


Finally, the average speed is 


l ( 240730 - = 60730 - ^ « 159. 


4 V 


03 m/s. 


55 . Let M be the average value of fix) = x 4 on [0, 3], Find a value of c in [0, 3] such that /(c) = M. 
solution We have 


M = 1 / 

x 4 dx = - / 

4 , 1 5 

x dx = —x 

3-0 / 

3 3 Jt 

3 15 


Then M = /(c) = c 4 = ^ implies c = ^ = 2.006221. 


57 . Let M be the average value of fix) = x 3 on [0, A], where A > 0. W hich theorem guarantees that /(c) = M has a 
solution c in [0. A]? Find c. 

solution TheM ean ValueTheorem for Integrals guarantees that /(c) = M has a solution c in [0, A], With fix) = x 3 
on [0. A], 


M = 


A — 0 


/' 

JO 


Solving /(c) = c 3 = for c yields 


1 , 1 1 4 

ax = — -x 

A 4 


A 

75' 


A 3 
4 ' 


59 . W hich of fix) = x sin 2 x and gix) = x 2 sin 2 x has a larger average value over [0, 1]? Over [1, 2]? 

solution The functions / and g differ only in the power of x multiplying si n 2 x. It is also important to note that 

sin 2 x > 0 for all x. Now, for each x e (0, 1), x > x 2 so 

fix) = x sin 2 x > x 2 sin 2 x = gix). 

Thus, over [0, 1], fix) will have a larger average value than gix). On the other hand, for each x e (1, 2), x 2 > x, so 

gix) = x 2 sin 2 x > x sin 2 x = fix). 

Thus, over [1, 2], gix) will have the larger average value. 
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61 . Sketch the graph of a function fix ) such that fix) > 0 on [0, 1] and f(x) < 0 on [1, 2], whose average on 

[0, 2] is negative. 

solution M any solutions will exist. One could be 



Further Insights and Challenges 

63 . An object is tossed into the air vertically from ground level with initial velocity uo ft/s at timer = 0. Find the average 
speed of the object over the time interval [0, 7], where T is the time the object returns to earth. 
solution The height is given by h(t ) = hq t - 16 r 2 . The ball is at ground level at time t = 0 and T = uq/ 16. The 
velocity is given by n(r) = up - 32r and thus the speed is given by s(t ) = |up - 32r|. The average speed is 


1 

i>0/16 — 0 



32r| dt = 


16 

to 



(up — 32r) dt + 


1 if /16 (32, 

TO Jv 0/32 


TQ) dt 


16 

TO 


(vQt — 16 t 2 ^j 


I wo/32 

lo 


+ 


16 

TO 



\ | wo/16 
/luo/32 


= tq/2. 


6.3 Volumes of Revolution 


Preliminary Questions 

1. Which of the following is a solid of revolution? 

(a) Sphere (b) Pyramid (c) Cylinder (d) Cube 

solution The sphere and the cylinder have circular cross sections; hence, these are solids of revolution. The pyramid 

and cube do not have circular cross sections, so these are not solids of revolution. 

2 . True or false? When the region under a single graph is rotated about the x-axis, the cross sections of the solid 
perpendicular to thex-axis are circular disks. 

solution True. The cross sections will be disks with radius equal to the value of the function. 

3 . True or false? When the region between two graphs is rotated about the jc-axis, the cross sections to the solid 
perpendicular to thex-axis are circular disks. 

solution False. The cross sections may be washers. 

4 . W hich of the foil owing integrals expresses the volume obtained by rotating the area between y = fix) and y = g(x) 
over [a, b] around thex-axis? [Assume fix) > g(x) > 0.] 

(a) n f (f(x) - g(x)) 2 dx (b) tc f (/(x) 2 - g(x) 2 ) dx 

J a J a 

solution The correct answer is (b). Cross sections of the solid will be washers with outer radius f(x) and inner radius 
g(x). The area of the washer is then nf(x) 2 - ng(x) 2 = n(f(x) 2 - g(x) 2 ). 

Exercises 

In Exercises 1-4, (a) sketch the solid obtained by revolving the region under the graph of f(x) about the x-axis over the 
given interval, ( b) describe the cross section perpendicular to the x-axis located at x, and (c) calculate the volume of the 
solid. 

1. f(x) = x + 1, [0. 3] 

SOLUTION 

(a) A sketch of the solid of revolution is shown below: 
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(b) Each cross section is a disk with radius x + 1. 

(c) The volume of the solid of revolution is 


f 3 2 f 3 2 

n I (x + 1) dx = n I (x + lx + 1) dx = n 

Jo Jo 



+ x 



3 

= 217 r. 

0 


3. f(x ) = y/x + l f [1,4] 

SOLUTION 

(a) A sketch of the solid of revolution is shown below: 


y 


2 

l 


-l 

-2 



x 


(b) Each cross section is a disk with radius V x + 1. 

(c) The volume of the solid of revolution is 


n I (Vx + 1)^ dx = jt / (x + l)4x = tt 



2l7T 

"1“' 


In Exercises 5-12, find the volume of revolution about the x-axis for the given function and interval. 

5. f(x) = 3x — x 2 , [0, 3] 
solution The volume of the solid of revolution is 


f 


(3x — x 2 ) 2 dx = 71 I (9x Z — 6x J + X 4 ) dx = Tt I 3x 3 — -JT 4 + -X 


■r 

Jo 


81tt 

~W' 


7 . /(x) = x 5 / 3 , [1,8] 

solution The volume of the solid of revolution is 


/*8 

/ (x 5 / 3 ) 2 


dx = 71 


f 8 x W /l dx = ^x 13 / 3 

Jl 13 


8 


37T 


1 =^ (213 - 1) = 


24573tt 
13 ' 


9- /(x) = 


[1.3] 


x + 1 

solution The volume of the solid of revolution is 

2 


j; 


X + 1 


dx = 4jt J (x + 1) 2 dx = —47 r (x + 1) 3 


11. /(x) = CSC X, 


7X 3tT 

J* T 


solution The volume of the solid of revolution is 
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In Exercises 13 and 14, R is the shaded region in Figure 11. 


-2 


FIGURE 11 

13. Which of the integrands (i)-(iv) is used to compute the volume obtained by rotating region R about y = -21 

(i) (f(x) 2 + 2 2 )-(g(x) 2 + 2 2 ) 

(ii) (f(x) + 2) 2 ~(g(x) + 2) 2 

(iii) (/ (x) 2 — 2 2 ) — (g(x) 2 — 2 2 ) 

(iv) (f(x) - 2) 2 - (g(x) - 2) 2 

solution when the region R is rotated about y = -2, the outer radius is f(x) - (-2) = f(x) + 2 and the inner 
radius is g(x) - (-2) = g(x) + 2. Thus, the appropriate integrand is (ii): (f(x) + 2) 2 - (g(x) + 2) 2 . 

In Exercises 15-20, (a) sketch the region enclosed by the curves, (b) describe the cross section perpendicular to the x-axis 
located at x, and (c) find the volume of the solid obtained by rotating the region about the x-axis. 

15. y = x 2 + 2, y = 10 - x 2 

SOLUTION 

(a) Setting x 2 + 2 = 10 - * 2 yields 2x 2 = 8, or x 2 = 4. The two curves therefore intersect at x = ±2. The region 
enclosed by the two curves is shown in the figure below. 



y 



(b) W hen the region is rotated about the x-axis, each cross section is a washer with outer radius R = 10 - x 2 and inner 
radius r = x 2 + 2. 

(c) The volume of the solid of revolution is 


n 





(» 2 + 2 ) 2 ) 



24.v 2 ) dx = n ^96x — 


2 

= 256tt. 


-2 


17. y = 16 — x, y = 3x + 12, x = —1 

SOLUTION 

(a) Setting 16 - x = 3x + 12, we find that the two lines intersect at x = 1. The region enclosed by the two curves is 
shown in the figure below. 



(b) W hen the region is rotated about the jc-axis, each cross section is a washer with outer radius R = 16- x and inner 
radius r = 3x + 12. 
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(c) The volume of the solid of revolution is 


n 



~*) 2 


(3x + 12) 2 ) 



— 104x — 8a' 2 ) dx = 7T 


(n2x - 52x 2 



656jt 

^3~ 


__ „ tc n 

19. v = sec x, y = 0, x = - — , x = — 

4 4 

SOLUTION 

(a) The region in question is shown in the figure below. 



(b) When the region is rotated about the x-axis, each cross section is a circular disk with radius R = secx. 

(c) The volume of the solid of revolution is 


r ,A 2 

n / (sec x) dx = n (tan x) 
J —n /4 


7T/4 

= 2j r. 

— 7T/4 


In Exercises 21-24, find the volume of the solid obtained by rotating the region enclosed by the graphs about the y-axis 
over the given inten’al. 


21. x = Jy, x = 0; 1 < y < 4 

solution When the region in question (shown in the figure below) is rotated about the y-axis, each cross section is a 
disk with radius Jy. The volume of the solid of revolution is 


n 




15tt 

~Y' 


y 



23. x = y 2 , x = Jy 

solution Setting y 2 = yy and then squaring both sides yields 

y 4 = y or y 4 -y = y(y 3 -l) = 0. 


so the two curves intersect aty = 0 and y = 1. When the region in question (shown i n the figure below) is rotated about 
the y-axis, each cross section is a washer with outer radius R = yy and inner radius r = y 2 . The volume of the solid of 
revolution is 


7 r 



O’ 2 ) 2 ) dy 


= TC 



3tc 

10 ' 





o 


l 
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25 . Rotation of the region in Figure 12 about the y-axis produces a solid with two types of different cross sections. 
Compute the volume as a sum of two integrals, one for -12 < y < 4 and one for 4 < y < 12. 


y 



solution For -12 < y < 4, the cross section is a disk with radius i(y + 12); for 4 < y < 12, the cross section is a 
disk with radius J(12 - y). Therefore, the volume of the solid of revolution is 




(y + 12 Jdy + - 
-12 4 


L 


12 


(12 — y r dy 




i 


yY 


I 12 

I4 


512jt 128tt 


640jt 


In Exercises 27-32, find the volume of the solid obtained by rotating region A in Figure 13 about the given axis. 



27 . x-axis 

solution Rotating region A about the x-axis produces a solid whose cross sections are washers with outer radius 
R = 6 and inner radius r = x 2 + 2. The volume of the solid of revolution is 


n 



-(* 2 + 2 ) 2 ) 



) dx = n 




704?r 
15 ' 


29 . y = 2 

solution Rotating the region A about y = 2 produces a solid whose cross sections are washers with outer radius 


R = 6 - 2 = 4 and inner radius r = x 2 + 2 - 2 = x 2 


The volume of the solid of revolution is 


J ^4 2 — (x 2 ) 2 ^ dx = n ^16x — -x^ 


128tt 


31 . x = — 3 

solution Rotating region A about x = -3 produces a solid whose cross sections are washers with outer radius 
r - Jy -2 - (-3) = Vt - 2 + 3 and inner radius r = 0 - (-3) = 3. The volume of the solid of revolution is 


■ ((3 + Jy - 2) 2 - (3) 2 ) dy = it (6 v /y - 2 + y - 2) dy = n ^4(y - 2 ) 3/2 + ^y 2 - 2yj 


= 407T. 


In Exercises 33-38, find the volume of the solid obtained by rotating region B in Figure 13 about the given axis. 

33 . x-axis 

solution Rotating region B about the x-axis produces a solid whose cross sections are disks with radius R = x 2 + 2. 
The volume of the solid of revolution is 

71 J (jr + 2) 2 dx = 71 J (x^ + 4x 2 + 4) dx = tv l- x^ + -x^ + 4x 


376jt 


0 


15 
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35 . y = 6 

solution Rotating region B about y = 6 produces a solid whose cross sections are washers with outer radius R = 
6 - 0 = 6 and inner radius r = 6 - (x 2 + 2) = 4 - x 2 . The volume of the solid of revolution is 


n j ^6 2 — (4 — x 2 ) 2 ^ dy — n J ^20 + 8x 2 — x ^ dy = jt ^20x + -x^ — -x^ 


824tt 
15 ' 


37 . x = 2 


solution Rotating region B about x = 2 produces a solid with two different cross sections. For each y e [0, 2], the 
cross section is a disk with radius R = 2; for each y e [2, 6], the cross section is a disk with radius R = 2 - ,/y - 2. 
The volume of the solid of revolution is 


n Jo ^ 2dy + n J 2 ( 2 -^ 


2) 2 dy = n /. 4 dy + n J (2 + y — Ajy -2) dy 
,r(2, + iv 2 -?<,-2)W) 


= n (4 v) 


32x r 


In Exercises 39—52, find the volume of the solid obtained by rotating the region enclosed by the graphs about the given 
axis. 


39 . y = x 2 , y = 12 - x, x = 0, about y = -2 

solution Rotating the region enclosed by y = x 2 , y = 12 - x and the v-axis (shown in the figure below) about 
y = -2 produces a solid whose cross sections are washers with outer radius R = 12 - x - (-2) = 14 - x and inner 
radius r = x 2 - (-2) = x 2 + 2. The volume of the solid of revolution is 



41 . y = 16 - 2x, y = 6, x = 0, about x-axis 

solution Rotating the region enclosed by y = 16 - 2x, y = 6 and the y-axis (shown in the figure below) about the 
x-axis produces a solid whose cross sections are washers with outer radius R = 16 - 2x and inner radius r = 6. The 
volume of the solid of revolution is 


• J ^(16 — 2x) 2 — 6 2 ) dx — n J (220 — 64x + 4x 2 ) dx 


= n ( 220x — 32x 2 + -x^ 


1400tt 


y 
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43. y = secA, y = 1 -t — x, about x-axis 

7T 

solution We first note that y = secx and y = 1 + (3 /n)x intersect at jc = 0 and jc = n/3. Rotating the region 
enclosed by y = sec x and y = 1 + (3/7t)a (shown in the figure below) about the A-axis produces a cross section that is 
a washer with outer radius R = 1 + (3 /n)x and inner radius r = sec x. The volume of the solid of revolution is 



y 



45. y = 2 sfx, y = x, about x = —2 

solution Setting 2 Jx = x and squaring both sides yields 

4 .v = x 2 or x(x — 4) = 0, 

so the two curves intersect at x = 0 and jc = 4. Rotating the region enclosed by y = 2Jx and y = x (see the figure 
below) about x = -2 produces a solid whose cross sections are washers with outer radius R = y - (-2) = y + 2 and 
inner radius r = \y 2 - (-2) = | y 2 + 2. The volume of the solid of revolution is 



y 



47. y = x 3 , y = a 1 / 3 , for x > 0, about y-axis 

solution Rotating the region enclosed by y = a 3 and y = a 1 / 3 (shown in the figure below) about the y-axis produces 
a solid whose cross sections are washers with outer radius R = y 1 / 3 and inner radius r = y 3 . The volume of the solid of 
revolution is 


n Jo ( (;yl/3)2 - (),3)2 ) dy 


f\y 

Jo 


2//3 — y®) dy = n 




167T 

IT' 
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y 



49 . y = 


9 


y = 10 — x 2 , 


a > 0, about y = 12 


solution The region enclosed by the two curves is shown in the figure below. Rotating this region about _y = 12 
produces a sol id whose cross sections are washers with outer radius R = 12 - 9x -2 and inner radius r = 12- (10 -x 2 ) = 
2 + x 2 . The volume of the solid of revolution is 



(a 2 + 2) 2 ) dx =n J (l40 - 4 x 2 - a 4 - 216a -2 + 81a -4 ) dx 


= 7 i ( 140a — -a 3 — —x^ + 216a 3 — 27a 3 


1184 7T 
15 


y 



51 . y = y = \ - x, about y-axis 

A ' 2 


solution We will rotate about the y-axis, so solving for a gives the curves x = - and a = - - y . These curves 

y 2 

intersect at y = - and at y = 2. Rotating the region enclosed by these curves (see figure below) produces a solid whose 

cross sections are washers with outer radius R = - - v and inner radius r = The volume of the solid of revolution is 

2 y 

then 



53 . The bowl in Figure 14(A) is 21 cm high, obtained by rotating the curve in Figure 14(B) as indicated. Estimate the 
volume capacity of the bowl shown by taking the average of right- and left-endpoint approximations to the integral with 
N = 7. The inner radii (in cm) starting from the top are 0, 4, 7, 8, 10, 13, 14, 20. 
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21 cm 


(A) (B) 

FIGURE 14 

solution Using the given values for the inner radii and the values in Figure 14(B), which indicate the difference 
between the inner and outer radii, we find 

Rj = 3t r ((23 2 - 14 2 ) + (25 2 - 13 2 ) + (26 2 - 10 2 ) + (27 2 - 8 2 ) + (28 2 - 7 2 ) + (29 2 - 4 2 ) + (30 2 - 0 2 )) 

= 3tt( 4490) = 13470ir 
and 

L 7 = 3t r ((20 2 - 20 2 ) + (23 2 - 14 2 ) + (25 2 - 13 2 ) + (26 2 - 10 2 ) + (27 2 - 8 2 ) + (28 2 - 7 2 ) + (29 2 - 4 2 )) 

= 3tt(3590) = 10770jt 

Averaging these two values, we estimate that the volume capacity of the bowl is 

V = 12120tt 38076.1 cm 3 . 



55. Find the volume of the cone obtained by rotating the region under the segment joining (0, h ) and (r, 0) about the 
y-axis. 

solution The segment joining (0, h ) and 0) has the equation 

h r 

y = x + h or x — (h — y ). 

r h 

Rotating the region under this segment about the v-axis produces a cone with volume 

t h 


nr 2 f h ■) nr 2 

~rr / ( h ~ y ) 2 dx = _ y ) 




3 h^ 


0 


= — nr * h . 


57. H Sketch the hypocycloid x 2 / 3 + y 2 / 3 = 1 and find the volume of the solid obtained by revolving it about the 
x-axis. 

solution A sketch of the hypocycloid is shown below. 



For the hypocycloid, y = ± (l - x 2 / 3 ) 1 . Rotating this region about the.x-axis will produce a solid whose cross sections 
are disks with radius R = (l - x 2/3 ) 3/2 . Thus the volume of the solid of revolution will be 




= n t ^- + 9 -xV 3 - 9 -xW+x 


32 n 
105 ' 
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59 . A "bead" is formed by removing a cylinder of radius r from the center of a sphere of radius R (Figure 17). Find the 
volume of the bead with r = 1 and R = 2. 



R 


FIGURE 17 A bead is a sphere with a cylinder removed. 

solution The equation of the outer circle is x 2 + y 2 = 2 2 , and the inner cylinder intersects the sphere when y = ±V3. 
Each cross section of the bead is a washer with outer radius a/4 - y 2 and inner radius 1, so the volume is given by 

” /-'I ((^ " y! ) " l2 ) iy = * /-^ ( 3 - ■ y2 ) “ y = ta ' /5 - 


Further Insights and Challenges 

61 . The solid generated by rotating the region inside the ellipse with equation (|) + (£) =1 around the x-axis is 
called an ellipsoid. Show that the ellipsoid has volume | nab 2 . What is the volume if the ellipse is rotated around the 
y-axis? 

SOLUTION 


• Rotating the ellipse about the x-axis produces an ellipsoid whose cross sections are disks with radius R = 
bjl - (x/a) 2 . The volume of the ellipsoid is then 


n 






dx = bn 





Rotating the ellipse about the v-axis produces an ellipsoid whose cross sections are disks with radius R = 
ay / 1 - (y/b) 2 . The volume of the ellipsoid is then 


L 


1 — (y/b) 2 I dy = a 2 n 


L 


1 “ u y2 ) d y = a 2 * ( y - 


3 b 2 ' 


4 2 , 

= -nab. 

-b 3 


63 . Verify the formula 


Jx\ 


(x — x\)(x ■ 


■ X 2 ) dx = n(x\ 

0 


■ x 2 ) 


■ 


Then prove that the solid obtained by rotating the shaded region in Figure 19 about the uc-axis has volume V = %BH 2 , 
with B and H as in the figure. Hint: Let x\ and xi be the roots of f(x) = ax + b - (mx + c) 2 , where x\ < X 2 ■ Show 
that 

r* 2 


V =71 


f 

Jx 1 


f(x)dx 


and use Eq. (3). 



FIGURE 19 The line y = mx + c intersects the parabola y 2 = ax + b at two points above the uc-axis. 
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solution F i rst, w e cal cu I ate 

r 

J X 1 


. 1 o 1 2 

( x — jci)(jc — X2 ) dx = ( -jc — — (jci + X2)x + x \ X2X 


x 2 


*1 


= g *! - 2 * 1*2 + 2 * 1*2 “ 6*2 


= - (xl - 3x^x2 + 3x\xj - * 2 ) = g ( X 1 


- X2) 3 . 


Now, consider the region enclosed by the parabola y 2 - ax + b and the line y = mx + c, and let jci and xj denote the 
^-coordinates of the points of intersection between the two curves with x\ < xj- Rotating the region about the y-axis 
produces a solid whose cross sections are washers with outer radius R = -7 ax + b and inner radius r = mx + c. The 
volume of the solid of revolution is then 


V = n 


J ^ (ax + b — (mx + c) 3 ^ 


dx 


Because.il and X 2 are roots of the equation ax + b - (mx + c) 2 = 0 and ax + b- (mx + c) 2 is a quadratic polynomial 
in x with leading coefficient -m 2 , it follows that ax + b - (mx + c) 2 = -m 2 (x - x\)(x - X 2 ). Therefore, 


V = —nm‘ 


f 


1 71 2 3 

(x — xi )(x — X 2 ) dx = —m(x 2 — -*]) , 
6 


where we have used Eq. (3). From the diagram, we see that 

B = x 2 - xi and 
so 


H = mB , 


71 n 3 71 7 71 7 

V = -m l B i = -rB 0 mB = —BH l . 
6 6 6 


6.4 The Method of Cylindrical Shells 
Preliminary Questions 

1. Consider the region TZ under the graph of the constant function f(x) = h over the interval [0. r]. Give the height 
and the radius of the cylinder generated when TZ is rotated about: 

(a) the x-axis (b) they-axis 

SOLUTION 

(a) W hen the region is rotated about the x-axis, each shell will have radius h and height r. 

(b) W hen the region is rotated about the. y- axis, each shell will have radius rand height/;. 

2. Let K be the volume of a solid of revolution about the y-axis. 

(a) Does the Shell M ethod for computing V lead to an integral with respect to x or y? 

(b) Does the Disk or Washer M ethod for computing V lead to an integral with respect to x or y? 

SOLUTION 

(a) The Shell method requires slicing the solid parallel to the axis of rotation. In this case, that will mean slicing the sol id 
in the vertical direction, so integration will be with respect to x. 

(b) The Disk or Washer method requires slicing the solid perpendicular to the axis of rotation. In this case, that means 
slicing the solid in the horizontal direction, so integration will be with respect toy. 


Exercises 


In Exercises 1-6, sketch the solid obtained by rotating the region underneath the graph of the function over the given 
interval about the y-axis, and find its volume. 


1. f(x) = x 3 , [0, 1] 

solution A sketch of the solid is shown below. Each shell has radius jc and height jc 3 , so the volume of the solid is 


In 

x ■ x 3 dx = 2n I 

x 4 dx = 2n ( -x 3 ^ 

J 

J 

V5 J 



y 
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3. /(* ) = x 1 , [1, 3] 

solution A sketch of the solid is shown below. Each shell has radius * and height* -1 , so the volume of the solid is 



5. /(*) = 7*2 + 9, [0, 3] 

solution A sketch of the sol id is shown below. Each shell has radius* and height 7* 2 + 9, so the volume of the sol id 
is 


2tt 



+ 9 dx. 


Let w = x 2 + 9. Then du = 2 xdx and 


2tv 



+ 9 dx 



7C 



18 

= 18jr(272-l). 

9 


y 



In Exercises 7-12, use the Shell Method to compute the volume obtained by rotating the region enclosed by the graphs as 
indicated, about the y-cixis. 


7. y = 3* — 2, y = 6 — *, * = 0 

solution The region enclosed by v = 3* - 2, y = 6 - * and * = 0 is shown below. When rotating this region about 
the y-axis, each shell has radius * and height 6 - * - (3* - 2) = 8 - 4*. The volume of the resulting solid is 


2n 



*(8 — 4*) dx = 2n 



4*2) dx = 2n 





y 



9. y = * 2 , y = 8 — *2, * = 0, for*>0 

solution The region enclosed by v = * 2 , y = 8 - * 2 and the y-axis is shown below. When rotating this region about 
they-axis, each shell has radius * and height 8 - * 2 - * 2 = 8 - 2* 2 . The volume of the resulting solid is 


2n 



2* 2 ) dx = 2n 



2 x^)dx = 2n 




— 167T. 
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11. y = (x 2 + 1) 2 , y = 2 — (x 2 + 1) 2 , x = 2 

solution The region enclosed by v = ( x 2 + l )~ 2 , y = 2 - (x 2 + l) -2 and x = 2 is shown below. When rotating 
this region about the y-axis, each shell has radius x and height 2 - (x 2 + l) -2 - (x 2 + 1)“ 2 = 2 - 2(x 2 + l) -2 . The 
volume of the resulting solid is 


2n f x(2 — 2(x 2 + 1) 2 )dx = 2n 
JO 


f 


2x — 


2x 


(x 2 + 1) 


-2 


dx = 2 n ( x 2 + 


x 2 + l 



y 



In Exercises 13 and 14, use a graphing utility to find the points of intersection of the cun’es numerically and then compute 
the volume of rotation of the enclosed region about the y-axis. 

13. |.GU|J y = ^x 2 , y = sin(x 2 ), x > 0 

solution The region enclosed by y = ^x 2 and y - sinx 2 is shown below. When rotating this region about the y-axis, 
each shell has radius x and height sinx 2 - ^x 2 . Using a computer algebra system, we find that thex-coordinate of the 
point of intersection on the right isx = 1.376769504. Thus, the volume of the resulting solid of revolution is 

/■ 1.376769504 / i 

2 t r J x (sinx 2 - -x 2 J dx = 1.321975576. 



In Exercises 15-20, sketch the solid obtained by rotating the region underneath the graph of f(x) over the interval about 
the given axis, and calculate its volume using the Shell Method. 

15. f(x) = x 2 , [0,1], about x = 2 

solution A sketch of the solid is shown below. Each shell has radius 2 - x and height x 3 , so the volume of the solid is 
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17 . fix') — x 4 , [-3,-1], about.* = 4 

solution A sketch of the solid is shown below. Each shell has radius 4 - * and height* -4 , so the volume of the solid 
is 



19 . f(x) = a-x with a >0, [0, a], about* = -1 

solution A sketch of the solid is shown below. Each shell has radius * - (-1) = * + 1 and height a - *, so the 
volume of the solid is 


r a 

2n I (* + 1 ) (a — *) dx = 2n 
JO 


C a / 

J (a + (a — l)x — x 2 j 


dx 


= 2n 




a 

0 


= 2tt 


2 a i {a - 1 ) 

Cl — 


a 2 (a + 3) 



In Exercises 21-26, sketch the enclosed region and use the Shell Method to calculate the volume of rotation about the 
x-axis. 


21 . * = y, y = 0 , * = 1 

solution When the region shown below is rotated about the *-axis, each shell has radius y and height 1 - y. The 
volume of the resulting solid is 



23 . * = y(4 - y), y = 0 

solution When the region shown below is rotated about the *-axis, each shell has radius y and height y(4 - y). The 
volume of the resulting solid is 


2 n 



n 4 

y) dy = 2 n {Ay 2 

Jo 


dy = 2n 



128jt 


0 


3 
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y 



25. y = 4 — x 2 , x = 0, y = 0 

solution W hen the region shown below is rotated about the x-axis, each shell has radius y and height V4 - y. The 
volume of the resulting solid is 


2n 



Let « = 4 - y. Then du = -dy, y = 4 - u, and 


2ji 





du 


= 2n 



256tt 
15 ' 


y 



27. Use both the Shell and Disk M ethods to calculate the volume obtained by rotating the region under the graph of 
/(x) = 8 - x 3 for 0 < x < 2 about: 

(a) the x-axis (b) they-axis 


SOLUTION 


(a) x-axis: Using the disk method, the cross sections are disks with radius R = 8 - x 3 ; hence the volume of the solid is 


■/; 


n I (8 — x 3 ) 2 dx = n ( 64x — 4x 4 + -x‘ 


576tt 
7 ' 


With the shell method, each shell has radius y and height (8 - y) 1 / 3 . The volume of the solid is 


7 . 


2tt / y (8 - y) 1/3 dy 


L et u = 8 - y . Then dy = -du, y = 8 - u and 


2n f y (8 — v)^ 3 dy = 2n f (8 — u) ■ z< 3 / 3 du = 2n [ (8z 7/ 3 — i;^ 3 ) 

Jo ' Jo Jo 


du 


= 2n ( 6;< 4 / 3 — y“ 7 / 3 


8 


576tt 


0 7 

(b) y-axis: With the shell method, each shell has radius x and height 8 - x 3 . The volume of the solid is 


f 2 

Jo 


2 n I x(8 — x 3 ) rfx = 27r ( 4x z — -x‘ 


96tt 


Using the disk method, the cross sections are disks with radius R = (8 - y) 1 / 3 . The volume is then given by 


f (8 - v) 2/3 dy = - ^7 (8 - y) 5/3 

Jo 5 


96t r 
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29 . Thegraph in Figure 11(A) can be described by both y = f(x) and x = h(y), where h is the inverse of /. Let V be 
the volume obtained by rotating the region under thegraph about the y-axis. 

(a) Describe the figures generated by rotating segments A~B and CB about the v-axis. 

(b) Set up integrals that compute V by the Shell and Disk M ethods. 


y y 



SOLUTION 

(a) When rotated about the y-axis, the segment Zb generates a disk with radius R = h(y) and the segment CB generates 
a shell with radius x and height f(x). 

(b) Based on Figure 11(A) and the information from part (a), when using the Shell M ethod, 

V = 2n f x/(x) dx\ 

JO 


when using the Disk M ethod, 


V = n 



(h(y)) 2 dy. 


31 . Let R be the region under the graph of y = 9 - x 2 for 0 < x < 2. Use the Shell M ethod to compute the volume of 
rotation of R about the x-axis as a sum of two integrals along the y-axis. Hint: The shells generated depend on whether 
y e [0, 5] or y e [5, 9], 

solution The region R is sketched below. W hen rotating this region about the x-axis, we produce a solid with two 
different shell structures. For 0 < y < 5, the shell has radius y and height 2; for 5 < y < 9, the shell has radius y and 
height V9 - y. The volume of the solid is therefore 

f 5 r 9 

V = 2n J 2ydy + 2n J y ^9 — y dy 

For the first integral, we calculate 


2n 


f 


2y dy = 2 ny 2 


= 50 ^. 


For the second integral, we make the substitution u = 9 - y, du - -dy and find 


Thus, the total volume is 



— u)\[u du 



— 2 n ^6i ?! 2 



4 

0 


= 2 n 



352tt 

5 


„ cn 352 tt 602tt 

V = 50tt + —— = — — 


y 
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In Exercises 33-38, use the Shell Method to find the volume obtained by rotating region A in Figure 12 about the given 
axis. 



33. y-axis 

solution W hen rotating region A about the y-axis, each shell has radius x and height 6 - (x 2 + 2) = 4 - * 2 . The 
volume of the resulting solid is 


■t 

Jo 


r 

Jo 


2k I *(4 — x 2 ) dx = 2n I (Ax — * J ) dx = 2n ( 2x 



= Qjt . 


35 . x = 2 

solution W hen rotating region A about x = 2, each shell has radius 2 - x and height 6 - (x 2 + 2) = 4 - x 2 . The 
volume of the resulting solid is 


2n 


j (2 — x) ^4 — * 2 ^ dx = 2k j ^8 — 2x 2 — Ax + *^ dx = 2n ^ 


8jf — 


— 2* 2 + x 

A 


40^- 

HT' 


37. y = -2 

solution W hen rotating region A about y = -2, each shell has radius v - (-2) = y + 2 and height Jy - 2. The 
volume of the resulting solid is 


2n 



Let u = y - 2. Then du = dy, y + 2 = u + 4 and 


2n 



2 dy = 2 n 





4 

0 


10247T 

15 


In Exercises 39-44, use the most convenient method ( Disk or Shell Method ) to find the volume obtained by rotating region 
B in Figure 12 about the given axis. 


39. y-axis 

solution Because a vertical slice of region B will produce a solid with a single cross section while a horizontal slice 
will produce a solid with two different cross sections, we will use a vertical slice. Now, because a vertical slice is parallel 
to the axis of rotation, we will use the Shell M ethod. Each shell has radius* and height* 2 + 2. The volume of the resulting 
solid is 


2n 



+ 2 ) dx = 2 n 



+ 2 *) dx = 2k 



— 16jt. 


41. * = 2 

solution Because a vertical slice of region B will produce a solid with a single cross section while a horizontal slice 
will produce a solid with two different cross sections, we will use a vertical slice. Now, because a vertical slice is parallel 
to the axis of rotation, we will use the Shell M ethod. Each shell has radius 2 - * and height* 2 + 2. The volume of the 
resulting solid is 


2k 


J (2 — *) ^* 2 + 2^j dx = 2k J ( 2x 2 — *^ + 4 — 2*^ dx = 2k ^ 


2 3 1 4 2 

- * 3 * 4 + Ax — * z 

3 4 


32tt 

HT‘ 


43. y = -2 

solution Because a vertical slice of region Swill produce a sol id with a single cross section while a horizontal slice will 
produce a solid with two different cross sections, we will use a vertical slice. Now, because a vertical si ice is perpendicular 
to the axis of rotation, we will use the Disk M ethod. Each disk has outer radius R = * 2 + 2 - (-2) = * 2 + 4 and inner 
radius r = 0 - (-2) = 2. The volume of the solid is then 
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71 Jo (^ 2 + 4 ^ 2 


l ) dx =’h 


(. x 4 + 8 . 1 2 + 12 ) dx 


= tv 


1 5 83 

-jr + -jr + 12x 


= 7T 



776tt 
15 ' 


//! Exercises 45-50, use the most convenient method (Disk or Shell Method ) to find the given volume of rotation. 


45 . Region between x = y(5 - y) and x - 0, rotated about the y-axis 

solution Examine the figure below, which shows the region bounded by x = y(5 - y) and x = 0. If the indicated 
region is sliced vertically, then the top of the slice lies along one branch of the parabola x = y (5 - y) and the bottom 
lies along the other branch. On the other hand, if the region is sliced horizontally, then the right endpoint of the slice 
always lies along the parabola and left endpoint always lies along the v-axis. Clearly, it will be easier to slice the region 
horizontally. 

Now, suppose the region is rotated about the y-axis. Because a horizontal slice is perpendicular to the y-axis, we will 
calculate the volume of the resulting solid using the disk method. Each cross section is a disk of radius R = y(5- y), so 
the volume is 


n f y 2 (5 — v) 2 dy = 71 f (25 y 2 
Jo Jo 


10y 3 + y 4 ) dy = n 



2 y + 5 y 



625zr 

6 


y 



47 . Region in Figure 13, rotated about the x-axis 


y 



FIGURE 13 


solution Examine Figure 13. If the indicated region is sliced vertically, then the top of the slice lies along the curve 
y = x - x 12 and the bottom lies along the curve y = 0 (the x-axis). On the other hand, if the region is sliced horizontally, 
the equation y = x - x 12 must be solved for x in order to determine the endpoint locations. Clearly, it will be easier to 
slice the region vertically. 

Now, suppose the region in Figure 13 is rotated about the x-axis. Because a vertical slice is perpendicular to the 
x-axis, we will calculate the volume of the resulting solid using the disk method. Each cross section is a disk of radius 
R = x - x 12 , so the volume is 


TV 



dx = TV 



;* 14 + 



1 

0 


121jt 

”525“' 


49 . Region in Figure 14, rotated aboutx = 4 


y 



FIGURE 14 
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solution Examine Figure 14. If the indicated region is sliced vertically, then the top of the slice lies along the curve 
y = x 3 + 2 and the bottom lies along the curve y = 4 - x 2 . On the other hand, the left end of a horizontal slice switches 
from y = 4 - x 2 to y = x 3 + 2 aty = 3. Here, vertical slices will be more convenient. 

Now, suppose the region in Figure 14 is rotated about x = 4. Because a vertical slice is parallel to jc = 4, we will 
calculate the volume of the resulting solid using the shell method. Each shell has radius 4 - x and height x 3 + 2 - (4 - 
x 2 ) = x 3 + x 2 - 2, so the volume is 


-f 


2 n I (4 — x)(x 3 + x 2 — 2) dx = 2 jt ( — -x 5 + ^x 4 + -x 3 + x 2 — 8x 


563zr 

~30~' 


In Exercises 51-54, use the Shell Method to find the given volume of rotation. 

51. A sphere of radius r 

solution A sphere of radius r can be generated by rotating the region under the semicircle y = s/r 2 - x 2 about the 
x-axis. Each shell has radius y and height 

7^7 - (-^-yZ) = 2^2 _ y 2. 

Thus, the volume of the sphere is 

2n J 2 y-Jr 3 - — y 2 dy. 

Let u — r 2 — y2. Then du — —2 ydy and 

2n J 2y-J r 2 — y 2 dy = 2 n J *Jiidu = 2n 

53. The torus obtained by rotating the circle (x - a) 2 + y 2 = b 2 about the y-axis, wherea > b (com pare with Exercise 56 
in Section 6.3). Hint: Evaluate the integral by interpreting part of it as the area of a circle. 

solution W hen rotating the region enclosed by the circle (x - a) 2 + y 2 = b 2 about the y-axis each shell has radius 
x and height 

7 b 2 — (x — a )2 — 7 b 2 - — (x — a) 2 ^ = 2 7 ^ 2 — (x — tf) 2 . 

The volume of the resulting torus is then 

ra+b j 

2n I 2 xJb 2 — (x — a) 2 dx. 

Ja—b 



L et u = x — a. Then du = dx, x = u + a and 

ra+b 


2n 


f 2 xJ fo 2 — (x — a) 2 dx = 2 n f 2 (u + a)s/ b 2 - — u 2 du 

Ja—b J —b 

= An I us/ b 2 — u 2 du + 4 an I V b 2 — u 2 du. 

J-b J-b 


Now, 


[ u4i? 

J-b 


— u 2 du = 0 


because the integrand is an odd function and the integration interval is symmetric with respect to zero. M oreover, the 
other integral is one-half the area of a circle of radius b\ thus, 


/ s/b 2 — u 2 du = =jrb 2 . 

-b 2 


Finally, the volume of the torus is 



4tt(0) + 4 an 


= 2it 2 ab 2 . 
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Further Insights and Challenges 

55 . C SS The surface area of a sphere of radius r is 4 nr 2 . Use this to derive the formula for the volume V of a sphere 
of radius R in a new way. 

(a) Show that the volume of a thin spherical shell of inner radius r and thickness A r is approximately Anr 2 Ar. 

(b) Approximate V by decomposing the sphere of radius R into N thin spherical shells of thickness A r = R/N . 

(c) Show that the approximation is a Riemann sum that converges to an integral. Evaluate the integral. 

SOLUTION 

(a) The volume of a thin spherical shell of inner radius r and thickness Ax is given by the product of the surface area of 
the shell, 4 nr 2 and the thickness. Thus, we have47rr 2 A.x. 

(b) The volume of the sphere is approximated by 


Rn = Arc 



where x k = k&. 

/ R \ R r R 

(c) V = An lim ( — ) y (xi,) 2 = An I x 2 dx = An 

n^oo\ N J£^ Jo 




57 . The bell-shaped curve y = f(x) in Figure 16 satisfies dy/dx = -xy. Use the Shell M ethod and the substitution 
u = /(x) to show that the solid obtained by rotating the region R about the y-axis has volume V = 2n(l - c), where 
c = f(a). Observe that as c -> 0, the region R becomes infinite but the volume V approaches 2 n. 



solution Let y = f(x) be the exponential function depicted in Figure 16. When rotating the region R about the 
y-axis, each shell in the resulting solid has radius x and height /(x). The volume of the solid is then 

V = 2n f xf(x) dx. 

JO 


N ow, let u = fix). Then du = f'(x) dx = — x/(x) dx; hence, xf(x)dx = —du, and 


V = 


2n 


J (—du) = 2tc J 


du = 2jt(1 — c). 


6.5 Work and Energy 

Preliminary Questions 

1. Why is integration needed to compute the work performed in stretching a spring? 

solution Recall that the force needed to extend or compress a spring depends on the amount by which the spring has 
already been extended or compressed from its equilibrium position. In other words, the force needed to move a spring is 
variable. Whenever the force is variable, work needs to be computed with an integral. 

2 . Why is integration needed to compute the work performed in pumping water out of a tank but not to compute the 
work performed in lifting up the tank? 

solution To lift a tank through a vertical distance d, the force needed to move the tank remains constant; hence, no 
integral is needed to calculate the work done in lifting the tank. On the other hand, pumping water from a tank requires 
that different layers of the water be lifted through different distances, and, depending on the shape of the tank, may require 
different forces. Thus, pumping water from a tank requires that an integral be evaluated. 
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3 . Which of the following represents the work required to stretch a spring (with spring constant A:) a distance x beyond 
its equilibrium position: Ax, -kx, \mk 2 , \kx 2 , or jmx 2 l 

solution The work required to stretch a spring with spring constant A- a distance beyond its equilibrium position is 




1 

2 


Ax 2 . 


Exercises 

1. How much work is done raising a 4-kg mass to a height of 16 m above ground? 
solution The force needed to lift a 4-kg object is a constant 

(4 kg)(9.8 m/s 2 ) = 39.2 N . 

The work done in lifting the object to a height of 16 m is then 

(39.2 N)(16 m) = 627.2 J. 


In Exercises 3-6, compute the work (in joules) required to stretch or compress a spring as indicated, assuming a spring 
constant of k = 800 N/m. 

3 . Stretching from equilibrium to 12 cm past equilibrium 
solution The work required to stretch the spring 12 cm past equilibrium is 

0.12 


r 

Jo 


800x dx = 400x z 


0.12 
0 


= 5.76 J . 


5 . Stretching from 5 cm to 15 cm past equilibrium 

solution The work required to stretch the spring from 5 cm to 15 cm past equilibrium is 

r-0.15 


L 


800x dx = 400x z 


05 


0.15 

0.05 


= 8 J . 


7 . If 5 J of work are needed to stretch a spring 10 cm beyond equilibrium, how much work is required to stretch it 15 cm 
beyond equilibrium? 

solution F irst, we determine the value of the spring constant as follows: 


/• 0.1 

Jo 


1 t 

kx dx = -kx 


0.1 


= 0.005A = 5 J . 


Thus, k = 1000 N/m. Next, we calculate the work required to stretch the spring 15 cm beyond equilibrium: 


/•0.15 

Jo 


lOOOx dx = 500x^ 


0.15 


= 11.25], 


9 . A spring obeys a force law F(x ) = -Ax 1 - 1 with A = 100 N/m 11 . Find the work required to stretch the spring 0.3 m 
past equilibrium. 

solution The work required to stretch this spring 0.3 m past equilibrium is 


/• 0.3 

Jo 


lOOx 11 dx = ^x 21 


0.3 


7.25 J 


In Exercises 11-14, use the method of Examples 2 and 3 to calculate the work against gravity required to build the 
structure out of a lightweight material of density 600 kg/m 1 . 


11 . Box of height 3 m and square base of side 2 m 

solution The volume of one layer is 4Ay m 3 and so the weight of one layer is 23520Ay N . Thus, the work done 
against gravity to build the tower is 


W = 


= [ 23520y dy = 11760x 
Jo 


= 105840 J. 
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13 . Right circular cone of height 4 m and base of radius 1.2 m 

solution By similar triangles, the layer of the cone at a height y above the base has radius r = 0.3(4 - y) meters. 
Thus, the volume of the small layer at this height is 0.09 jt(4 - y) 2 Ay m 3 , and the weight is 529.27r(4 - y ) 2 Ay N . 
Finally, the total work done against gravity to build the tower is 



529.2^(4 - y) 2 y dy = 11289.6^ J 


35467.3 J. 


15 . Built around 2600 bce, the Great Pyramid of Giza in Egypt (Figure 7) is 146 m high and has a square base of side 
230 m. Find the work (against gravity) required to build the pyramid if the density of the stone is estimated at 2000 kg/m 3 . 



FIGURE 7 The Great Pyramid in Giza, Egypt. 


solution From similar triangles, the area of one layer is 
so the volume of each small layer is 


The weight of one layer is then 


19600 




Ay N. 


Finally, the total work needed to build the pyramid was 



19600 



230 \ 2 
146 7 


ydy 


1.84 x 10 12 J . 


In Exercises 17-22, calculate the work (in joules) required to pump all of the water out of a full tank. Distances are in 
meters, and the density of water is 1000 kg/m 3 . 

17 . Rectangular tank in Figure 8; water exits from a small hole at the top. 

Water exits here. 

\ % 

5 

4 

8 

FIGURE 8 


solution Place the origin on the top of the box, and let the positive y-axis point downward. The volume of one layer 
of water is 32Ay m 3 , so the force needed to lift each layer is 


(9.8) (1000 )32 Ay = 313600Ay N . 

Each layer must be lifted y meters, so the total work needed to empty the tank is 


j c 


SmOOydy = 156800y' 


= 3.92 x 10 b 
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19 . Hemisphere in Figure 9; water exits through the spout. 


FIGURE 9 

solution Place the origin at the center of the hemisphere, and let the positive v-axis point downward. The radius of a 
layer of water at depth y is ,/l00 - y 2 m, so the volume of the layer is 7r (100 - y 2 ) Ay m 3 , and the force needed to lift 
the layer is 9800^(100 - y 2 )Ay N . The layer must be lifted y + 2 meters, so the total work needed to empty the tank is 

f W 9800tt (100 - y 2 )(y + 2) dy = 11270000(Lt j ^ 118 x 10 8 J . 

JO 3 

21 . Horizontal cylinder in Figure 11; water exits from a small hole at the top. Hint: Evaluate the integral by interpreting 
part of it as the area of a circle. 


Water exits here. 



FIGURE 11 

solution Place the origin along the axis of the cylinder. At location y, the layer of water is a rectangular slab of length 
i, width Isjr 1 - y 2 and thickness Ay. Thus, the volume of the layer is llsjr 1 - y 2 Ay, and the force needed to lift the 
layer is 19,600 Isjr 1 - y 2 Ay. The layer must be lifted a distance r - y, so the total work needed to empty the tank is 
given by 

J 19,600 l-J r 2 — y 2 (i ' — y) dy = 19,600Tr J -Jr 2 — y 2 dy — 19.600F J y-jr 2 — y 2 dy. 

Now, 


J y-\J y2 — y 2 du = 0 

because the integrand is an odd function and the integration interval is symmetric with respect to zero. M oreover, the 
other integral is one-half the area of a circle of radius r; thus, 

J Jr 2 ~ y 2 dy = Ijrr 2 . 

Finally, the total work needed to empty the tank is 


19,600£r 



- 19,600T(0) = 9800&rr 3 J. 


23 . Find the work w required to empty the tank in Figure 8 through the hole at the top if the tank is half full of water. 

solution Place the origin on the top of the box, and let the positive y-axis point downward. Note that with this 
coordinate system, the bottom half of the box corresponds to y values from 2.5 to 5. The volume of one layer of water is 
32Ay m 3 , so the force needed to lift each layer is 


(9.8)(1000)32Ay = 313,600Ay N . 


Each layer must be lifted y meters, so the total work needed to empty the tank is 



313,600y dy = 156, 800y 2 


5 

= 2.94 x 10 6 J. 


2.5 
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25 . Assume the tank in Figure 10 is full. Find the work required to pump out half of the water. Hint: First, determine the 
level H at which the water remaining in the tank is equal to one-half the total capacity of the tank. 

solution Our first step is to determine the level H at which the water remaining in the tank is equal to one-half the 
total capacity of the tank. From Figure 10 and similar triangles, we see that the radius of the cone at level H is H/2 so 
the volume of water is 


V = -nr A H = -n 


fj H =& Ha 


The total capacity of the tank is 250^/3 m 3 , 
the total capacity of the tank satisfies 


so the water level when the water remaining in the tank is equal to one-half 


125 


10 


_ nH >=—n or H=^m. 

Place the origin at the vertex of the inverted cone, and let the positive y-axis point upward. Now, consider a layer of 
water at a height of y meters. From similar triangles, the area of the layer is 


so the volume is 


*G) " 


in 3 . 


Thus the weight of one layer is 


980077 Ay N . 

The layer must be lifted 12 - y meters, so the total work needed to empty the half-full tank is 

f W 9800:/r (12 — y)dy ^ 3.79 x 10 6 J . 

J 10/2V3 \2/ 

27 . Calculate the work required to lift a 10-m chain over the side of a building (Figure 13) Assume that the chain has a 
density of 8 kg/m. Hint: B reak up the chain into N segments, estimate the work performed on a segment, and compute 
the limit as N ->■ oo as an integral. 



FIGURE 13 The small segment of the chain of length Ay located y meters from the top is lifted through a vertical 
distance y. 


solution In this example, each part of the chain is lifted a different distance. Therefore, we divide the chain into 
N small segments of length Ay = 10/A. Suppose that the ith segment is located a distance y, from the top of the 
building. This segment weighs 8(9.8)Ay kilograms and it must be lifted approximately y ( - meters (not exactly y ; meters, 
because each point along the segment is a slightly different distance from the top). The work Wi done on this segment is 
approximately W) & 78.4y,- Ay N . The total work W is the sum of the W, and we have 

N N 

w = j2 w i^I2 78 - 4 - v / 

7=1 7 = 1 


Passing to the limit as N ->• oo, we obtain 


r 10 

Jo 


10 


W= 78.4 v dy = 39.2 v z 


= 3920 I . 


0 
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29 . A 6-m chain has mass 18 kg. Find the work required to lift the chain over the side of a building. 

solution First, note that the chain has a mass density of 3 kg/m. Now, consider a segment of the chain of length Ay 
located a distance yj feet from the top of the building. The work needed to lift this segment of the chain to the top of the 
building is approximately 

Wj « (3Ay)9.8y; ft-lb. 

Summing over all segments of the chain and passing to the limit as Ay -»• 0, it follows that the total work is 



14.7y 2 


6 

o 


529.2 j. 


31 . How much work is done lifting a 12-m chain that has mass density 3 kg/m (initially coiled on the ground) so that its 
top end is 10 m above the ground? 

solution Consider a segment of the chain of length Ay that must be lifted yj feet off the ground. The work needed to 
lift this segment of the chain is approximately 


Wj « (3Ay)9.8y; j . 

Summing over all segments of the chain and passing to the limit as Ay -> 0, it follows that the total work is 



33 . Calculate the work required to lift a 3-m chain over the side of a building if the chain has variable density of 
p(x) = x 2 - 3x + 10 kg/m for 0 < x < 3. 

solution Consider a segment of the chain of length Ax that must be lifted xj feet. The work needed to lift this segment 
is approximately 


Wj « (p(xj)Ax) 9.8 Xj J . 

Summing over all segments of the chain and passing to the limit as Ax -»• 0, it follows that the total work is 


/•3 

J 9.8 p(x)xdx = 9.8 J (x 3 — 3x 2 + 10x^ dx 


= 9.8 ( -x 4 — x 3 + 5x 2 
, 4 


= 374.85 I. 


0 


Exercises 35-37: The gravitational force between two objects of mass m and M, separated by a distance r, has magnitude 
GMm/r 2 , where G — 6.67 x 10 -33 m 3 kg -3 S -3 . 


35 . Show that if two objects of mass M and m are separated by a distance r\, then the work required to increase the 
separation to a distance rj is equal to W = GMm(rf l - rf l ). 

solution The work required to increase the separation from a distance r\ to a distance rj is 


L 


' 2 GMm GMm 

— dr = 


= GMm(r-y 3 — rj 3 ). 


37 . Use the result of Exercise 35 to compute the work required to movea 1500-kg satell ite from an orbitlOOOto an orbit 
1500 km above the surface of the earth. 

solution The satellite will move from a distance r\ = R e + 1,000,000 to a distance q = R e + 1,500,000. Thus, 
from Exercise 35, 


W = (6.67 x 10 _11 )(5.98 x 10 24 )(1500) x ( — — , - 1 , 

V6.37 x 10 6 + 1,000,000 

- 5.16 x 10 9 J . 


6.37 x 10 6 + 1,500,000 
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Further Insights and Challenges 

39. Work-Energy Theorem An object of mass m moves from x\ to x 2 during the time interval [t\, t 2 ] due to a force 
F(x) acting in the direction of motion. Let x(t), v(t), and a(t) be the position, velocity, and acceleration at time t. The 
object's kinetic energy is KE = \mv 2 . 

(a) U se the change-of-variables formula to show that the work performed is equal to 

fx 2 r>i 

W= F(x)dx = F(x(t))v{t)dt 

J X\ J t\ 

(b) U se N ewton's Second L aw, F(x(t)) = ma(t), to show that 


mv(t ) = F(x(t))v(t) 


(c) Use the FTC to prove the Work-Energy Theorem: The change in kinetic energy during the time interval [t\, tj\ is 
equal to the work performed. 

SOLUTION 

(a) Let. vi = x(ti) and x 2 = x(t 2 ), then * = x{t) gives dx = v{t) dt. By substitution we have 

fx 2 rt 2 

W= F(x)dx= F(x{t))v(t)dt. 

Jx 1 J t\ 

(b) K nowing F(x(t)) = m ■ a(t), we have 


— (bn ■ v(t ) 2 | = m ■ v(t) v\t) (Chain Rule) 
dt \2 J 


= m ■ v (t) a(t) 

= v(t) ■ F(x(t)) (Newton's 2nd law) 


(c) From the FTC, 


Since KE = j m v 2 , 


Trill ■ v(t ) 2 = [ F(x(t)) v(t) dt. 


AKE = KE{t 2 ) - KE(ti) = -m v(t 2 Y - rrm v(tiY = / F(x(t)) v(t)dt. 


fX 2 ft 2 

W= F(x) dx = I F{x{t))v(t)dt 

Jx 1 J t\ 

= KE(t 2 ) - KE(ti) 

= AKE 


(Part (a)) 


(as required) 


41. With what initial velocity uq must we fire a rocket so it attains a maximum height r above the earth? Hint: Use the 
results of Exercises 35 and 39. As the rocket reaches its maximum height, its KE decreases from \mvl to zero. 

solution The work required to move the rocket a distance;- from the surface of the earth is 


W (r) = GM e m 


Re v + Re 


As the rocket climbs to a height r, its kinetic energy is reduced by the amount W(r). The rocket reaches its maximum 
height when its kinetic energy is reduced to zero, that is, when 


-mvk = GM ( ,m 


Re V + Re 


Therefore, its initial velocity must be 


Re T + Re 
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43. Calculate escape velocity, the minimum initial velocity of an object to ensure that it will continue traveling into space 
and never fall back to earth (assuming that no force is applied after takeoff). Hint: Take the limit as r ->• oo in Exercise 41. 
solution The result of Exercise 41 leads to an interesting conclusion. The initial velocity uq required to reach a height 
r does not increase beyond all bounds as r tends to infinity; rather, it approaches a finite limit, called the escape velocity: 


i>esc = I i m 

r— >oo 


2 GM e 



1 A _ 1 2 GM e 
r + Re ) V Re 


In other words, u e sc is large enough to insure that the rocket reaches a height r for every value of r\ Therefore, a rocket 
fired with initial velocity u e sc never returns to earth. It continues traveling indefinitely into outer space. 

N ow, let's see how large escape velocity actually is: 


uesc = 


/ 2 ■ 6.67 x 10 -11 ■ 5.989 x 10 24 
\ 6.37 x 10 6 


1/2 


11,190 m/sec. 


Since one meter per second is equal to 2.236 miles per hour, escape velocity is approximately 11,190(2.236) = 25,020 
miles per hour. 


CHAPTER REVIEW EXERCISES 


1. Compute the area of the region in Figure 1(A) enclosed by y = 2 -x 2 and y = -2. 




(A) (B) 

FIGURE 1 


solution The graphs of y = 2 - x 2 and y = -2 intersect where 2 - x 2 = -2, or x = ±2. Therefore, the enclosed 
area lies over the interval [-2. 2], The region enclosed by the graphs lies below y = 2 - x 2 and above y = -2, so the 
area i s 



- x 1 ) - (- 


2 )) dx = J 


= / (4 — x^)dx = 



32 

T‘ 


In Exercises 3-12, find the area of the region enclosed by the graphs of the functions. 

3. y = x^ — 2 A' 2 + x, y = x 2 — x 

solution The region bounded by the graphs of y = x 3 - 2x 2 + x and y = x 2 - x over the interval [0, 2] is shown 
below. For x e [0, 1], the graph of y = x 3 - 2x 2 + x lies above the graph of y = x 2 - x, whereas, for x e [1, 2], the 
graph of y = x 2 - x lies above the graph of y = x 3 - 2x 2 + x. The area of the region is therefore given by 
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5. x = 4y, x = 24 — 8v, y = 0 

solution The region bounded by the graphs x = 4v, x = 24 - 8y and y = 0 is shown below. For each 0 < y < 2, 
the graph of x = 24 - 8y lies to the right of jc = 4y. The area of the region is therefore 


A = 



(24 — 8>> — 4y) dy = 


L 


2 

(24-12 y)dy 


= (24y - 6v 2 ) 


2 

= 24. 

0 





7. y = 4 — x 2 , y = 3x, y = 4 

solution The region bounded by the graphs of y = 4 - x 2 , y = 3x and y = 4 is shown below. For x e [0. 1], the 
graph of y = 4 lies above the graph of y = 4 - x 2 , whereas, for * e [1. ^], the graph of y = 4 lies above the graph of 
y = lx. The area of the region is therefore given by 


f 


(4- (4 -x l ))dx + 


r 4/3 

A 1 


(4 — 3x) dx 




1 

2 ' 



0 0.2 0.4 0.6 0.8 1 1.2 


5 TC 

9. v = sin jc, y = COSx, 0<x< — 

- - 4 


solution The region bounded by the graphs of y = sin x and y = cosx over the interval [0, is shown below. For 
x e [0, |], the graph of y = cost lies above the graph of y = sinx, whereas, for x e [ '| , ^], the graph of y = sinx 
lies above the graph of y = cosx. The area of the region is therefore given by 



(cosx — sinx) dx + 


L 


57t/4 


7t/4 

itt/4 


(sinx - cosx) dx 


= (sinx + cosx) + (-cosx-sinx) 
lo 


57t/4 

7T/4 


V2 V2 „ , (V2 V2\ ( V2 

= T + T“ (0 + 1) + (t + T “(“T - 



= 3\/2 — 1. 


y 
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11 . 



0 < x < 1 


solution The region bounded by these curves for 0 < * 
the graph of sec 2 the area of the region is given by 


< 1 is shown below. As the graph of sec 2 



lies above 


F 1 / 7 /7tx\ 

7 /trx\ 

\ /4 , 

/ 71 X\ 

8 „ 

( 71 X \ \ 

/ ( sec 2 ( — 

- sec 2 ( — ) 

dx = — tan 

— 

tan 


70 ' ' 4 ' 

V 8 / 


\ 4 / 

71 

^ 8 )) 


4 8 /n\ 

= tan ( p ) 

n tc \ 8 1 


1 

0 



13. H Use a graphing utility to locate the points of intersection of y = x 2 and y = cost, and find the area between 
the two curves (approximately). 

solution Using a computer algebra system, the points of intersection are* = ±0.8241323123. The region bounded 
by the two curves between these points is shown below. By symmetry, we can compute the area from * = 0 to x = 
0.8241323123 and double it. Since cos a- lies above x 2 in this range, the area of the region is given by 

/• 0. 8241323123 / i \ 0.8241323123 

2 J (cosx -x 2 )dx = 2 ^sinx - -x 3 J ^ 1.094753609 



15. The base of a solid is the unit circle x 2 + y 2 = 1, and its cross sections perpendicular to the x-axis are rectangles of 
height 4. Find its volume. 

solution Because the cross sections are rectangles of constant height 4, the figure is a cylinder of radius 1 and height 
4. The volume is therefore nr 2 h = 4jt. 

17. Find the total mass of a rod of length 1.2 m with linear density pix ) = (1 ± 2x ± gx 3 ) kg/m. 
solution The total weight of the rod is 



pix) dx = 


x + x 



1.2 

0 


2.7552 kg. 


In Exercises 19-24, find the average value of the function over the interval. 

19. f(x) = x 3 — 2x + 2, [—1, 2] 
solution The average value is 


1 

2 — (— 1 ) 







2 

-1 


1 ' 
3 


(4-4 + 4)- 



9 

4' 


21. fix) = (x + l)(x 2 + 2x + I) 4 / 5 , [0, 4] 

solution Use the substitution u = x 2 + 2x + 1, so that du - 2 (x + 1) dx. The new bounds of integration are from 
u = 1 to u = 25. Then the average value is 


1 /■ 4 _ i <-25 

/ (x + l)(x 2 + 2x + 1) 4 ^ 3 dx = — / u^du 

4 - 0 Jq 8 Ji 



25 

1 


625 5 3/5 _ 1 
72 72 
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23 . f(x) = V9 - x 2 , [ 0 , 3 ] Hint: Use geometry to evaluate the integral. 

solution The region below the graph of y = ^9 - x 2 but above the x-axis over the interval [ 0 , 3 ] is one-quarter of a 
circle of radius 3 ; consequently, 



The average value is then 


1 

3^0 




3 tt 

T' 


25 . Find J g(t) dt if the average value of g(t) on [2, 5] is 9. 
solution The average value of the function g(t ) on [2, 5] is given by 


Therefore, 


5-2 




g(t) dt. 



g(t) dt = 3<average value) = 3(9) = 27. 


27 . Use the Washer M ethod to find the volume obtained by rotating the region in Figure 3 about the jc-axis. 


y 



solution Setting x 2 = mx yields x(x - m) = 0, so the two curves intersect at (0, 0) and (m, m 2 ). To use the washer 
method, we must slice the solid perpendicular to the axis of rotation; as we are revolving about the y-axis, this implies a 
horizontal slice and integration in y. For each y e [0, m 2 ], the cross section is a washer with outer radius R = ^/y and 
inner radius r = The volume of the solid is therefore given by 



In Exercises 29^10, use any method to find the volume of the solid obtained by rotating the region enclosed by the curves 
about the given axis. 

29 . y-x 2 + 2, _y = x + 4, x-axis 

solution Let's choose to si ice the region bounded by the graphs of y = x 2 + 2 and y = x + 4 (see the figure below) 
vertically. Because a vertical slice is perpendicular to the axis of rotation, we will use the washer method to calculate the 
volume of the solid of revolution. For each x e [-1, 2], the washer has outer radius x + 4 and inner radius x 2 + 2. The 
volume of the solid is therefore given by 


ffi 


(x 2 + 2 )^) dx = n 

lf~ x ‘ 

= 71 

(‘I" 

= n \ 

4128 


- x — x 2 + 4x 2 + 12x 


-1 


5 ' 
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31. x = y 2 - 3, x = 2y, axi s y = 4 

solution Let's choose to slice the region bounded by the graphs of x = y 2 - 3 and x = 2y (see the figure below) 
horizontally. Because a horizontal slice is parallel to the axis of rotation, we will use the shell method to calculate the 
volume of the solid of revolution. For each y e [-1, 3], the shel I has radius4 - y and height 2> - (y 2 - 3) = 3 + 2y - y 2 . 
The volume of the solid is therefore given by 


2tt 


s: 


(4 ->0(3 + 2 y-y i )dy = 


- 2 ’L 


(12 + by - 6 y 2 + y 3 ) dy 


= 2tc 
= 2tc 


Uy+ 5 -y 2 -2y 3 
99 29 

T + T 


+ 4 y 


3 

-1 


= MtC. 



33. y = x 2 — 1, y = 2x — 1, axis x = — 2 

solution The region bounded by the graphs of y = x 2 - 1 and y = 2x - 1 is shown below. Let's choose to 
slice the region vertically. Because a vertical slice is parallel to the axis of rotation, we will use the shell method to 
calculate the volume of the solid of revolution. For each x e [0. 2], the shell has radius x - (-2) = x + 2 and height 
(2x - 1) - (x 2 - 1) = 2x - x 2 . The volume of the solid is therefore given by 


2 TC 


f 

Jo 


(x + 2)(2x — x 2 )dx = 2n 




= 2?r(8 — 4) = 8 n. 



35. y = — x 2 + 4.v — 3, y = 0, axis y = — 1 

solution The region bounded by the graph of y = - x 2 + 4x - 3 and the x-axis is shown below. Let's choose to 
si ice the region vertically. Because a vertical slice is perpendicular to the axis of rotation, we will use the washer method 
to calculate the volume of the solid of revolution. For each x e [1, 3], the cross section is a washer with outer radius 
R = - x 2 + 4x - 3 - (-1) = -x 2 + 4x - 2 and inner radius r = 0 - (-1) = 1. The volume of the solid is therefore 
given by 


ti f ((— x 2 + 4x — 2) 2 — 1^ dx = tc (-x 5 — 2x^ + — x ^ — 8x^ + 3x^ 



162 + 180 - 72 + 9 



= n 


567 r 
"15”' 
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y 



37 . x = 4y - y 3 , x = 0, y > 0, x-axis 

solution The region bounded by the graphs of x = 4v - y 3 and x = 0 for y > 0 is shown below. Let's choose to 
slice this region horizontally. Because a horizontal slice is parallel to the axis of rotation, we will use the shell method to 
calculate the volume of the solid of revolution. For each y e [0. 2], the shell has radius y and height 4y - y 3 . The volume 
of the solid is therefore given by 



1 /7T 

39 . y = cos(.t z ), v = 0, 0 < x < /y, y-axis 
solution The region is shown below. 


y 



We will slice the region vertically and use the shell method. For each x e 
cosO 2 ). The volume of the solid is thus given by 


0 , 



, the shell has radius x and height 


V = 2 7T f 

Jo 


sfWJl 


x COSO ) dx 


Using the substitution u = x 2 , we haver/r/ = 2 xdx; the new bounds of integration are« = 0 to u = so we have 


V = - ■ 


1 o r /2 

2' 2 ’l ' 


cos u du = 7r sin u 


n/2 
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In Exercises 41^14. find the volume obtained by rotating the region about the given axis. The regions refer to the graph 
of the hyperbola y 2 — x 2 = 1 in Figure 4. 


y 



41. The shaded region between the upper branch of the hyperbola and the x-axis for -c < x < c, about the x-axis. 

solution Let's choose to slice the region vertically. Because a vertical slice is perpendicular to the axis of rotation, 
we will use the washer method to calculate the volume of the solid of revolution. For each * e [-c, c], cross sections are 
circular disks with radius R = + x 2 . The volume of the solid is therefore given by 


7T 


£ 


(1 + X £ dx = 71 




= 2 7Z 




43. The region between the upper branch of the hyperbola and the line y = x for 0 < x < c, about the x-axis. 

solution Let's choose to slice the region vertically. Because a vertical slice is perpendicular to the axis of rotation, 
we will use the washer method to calculate the volume of the solid of revolution. For each x e [0, c], cross sections are 
washers with outer radius R - £l + x 2 and inner radius r = x. The volume of the solid is therefore given by 


rc , . C 

Tt J ^(1 + X J — x 2 J dx = nx 


= cn. 


45. Let R be the intersection of the circles of radius 1 centered at (1, 0) and (0, 1). Express as an integral (but do not 
evaluate): (a) the area of R and (b) the volume of revolution of R about the x-axis. 

solution The region R is shown below. 



(a) A vertical si ice of R has its top along the upper left arc of the circle (x - l) 2 + y 2 = 1 and its bottom along the lower 
right arc of the circle x 2 + (y - l) 2 = 1. The area of R is therefore given by 

- (x - l) 2 - (1 - Vl - x 2 )) dx. 

(b) If we revolve R about the x-axis and use the washer method, each cross section is a washer with outer radius 
y 1 - (x - l) 2 and inner radius 1 - Jl - x 2 . The volume of the solid is therefore given by 




rt j [(1 - (x - l) 2 ) - (1 - Vl - X 2 ) 2 


dx. 


47. If 12 J of work are needed to stretch a spring 20 cm beyond equilibrium, how much work is required to compress it 
6 cm beyond equilibrium? 

solution First, we determine the value of the spring constant k as follows: 

1 ? 

— >t( 0.2) = 12 so £ = 600 N/m. 
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Now, the work needed to compress the spring 6 cm beyond equilibrium is 

/• 0.06 0.06 

W= 600 xdx = 300.v 2 = 1.08 J. 

JO 0 

49. If 18 ft-lb of work are needed to stretch a spring 1.5 ft beyond equilibrium, how far will the spring stretch if a 12-lb 
weight is attached to its end? 

solution First, we determine the value of the spring constant as follows: 

^(1.5) 2 = 18 so k = 16 Ib/ft. 

Now, if a 12-lb weight is attached to the end of the spring, balancing the forces acting on the weight, we have 12 = 16 d, 
which implies d = 0.75 ft. A 12-lb weight will therefore stretch the spring 9 inches. 

In Exercises 51 and 52, water is pumped into a spherical tank of radius 2 m from a source located 1 m below a hole at 
the bottom ( Figure 5). The density of water is 1000 kg/m 2 . 



FIGURE 5 


51. Calculate the work required to fill the tank. 

solution Place the origin at the base of the sphere with the positive y-axis pointing upward. The equation for the 
great circle of the sphere is then x 2 + (y - 2) 2 - 4. At location y, the horizontal cross section is a circle of radius 
f~4 - (y - 2) 2 = f~4y - y 2 ; the volume of the layer is then 7r(4_v - v 2 )Ay m 3 , and the force needed to lift the layer is 
1000(9. 8)7r(4y - y 2 )Ay N . The layer of water must be lifted y + 1 meters, so the work required to fill the tank is given 

by 

r 4 r 4 

980071 / (y + l)(4y — y 2 ) dy = 980071 / (3v 2 + 4y — y 3 ) dy 
Jo ... Jo 

= 980071 (y 3 + 2y 2 - *y 4 ^ 

= 313.600tt^ 985,203.5 j. 


53. A tank of mass 20 kg containing 100 kg of water (density 1000 kg/m 3 ) is raised vertically at a constant speed of 
100 m/min for one minute, during which time it leaks water at a rate of 40 kg/mi n. Calculate the total work performed in 
raising the container. 

solution Let t denote the elapsed time in minutes and let y denote the height of the container. Given that the speed of 
ascent is 100 m/min, y = 100?; moreover, the mass of water in the container is 

100 -40? = 100 - 0.4vkg. 

The force needed to lift the container and its contents is then 


9.8 (20 + (100 - 0.4y)) = 1176 - 3.92y N , 


and the work required to lift the container and its contents is 



(1176 - 3.92 y)dy = (1176y - 1.96y 2 ) 


100 


0 


= 98.000J . 


7 EXPONENTIAL FUNCTIONS 


7.1 Derivative of fix ) = b x and the Number e 


Preliminary Questions 

1. Which of the following equations is incorrect? 
(a) 3 2 • 3 5 = 3 7 

(c) 3 2 • 2 3 = 1 


(b) (V5) 4 / 3 = 5 2 / 3 
(d) (2 -2 ) -2 = 16 


SOLUTION 


(a) This equation is correct: 3 2 • 3 5 = 3 2+5 = 3 7 . 

(b) This equation is correct: (V5 ) 4 / 3 = (5 1/2 ) 4 / 3 = 5 f 1 /?) (4/3) _ 52/3 

(c) This equation is incorrect: 3 2 ■ 2 3 = 9 • 8 = 72 ^ 1. 

(d) this equation is correct: (2 -2 ) -2 = 2 (— 2 ? (— 2) = 2 4 = 16. 

2 . What are the domain and range of In*? When is In x negative? 

solution The domain of In* is* > 0 and the range is all real numbers. In x is negative for 0 < x < 1. 

3. To which of the following does the Power Rule apply? 

(a) f(x ) = x 2 (b) f(x) = 2 e (c) fix) = x e 

(d) fix ) = e x (e) fix) = x x (f) fix) = x _4/5 

solution The Power Rule applies when the function has a variable base and a constant exponent. Therefore, the Power 
Rule applies to (a) x 2 ,(c) x e and (f) x -4 / 5 . 

4. For which values of b does b x have a negative derivative? 
solution The function b x has a negative derivative when 0 < b < 1. 

5. For which values of b is the graph of y = b x concave up? 
solution The graph of y = b x is concave up for all b > 0 excepts = 1 . 

6. W hich point lies on the graph of y = b x for all bl 
solution The point (0, 1) lies on the graph of y = b x for all b. 

7. Which of the following statements is not true? 

(a) ie x )' = e* 

e h - 1 

(b) lim = 1 

/i->- 0 h 

(c) The tangent line to y = e x atx = 0 has slope e. 

(d) The tangent line to y = e x atx = 0 has slope 1 . 

SOLUTION 

(a) This statement is true: ie x )' = e x . 

(b) This statement is true: 


lim 

h-> 0 


li 



(c) This statement is false: the tangent line to y = e x atx = 0 has slope e° = 1. 

(d) This statement is true: the tangent line to y = e x atx = 0 has slope e° - 1. 
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Exercises 


1. Rewrite as a whole number (without using a calculator): 


(a) 7 ° 

(43)5 

rA5i3 


(C) 


(b) 10 2 ( 2 -2 + 5 -2 ) 

(d) 27 4 / 3 

(f) 3 • 4 1 / 4 - 12 • 2 - 3/ 2 


SOLUTION 

(a) 7 ° = 1 . 

(b) 10 2 ( 2 — 2 + 5 “ 2 ) = 100 ( 1/4 + 1 / 25 ) = 25 + 4 = 29 . 

(c) ( 4 3 ) 5 /( 4 5 ) 3 = 4 15 / 4 15 = 1 . 

(d) ( 27) 4 /3 = ( 27 1 / 3)4 = 34 = si . 

(e) 8 _1 /3 • 8 5 / 3 = ( 8 1 / 3 ) 5 / 8 l /3 = 2 5 /2 = 2 4 = 16 . 

(f) 3 • 4 1 / 4 - 12 • 2 - 3/ 2 = 3 • 2 1 / 2 - 3 • 2 2 • 2“ 3 / 2 = 0 . 


In Exercises 3-10, solve for the unknown variable. 

3. 9 2a = 9 8 

solution If 9 2x = 9 8 , then 2x = 8, and x = 4. 

5. 3 X = ( \) x+1 

solution Rewrite (j)* 4-1 as (S -1 )* 4-1 = 3 - * -1 . Then 3 X = 3 - * -1 , which requires x = -x - 1. Thus, x = -1/2. 
7. 4~ x = 2 A+1 

solution Rewrite 4~ x as (2 2 )~ x — l~ 2x . Then l~ 2x - 2 x+l , which requires -2x = x + 1. Solving for x gives 
x = —1/3. 

9. *3/2 = 27 

solution Raise both sides of the equation to the two-thirds power. This gives k - (27) 2 / 3 = (27 1 / 3 ) 2 = 3 2 = 9. 

In Exercises 11-14, determine the limit. 

11. lim 4 A 

x — >00 

SOLUTION lim 4 A = 00. 

x — >00 

13. lim (^)” V 

x — >00 V 4 / 

/ 1 \ — x 

solution lim (-) = lim 4 A = 00 . 

x— >00 \ 4 / x — >00 

In Exercises 15-18, find the equation of the tangent line at the point indicated. 

15. y = 4e x , x 0 = 0 

solution Let f(x) - 4e x . Then f'(x) = 4e x and f'(0) - 4. At xq = 0, /(O) = 4, so the equation of the tangent 
line is y = 4(x - 0) + 4 = 4x + 4. 

17. y = e x+2 , x 0 = -1 

solution Let fix) = e x+2 . Then f'(x) = e x+2 and /'(- 1) = e 1 . At xo = — 1, /(— 1) = e, so the equation of the 
tangent line is y = e(x + 1) + e = ex + 2e. 

In Exercises 19-40, find the derivative. 

19. f(x) = le 2x + 3e 4x 

solution —(7e 2x + 3e 4x ) = 14e 2x + 12e 4x . 

dx 

21 . fix) = e* x 

solution —e nx =ne 7tx . 
dx 

23. fix) = e~ 4x + 9 

solution — e~ 4x+9 = —4e~ 4x+9 . 
dx 
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25. f{x) = 


SOLUTION . 

ax \ x 


d ( e A ’ 2 ^ x(e x2 (2x)) — e* 2 (1) 2x 2 e A ’ 2 — e' 2 

“ _ “ " x 2 


27. fix) = (1 + e x ) 4 

solution — (1 + e x ) 4 = 4(1 + e A ) 3 e A . 
dx 


29. fix) = e x2+2x ~ 3 


solution —e x ' 2+ 2x ~ 3 = (2x + 2)e x2+2x ~ 3 . 
ax 


31. fix) = e sinA * 


solution — e sinA = COSxe sinA . 

dx 

33. /(6») = sin(e 0 ) 

solution — sin(e 0 ) = e e cos(e 0 ). 
du 


35. /(f) = 


SOLUTION 


1 — e 


-3f 


= ^(1 - e - 3 ')- 1 = -(1 - e - 3 t r 2 0 e ~ 3t ). 


dt \ 1 — e ~ ^ ) dt 


37. fix) = 


3x + 1 


SOLUTION 


d ( e x 


39. fix) = 


SOLUTION 


dx \ 3x + 1 

e x+1 + x 
2e x - 1 


(3x + 1) e A - 3e x 3xe x - 2e x 


(3x + l) 2 (3x + l) 2 " 


d ( e x+3 + (2e x — \)ie x+3 + 1) — ie x+3 + x)(2e x ) 2e 2x4 ~ 3 + 2e x — e x+3 — 1 — 2e 2x+3 — 2xe x 

~ ~~ ~ (2e x - l) 2 


dx \ 2e x — 1 


(2e x - l) 2 

2e x - e x+1 - 2xe x - 1 
(2e x - l) 2 


In Exercises 41-46, calculate the derivative indicated. 

41. fix)', fix) = e 4x ~ 3 

solution Let f(x) = e 4x ~ 3 . Then f\x) = 4e 4x_3 and fix) = 16e 4x ~ 3 . 

43. v = e r sinf 

dt 2 

solution Let y = e r sin f. Then 


— = e 1 cos t + sin f = e f (cosf + sinr), 
dt 


and 




rff 2 


= (- si n t + cos t) + e' (cos t + si n t ) = 2e r cos t . 


45. ^e'-' 2 
dt 2 

d t _ t 2 . _ t _ t 2 

solution — e * = (1 - 2 t)e l 1 and 
dt 


t^e'-' 2 = (1 - 2t) 2 e'-’ 2 - 2e t ~' 2 = (4/ 2 - 4/ - l)e f - ?2 
dt 1 
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In Exercises 47-52, find the critical points and determine whether they are local minima, maxima, or neither. 

47. f(x) = e x — x 

solution Setting f'(x) = e x - 1 equal to zero and solving for * gives e x = 1, which is true if and only if x = 0. 
f" fix) = e x , so /"( 0) = = 1 > 0. Therefore, x = 0 corresponds to a local minimum. 

e x 

49. ffix) = — for x > 0 
x 

solution Setting 


. c A c 

/'(x) = 2— 

x 2 

equal to zero and solving for x gives e x fix - 1) = 0 which is true if and only if x = 1. Now, 

, 0*0 - 1) + e x )x 2 - 2x(e x fix - 1)) 

f O) = z 


so 


,»m = + = , > o. 


Therefore, x = 1 corresponds to a local minimum. 

5L ■ !(,) - ?TT 

SOLUTION 


. (f 2 + l)e ? - e f ( 2 r) 

S(0 “ (f 2 + l ) 2 ' 

The only critical point is when e r (t 2 - It + 1) = e r (t - l ) 2 = 0. Thus, the critical point is t = 1. Notice that g'fit) > 0 
for all t 7 ^ 1. Thus, g'fit ) does not change sign and therefore t = 1 corresponds to neither a maximum nor a minimum. 

In Exercises 53-58, find the critical points and points of inflection. Then sketch the graph. 

53. y = xe~ x 

solution Let ffix ) = xe~ x . Then 


f' fix) = e * — xe x = (1 — x)e 

so x = 1 is a critical point. Further, f'fix) > 0 for x < 1 and ffix) < 0 for x > 1. Flence, ffix) is increasing for x < 1 
and decreasing forx > 1. With 

f'(x) = —e~ x - e~ x + xe“ x = (x - 2)e~ x , 

it follows that ffix) is concave down for x < 2, is concave up forx > 2 and has a point of inflection atx = 2. A graph 
of y = /(x) is shown below. 



55. y = e x COSx on [ - j, j] 
solution Let fix) — e~ x cosx. Then 

ffix) = e~ x (— sin x) + (—e~ x ) cosx = -e~ x (s\nx + cosx). 

On the interval [-j, j], there is only one critical point, at x = -|, and ffix) is increasing for - j < x < and 
decreasing for < x < j. Now, 

f" (x) = —e~ x (cosx - sinx) + e _JC (sinx + cosx) = 2e~ x sinx, 

so fix) is concave down for - j < x < 0, is concave up for 0 < x < and has an inflection point atx = 0. A graph 
of y = ffix) is shown below. 
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y 



57. y = e* - x 

solution Let fix) = e x - x. Then f'(x) = e x - 1, and x = 0 is the only critical point. Further, fix) is decreasing 
for* < 0 and increasing for.* > 0. Observe that /"(*) = e x > 0 for all *, so fix) is concave up for all *, and there are 
no points of inflection. A graph of y = fix) is shown below. 



1 1 1 1 X 

- 2-1 12 


59. Find a > 0 such that the tangent line to the graph of fix) = x 2 e~ x at* = a passes through the origin (Figure 6). 

y 


FIGURE 6 

solution Let /(*) = X 2 e~ x . Then f(a) = a 2 e~ a , 

f\x) = — x 2 e~ x + 2xe~ x = e~ x (2.x — x 2 ), 

f'ia) = (2a - a 2 )e~ a , and the equation of the tangent line to / at* = a is 

y = f'ia)(x — a) + /(a) = (2 a — a 2 )e~ a ix — a) + a 2 e~ a . 

For this line to pass through the origin, we must have 

0 = (2a — a 2 )e~ a i—a) + a 2 e~ a = e~ a (a 2 — 2 a 2 + a 3 ) = a 2 e~“ia — 1). 

Thus, a = 0 or a = 1. The only value a > 0 such that the tangent line to fix) = x 2 e~ x passes through the origin is 
therefore a = 1. 

61. Compute the linearization of fix) = e~ 2x sin* ata = 0. 
solution Let fix) = e~ 2x sin*. Then 

fix) = e~ 2x COS* - 2e~ 2x sin*, fia) = 0. and f\a) = 1, 
so the linearization of fix) at a is 

L(x) = f'ia)(x — a) + fia) = *. 

63. Find the linearization of /(*) = e x ata = 0 and use it to estimate e -01 . 
solution Let fix) = e x . Then 

fix) = r Y , fia) = 1. and fia) = 1, 
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so the linearization of f(x ) ata is 

L(x) = f'(a)(x — a) 4- f(a) = (x — 0) + 1 = x + 1. 


Using the linearization, we find 

e~ 01 = /(— 0.1) ~ L(-0.1) = -0.1 + 1 = 0.9. 

65. A 2005 study by the Fisheries Research Services in Aberdeen Scotland showed that the average length of the species 
Clupea H arengus (Atlantic herring) as a function of age t (in years) can be modeled by L(t) = 32(1 - e~ 031t ) cm for 
0 < r < 13. 

(a) How fast is the average length changing at age t = 6 yrs? 

(b) At what age is the average length changing at a rate of 5 cm/yr? 

(c) Calculate L = lim L(t). 

?— >oo 

solution Given L ( t ) = 32(1 - e _037r ), it follows that L '( t ) = cm/year. 

(a) At age? = 6 years, 

L'{ 6) = 11.84e- 0 - 37(6) = 1.28 cm/year. 


(b) Setting L'{t) = 5 and solving for t yields 


t 



5 

11.84 


2.33 years. 


(c) L = lim (32 - 32 e - 037r ) = 32 - 32 lim e” 037 ' = 32 - 0 = 32 cm. 

t— 1— >oo 

67. The functions in Exercises 65 and 66 are examples of the Von Bertalanffy growth function 


M(t) = (a + {b - a)e km, ) 1/m 

introduced in the 1930's by Austrian-born biologist Karl Ludwig Von Bertalanffy. Calculate M'(0) in terms of the constants 
a, b, k, and m. 

solution Given M(t) = (a + (b — a)e km ') l ^ n , we find 

M '(t) = + (b - a)e kmt ) l/m ~ l (km(b - a)e kmt ) = k(b - a)e kmt (a + (b - a)e k ' nt ) l/m ~ l 

and M'(0) = kb l / m ~ l {b - a). 


In Exercises 69-86, evaluate the integral. 
69. [ (e x + 2) dx 


7L / 1 


I 


solution / ( e x + 2) dx = e x + 2x + C. 


e 3a dx 


SOLUTION 

73. [ 3 e 1 
Jo 


I 1 

Jo 


e 3 ' 1 dx = — -e 


-3.x 


= -r" 3+ l = § ( i- e " a) 


i i 


— 3\ 


- 6 1 


dt 


SOLUTION 


75 7 


/;«■ 


-t< dt = -le l- 6f 


1 17 1 1 17 

= ~z e 7L {e ~ e )■ 

q 6 6 6 


(e Ax +l)dx 


solution Use the substitution u = Ax, du = 4rf.x;.Then 


J{e Ax + l)dx= \f(e u 


+ 1) du — — — |— w) — |— C — — €^ x -|- x C. 



solution L et u = —yr /2. Then du = —x dx and 
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79. J e'Ve 1 + ldt 

solution Use the substitution u = e f + 1, du = e' dt. Then 

/ 2 2 

yfddu = -u 3 / 2 + C = -(e r + 1 ) 3/2 + C. 


“7 


e 2r - e 4v 


■ dx 


fe'V, 


e* + 1 dt = 


SOLUTION 


83. 


J Ve^TT 


dx 


I 


e 2x - e 4x 


/< 


c/x = / (e x - e 3v ) dx = e* - + C. 


solution U se the substitution « = e* + 1, du = e x dx. Then 


f ' dx = f —= = 2y« + C = 2v'^Tl + C. 

J V^Ti J a/m 


85. 


/ 


dx 


solution L et z< = */x . T hen 


and 


1 

du = — — dx 
2y/x 


/ 


dx 

*Jx 



e u du = 2 e" + C = 2e^~ x + C. 


87. Find the area between y = e* and y = e 2v over [0, 1], 

solution Over [0, 1], the graph of y = e 2x lies above the graph of y = e x . Hence, the area between the graphs is 


l 


1 , (e 2x 

(e 2x - e x ) dx = \ -Y~e x 


= --e-l = - ! =--«+-. 


89. Find the area bounded by y = <? 2 , y = e x , and x = 0. 

solution The graphs of y = e 2 and y = e x intersect at x = 2. Over the interval [0, 2], the graph of y = e 2 lies above 
the graph of y = e x , so the area between the graphs is 


[ (e 2 -e x )dx = (xe 2 - e x ) 
JO 


= 2e 2 - e 2 - (0 - 1) = e 2 + 1. 


91. Wind engineers have found that wind speed v (in m/s) at a given location follows a Rayleigh distribution of the type 

W(v) = ^ ve~ v2/6A 

This means that the probability that v lies between a and b is equal to the shaded area in Figure 8. 

(a) Show that the probability that v e [0, b] is 1 - e - * 2 / 64 . 

(b) Calculate the probability that u e [2,5], 



FIGURE 8 The shaded area is the probability that v lies between a and b. 
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SOLUTION 

(a) The probability that v e [0. b] is 


/„ 


— ve v dv. 

0 32 


Let u = — u 2 /64. Then du = - ^dv and 


r ^ iie - '’ 2 ^ 64 dv = - f b /64 e u du = 1 - r ?-* 2 / 64 
JO 32 Jo 


(b) The probability that v e [2. 5] is the probability that v e [0, 5] minus the probability that v e [0, 2], Using part (a), 
it follows that the probability that v e [2, 5] is 

(1 _ g-25/64) _ (1 _ e — 4/64 } = <,-1/16 _ <,-25/64 ^ q.263. 


Further Insights and Challenges 

93 . Prove that f(x) = e x is not a polynomial function. Hint: Differentiation lowers the degree of a polynomial by 1. 

solution Assume f(x) = e x is a polynomial function of degree n. Then f (n+l \x) = 0. But we know that any 
derivative of e x is e x and e x 0. Hence, e x cannot be a polynomial function. 

95 . Generalize Exercise 94; that is, use induction (if you are familiar with this method of proof) to prove that for all 
n > 0, 

> 1 "T X + ^rX T t.I + ■ ■ ■ + — -X {X > 0) 

2 6 n\ 

solution For n = 1, e x > 1 + x by Exercise 94. Assume the statement is true for n = k. We need to prove the 
statement is true for n = k + 1. By the Induction Hypothesis, 

e x > 1 + x + x 2 /2 h h x k /k\. 


Integrating both sides of this inequality yields 


or 



1 > x + x 2 /2 + • • • + x k+1 /(k + 1)! 


e x >l + x + x 2 /2 + • • • + x k+1 /(k + 1)! 


as required. 

97 . Calculate the first three derivatives of f(x) = xe x . Then guess the formula for / (,,) (x) (use induction to prove it if 
you are familiar with this method of proof). 

solution f'(x) = e x + xe x , f"(x) = e x + e x + xe x = 2e x + xe x , f'"(x) = 2e x + e x + xe x — 3e x + xe x . So 

one would guess that f (n) (x) = ne x +xe x . Assuming this is true for / (,!) (x), we verify that / ( " +1) (x) = (/ (n) (x))' = 
ne x + e x + xe x = (n + l)e x + xe x . 

99 . Prove in two ways that the numbers m{a) satisfy 


m(ab) = m(a) + m(b) 

(a) First method: Use thelimit definition of m b and 

(ab) h - 1 h (a h -l\ b h - 1 


h 


= b 


h 


(b) Second method: Apply the Product Rule to a x b x = ( ab) x . 

SOLUTION 


(a) m(ab ) = lim 


(ab) h - 1 , b h (a h - 1) b h - 1 , h a ,! -l , ^ - 1 

h = lim b h lim h lim 


= 1 1 m 


/;- s-0 h /i-s-0 

a h - 1 , **-1 

= lim 1 - lim 

s-0 A 7i->0 h 


h h^0 0 A h-*0 h 


So, m(ab) = m(a ) + m(Z>). 


= m(a) + m(b). 
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(b) m(ab){ab) x = Hab) x )' = ( a x b x )' = (a x )'b x + ( b x )'a x = m{a)a x b x + m(b)a x b x 
= a x b x (m(a) + m(b)) = ( ab) x (m(a ) + m(b)). 

Therefore, we have m(ab)(ab) x = (ab) x {m(a) + m{b)). Dividing both sides by («&)*, we see that m(ab) = m{a ) + 
m(b). 


7.2 Inverse Functions 

Preliminary Questions 

1. Which of the following satisfy / _1 (x) = /(*)? 

(a) /(a) = x (b) /(x) = 1 - x 

(c) f(x) = 1 (d) /(x) = *Jx 

(e) fix) = |x| (f) /(x) = x _1 

solution The functions (a) fix) = x, (b) /(x) = 1 - x and (f) fix) = x _1 satisfy / _1 (x) = fix). 

2. The graph of a function looks like the track of a roller coaster. Is the function one-to-one? 

solution Because the graph looks like the track of a roller coaster, there will be several locations at which the graph 
has the same height. The graph will therefore fail the horizontal line test, meaning that the function is not one-to-one. 

3. The function / maps teenagers in the U nited States to their last names. Explain why the inverse function f~ l does 
not exist. 

solution M any different teenagers will have the same last name, so this function will not be one-to-one. Consequently, 
the function does not have an inverse. 

4. The following fragment of a train schedule for the New J ersey T ransit System defines a function / from towns to 
times. Is / one-to-one? What is / -1 (6:27)? 


T renton 

6:21 

HamiltonTownship 

6:27 

Princeton Junction 

6:34 

New Brunswick 

6:38 


solution This function is one-to-one, and / _1 (6:27) = Hamilton Township. 

5. A homework problem asks for a sketch of the graph of the inverse of fix) = x + cosx. Frank, after trying but failing 
to find a formula for / -1 (x), says it's impossible to graph the inverse. Bianca hands in an accurate sketch without solving 
for / -1 . How did Bianca complete the problem? 

solution The graph of the inverse function is the reflection of the graph of y = fix) through the line y = x. 

6. What is the slope of the line obtained by reflecting the line y = \ through the line y = x? 
solution The line obtained by reflecting the line y = x/2 through the line y = x has slope 2. 

7. Suppose that P = (2, 4) lies on the graph of fix) and that the slope of the tangent line through P ism = 3. Assuming 
that / -1 (x) exists, what is the slope of the tangent line to the graph of / -1 (x) at the point Q = (4. 2)? 

solution The tangent line to the graph of / -1 (x) at the point Q = (4. 2) has slope i. 

Exercises 

1. Show that fix) = lx - 4 is invertible and find its inverse. 
solution Solving y = lx - 4 for x yields x = — — .Thus, / -i (x) = — — . 

3. What is the largest interval containing zero on which fix) - sinx is one-to-one? 
solution Looking at the graph of sinx, the function is one-to-one on the interval [-n/2, n/2], 

5. Verify that fix) = x 3 + 3 and gix) = (x - 3) 1/3 are inverses by showing that f(g(x)) = x and g(fix)) = x. 

SOLUTION 

• f(g(x )) = ((X - 3) 1/3 ) + 3 = X - 3 + 3 = X. 

• <?(/(•*)) = (a 3 + 3 - 3) = (x 3 ) / = x. 
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7. The escape velocity from a planet of radius R is v(R) = ^ j R , where G is the universal gravitational constant 
and M is the mass. Find the inverse of v(R) expressing R in terms of v. 
solution To find the inverse, we solve 


for R. This yields 


Therefore, 


y = 


2 GM 


R = 


2 GM 
22 ' 


i 2 GM 
i r l (R) = 


2 • 


In Exercises 8-15, find a domain on which f is one-to-one and a formula for the inverse of f restricted to this domain. 
Sketch the graphs of f and f~ 

9. f{x) = 4 - * 

solution The linear function fix) = 4 - x is one-to-one for all real numbers. Solving y = x - 4 for x gives 
x = 4 - y. Thus, f~ l ix) — 4 - x. 



n. fix) lx _ 3 

solution The graph of fix) = 1/(7.* - 3) given below shows that / passes the horizontal line test, and is therefore 
one-to-one, on its entire domain {x : x ^ Solving y = 1/(7* - 3) for* gives 

1 3 13 

x thus, f\ x ) = — + -. 

ly 7 1x1 


y 


4 

2 - 


J 

-4 -2 

-2 

- 4 - 


2 4 


y 


4 

>=/ x w 

2 - 

l 

4 - 2 ^ 

2 4 

-2 


-4 



13. fix) = 


\/* 2 + 1 


solution To make the function /(*) = 


V* 2 + 1 


one-to-one, we must restrict the domain to either {* : * > 0} or 


{* : * < 0}. If we choose the domain {* : * > 0), then solving y = 


for* yields 


\/* 2 + 1 

-J\ — y 2 _i v/ 1 — Jr 2 

; hence, / i (*) = . 


Had we chosen the domain {* : * < 0}, the inverse would have been 


f~hx) = - 


\Jl — * 2 
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y 



15. fix) = \/ + 9 

solution The graph of fix) — %/jc 3 + 9 given below shows that / passes the horizontal line test, and therefore 
is one-to-one, on its entire domain [x : x > -9 1/3 }. Solving y = v* 3 + 9 for * yields * = iy 2 - 9) 1 / 3 . Thus, 
f~ l ix) = ix 2 - 9) 1 / 3 . 


y 



17. Which of the graphs in Figure 16 is the graph of a function satisfying / 1 = /? 




X 


(B) 



(0 (D) 

FIGURE 16 


solution Figures (B) and (C) would not change when reflected around the line y = x. Therefore, these two satisfy 

r 1 = /■ 

19. L et fix) = x 2 + x + 1. 

(a) Show that / _1 exists (but do not attempt to find it). Hint: Show that f is increasing. 

(b) W hat is the domain of / _1 ? 

(c) Find/- 1 ®. 

SOLUTION 

(a) The graph of fix) = x 1 + x + 1 is shown below. From this graph, we see that fix) is a strictly increasing function; 
by Example3, it is therefore one-to-one. Because/ is one-to-one, byTheorem 3, / _1 exists. 

x 


X 

1 


(b) The domain of f~ l ix) is the range of fix) : (-oo, oo). 

(c) Note that /(l) = l 7 + 1 + 1 = 3; therefore, /“ 1 (3) = 1. 
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21. Let f(x) = x 2 - 2x. Determine a domain on which / 1 exists, and find a formula for / 1 for this domain of /. 

solution From the graph of y = x 2 - 2x shown below, we see that if the domain of / is restricted to either x < 1 or 
x > 1, then / is one-to-one and f~ l exists. To find a formula for f~ l , we solve y = x 2 - 2x for x as follows: 

y + 1 = x 2 — 2x + 1 = (x — Y) 2 
x - 1 = ±Jy + 1 
x = 1 ± yjy + 1 

If the domain of / is restricted to x < 1, then we choose the negative sign in front of the radical and / _1 (x) = 1 - *Jx + 1. 
If the domain of / is restricted to x > 1, we choose the positive sign in front of the radical and / -1 (x) = 1 + *Jx + 1. 


y 



23. Find the inverse g(x) of f(x) = Vx 2 + 9 with domain x > 0 and calculate g'(x) in two ways: using Theorem 2 and 
by direct calculation. 

solution To find a formula for g(x) = / -1 (x), solve y = Jx 2 + 9 for x. This yields x = ±y.v 2 - 9. Because the 
domain of / was restricted to x > 0, we must choose the positive sign in front of the radical. Thus 

g(x) = / -1 (x) = \/x 2 — 9. 

Because x 2 + 9 > 9 for all x, it follows that /(x) > 3 for all x. Thus, the domain of g(x) = / _1 (x) is x > 3. The range 
of g is the restricted domain of /: y > 0. 

By Theorem 2, 


g'(x) 


1 

f{g{x)Y 


With 


it follows that 


fix) = 


Vx 2 + 9 ' 


f'(g (x)) = 


%/x 2 — 9 Vx 2 — 9 7x 2 — 9 


ytv ^) 2 


+ 9 




since the domain of g is x > 3. Thus, 


r 1 A 

_ g ■ 

This agrees with the answer we obtain by differentiating directly: 

2x x 


s' to = 


2 vx 2 - 9 -s/x 2 — 9 


//! Exercises 25-30, use Theorem 2 to calculate g (x), where g(x) ;.y f/?e inverse of /(x). 

25. /(x) = 7x + 6 

solution Let f(x) = lx + 6 then f'(x) = 7. Solving y = lx + 6forx and switching variables, we obtain the inverse 
g(x) = (x - 6)/7. Thus, 




1 

Tteto) 


l 

r 
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27 . /(*) = x 5 

solution Let f(x) = * -5 , then /'(*) = -5* -6 . Solving y = * -5 for x and switching variables, we obtain the 
inverse gix ) = * -1 / 5 . Thus, 


g\x) 


1 

-5(a- 1 /5)-6 



29 . fix ) = 


x + 1 


solution Let fix ) = then 


f \ x ) = 


(x + 1 ) — X 


Solving y - 


x+. 


(X + l) 2 ix + l) 2 ' 

for x and switching variables, we obtain the inverse gix ) = ff . Thus 


g '( x ) = 1 j 


(jc/(1 - x) + l) 2 (l-*) 2 


31. Let gix) be the inverse of fix) = x 3 + 2x + 4. Calculate g(J) [without finding a formula for gix)], and then 
calculate g’ (7). 

solution Let g{x) be the inverse of fix) = x 3 + 2x + 4. Because 

/ (1) = l 3 + 2(1) + 4 = 7, 

it follows that gil) = 1. M oreover, fix) = 3* 2 + 2, and 

1 - 1 - 1 

g ( 3 “ f'(gO)) ~ fO) ~ 5 


In Exercises 33-38, calculate gib) and g\b), where g is the inverse of f (in the given domain, if indicated). 

33 . fix) = x + cos*, b = 1 

solution /(0) = 1, so g(l) = 0. fix) = 1 - sin* so f ( g ( 1)) = /'( 0) = 1 — sin 0 = 1. Thus, g'(l) = 1/1 = 1. 
35 . fix) = \/* 2 + 6* for * > 0, = 4 

solution To determine g (4), we solve /(*) = fx 2 + 6* = 4 for*. This yields: 

* 2 + 6* = 16 
* 2 + 6* — 16 = 0 
(* + 8 )(* — 2 ) = 0 


or * = -8, 2. Because the domain of / has been restricted to * > 0, we have g(4) = 2. With 

* + 3 


fix) = 


\J x 2 + 6 * 


it then follows that 


*'(4) 


1 

/ , (g(4)) 


1 _ 4 

m “ 5' 


3? - /w= *ii’ 

solution /(3) = 1/4, so g(l/4) = 3. fix) = so figi 1/4)) = f( 3) = = -1/16. Thus, g'(l/4) = 

-16. 

39. Let fix) = *" and g(*) = -* 1 /". Compute g'(*) using Theorem 2 and check your answer using the Power Rule. 
solution N ote that gix) = / _1 (*). Therefore, 


g \ x ) = 


f(g(.x)) n igix)) n 1 

which agrees with the Power Rule. 


if* 1 /")” 


-l 


K* 1-1/ ") 


*i/»-l ! 

= ~(x 

n n 


1/72-1* 
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41. Cgfe! Usegraphical reasoni ng to determi ne if thefollow i ng statements aretrue or false. I f false, modify thestatement 
to make it correct. 

(a) If f(x) is increasing, then / _1 (x) is increasing. 

(b) If fix) is decreasing, then f~ l (x) is decreasing. 

(c) If fix) is concave up, then f~ l ix) is concave up. 

(d) If fix) is concave down, then / _1 (x) is concave down. 

(e) L inear functions fix) = ax + b (a / 0) are always one-to-one. 

(f) Quadratic polynomials fix) = ax 2 + bx + c ia -f 0) are always one-to-one. 

(g) sin* is not one-to-one. 

SOLUTION 

(a) This statement is true. Reflecting the graph of an increasing function across the I i ne v = x produces another increasing 
function. 

(b) This statement is true. Reflecting thegraph of an decreasing function across the line y = x produces another decreasing 
function. 

(c) This statement is false. Reflecting the graph of a concave up function across the line y = x produces a graph that is 
concave down. The correct statement is: If fix) is concave up, then / _1 (x) is concave down. 

(d) This statement is false. Reflecting the graph of a concave down function across the line y = x produces a graph that 
is concave up. The correct statement is: If fix) is concave down, then / _1 (x) is concave up. 

(e) This statement is true. Any linear function fix) = ax + b with a 0 is either always increasing (if a > 0) or always 
decreasing (if a < 0) and is thus one-to-one. 

(f) This statement is false. Every quadratic polynomial fix) = ax 2 + bx + c with a ■£ 0 fails the horizontal line test. 
The correct statement is: Quadratic polynomials fix) = ax 2 + bx + c ia / 0) are never one-to-one. 

(g) This statement is true. The graph of sin x fails the horizontal line test. 


Further Insights and Challenges 

43. Let g be the inverse of a function / satisfying fix) - fix). Show that g'(x) = x _1 . We will apply this in the next 
section to show that the inverse of fix) = e x (the natural logarithm) is an antiderivative of x~ l . 

SOLUTION 


g'(x) 


1 

/'(*(*)) 


1 

fif-Hx)) 


l _ l 

fif~Hx)) ~ X ' 


7.3 Logarithms and Their Derivatives 

Preliminary Questions 

1. Compute \oq h 2 ib A ). 

solution Because// = ib 2 ) 2 , logoff* 4 ) = 2. 

2. When is Inx negative? 

solution Inx is negative for 0 < x < 1. 

3. Whatis Inf— 3)? Explain. 
solution Inf — 3) is not defined. 

4. Explain the phrase "The logarithm converts multiplication into addition." 

solution This phrase is a verbal description of the general property of logarithms that states 

log(afc) = log « + log fo. 


5. What are the domain and range of Inx? 

solution The domain of Inx is x > 0 and the range is all real numbers. 

6 . Doesx -1 have an antiderivative for x < 0? If so, describe one. 
solution Y es, Inf — x) is an antiderivative of fix) = x -1 for x < 0. 

7. What is the slope of the tangent line to y = 4 x atx = 0? 
solution The slope of the tangent line to y = 4 V at x = 0 is 


t/ 


= 4 A I n 4 


t=0 


= In 4. 


x=0 
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8. What is the rate of change of y = In* at x = 10? 
solution The rate of change of y = In x at.* = 10 is 

1 

*=10 10 



Exercises 

In Exercises 1-16, calculate without using a calculator. 

1. log 3 27 

solution log 3 27 = log 3 3 3 = 3 1 og 3 3 = 3. 

3. Ini 

SOLUTION I n 1 = 0 

5. log 2 (2 5 / 3 ) 

SOLUTION log 2 2 5/3 = | log 2 2 = 

7. log 64 4 

solution log 6 4 4 = log 6 4 64 1/3 = - I og 6 4 64 = 

9. log 8 2 + log 4 2 

solution I og 8 2 + log 4 2 = log 8 8 1 / 3 + log 4 4 1 / 2 = 3 3 = -. 

3 2 6 

11. log 4 48 - log 4 12 

48 

solution log 4 48 - log 4 12 = log 4 — = I og 4 4 = 1. 

13. Infe 3 ) + ln(e 4 ) 

solution ln(e 3 ) + ln(<? 4 ) = 3 + 4 = 7. 

15. 7 Io 97( 29 > 

solution 7 Io 97< 2 9) — 29. 

17. W rite as the natural log of a single expression: 

(a) 2 1 n 5 + 3 1 n 4 (b) 5 Infx 1 / 2 ) + ln(9x) 

SOLUTION 

(a) 2 In 5 + 3 In 4 = In 5 2 + In 4 3 = In 25 + In 64 = ln(25 • 64) = In 1600. 

(b) 5 In x 1 / 2 + In 9x = In* 5 / 2 + In 9x = ln(x 5 / 2 • 9x) = ln(9x 7 / 2 ). 


In Exercises 19-24, solve for the unknown. 

19. le Sr = 100 

solution Divide the equation by 7 and then take the natural logarithm of both sides. This gives 


5r = In 



or 


? = 



21 . 2 xl ~ lx = 8 

solution Since 8 = 2 3 , we have.* 2 - 2x - 3 = 0 or (x - 3)(x + 1) = 0. Thus, x = -1 orx = 3. 
23. Inf* 4 ) - ln(x 2 ) = 2 


SOLUTION ln(x 4 ) 


Infx 2 ) = In 



= Infx 2 ) = 2 In*. Thus, 2 In* = 2 or In* = 1. Hence, x = e. 


25. Show, by producing a counterexample, that InfaZ?) is not equal to (Ina)fln b). 
solution L et a = e and b = e 2 . T hen 


\n{ab) = Ine 3 = 3 1 n <? = 3: 


(Ina)flnfc) = (Ine)flne 2 ) = 1(2) = 2. 


but 
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27. The population of a city (in millions) at timer (years) is Pit) = 2.4e 0 06f , where r = 0 is the year 2000. When wi 
the population double from its size at r = 0? 

solution Population doubles when 4.8 = 2.4e°- 06f . Thus, 0.06? = In 2 or r = & 11.55 years. 

0.06 

In Exercises 29^18, find the derivative. 


29. y = x I n x 

solution — x In x = In* + - = In* + 1. 

dx x 

31. y = (In x) 2 

d 12 

solution — (Inx) 2 = (2 In*) - = - In.*. 

dx x x 

33. y = ln(9x 2 — 8) 

d -) 1 18x 

solution — ln(9.F - 8) = — J — — (18x) = — T — -. 

dx 9x z — 8 9x^—8 

35. y = Infsinr + 1) 

d . , cosr 

solution — I n(sin ? + 1) = — 

dt sinr + 1 

inx 

37. y = 

x 


SOLUTION 


d Inx }. (x) - Inx 1 - In; 


3(ln(ln x)) 2 
x I n x 


39. y = In (Inx) 

d 1 

solution — In(mx) = — — . 

dx x I n x 

41. y = (In(ln.x)) 3 

solution — (In(lnx)) 3 = 3(ln(lnx)) 2 ( ( -) = 3(ln(lnjr ^ 2 | 
dx \\r\ x J \x / x Inx 

43. y = \n ((x + l)(2x + 9)) 

SOLUTION 

d . _ _ _ 1 4x -|- 11 

- In ((x + 1)(2* + 9)) = (x + 1)(2x . + 9) • ((* + D2 + <2x + 9)) = (y + 1)(2v + 9) - 

Alternately, because ln((x + l)(2x + 9)) = I n (x + 1) + I n (2.x + 9), 

d , , „ 1 2 4x + 11 

- ln((x + l)(2x + 9)) _ — + - (x + 1)(2y + 9) - 


45. y = IF 


SOLUTION — 11* = In 11 IF 

dx 


47. y = 


SOLUTION 


d 2 V - 3~ x x (2 X In 2 + 3~ x In 3) - (2 X - 3-' r ) 


In Exercises 49-52, compute the derivative. 

49. f’(x), f(x) = log 2 x 

, Inx T1 11 

SOLUTION fix) = l0g 2 x = T^r. Thus, fix) = - • — IT. 

z In 2 x In 2 


51. — log 3 (sinr) 
dt 

d , . d / In (sin t) 

solution — log^fsin t) = — — , — - — 

dt 3 dt \ In 3 


11 cotr 

— • • cosr = . 

In 3 sinr In 3 
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In Exercises 53-64, find an equation of the tangent line at the point indicated. 


53. fix) = 6 V , x = 2 

solution Let fix) - 60 Then /( 2) = 36, f'(x) = 6- v In 6 and /'( 2) = 36 In 6. The equation of the tangent line is 
therefore y = 36 in 60 - 2) + 36. 

55. i(0 = 3 9 ', t = 2 

solution Leti(r) = 3 9 '. Then s(2) = 3 18 , s'(f) = 3 9 '9 In 3, and s' (2) = 3 18 • 9 In 3 = 3 20 In 3. The equation of the 
tangent line is therefore y = 3 20 In 3(t - 2) + 3 18 . 

57. f(x) = 5 v2_2a , a = 1 

solution Let f(x) = 5 x2 -2 x +9. Then /(l) = 5 8 . f'(x) = In 5 ■ 5 x2 ~^ x+ ^ (2x — 2), so /'(l) = In 5(0) = 0. 
Therefore, the equation of the tangent line is y = 5 8 . 

59. sit) = In (8 - 4/), t = 1 

solution Let s(t) = ln(8 - 4?). Then s(T) = ln(8 - 4) = In 4. s' it) = ^- t , so .0(1) = -4/4 = -1. Therefore the 
equation of the tangent line is y = -1 it - 1) + In 4. 

61 . Riz) = log5(2c 2 + 7), z = 3 

solution Let Riz) = log 5 (2; 2 + 7). Then R) 3) = log 5 (25) = 2, 


R’iz) 


4 z 

(2z 2 + 7) In 5 ’ 


and /f'(3) 


12 

25 In 5 


The equation of the tangent line is therefore 


y = 


12 

25Tn5 


(z - 3) + 2. 


63. /(in) = log 2 ur, w = g 
solution Let /(u)) = log 2 w. Then 


/ 



= log 2 2 3 


= -3, 


/'(«") = and 


/' 



8 

TrT2 ' 


The equation of the tangent line is therefore 


y = 



-3. 


In Exercises 65-72, find the derivative using logarithmic differentiation as in Example 8. 

65. >’ = (x + 5)(x + 9) 

solution Let y = (x + 5)(x + 9). Then Iny = ln(0 + 5)0 + 9)) = InO + 5) + InO + 9). By logarithmic 
differentiation 

y' 1 1 

— — E" 4 n 

y x + 5 x + 9 

or 

y = O T 5)0 + 9) ( — + — 'j = 0 + 9) + O + 5) = 2x + 14. 

\x + 5 x + 9/ 

67. y = (x — 1)0 — 12)0 + 7) 

solution Let y = )x - 1)0 - 12)0 + 7). Then I n y = InO - 1) + InO - 12) + InO + 7). By logarithmic 
differentiation, 

/ _ 1 1 1 

y x — 1 x — 12 x + 7 


or 


>7 = O — 12)0 + 7) + O — 1)0 + 7) + O — 1)0 — 12) = 3x 2 — 12x — 79. 
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69. y = 


x(x 2 + 1) 


SOLUTION 


Lrt y = Then In y = In* + ln(x 2 + 1) - j ln(x + 1). By logarithmic differentiation 


/ _l 2x 1 

y x + x 2 + 1 2(x + 1) ’ 

so 

, x(x 2 + 1) / 1 2x 1 \ 

' V s/x + 1 V* + * 2 + l 2(x + 1)/ 


x(x + 2) 

(2x + l)(3x + 2) 

solution Let >• = y (2t+l)(2 + +?y ■ Then ' n - v = 2 [ln(-u) + ln(x + 2) - ln(2x + 1) - ln(2x + 2)]. By logarithmic 
differentiation 

y = i/i i 2 2_ 

y 2 \x x + 2 2x + 1 2x + 2 

SO 

, = 1 / jc(jc + 2) /I I 2 1_\ 

2 y (2x + l)(2x + 2) \ x x + 2 2x + 1 x + 1/ 



In Exercises 73-78, find the derivative using either method of Example 9. 

73. /(x) = x 3a 

solution M ethod 1: x 3a = e 3x lnjc , so 

— x 3 - t = e 3A ln A (3 + 3 1 n x) = x 3x (3 + 3 In x). 
ax 

M ethod 2: Let y = x 3v . Then, In y = 3x Inx. By logarithmic differentiation 

— = 3x • — l- 3 In x, 

y x 

so 

y' = _y (3 + 3 Inx) = x 3a (3 + 3 Inx) . 


75. fix) = x e * 

solution M ethod 1: x gX = e y ln x , so 


dx 


~ gX lnv < — +e x Inx ) = x** I — + e- T Inx 


/ e- 

X 


M ethod 2: Let y = x e . Then In y = e x Inx. By logarithmic differentiation 

L=e x --+e x \n x, 


so 


y' = y(^- + e x Inx) = x e * (^- + e x Inx) . 


77. f(x) = x y 

solution M ethod 1: x 3 * = e y lnA ‘, so 

—x y = e y lnA ( — + (Inx) (In 3)3 A ") = x 3 * ( — + (lnx)(ln 3)3*) . 
ax \ x ) \ x ) 
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M ethod 2: Let y = * 3 '\ Then In y = 3 X In*. By logarithmic differentiation 


so 


- = 3 A - + Clnjc)(ln 3)3 V , 

y x 


y ' = x y + (In*)(ln3)3- V ^ . 


In Exercises 79-82, find the local extreme values in the domain {x : x > 0} and use the Second Derivative Test to 
determine whether these values are local minima or maxima. 

In* 

79. g{x) = — 

solution L et g (* ) = Then 


*'(*) = 


*(1/*) — In* 1 — In* 

2 = 2 ■ 
x x 1 - 


We know g'(x) = 0 when 1 — In * = 0, or when * = e. 

.. *^(— 1/*) — (1 — In *)(2*) — 3 + 2 1 n * 

8 « = j = t 


so g"(e) = ~^r < 0. Thus, g(e) is a local maximum. 
e i 

In* 

81. g(x) = —g- 

solution Letg(*) = 1^#. Then 


g'(x) = 


*^(1/*) — 3*2 In * 1 — 3 In* 


We know g'{x) = 0 when 1 - 3 In* = 0, or when * = e 1 / 3 . 

„ *^(— 3/*) — (1 — 3 In *)(4* 3 ) —7 + 12 In* 

8 w = ? = — ? — 

_3 

so g"(e 1/3 ) = -rjy < 0. Thus, g(e) is a local maximum. 

In Exercises 83 and 84, find the local extreme values and points of inflection, and sketch the graph ofy = /(*) over the 
interval [1, 4], 


83. f(x) = 


10 In. 


10 In * 

solution Let fix) — — s — . Then 

r ^ 


/'(*) = 


* 2 (10/.*) — 20* In* 10(1 — 2 In*) 


and 


t ^ * 3 (— 20/*) — 30*^(1 — 2 In*) 10(6 In* — 5) 

/ (*) = K = J ■ 


Thus, / is increasing for 1 < * < Je, is decreasing for v'e < * < 4 and has a local maximum value of 5/e at* = Je. 
M oreover, / is concave down for 1 < * < e 5 / 6 , is concave up for e 5 / 6 < * < 4 and has a point of inflection at* = e 5 / 6 . 
A graph of y = /(*) is shown below. 



i 


2 


3 


4 
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In Exercises 85-105, evaluate the indefinite integral, using substitution if necessary. 
7 dx 


85. 


/ 


SOLUTION 


I 7 dx f dx , . 

/ = 7 / — = 7 In |*| + C. 

J x J x 


"7 


<7* 


2* + 4 

solution Let u = 2x + 4. Then du — 2 <7*, and 


f dx 1 f 1 1, , 

J 27T4“2 J u du ~2 ln|2jc + 4| + C - 


" 7 ? 


r/f 


+ 4 


solution Let u = t 2 + 4. Then du = 2tdt or \du 

= tdt, and 


f t 1 

r l l , / 


■, dt = 

/ — du = - In ( i 

f2 + 4j 

J t 2 + 4 2 j 

' U 2 V 


where we have used the fact that r 2 + 4 > 4 to drop the absolute value. 
(3* — 1) dx 


91 7 


9 — 2x + 3x 2 

solution Let u = 9 — 2* + 3x. Then du — (—2 + 6x) dx = 2(3* — 1) <7x, and 


f (3X ~ l)dX = I f = \ IrwQ _ 7,- 7.2, 

J 9-2x + 3x 2 2 J u 


= — / — = — ln(9 — 2x + 3x ) + C, 


where we have used the fact that 9 - 2x + 3x 2 > 0 for all x to drop the absolute value. 
93. J cot xdx 


solution We rewrite / cot xdx as / dx. Let;/ = sin x. Then du - cos xdx, and 


f TTi d x = f 

J sinx J 


, du 

dx = / — = In | sinx| + C. 


95. 


/ 


-<7x 


solution Let;/ = In x. Then c/m = (l/x)<7x,and 


/ 7 -/ 


dx = / u du = — + C = 


(Inx ) 2 


+ C. 


"7 


(Inx)' 


r7x 


solution Let it — Inx. Then = (l/x)r/x, and 

(Inx) 2 


j^L dx = j u 2 du= l _ 


= + + c. 


"7 


<7x 


(4x — 1) ln(8x — 2) 


8 4 

solution Let u — ln(8x — 2). Then du — -dx = -dx, and 


8x — 2 4x — 1 


/ 


dx 


1 C du 1 1 

— — — — = - / — = - In |u| + C = - In | ln(8x - 

(4x — 1) ln(8x — 2) 4 J u 4 4 


2)1 + C. 
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101./ cot x I n (si n x) dx 
solution Let u = In(sinx). Then 


du = — — • cos x dx — cot xdx, 
sinx 


and 


J cot x I n (si n x) dx = J i 


, , u 2 (In(sinx)) 2 

cot x I n (si n x) dx = / u du = — + C = 2 I- C. 


103. J x 3 A dx 
solution L et it = x 2 . Then du = 2x dx, and 


J x3* 2 dx = l -j 


1 3“ 


x3 l dx = - / 3"d;f = - - — - + C = — — - + C. 


2 In 3 2 In 3 


105. 


/G 


3.v+2 


dx 


solution L et u = 3x + 2. T hen du — 3 dx, and 


/ar-i/G) 


i r/iy J Ki/2) 


( 1/2)3.v+ 2 


du = 1 - C = 

3 In 1/2 3 In (1/2 ) 


+ C. 


In Exercises 106-111, evaluate the definite integral. 

j: 


r- 12 l 

107. / - dx 

1 4 x 

SOLUTION 

r 4 


T 12 1 

/ - dx = In |x| 

JA x 


12 


= In 12 — In 4 = ln(12/4) = In 3. 


109. 


dt 

3r + 4 

solution L et m = 3t + 4. Then d« = 3 dt and 


s; 


T 4 df _ 1 r 1 
A 3f + 4 3 710 


i" 4 df 1 du 1 

/ — = , In |«| 

/lO If 3 


16 1 

= - (In 16 - In 10) . 
10 3 


r 1 l 

m. / — , 

Je tint 


■ dt 

solution Let u = In t. Then du — (1 /t)dt and 

J , r 2 


r 'dt=r 

Je tint Jl 


— = In |u| = In 2 - In 1 = In 2. 


113. Find the minimum value of /(x) = x x for x > 0. 

solution Let /(x) = x x .By Example 9 from the text, we know that fix) = x x (l + In x). Thus, x = \ is the only 
critical point. Because /'(x) < 0 for 0 < x < 1 and f'(x) > Ofor.x > \, 

f (;) " (;) V ' ” °' 692201 

is the minimum value. 

115. According to one simplified model, the purchasing power of a dollar in the year 2000 + t is equal to P{t ) = 
0.68(1.04) — ^ (in 1983 dollars). Calculate the predicted rate of decline in purchasing power (in cents per year) in the year 
2020 . 

solution F i rst, n ote th at 


P'(t) = — 0.68(1. 04) _r In 1.04; 
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thus, the rate of change in the year 2020 is 

P'(20) = — 0.68(1. 04) -20 In 1.04 = -0.0122. 


That is, the rate of decline is 1.22 cents per year. 

117. The Palermo Technical Impact Hazard Scale P is used to quantify the risk associated with the impact of an asteroid 
colliding with the earth: 

? = l09l »(isw) 


where Pi is the probability of impact, T is the number of years until impact, and E is the energy of impact (in megatons 
of TNT). The risk is greater than a random event of similar magnitude if P > 0. 

(a) Calculate dP/dT, assuming that Pi = 2 x 10 -5 and E = 2 megatons. 

(b) Use the derivative to estimate the change in P if T increases from 8 to 9 years. 

SOLUTION 

(a) Observe that 


p = l09 “ ( mr) = '°si» ( w) " log “ T ■ 

so 

dP _ 1 

~df ~ “rlnlO- 

(b) If T increases to 26 years from 25 years, then 


A P 


clP 

dT 


T = 25 


• AT = — 


1 

(25 yr) In 10 


■ (1 yr) = -0.017 


Further Insights and Challenges 

119. Prove the formula 


log fo x = 


log „b 


for all positive numbers a, b with a ^ 1 and b ^ 1. 


SOLUTION 


Let y = log fo x.Then x = b y and log,,* = log a b y = y log a b. Thus, y = 


i og„ x 
log ab' 


Exercises 121-123 develop an elegant approach to the exponential and logarithm functions. Define a function G(x)for 
x > 0: 

r i 

G(x) = / - dt 

J 1 t 

121. Defining In y as an Integral This exercise proceeds as if we didn't know that G(x) = In x and shows directly 
thatG(Y) has all the basic properties of the logarithm. Prove the foil owing statements. 

nob l nb l 

(a) / - dt = I - dt for all a, b > 0. Hint: Use the substitution u = t/a. 

Ja t Ji t 

(b) G(ab) = G(a) + G(b). Hint: Break up the integral from 1 to ab into two integrals and use (a). 

(c) G(l) = 0 and G(a _1 ) = -G(a) for a > 0. 

(d) G(a n ) = nG(a) for all a > 0 and integers n. 

(e) G(a l l n ) = -G(a) for all a > 0 and integers n f 0. 

n 

(f) G(a r ) = rG(a ) for all a > 0 and rational numbers r. 

(g) G(x) is i ncreasi ng. Hint: U se FTC II. 

(h) T here exists a number a such that G {a) > 1. Hint: Show that G (2) > 0 and take a = 2 in for m > 1/ G (2). 

(i) lim G(x) = oo and lim G(x) = -oo 

*->-00 x -> 0 + 

(j) There exists a unique number E such that G(E ) = 1. 

(k) G(E r ) = r for every rational number r. 
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SOLUTION 

(a) L et u = t/a. Then du — dt/a, u(a ) = 1, u{ab) — b and 


r ab l 

rah , 

”b 1 / 

' b 1 

/ -dt = 

/ —dt = 

— du = 

- rff 

Ja t 

Ja at J 

i u J ; 

L f 


(b) Using part (a), 

pa b ^ r a \ r a b i r a i i b i 
G{ab) = / - dt = / -dt + - dt = I -dt + - dt = G(a) + G{b). 

Jl t Ji t J a t Ji t J\ t 


(c) First, 


Next, 


G(l) = 


f l i 

= / - dt = 0. 

Jl t 


/i\ f'/q r 1 1 l 

G(a ) = <?( — )= / - dt = \ -dt by part (a) with b = - 

\aj Jl t J a t a 

f a 1 

= - / -dt = 

Jl t 


= —G(a). 


(d) Using part (a), 


/•«" l f a l r« 2 l /■«" 1 

G(a ) — / — dt — / — dt I — dt I — dt 

Jl t Jl t J a t J a n - 1 f 

r a l f“i l 

= / - dt + / - dt + ■ ■ ■ + I - dt = nG(a). 

Jl t Ji t Ji t 


(e) G(a) = G((fl 1//,! )" = hGU; 1 /"). Thus, G(a 1/,! ) = -G(a). 

n 

(f) Letr = m/n where m and /i are integers. Then 

G(a r ) = G{a m /’ 1 ) = G((a' n ) 1 ' n ) 

= -G(a m ) by part (e) 

ft 

ffl 

= —G(a) by part d 

n 

= rG(a). 

(g) By the Fundamental Theorem of Calculus, G(x) is continuous on (0, oo) and G'(.t) = ^ > 0 for* > 0. Thus, G(x) 
is increasing and one-to-onefor x > 0. 

(h) First note that 


G( 2) = 


l l 

= / -dt > - 

Jl t 2 


0 


because ^ ^ for r e (1, 2). Now, let a = 2 m for m an integer greater than 1/G(2). Then 

G{a) = G(2 m ) = mG(2) > • G(2) = 1. 

G(2) 

(i) First, let a be the value from part(h) for which G(a) > 1 (note that a itself is greater than 1). Now, 


lim G(x) = lim G(a m ) = G(a) lim m = oo. 

jc— > oo m— >oo m— >oo 

For the other limit, let r = 1/x and note 

lim G(x) = lim G ( - | - lim G(t) = -oo. 

x->0+ f-s-oo \ f / r-s-oo 

(j) By part (c), G(l) = 0 and by part (h) there exists an a such that G{a) > 1. the Intermediate Value Theorem then 
guarantees there exists a number E such that 1 < E < a and G(E) = 1. We know that E is unique because G is 
one-to-one. 
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(k) U si ng part (f ) and then part (j ), 


G(E r ) = rG(E) =rl = r. 

123. Defining b x Let b > 0 and let fix) = F(xG(b)) with F as in Exercise 122. Use Exercise 121 (f) to prove that 
fir) = b r for every rational number r. This gives us a way of defining b x for irrational x, namely b x = fix). With this 
definition, b x is a differentiable function of x (because F is differentiable). 

solution By Exercise 121 (f), 


fir) = FirGib)) = FiGib' )) = b r , 


for every rational number r. 


7.4 Exponential Growth and Decay 


Preliminary Questions 

1. Two quantities increase exponentially with growth constants k = 1.2 and k = 3.4, respectively. Which quantity 
doubles more rapidly? 

solution Doubling time is inversely proportional to the growth constant. Consequently, the quantity with k = 3.4 
doubles more rapidly. 

2. A cell population grows exponentially beginning with one cell. Which takes longer: increasing from one to two cells 
or increasing from 15 million to 20 million cells? 

solution It takes longer for the population to increase from one cell to two cells, because this requires doubling the 
population. Increasing from 15 million to 20 million is less than doubling the population. 

3. Referring to his popular bookABrief History of Time, the renowned physicist Stephen Hawking said, "Someonetold 
me that each equation I included in the book would halve its sales." Find a differential equation satisfied by the function 
Sin), the number of copies sold if the book has n equations. 

solution Let 5(0) denote the sales with no equations in the book. Translating Hawking's observation into an equation 
yields 



Differentiating with respect to n then yields 

^ = 5(0)4-2 - " = - In 25(0)2“" = - In 2S(n). 
dn dn 

4. Carbon dating is based on the assumption that the ratio R of C 14 to C 12 in the atmosphere has been constant over 
the past 50,000 years. If R were actually smaller in the past than it is today, would the age estimates produced by carbon 
dating be too ancient or too recent? 

solution If R were actually smaller in the past than it is today, then we would be overestimating the amount of decay 
and therefore overestimating the age. Our estimates would be too ancient. 


Exercises 

1. A certain population P of bacteria obeys the exponential growth law Pit) = 2000e L3r ( t in hours). 

(a) How many bacteria are present initially? 

(b) Atwhat time will there be 10,000 bacteria? 

SOLUTION 

(a) P(0) = 2000e° = 2000 bacteria initially. 

(b) We solve 2000e 13 ' = 10, 000 for /.Thus, e 13t = 5 or 

t - ^ In 5 R* 1.24 hours. 

3. Write fit) = 5(7/ in the form fit) = PQe kt for some Pq and k. 
solution Because 7 = e ln7 , it follows that 

fit) = 5(7/ = 5(e ln7 / = 5e fln7 . 


Thus, Pq = 5 and k = In 7. 
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5 . A certain RN A molecule replicates every 3 minutes. Find the differential equation for the number N (t) of molecules 
present at time t (in minutes). Flow many molecules will be present after one hour if there is one molecule at t = 0? 


, . ... . I n 2 In 2 

solution The doubling time is — so k = - — — — . 

k doubling time 

— Nit). With one molecule initially, 


Thus, the differential equation is N'(t) = kN(t) - 


Thus, after one hour, there are 


N(t) = e (ln2/3), ‘ = 2 ,/3 . 
A7(60) = 2 60 / 3 = 1,048,576 


molecules present. 

7 . Find all solutions to the differential equation / = -5 y. W hich solution satisfies the initial condition y(0) = 3.4? 
solution y' = -5y, so y(t) = Ce _5f for some constant C. The initial condition y(0) = 3.4 determines C = 3.4. 
Therefore, y(t) = 3.4e -5/ . 

9 . Find the solution to y' = 3 y satisfying y(2) = 1000. 

solution y' = 3y, so y{t) = Ce 3r for some constant C. The initial condition y(2) = 1000 determines C = 

e° 

Therefore, y(t) = ^^e 3r = 1000e 3(f_2) . 
e° 

11 . The decay constant of cobalt-60 is 0.13 year -1 . Find its half-life. 
solution H alf-life = ks 5.33 years. 

13 . One of the world's smallest flowering plants, Wolffia globosa (Figure 11), has a doubling time of approximately 30 
hours. Find the growth constant k and determine the initial population if the population grew to 1000 after 48 hours. 



FIGURE ll The tiny plants are Wolffia, with plant bodies smaller than the head of a pin. 
solution By the formula for the doubling time, 30 = ^.Therefore, 

In 2 „ „„„ , _i 

k = — ss 0.023 hours - 1 . 

The plant population after t hours is P(t ) = Poe 0 02it . If Z 3 (48) = 1000, then 


p Qe (0.m)A8 = 1000 ^ Pq = 10 oo^-(° 023 » 48 ^ 332 


15 . The population of a city is P(t) = 2 • e 0 06 ' (in millions), where t is measured in years. Calculate the time it takes 
for the population to double, to triple, and to increase seven-fold. 

solution Since /t = 0.06, the doubling time is 

~ 11.55 years. 

k 

The tripling time is calculated in the same way as the doubling time. Solve for A in the equation 

Pit + A) = 3 Pit) 

2 . e 0-06(f+A) _ 3(2e 8 ' 8 ® f ) 

2 . e 0.06r e 0.06A = 3 (2e 0 06f ) 
e 0.06A = 3 
0.06A = In 3, 
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or A = In 3/0.06 & 18.31 years. Working in a similar fashion, we find that the time required for the population to increase 
seven-fold is 


In 7 

k 


In 7 
(106 


32.43 years. 


17. The decay constant for a certain drug is k = 0.35 day -1 . Calculate the time it takes for the quantity present in the 
bloodstream to decrease by half, by one-third, and by one-tenth. 

solution The time required for the quantity present in the bloodstream to decrease by half is 


In 2 

k 


In 2 
035 


1.98 days. 


To decay by one- third (meaning that two- thirds remains in the bloodstream), the time is 


In 3/2 

k 


In 3/2 

“oXT 


1.16 days. 


Finally, to decay by one- tenth (meaning that nine-tenths remains in the bloodstream), the time is 


In 10/9 

k 


In 10/9 
0.35 


0.30 days. 


19. A ssuming that population growth is approximately exponential, which of the following two sets of data is most likely 
to represent the population (in millions) of a city over a 5-year period? 


Year 

2000 

2001 

2002 

2003 

2004 

Set 1 

3.14 

3.36 

3.60 

3.85 

4.11 

Set II 

3.14 

3.24 

3.54 

4.04 

4.74 


solution If the population growth is approximately exponential, then the ratio between successive years' data needs 
to be approximately the same. 


Year 

2000 

2001 

2002 

2003 

2004 

Data 1 

3.14 

3.36 

3.60 

3.85 

4.11 

Ratios 

1.07006 1.07143 1.06944 1.06753 

D ata 1 1 

3.14 

3.24 

3.54 

4.04 

4.74 

Ratios 

1.03185 1.09259 1.14124 1.17327 


As you can see, the ratio of successive years in the data from "Data I” is very close to 1.07. Therefore, we would expect 
exponential growth of about P{t) (3.14)(1.07 r ). 

21. Degrees in Physics One study suggests thatfrom 1955 to 1970, the number of bachelor's degrees in physics awarded 
per year by U ,S. universities grew exponentially, with growth constant k = 0.1. 

(a) If exponential growth continues, how long will it take for the number of degrees awarded per year to increase 14-fold? 

(b) If 2500 degrees were awarded in 1955, in which year were 10,000 degrees awarded? 


SOLUTION 

(a) The time required for the number of degrees to increase 14-fold is 


In 14 

k 


In 14 

“OX 


26.39 years. 


(b) The doubling time is (In 2)/0.1 « 0.693/0.1 = 6.93 years. Since degrees are usually awarded once a year, we round 
off the doubling time to 7 years. The number quadruples after 14 years, so 10. 000 degrees would be awarded in 1969. 

23. A sample of sheepskin parchment discovered by archaeologists had a C 14 -to-C 12 ratio equal to 40% of that found in 
the atmosphere. Approximately how old is the parchment? 

solution The ratio of C 14 to C 12 is y? e - 0 . 000 l 2 lr _ 0 . 4 ^ so -0.000121? = I n (0.4) or t = 7572.65 « 7600 years. 

25. A paleontologist discovers remains of animals that appear to have died at the onset of the Holocene ice age, between 
10,000 and 12,000 years ago. What range of C 14 -to-C 12 ratio would the scientist expect to find in the animal remains? 

solution T he scientist would expect to find C 14 -C 12 ratios ranging from 


10 - 12 e - 0 . 000121 ( 12 , 000 ) ^ 2.34 X 10 -13 


to 


10 — 12 ^ — 0 . 000121 ( 10 , 000 ) w 2.98 x 10 -13 . 





396 


CHAPTER 7 | EXPONENTIAL FUNCTIONS 


27. Continuing with Exercise 26, suppose that 50 grams of sugar are dissolved in a container of water. After how many 
hours will 20 grams of invert sugar be present? 

solution If there are 20 grams of invert sugar present, then there are 30 grams of unconverted sugar. This means that 
/(/) = 60. Solving 

lOOe -0 - 2 ' = 60 


for / yields 

/ = — In 0.6 « 2.55 hours. 

0.2 

29. Moore's Law In 1965, Gordon M oore predicted that the number N of transistors on a microchip would increase 
exponentially. 

(a) Does the table of data below confirm M oore's prediction for the period from 1971 to 2000? If so, estimate the growth 
constant k. 

(b) CR5 Plot the data in the table. 

(c) Let Nit) be the number of transistors r years after 1971. Find an approximate formula Nit) & Ce kt , where / is the 
number of years after 1971. 

(d) Estimate the doubling time in M oore's Law for the period from 1971 to 2000. 

(e) Flow many transistors will a chip contain in 2015 if M oore's Law continues to hold? 

(f) Can M oore have expected his prediction to hold indefinitely? 


Processor 

Year 

No. Transistors 

4004 

1971 

2250 

8008 

1972 

2500 

8080 

1974 

5000 

8086 

1978 

29,000 

286 

1982 

120,000 

386 processor 

1985 

275,000 

486 DX processor 

1989 

1,180,000 

Pentium processor 

1993 

3,100,000 

Pentium II processor 

1997 

7,500,000 

Pentium III processor 

1999 

24,000,000 

Pentium 4 processor 

2000 

42,000,000 

X eon processor 

2008 

1,900,000,000 


SOLUTION 

(a) Yes, the graph looks like an exponential graph especially towards the latter years. We estimate the growth constant 
by setting 1971 as our starting point, so Pq = 2250. Therefore, Pit) = 2250e kt . In 2008, / = 37. Therefore, P( 37) = 

2250e 37A = 1,900.000,000, so k = ln 8 44 ' 444 - 444 0.369. Note: A better estimate can be found by calculating k for 

each time period and then averaging the k values. 

(b) 


4xl0 7 

• 

3xl0 7 


2xl0 7 

• 

lxlO 7 

• 


• 

- , - • 


1980 1985 1990 1995 2000 


(C) N(t) = 2250e°' 369r 

(d) The doubling time is In 2/0.369 « 1.88 years. 

(e) In 2015, / = 44 years. Therefore, N( 44) = 2250e°- 369(44) « 2.53 x 10 10 . 

(f) No, you can't make a microchip smaller than an atom. 

31. The only functions with a constant doubling time are the exponential functions Poe kt with k > 0. Show that the 
doubling time of linear function fit) = at + b at time to is to + b/a (which increases with to). Compute the doubling 
times of fit) = 3/ + 12 at = 10 and to = 20. 

solution Let f(t) = at + b and suppose f(to) = Pq. The time at which the value of / will have doubled is the 
solution of the equation 


2Pq = 2 (atQ + b) = at + b or f = 2/q + b/a. 
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Thus, the time it takes to double is 


t - fo = 2?o + b/a - fg = to + b/a. 

For the function fit) = 3 1 + 12, a - 3, b = 12 and b/a = 4. With to = 10, the doubling time is then 14; with to = 20, 
the doubling time is 24. 

33. Drug Dosing Interval Let y(t) be the drug concentration (in mg/kg) in a patient's body at time t. The 

initial concentration is y(0) = L. Additional doses that increase the concentration by an amount d are administered at 
regular time intervals of length T. In between doses, y{t) decays exponentially— that is, y' = -ky. Find the value of T 
(in terms of k and d ) for which the the concentration varies between L and L - d as in Figure 13. 


SOLUTION 


Exponential decay 



FIGURE 13 Drug concentration with periodic doses. 

Because / = -ky and y(0) = L, it follows that y(t) = Le~ kl . We want y(T ) = L - d, thus 


Le kT = L - d or 




Exercises 34 and 35: The Gompertz differential equation 

— =ky\n ("— ) ■ 

dt y \m) ^ 

(where M and k are constants) was introduced in 1825 by the English mathematician Benjamin Gompertz and is still 
used today to model aging and mortality. 

35. To model mortality in a population of 200 laboratory rats, a scientist assumes that the number P(t) of rats alive at 
time t (in months) satisfies Eq. (2) with M = 204 and k = 0.15 month -1 (Figure 14). Find P(t) [note that / > (0) = 200] 
and determine the population after 20 months. 


Rat population P(t) 



solution The solution to the Gompertz equation with u = 204 and k = 0.15 is of the form: 

P(t) = 204e ae °' 15 ' 

Applying the initial condition allows us to solve for a\ 


200 = 204e fl 


In 


200 

204 



= e 


a 


= a 


so that a rs -0.02. After t = 20 months, 

P( 20) = 204e -0 02l?0 15(201 = 136.51, 


so there are 136 rats. 
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Further Insights and Challenges 

37 . Let P = P(t ) be a quantity that obeys an exponential growth law with growth constant k. Show that P increases 
w-fold after an interval of (In m)/k years. 

I n wi 

solution Form-fold growth, P(t) = mPq for some t. Solving mPq = P§e kt for t, we find t = . 


7.5 Compound Interest and Present Value 


Preliminary Questions 

1. Which is preferable: an interest rate of 12% compounded quarterly, or an interest rate of 11% compounded continu- 
ously? 

solution To answer this question, we need to determine the yearly multiplier associated with each interest rate. The 
multiplier associated with an interest rate of 12% compounded quarterly is 



1.1255, 


while the multiplier associated with an interest rate of 11% compounded continuously is 

e 011 « 1.11627. 


Thus, the compounded quarterly rate is preferable. 

2 . Find the yearly multiplier if r = 9% and interest is compounded (a) continuously and (b) quarterly. 
solution With r = 9%, the yearly multiplier for continuously compounded interest is 

e 0 09 « 1.09417, 


and the yearly multiplier for compounded quarterly interest is 



1.09308. 


3 . ThePV of N dollars received at time T is (choose the correct answer): 

(a) The value at time T of N dollars invested today 

(b) The amount you would have to invest today in order to receive N dollars at time T 

solution The correct response is (b): the PV of N dollars received at time T is the amount you would have to invest 
today in order to receive N dollars at time T. 

4 . In one year, you will be paid $1. Will the PV increase or decrease if the interest rate goes up? 
solution If the interest rate goes up, the present value of $1 a year from now will decrease. 

5 . Xavier expects to receive a check for $1000 one year from today. Explain using the concept of PV, whether he will 
be happy or sad to learn that the interest rate has just increased from 6% to 7%. 

solution If the interest rate goes up, the present value of $1,000 one year from today decreases. Therefore, Xavier 
will be sad if the interest rate has just increased from 6 to 7%. 


Exercises 

1. Compute the balance after 10 years if $2000 is deposited in an account paying 9% interest and interest is compounded 
(a) quarterly, (b) monthly, and (c) continuously. 

SOLUTION 

(a) P(10) = 2000(1 + 0.09/4) 4(10> = $4870.38 

(b) P(10) = 2000(1 + 0.09/12) 12 ' 10 ) = $4902.71 

(c) P( 10) = 2000e° ° 9(10) = $4919.21 

3 . A bank pays interest at a rate of 5%. W hat is the yearly multiplier if interest is compounded 
(a) three times a year? (b) continuously? 

SOLUTION 

/ 0.05\ 3r / 0 05\ 3 

(a) P(t) = Pq ( 1 + -y- J , so the yearly multiplier is (l + -^-1 ^ 1.0508. 

(b) P{t) = P 0 e 0Mt , so the yearly multiplier is <?°- 05 « 1.0513. 
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5. How much must one invest today in order to receive $20,000 after 5 years if interest is compounded continuously at 
the rater- = 9%? 

solution Solving 20,000 = /V°' 09(5) for Po yields 


Po 


20,000 

7 ^ 


$12,752.56. 


7. Compute the PV of $5000 received in 3 years if the interest rate is (a) 6% and (b) 11%. What is the PV in these two 
cases if the sum is instead received in 5 years? 

solution In 3 years: 

(a) PV = 5000e-° ° 6 ® = $4176.35 

(b) PV = 5000e-° u ® = $3594.62 
I n 5 years: 

(a) PV = 5000e-°° 6 ® = $3704.09 

(b) PV = 5000e- 011 © = $2884.75 

9. Find the interest rate /- if the PV of $8000 to be received in 1 year is $7300. 
solution Solving 7300 = 8000f’ _r<1) for r yields 



or 9.16%. 

11. A new computer system costing $25,000 will reduce labor costs by $7000/year for 5 years. 

(a) Is it a good investment if r = 8%? 

(b) How much money will the company actually save? 

SOLUTION 

(a) The present value of the reduced labor costs is 

7000(e-° 08 + e-°- 16 + e -°- 24 + e~ 032 + e~ 0A ) = $27,708.50. 

This is more than the $25,000 cost of the computer system, so the computer system should be purchased. 

(b) The present value of the savings is 

$27,708.50 -$25,000 = $2708.50. 


13. Use Eq. (2) to compute the PV of an income stream paying out R(t ) = $5000/year continuously for 10 years, 
assuming r = 0.05. 


SOLUTION PV = 


r 10 

V = / 5000,-° 05? dt = -100,000e-°-° 5r 

Jo 


10 


0 


= $39,346.93. 


15. Find the PV of an income stream that pays out continuously at a rate R(t ) = $5000e 01, /year for 7 years, assuming 
r = 0.05. 

1 7 


SOLUTION 


Jo 


//: 

Jo 


PV = / 5000e°' lr e _0 05r dt = / 5000e°° 5r dt = lOO.OOOe 0 05 ' 


= $41,906.75. 


0 


17. Show that an investment that pays out R dollars per year continuously for T years has a PV of 77(1 - e~ rT )/r. 
solution The present value of an investment that pays out R dollars/year continuously for T years is 

r* T 


PV = 


/ 

Jo 


Re~ rt dt. 


Letfi = —rt, du = — rdt. Then 


PV = — 
r 


if 

r Jo 


~ rT R 

Re" du = --e“ 
r 


-rT 


= --{e- rT -\) = -a-c-”). 

r r 


r T \ 


19. Suppose that r = 0.06. Use the result of Exercise 18 to estimate the payout rate R needed to produce an income 
stream whose PV is $20,000, assuming that the stream continues for a large number of years. 

R. R 

solution From Exercise 18, PV = — so 20000 = — - or 77 = $1200. 

r 0.06 
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21. Use Eq. (4) to compute the PV of an investment that pays out income continuously at a rate R(t) = (5000 + 
1000r)e° ° 2/L dollars per year for 10 years, assuming r = 0.08. 

SOLUTION 


PV = 


rlO 

Jo 


(5000 + 1000/)(e°' 02r )e _0 '° 8r dt = 


r 10 
L ' 


5000e _ °' 06f dt ■ 


L 


10 


5000 («-•■«« - 1, - 1000 1 g-° 0Sll °Al-H 0.061101) , + 1000 


-0.06 (0.06) 2 
= 37,599.03 - 243,916.28 + 277,777.78 « $71,460.53. 


1000 te~ om dt 
1 


(0.06) 2 


In Exercises 23-26, calculate the limit. 

23. lim (l+-) 

n- *oo \ n J 

SOLUTION 


lim 

77— >00 






25. lim (l + 3 f 

n ^ oo y n ) 

solution Let/ = n/3. Then n = 3/ and 


lim (l+ 3 

n — > oo y n 


2 n 


im 

->oo 


6 / 

1 + - ) = lim 

t ) t — > oo 


f/ lVl 

6 

/ iy 

1 

+ 
1 — 1 

= 

lim 1 + - 

L\ tj j 


8 

t 


Further Insights and Challenges 

27. M odify the proof of the relation e = lim (1 + l) n given in the text to prove e x = lim (1 + £)". Hint: Express 
ln(l + xn~ l ) as an integral and estimate above and below by rectangles. 
solution Start by expressing 


Following the proof in the text, we note that 


provided x > 0, while 


, /, x \ [ 1+x / n dt 

ln ( 1+ »)-A 7' 

(i + -) < - 

V n ! n 


n + x 


< In 




- < In 1 + -) < 


n / n + x 

when* < 0. M ulti plying both sets of inequalities by « and passing to the limitasn -»• oo, the squeeze theorem guarantees 
that 


Finally, 


lim (in (l + =x. 

lim fl + — y 1 = e x . 

«->oo v n ' 


29. A bank pays interest at the rate r, compounded M times yearly. The effective interest rate r e is the rate at which 
interest, if compounded annually, would have to be paid to produce the same yearly return. 

(a) Find r e if r = 9% compounded monthly. 

(b) Show that r e = (1 + r/M) M - 1 and that r e = e r - 1 if interest is compounded continuously. 

(c) Find r e if r — 11% compounded continuously. 

(d) Find the rate r that, compounded weekly, would yield an effective rate of 20%. 
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SOLUTION 

(a) Compounded monthly, P(t ) = PqU + r/12) 12 ' . By the definition of r e , 

/’od + 0.09/12) 12 ' = p 0 a + r e y 


so 

(1 + 0.09/12) 12r = a + r e )' or = (1 + 0.09/12) 12 - 1 = 0.0938, 


or 9.38% 

(b) In general, 

p 0 a + r/M) Mt = p 0 a + r e y, 

so (1 +r/M) Mt = (1 + r e y or r e = (1 + r/M) M - 1. If interest is compounded continuously, then Poe rt = Po(l + r e )‘ 
SO e rt = (1 + r e y or r e = e r - 1. 

(c) Using part (b), r e = e 011 - 1 ~ 0.1163 or 11.63%. 

(d) Solving 


0.20= (l + 



- 1 


for r yields r = 52(1.2 1 / 52 - 1) = 0.1826 or 18.26%. 


7.6 Models Involving y' = k(y -b) 

Preliminary Questions 

1. W rite down a solution to / = 4(v - 5) that tends to -oo as t -*■ oo. 

solution The general solution is y(t) = 5 + C<? 4f for any constant C; thus the solution tends to -oo as / ->• oo 
whenever C < 0. One specific example is y(t) = 5 - e 4 '. 

2. Does y f = -4 (y - 5) have a solution that tends to oo as t -> oo? 

solution The general solution is y(t) = 5 + Ce -4 ' for any constant C. As t -> oo, y(t) ->■ 5. Thus, there is no 
solution of y' = — 4(y - 5) that tends to oo as t -> oo. 

3. T rue or false? If k > 0, then all solutions of / = -k(y - b) approach the same limit as t -> oo. 

solution True. The general solution of / = -k(y - b) is y(t) = b + Ce~ kt for any constant C. If k > 0, then 
y(t) — > b as t — > oo. 

4. As an object cools, its rate of cooling slows. Explain how this follows from Newton's Law of Cooling. 

solution Newton's Law of Cooling states that / = -k{y - To) where y(t) is the temperature and To is the ambient 
temperature. Thus as y(t) gets closer to Tq, y'(t), the rate of cooling, gets smaller and the rate of cooling slows. 


Exercises 

1. Find the general solution of 

/ = 2(y - 10) 


Then find the two solutions satisfying y(0) = 25 and y(0) = 5, and sketch their graphs. 

solution The general solution of y' = 2(y - 10) is y (t) = 10 + Ce 2t for any constant C. If y(0) = 25, then 
10 + C = 25, or C = 15; therefore, y(t) = 10 + 15e 2 C On the other hand, if y(0) = 5, then 10 + C = 5, or C - -5; 
therefore, y(t) = 10 - 5e 2r . Graphs of these two functions are given below. 

y y 
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3 . Solve / = 4y + 24 subject to y(0) = 5. 
solution Rewrite 


Integrating gives 


/ = 4 y + 24 as 


1 

4 v + 24 


dy = Idt 


^ In |4y + 24| =t + C 
ln|4y + 24| = 4f + C 
4y + 24 = ±<? 4 ' +c 
y = Ae 4r - 6 


where A = ±e c /4 is any constant. Since y(0) = 5 we have 5 = A - 6 so that A = 11, and the solution isy = lie 4 ' - 6. 


In Exercises 5-12, use Newton !v Law of Cooling. 

5 . A hot anvil with cooling constant k = 0.02 s -1 is submerged in a large pool of water whose temperature is 10°C. 
L et y (?) be the anvil's temperaturer seconds later. 

(a) W hat is the differential equation satisfied by y(r)? 

(b) Find a formula for y(t), assuming the object's initial temperature is 100°C. 

(c) Flow long does it take the object to cool down to 20°? 


SOLUTION 

(a) By Newton's Law of Cooling, the differential equation is 

/ = — 0 . 02 ( 3 ; — 10 ) 


(b) Separating variables gives 


— dy = —0.02 dt 

y — 10 

Integrate to get 


In |v — 10| =-0.02 t + C 
y - 10 = ± e - 0 02,+c 
y = 10 + Ae" 0 02 ' 

where A = ±e c is a constant. Since the initial temperature is 100°C, we have y(0) = 100 = 10 + A so that A = 90, 
and y = 10 + 90e -0 02 '. 

(c) We must find the value of t such that y{t) = 20, so we need to solve 20 = 10 + gOe -0 02 '. Thus 

10 = 90e“°° 2 ' +> 1 = e~ 0 02t => -In 9 = -0.02? t = 50 In 9 ^ 109.86 s 

7. At 10:30 am, detectives discover a dead body in a room and measure its temperature at 26°C. One hour later, the 
body's temperature had dropped to 24.8°C. Determine the time of death (when the body temperature was a normal 37°C), 
assuming that the temperature in the room was held constant at 20°C. 

solution Let t = 0 be the time when the person died, and let to denote 10:30 am. The differential equation satisfied 
by the body temperature, y(t), is 

y' = -k(y - 20) 

by Newton's Law of Cooling. Separating variables gives — dy = -kdt. Integrate to get 

y — 20 

In |y — 20| = -kt + C 

y - 20 = ±e~ k,+c 
y = 20 + Ae~ kt 
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where A = ±e c is a constant. Since normal body temperature is 37°C, we have y(0) = 37 = 20 + A so that A = 17. 
To determine fc, note that 


26 = 20 + 17e 


-kto 


and 


24.8 = 20 + 17e 


-£+0+1) 


ktQ = — In — 


Subtracting these equations gives 


4.8 

ktQ + k = - In — 


,=l, r ln r"+™ 


We thus have 


y = 20 + 17f? _0 - 223? 


as the equation for the body temperature at time t. Since y(tQ) = 26, we have 

26 = 20 + 17e _0 - 223f ° =► e ~° 223,0 = => t 0 = -^3 ln ^ * 4 -667 h 

so that the time of death was approximately 4 hours and 40 minutes ago. 

9 . A cold metal bar at -30°C is submerged in a pool maintained at a temperature of 40°C. Half a minute later, the 
temperature of the bar is 20°C. How long will it take for the bar to attain a temperature of 30°C? 

solution With Tq = 40°C, the temperature of the bar is given by F(t) = 40 + Ce~ kt for some constants C and k. 
From the initial condition, +(0) = 40 + C = -30, so C = -70. After 30 seconds, F(30) = 40 - 70e~ 3Ok = 20, so 

k = In ~ 0.0418 seconds -1 . 


To attain a temperature of 30°C we must solve 40 - 70e — 0 0418r = 30 for t. This yields 


t = 


-0.0418 


■ 46.55 seconds. 


11 . ||GU| Objects A and B are placed in a warm bath at temperature Tq = 40°C. Object A has initial temperature 
-20°C and cooling constants = 0.004 s -1 . Object B has initial temperature 0°C and cooling constant k = 0.002 s -1 . 
Plot the temperatures of A and B for 0 < t < 1000. After how many seconds will the objects have the same temperature? 

solution With Tq — 40°C, the temperature of A and B are given by 

A(7) = 40 + C A e~ 0m ' B(t) = 40 + C B e~ om2t 

Since A (07 = -20 and 5(0) = 0, we have 

A(t) = 40 - 60e -0 004 ' B(t) = 40 - 40 e -0 - 002f 

The two objects will have the same temperature whenever A(z) = B(t), so we must solve 

40 - 60e -0 004 ' = 40 - 40e -0 002/ +> 3e -0.004f = 2e -0.002r 


Take logs to get 

-0.004? + In 3 = —0.002? + In 2 +> t = ^ q qq^ 2 ga 202 - 7 s 

or about 3 mi nutes 22 seconds. 



404 CHAPTER 7 | EXPONENTIAL FUNCTIONS 


In Exercises 13-16, use Eq. (3) as a model for free-fall with air resistance. 

13. A 60-kg skydiver jumps out of an airplane. What is her terminal velocity, in meters per second, assuming that 
k = 10 kg/s for free-fall (no parachute)? 

solution The free-fall terminal velocity is 


~gm 

k 


-9.8(60) 

10 


-58.8 m/s. 


15. A 80-kg skydiver jumps out of an airplane (with zero initial vel ocity). Assume that k = 12 kg/s with a closed parachute 
and k = 70 kg/s with an open parachute. What is the skydiver's velocity at t - 25 s if the parachute opens after 20 s of 
free fall? 

solution We first compute the skydiver's velocity after 20 s of free fall, then use that as the initial velocity to calculate 
her velocity after an additional 5 s of restrained fall. We havem = 80 and g = 9.8; for free fall, k = 12, so 


k 

m 


H- 015 ' 


mg 

k 


-80-9.8 

12 


-65.33 


The general solution is thus v(t) = -65.33 + Ce _015f . Since t>(0) = 0, we have C = 65.33, so that 

V (r) = -65.33(1 — e“ 015r ) 


After 20 s of free fall, the diver's velocity is thus 

u(20) = -65.33(1 - e -° 15 ' 20 ) « -62.08 m/s 


O nee the parachute opens, k - 70, so 


k 

m 


^ = 0.875, 
80 


mg —80 • 9.8 
T = 70 


so that the general solution for the restrained fall model is v r (t) = -11.2 + Ce~ 0 &1St . Here u, (0) = -62.08, so that 
C = 11.2 - 62.08 = -50.88 and v r (t) = -11.20 - 50.88<? — 0 875/ . After 5 additional seconds, the diver's velocity is 
therefore 


v r ( 5) = -11.20 - 50.88e -0 - 875 ' 5 ~ -11.84 m/s 


17. A continuous annuity with withdrawal rate N = $5000/year and interest rater = 5% is funded by an initial deposit 
of P 0 = $50,000. 

(a) W hat is the balance in the annuity after 10 years? 

(b) W hen will the annuity run out of funds? 

SOLUTION 

(a) From Equation 7, the value of the annuity is given by 

Pit) + Ce 0 05r = 100.000 + Ce 0 05t 

for some constant C. Since />(0) = 50,000, we have C = -50,000 and Pit) = 100,000 - 50, OOOe 0 05? . After ten years, 
then, the balance in the annuity is 

P(10) = 100,000 - SO.OOO, 0 - 05 10 = 100,000 - 50,000e°- 5 « $17,563.94 

(b) The annuity will run out of funds when Pit) = 0: 

0 = 100,000 — 50.000e° ° 5? => e°- 05r = 2 => t = ^ » 13.86 

The annuity will run out of funds after approximately 13 years 10 months. 

19. Find the minimum initial deposit Pq that will allow an annuity to pay out $6000/year indefinitely if it earns interest 
at a rate of 5%. 

solution Let P(t) denote the balance of the annuity at time t measured in years. Then 

Pit) + Ce " = + Ce 00St = 120,000 + Ce 00S ' 

r 0.05 

for some constant C. To fund the annuity indefinitely, we must have C > 0. If the initial deposit is Pq, then Pq = 
120,000 + C and C = Pq - 120.000. Thus, to fund the annuity indefinitely, we must have Pq > $120,000. 
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21 . An initial deposit of 100,000 euros are placed in an annuity with a French bank. What is the minimum interest rate 
the annuity must earn to allow withdrawals at a rate of 8000 euros/year to continue indefinitely? 

solution Let P(t) denote the balance of the annuity at time t measured in years. Then 


N ... 
P(t) = — + Ce rt 
r 


8000 

r 


+ Ce rt 


for some constant C. To fund the annuity indefinitely, we need C > 0. If the initial deposit is 100,000 euros, then 
100,000 = ^ + C and C = 100.000 - . Thus, to fund the annuity indefinitely, we need 100,000 - > o, or 

r > 0.08. The bank must pay at least 8%. 

23 . Sam borrows $10,000 from a bank at an interest rate of 9% and pays back the loan continuously at a rate of 

N dollars per year. Let P(t) denote the amount still owed at time t. 

(a) Explain why P(t) satisfies the differential equation 

y' = 0.09y - N 

(b) Flow long will it take Sam to pay back the loan if N = $1200? 

(c) Will the loan ever be paid back if N = $800? 


SOLUTION 

(a) 


Rate of Change of Loan = (Amount still owed) (Interest rate) - (Payback rate) 


= P(t ) -r-N = r[P 


Therefore, if y = P{t), 


y 


r 




= ry — N 


(b) From the differential equation derived in part (a), we know that P(t) = y + Ce rt = 13,333.33 + Ce 0 09/ . Since 
$10,000 was initially borrowed, P(0) = 13,333.33 + C = 10,000, and C = -3333.33. The loan is paid off when 
P(t) = 13,333.33 - 3333.33e 0 09 ' = 0. This yields 


1 / 13,333.33 \ 

' ~ 009 n (v 3333.33 ) 


15.4 years. 


(c) If the annual rate of payment is $800, then P(t) = 800/0.09 + Ce 0 - 09 ' = 8888.89 + Ce 0 09r . With PfO) = 
8888.89 + C = 10,000, it follows that C = 1111.11. Since C > 0 and e°- 09f -> oo as t -> oo, P(t) ->■ oo, and the 
loan will never be paid back. 


25 . Let N(t) be the fraction of the population who have heard a given piece of news t hours after its initial release. 
According to one model, the rate N'(t) at which the news spreads is equal to k times the fraction of the population that 
has not yet heard the news, for some constant k > 0. 

(a) Determine the differential equation satisfied by N(t). 

(b) Find the solution of this differential equation with the initial condition N{ 0) = 0 in terms of k. 

(c) Suppose that half of the population is aware of an earthquake 8 hours after it occurs. Use the model to calculate k 
and estimate the percentage that will know about the earthquake 12 hours after it occurs. 


SOLUTION 

(a) N\t) = k( 1 - N(t)) = —k(N(t) - 1). 

(b) The general solution of the differential equation from part (a) is N(t) = 1 + Ce~ kt . The initial condition determines 
the value of C: N( 0) = l + c = 0soC = -1. Thus, N(t) = 1 - e~ kt . 

(c) Knowing that 2V(8> = 1 - e~ Sk = j, we find that 


k = 



0.0866 hours 


With the value of k determined, we estimate that 

N( 12) = 1 - e 0.0866(12) ^ 0 6463 = 64.63% 


of the population will know about the earthquake after 12 hours. 


406 CHAPTER 7 | EXPONENTIAL FUNCTIONS 


Further Insights and Challenges 

27. Show that the cooling constant of an object can be determined from two temperature readings y{t\) and y{t 2 ) at times 
t\ tj by the formula 

k = — - — In ~ 

n-t 2 \y<n)-ToJ 

solution We know that vOi) = Tp + Ce~ ktl and y(t 2 ) = Tp + Ce _fa2 .Thus, y{t\) - Tp = Ce~ k ‘ l and y(t 2 ) -Tp- 
Ce~ ktl . Dividing the latter equation by the former yields 


so that 


e -kt 2 +kn = y( f 2) - T 0 
yd i) - t 0 ’ 


k(t\ — t 2 ) = In 


y(t 2 ) -T 0 \ 

yih) -To) 


and ^^ln( - vte) - r ° V 

n~n \y(n)-T 0 J 


29. Air Resistance A projectile of mass m = 1 travels straight up from ground level with initial velocity vq. Suppose 
that the velocity v satisfies v' = -g - kv. 

(a) Find a formula for v(t). 

(b) Show that the projectile's height h(t) is given by 

h(t) = C(1 - e~ kt ) - -t 
k 

where C = k~ 2 (g + kvo). 

(c) Show that the projectile reaches its maximum height at time r m ax = k~ l ln(l + kvo/g). 

(d) In the absence of air resistance, the maximum height is reached at time t - vo/g- In view of this, explain why we 
should expect that 


lim 

k^o 


ln(l + k -f) 

k 


v _0 

8 


(e) Verify Eq. (8). Hint: UseTheorem 1 in Section 7.5 to show that lim 

k^o 


1 + 


kvp \ 

g ) 


1 Ik 




[H 


SOLUTION 


(a) Since i >' = -g-kv = -k 
u(0) = uq determines B: vq = 


( v ) itfollowsthatn(f) = — + Be~ kt forsomeconstants.Theinitial condition 

V k ) k 

— | + B, SO B = uq + f . Thus, 


m = ~ 8 k + ( V0+8 k) e ~ k ‘- 


(b) v{t) = h'{t) so 

h(f) = / (“f + ( V ° + I) e ~ k ‘) dt = ~k , ~l( V0+ f ) e ~ h + D ' 

The initial condition h(0) = 0 determines 

D =l{ v * + l) = l? {vok + 8) - 

LetC = ~z{vpk + g). Then 


h(t) = C( 1 - e~ kt ) - -t. 

k 

(c) The projectile reaches its maximum height when v(t) = 0. This occurs when 


or 



= 0 . 


t — 



g 

kvp + g 


= - In 
k 


1 + 


kvp \ 
g )' 
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(d) Recall that k is the proportionality constant for the force due to air resistance. Thus, as k -> 0, the effect of air 
resistance disappears. We should therefore expect that, as it ->• 0, the time at which the maximum height is achieved from 
part (c) should approach vq / g. I n other words, we should expect 


(e) Recall that 


lim - In 

k^O k 



to 
8 ' 


e x = lim (l + . 

>oo \ n / 

If we substitute* = vo/g and k = 1/n, we find 

e v °/s = lim ^1+ ^ 


l/k 


k^O 


Then 


lim - In [ 1 + — ) = lim In [ 1 + — ^ = In f lim fl + — ^ 


1 

k — >0 k 


kvQ 

8 


k^O 


8 ) 


k^ 0 


8 ) 


= ln(e l, o/«) = ^0. 

8 


7.7 L’Hopital’s Rule 


Preliminary Questions 

x 2 - 2x 

1. Whatis wrong with applying L'Hopital's Ruleto lim — — ? 

x->0 3x — 2 

solution As*->-0, 


x 2 — 2* 

3x -2 

is not of the form § or §§, so L'Hopital's Rule cannot be used. 

2 . Does L'Hopital's Rule apply to Jim /(*)#(*) if /(*) and g(x) both approach oo as * ^ a? 
solution No. L'Hopital's Rule only applies to limits of the form jj or R§, 


Exercises 

In Exercises 1-10, use L'Hopital’s Rule to evaluate the limit, or state that L’Hopital’s Rule does not apply. 

, .. — 5* — 3 

1. lim 

*->3 x — \ 

solution Because the quotient is not indeterminate at* = 3, 


2*2 — 5* — 3 
* - 4 


i=3 


18-15-3 

3^4 


L'Hopital's Ruledoes not apply. 

, * 3 - 64 

3 . lim 


>4 *2 + 16 

solution Because the quotient is not indeterminate at* = 4, 


_ 0 _ 


1 — 64 

r Tl6 


64 — 64 
r _4 “ 16 + 16 


L'Hopital's Ruledoes not apply. 

, .. * 1/2 +*-6 

5 . lim — === 

*-s-9 * 3 / 2 -27 

solution Because the quotient is not indeterminate at* = 9, 


0 

32’ 


L'Hopital's Ruledoes not apply. 


*3/2+* -6 3 + 9-6 6 

*3/2 - 27 t=9 “ 27 - 27 “ O' 
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7. lim 


si n 4x 


>0 x 2 + 3x + 1 

solution Because the quotient is not indeterminate at x = 0 , 


sin 4x 


r 2 + 3x + 1 


0 


0 


c=0 0 + 0 + 1 1 


L'Hopital's Rule does not apply. 

„ . . cos 2 x - 1 
9. lim — — — 

x-s-0 sin5x 

solution The functions cos2x - 1 and sin 5x are differentiable, but the quotient is indeterminate at x = 0, 


cos 2 x - 1 


sin 5x 


1-1 0 


t=0 


0 O' 


so L'Hopital's Ruleapplies. Wefind 


.. cos2x-l -2sin2x 0 

lim — — — = lim — — = - = 0 . 

x— >0 sin5x i->o 5cos5x 5 


In Exercises 11-16, show that L’Hopital’s Rule is applicable to the limit as x — >■ ±oo and evaluate. 

.. .. 9x + 4 

11 . lim - — — 

i-»oo 3 — 2x 

9jc -|- 4 oo 

solution As x ^ oo, the quotient — — — is of the form — , so L'Hopital's Rule applies. Wefind 

3 — 2x oo 

9x + 4 9 9 

lim - — — = lim 

x->oo 3 — 2x x->oo —2 2 

,, .. Inx 

13. lim 

X— >00 x L '^ 

I n x oo 

solution Asx oo, the quotient - T75 is of the form — , so L'Hopital's Rule applies. Wefind 

x L H oo 


.. Inx 
lim — =i— 7 =r = lim 


= lim 


X — >00 x 1/2 x oo I*- 1/2 x oo 2X 1 / 2 


= 0 . 


1>; .. In(x 4 + 1 ) 

15. lim 

x — > — OO X 

solution Asx ->• oo, the quotient isoftheform — , so L'Hopital's Ruleapplies. Here, weuseL’Hopital's 

X 00 

Ruletwiceto find 

ln(x 4 + l) ,. 12 x 2 ..3 

lim = lim = [ im — =- = lim - = 0 . 

X — >00 x X — >00 1 X — >00 Ax 5 X— >oo x 


In Exercises 17-50, evaluate the limit. 
V 8 + x — 3x ly ^ 


17. lim 


1 x 2 — 3x + 2 


SOLUTION 

. . v ^ 

lim ; 


H 

I — 1 

t 

H 


3x — 2 

19. lim 


x—>— oo 

1 — 5x 

3 

SOLUTION 

lim - 


x— >— CO 1 


7x 2 + 4x 

21. lim 


x—> — oo 

9 - 3x 2 
.. 7 

SOLUTION 

lim - 


T — A = lim 

2 — 3x + 2 x — > 1 


2(8 + x ) -1 / 2 — x -2 / 3 |-1 5 


2x — 3 


-1 


3 3 

= lim -r=-r- 

x — > — 00 —0 0 


7x z + 4x 14x + 4 14 7 

,,, =- = lim — - — = lim 

—00 9 — 3x^ x-*— 00 — 6 x x ->— 00 —6 3 
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„ .. (1 + 3x) 1 /2_2 

23. Iim =-, — - 

x-s-1 (1 + 7x)l/3 _ 2 
solution Apply L'Hopital's Ruleonce: 


(1 + 3x) 1 /2_2 \{l + 3x)-V 2 

x ^ 1 (1 + lx )V3 — 2 x->l ^(1 + 7x) -2 / 3 

(;>7 9 


25. Iim 


sin 2x 


x — >0 sin lx 

.. sin2x .. 2cos2x 

solution Iim = Iim = 

x^osin7x x^o 1 cos7x 

.. tanx 
27. Iim 

x->0 x 

tanx sec 2 x 

solution Iim = Iim — - — = 1. 

x — >0 x x — >0 1 


29. Iim 


sinx — x cosx 


»0 x — sin x 

SOLUTION 


.. sinx — xcosx .. xsinx sinx+xcosx cosx + cosx — x sinx 

Iim ; = Iim = Iim ; = Iim = 2. 

x— >o x — sinx jc — > o 1 — cosx x^-0 sinx x— >o cosx 

COS(X + y) 

31. Iim ; — 

x->0 sinx 

COS(X + y) — sin(x+y) 

solution Iim — = Iim — = -1. 

x->o sinx x— >o cosx 

„ .. COSX 

33. Iim - — - — 
x— >7r/2 sin(2x) 


SOLUTION Iim . _ 

x-s-jr/2 Sin(2x) 


cosx -sinx 1 

= Iim — = 

x-nt / 2 2 cos(2x) 2 


35. Iim (sec x- tanx) 

x-s-jt/2 


SOLUTION 


Iim ( secx - tan x) = Iim 

y . X .. . Tt 

X ^> j X^j 


COSX COSX 


si n x \ 

= Iim 

/ x^Z 


1 - sinx 
cosx 


.. , -cosx\ 

= Iim — ; — = 0. 

-sinx / 


37. Iim tan In . 
x-»i V 2 / 


x — ^ 1 

solution Iim tan Inx = Iim 

x — > 1 V 2 / 


Inx 


= Iim 


2 1 cot(Y) x^l -J csc 2 (^) > • l .TX 


= Iim — sin 2 ^yx^ = 


2 

n 


39. Iim 


e x - 1 


x-s -0 sinx 


e x — 1 

solution Iim — = Iim 


41. Iim 


x — o sinx 

e 2x - 1 - x 


x— >0 COSX 


= 1. 


>0 x 2 

e 2x - 1 - x 2e 2 - Y - 1 

solution Iim = — -= Iim — which does not exist. 

x->0 x 2 

43. Iim (sinO(lnr) 

?^0+ 

SOLUTION 


x— >0 2x 


Ini 


= Iim 


Iim (sin f)(ln t) = Iim 
/^o+ f^O+CSCI r-s-0+ — esc t cot f r-s-0+ ICOSI 


, -sin 2 i .. —2 sin t cos t 

= Iim = Iim — = 0. 


i^o+ cos t - isini 
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45. lim — — - (a > 0) 

.. a x — 1 In a ■ a x 

solution 1 1 m = 1 1 m — = In a. 

x— >0 x x^O 1 

47. lim (1 + Inx) 1 ^* -1 ) 

x — 1 

solution lim ln(l + Inx) 1 ^* -1 ) = lim + ^ A) = lim — — \ = 1. Hence, 

x->l x — >■ l x — 1 x^lx(l + lnx) 

lim (1 + Inx) 1 ^* -1 ) = lim e (1+ln ,:)1/( '' 11 = e. 

X — > 1 X — >1 


49. lim (cos x) 3 /* 2 

x->0 


SOLUTION 


lim Infcosx) 3 /* 2 

x-s-0 


3lncosx .. 3tanx .. 3sec 2 x 
lim = — = lim — = lim — 

x— >0 x ^ x— >0 2x x— >0 2 


3 

r 


Hence, lim (cosx) 3 ^ 2 = e 3 / 2 . 

x^0 

COS mx 

51. Evaluate lim , where m, n ± 0 are integers. 

x— >7r/2 COS nx 

solution Suppose m and n are even. Then there exist integers k and / such that m = 2k and n = 21 and 


.. COS mx COS kn , t ; 

lim = = (-1)* . 

x^-n/2 COS nx COS 1 tv 


Now, suppose m is even and n is odd. Then 


im 


COS mx 


x — >tt /2 COS nx 


does not exist (from one side the limit tends toward -oo, while from the other side the limit tends toward +oo). Third, 
suppose m is odd and n is even. Then 

.. COS mx . 
lim = 0. 

x— >7r/2 COS nx 


Finally, suppose m and n are odd. This is the only case when the limit is indeterminate. Then there exist integers k and 1 
such thatm = 2k + 1, n = 21 + 1 and, by L'Hopital's Rule, 


COS mx — wsinwx , , m 

lim = lim ; = (-lr — . 

x-s-jr/2 COSnx x->jt/2 — nSMnx n 

To summarize, 

(_l)( m -")/ 2 , m.neven 

does not exist, m even, n odd 

0 m odd, n even 

(— l)(m— n)/2^ ( m>n0c j c ) 


. . cos mx 

lim 

x— >7r/2 COSnx 


53. Prove the following limit formula for e: 

e = lim (1 + x) 1 /* 

x->0 

Then find a value of x such that | (1 + x) 1 /* - e\< 0.001. 
solution Using L'Hopital's Rule, 


Thus, 


, ln(l + x) 
lim 

x — ^0 x 


lim 

x-s-0 



= 1. 


lim In f(l + x) 1 ^ 

x-s-0 V 


lim - ln(l + x) = lim 

x— >0 x x— >0 


ln(l + x) 


= 1, 


X 
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and lim (1 + x) l ^ x = e 1 = e. Forx = 0.0005, 

.X-S-0 

\a+x)V x -e\ = |(1.0005) 2000 -e\ « 6.79 x 1(T 4 < 0.001. 


55. Let f{x) = x 1 /* for jc > 0. 

(a) Calculate lim /(x) and lim fix). 

x— >0+ x— >oo 

(b) Find the maximum value of fix), and determine the intervals on which fix) is increasing or decreasing. 

SOLUTION 

(a) Let/(x) =x l ! x . Note that \\m x ^.Q + x l ^ x is not indeterminate. As. x -*■ 0+, the base of the function tends toward 
0 and the exponent tends toward +oo. Both of these factors force x l ! x toward 0. Thus, lim_ v ^o+ fix) = 0. On the other 
hand, lim^oo fix) is indeterminate. We calculate this limit as follows: 

,, , ,, In* 1 

lim ln/(x) = lim — = lim - = 0, 

x — >oo x — >00 X x — > OO X 

so lirn v _ >00 f{x) = e° = 1. 

(b) Again, let fix) = x 1 /* , so that In fix) - \ In x. To find the derivative /', we apply the derivative to both sides: 


d 

dx 


In fix) = 


d 

dx 



1 

fix) 


fix) 



fix) = fix) 



x l/x 

-^-(1 - Inx) 
x L 


Thus, / is increasing for 0 < x < e, is decreasing for x > e and has a maximum at x = e. The maximum value is 
fie) = e V e « 1.444668. 

57 . Determine whether / <§; g or g <§; / (or neither) for the functions fix) = log 10 x and gix) = Inx. 
solution Because 


im fff _ lim , im m. 

gix) .v-»oo Inx x^oo Inx 


1 

TrTlO ’ 


neither / g or g / is satisfied. 

59 . Just as exponential functions are distinguished by their rapid rateof increase, the logarithm functions grow particularly 
slowly. Show that Inx x a for all a > 0. 

solution Using L'Hopital's Rule: 


Inx x 1 1 __ 

1 1 m — = lim T = lim -x = 0: 

X-S-OO x a x — ^ oo ax X-S-OO a 

hence, Inx <sc (x a ). 

61. Determine whether «Jx <$c e'^ x or e'^' x fx. Hint: Use the substitution u = Inx instead of L'Hopital's Rule. 
solution Let u - Inx, then x = e u , and asx -»• oo, u ->■ o o. So 


e s/\nx e Ju „ 

lim — — = lim — ^ = lim ?. 

X — >00 Jx U-+OO gU/l u — >■ oo 

We need to examine lim iJu - if). Since 

LI — >00 L 


v u ft- v 2 | ■ j — 

1 1 m -d— = lim = lim *fu = o o, 

14 — ^OO ./u u— >00 t 14 — >-oo 

v 2^4 

Ju = o(u/2)an6 lim (ju - f ) = -oo. Thus 

u — >oo \ 2 / 


lim e 'f* 7 = e 00 = 0 so 

u — > OO 


e virus 

lim — = 0 

x-»oo 


and ^x. 
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63. Assumptions Matter Let /(.*) = x(2 + sin x) and g(x) = x 2 + 1. 

(a) Show directly that lim f(x)/g(x) = 0. 

x— >oo 

(b) Show that lim f(x) = lim g(x) = oo, but lim f'(x)/g'(x) does not exist. 

x— >oo ;t-»oo x— >oo 

Do (a) and (b) contradict L'Hopital's Rule? Explain. 

SOLUTION 

(a) 1 < 2 + sin jc < 3, so 


Since, 


it follows by the Squeeze Theorem that 


(b) lim f(x)= lim jc( 2 + sin*) > 

X— »oo x — >oo x — > oo x— >oo x-+oo 


x x(2 + sin x) 3x 


v 2 + l x 2 + l x 2 + l' 


x 3x 

lim — = lim — = 0. 

x^oo x 2 + 1 x-roo x 2 + 1 


.. ac( 2 + sin jc) a 
lim , = 0. 

t-s-oo x 2 + 1 


lim x = oo and lim g(x) = lim (t 2 + 1) = oo, but 


f'(x) .. t(cosx) + (2 + sinx) 

lim —— = lim — - 

x->oo g'(x) x->oo lx 

does not exist since cost oscillates. This does not violate L'Hopital's Rule since the theorem clearly states 


"provided the limit on the right exists. 


lim t™ 

g(x) 


lim 

X^-OO 


fix) 

g'(x) 


65. LetG(fc)= lim (1 + b x ) 1 ^ x . 

x — > OO 

(a) U S6 the result of E xercise 64 to evel uete G{b ) for ell b > 0. 

(b) (GUIJ Verify your result graphically by plotting y = (1 + together with the horizontal liney = Gfb) for the 
values b = 0.25,0.5,2,3. 


SOLUTION 


(a) Using Exercise 64, we see that G(b) = e H{b \ Thus, G(b) = 1 if 0 < b < 1 and Gib ) = b if b > 1. 

(b) 



In Exercises 67-69, let 


f(x) = 


e-i/T 


2 


0 


for x 7^ 0 
for x — 0 


These exercises show that fix) has an unusual property: All of its derivatives at x = 0 exist and are equal to zero. 


SECTION 7.7 | L’Hopital’s Rule 413 


f(v\ 

67. Show that lim f-r- = 0 for all k. Hint: Let t = x~ l and apply the result of Exercise 66. 

x-s-0 x k 

solution lim = lim . ^ . Letr = 1/x.Asx — > 0, r — > oo.Thus, 


>0 X k x-s-0 r^gl/x 2 


by Exercise 66. 

69. Show that for k > 1 and x / 0, 


1 r 

lim = lim = 0 

x-s-0 x k e l / x r-s-o o 


x r 


for some polynomial P(x) and some exponent r > 1. Use the result of Exercise 67 to show that /®( 0) exists and is 
equal to zero for all £ > 1. 


SOLUTION 


2 ( 2 


For x £ 0, f'(x) = e~ l ! x ( ). Here P(x) = 2 and r = 3. Assume f (k \x) = 


P{x)e-V xl 


.Then 


f(k+ 1) (JC) = g -l/x 2 Z' + (2 — rx^)P(x) 


»-'+ 3 


which is of the form desired. 

M oreover, from Exercise 68, /'( 0) = 0. Suppose /®( 0) = 0. Then 

/(*+i>(0) = lim /<A>W ~ n /W(Q) = lim Pu)g ~ 1/Jc2 = P(0) lim ^ = 0. 

x — 0 *-0 x^0 x r+1 


71. 


/•A A”"*"'*' — 1 

The formula / t n dt = is valid for n £ -1. Use L'Hopital's Rule to prove that 

J 1 n + 1 


Use this to show that 


x n + 1 _ l 

lim : — = In.T 

n— 1 n + 1 


lim f t n dt = f t l dt 
n^-lJi h 


Thus, the definite integral of x 1 is a limit of the definite integrals of as « approaches -1. 

SOLUTION 


lim f t n 

n—>—l Jl 


dt = lim 


r 


l+l 


ti — > — 1 n + 1 

77+1 


= lim 


F7 + 1 1«+1 


«->~l \ ft + 1 ft + 1 


l PX 

= lim 1 — = lim (.x' ,+1 ) In jc = In* = / t~ l dt 

n — >■ — 1 ft + 1 n — » — 1 Jl 

Note that when using L'Hopital's Rule in the second line, we need to differentiate with respect to n. 


Further Insights and Challenges 

73. The Second Derivative Test for critical points fails if f"(c) = 0. This exercise develops a Higher Derivative Test 
based on the sign of the first nonzero derivative. Suppose that 

/'(c) = f"(c) = ■■■ = f (n ~ l) (c) = 0, but f (,,) (c) ± 0 


(a) Show, by applying L'Hopital's Rule;; times, that 


lim 


fix) - f(c ) 
(x - c) n 


1 

n\ 


f (n) ic) 


where zz! = n(n - 1 )(n - 2) • • • (2)(1). 

(b) Use (a) to show that if n is even, then /(c) is a local minimum if / (n, (c) > 0 and is a local maximum if / (n) (c) < 0. 
Hint: If n is even, then (* - c) n > 0 for x / a, so fix) - /(c) must be positive for x near c if / <n) (c) > 0. 

(c) Use (a) to show that if n is odd, then /(c) is neither a local minimum nor a local maximum. 
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SOLUTION 

(a) Repeated application of L'H opital's rule yields 


lim 

x—>c 


fix) - /(c) 
(. x — c) n 


lim — 


fix) 


1 — 1 


>c n(x — c) n 

lim 7 

x ^ c n(n — l)(x — c) n *■ 


- lim 


fix) 


x -*c n(n — 1)(« — 2)(x — c)‘ 


i-3 


= V" )(c) 

n\ 

(b) Suppose n is even. Then {x - c) n > 0 for all x ^ c. If f n \c) > 0, it follows that fix) - fic) must be positive 
for x near c. In other words, fix) > /(c) for x near c and /(c) is a local minimum. On the other hand, if / (n) (c) < 0, 
it follows that fix) - /(c) must be negative for x near c. In other words, fix) < /(c) for x near c and /(c) is a local 
maximum. 

(c) If n is odd, then (x - c) n > 0 for x > c but (x - c) n < 0 for x < c. If / (n) (c) > 0, it follows that fix) - /(c) 
must be positive for x near c and x > c but is negative for x near c and jc < c. I n other words, fix) > fic) for x near 
c and x > c but fix) < fic) for x near c and x < c. Thus, /(c) is neither a local minimum nor a local maximum. We 
obtain a similar result if / (n) (c) < 0. 


75. We expended a lot of effort to evaluate lim in Chapter 2. Show that we could have evaluated it easily 

x — >-0 X 

using L’H opital's Rule. Then explain why this method would involve circular reasoning. 


solution lim = lim = 1. To use L'H opital's Rule to evaluate lim we must know that the 

x— x x — ^ 0 1 x— >-0 x 


derivative of sin* is cosx, but to determine the derivative of sin jc, we must be able to evaluate lim 


sinx 


>o x 


77. Patience Required 

l/x 2 


(a) 


im 

-*o+ 


sinx 

x 


Use L’H opital's Rule to evaluate and check your answers numerically: 


(b) lim 

x—*0 


sin 2 x 



SOLUTION 

(a) We start by evaluating 


lim In 

x— >0+ 



,. In(sin x) — In x 
lim = 

x->-0+ x L 


Repeatedly using L' H opital's Rule, wefind 


lim In 

x->0+ 



cotx — x ,, x cos x — sinx ,. — xsinx 

lim = lim = = lim — = 

x->0+ 2x x->0+ 2x 2 sinx x->0+ 2x L cosx + 4x sinx 

,. -xcosx-sinx ,. -2cosx + xsinx 

lim = = lim = 

x->o+ 8x cosx + 4 sinx - 2x L sinx x->o+ 12 cosx - 2x L cosx - 12x sinx 


2 _ 1 
12 _ ~ 6 


Therefore, lim 

x^0+ 




= e 1 / 6 . Numerically wefind: 


X 

1 

0.1 

0.01 

^ si n x ^ i/x 2 

0.841471 

0.846435 

0.846481 


Note that e- 1 / 6 « 0.846481724. 
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(b) Repeatedly using L'Hopital's Ruleand simplifying, wefind 

.. / 1 1\ x 2 -sin 2 x 2x - 2 sin* cos* 2 jc — 2 sin 2uc 

lim — , T = 1 1 m — - — , — = 1 1 m , = lim «— 

x-^OVsin^x x* J x->0 x z s\n*x x-»0 x^sinxcosx) + 2xsin‘ : x x->0 x L sin 2x + 2x si n z jc 

-lim 2 — 2 cos 2x 

x-»0 2x 2 cos 2x + 2x si n 2x + 4x si n x cos x + 2 si n 2 x 

-lim 2 - 2 cos 2x 

x-»0 2x 2 cos2x + 4x sin 2x + 2 sin 2 x 

, . 4 si n 2x 

= lim , 

x — *0 -4x z si n 2x + 4x cos 2x + 8x cos 2x + 4 si n 2x + 4 si n x cos x 

, . 4 si n 2x 

= lim t 

x — ^0 (6 - 4x‘ ! ) sin 2x + 12x cos 2x 

8cos2x 1 

= lim t 

x-s-0 (12 - 8x z ) cos2x - 8x sin 2x + 12 cos2x - 24x sin 2x 3 

Numerically wefind: 


X 

1 

0.1 

0.01 

1 1 

sin 2 x x 2 

0.412283 

0.334001 

0.333340 


7.8 Inverse Trigonometric Functions 


Preliminary Questions 

1. W hich of the following quantities is undefined? 

(a) si n — 1 (~ ^) (b) cos“ 1 (2) 

(c) csc" 1 ^) (d) csc“ 1 (2) 

solution (b) and (c) are undefined, si n — 1 (— 2 ) = -f and csc _1 (2) = 

2. Give an example of an angled such that cos -1 (cos 9) ^ 9. Does this contradict the definition of inverse function? 
solution Any angle 0 < 0 or 9 > n will work. No, this does not contradict the definition of inverse function. 

3 . What is the geometric interpretation of the identity 

■ -i -i n 

sin i x + cos x = — 

W hat does this identity tell us about the derivatives of sin -1 x and cos -1 x? 

solution Geometrically, the identity tells us that angles whose sine and cosine are x are complementary. Because 7r/2 
is a constant, it follows that the derivatives of sin -1 x and cos -1 x sum to zero. 
rb 

4. Find b such that 


: l - 

Jo 1 

solution In general, 


dx 


+ x z 


7T 

3‘ 


f 

Jo 


dx 


1 0 1 + x 2 

For the value of the definite integral to equal j 

tan 


= tan 1 x 

we must have 


= tan 1 b - tan 1 0 = tan 1 b. 


1 TC 7 T nr 

L b = — or b = tan — = v3. 


5 . Which relation between x and u yields \/l6 + x 2 = 4^1 + u 2 l 
solution To transform x/16 + x 2 into 4v / 1+~h 2 , make the substitution x = 4 u. 
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Exercises 

In Exercises 1-6, evaluate without using a calculator. 

1. COS -1 1 

SOLUTION COS -1 1 = 0. 

3. cot -1 1 

SOLUTION cot -1 1 = 

5. tan -1 V3 

solution tan -1 V3 = tan = 7 1 


In Exercises 7-1 6, compute without using a calculator. 

7. sin -1 (sin y) 

solution sin _1 (sin y) = y. 

i / 3?r\ 

9. cos 1 1 cos — I 

solution cos _1 (cos = cos _1 (0) = j. The answer is not ^ because ^ is not in the range of the inverse cosine 
function. 

11 . tan -1 (ten 

solution tan - 1 (tan = tan - 1 (— 1) = -j- The answer is not ^ because ^ is not in the range of the inverse 
tangent function. 

13 . sec _1 (sec37r) 

solution sec _1 (sec3jr) = sec - 1 (— 1) = jr.Theanswerisnot3jr because 37r is not in the range of the inverse secant 
function. 

15 . csc _1 (csc(-7r)) 

solution No inverse since csc(— 7r) = sin( 1 _ jr) = J oo. 


In Exercises 17-20, simplify by referring to the appropriate triangle or trigonometric identity. 

17. tanfcos -1 *) 

solution L et c? = cos -1 *. Then cose = jc and we generate the triangle shown below. From the triangle, 

_i \/l — x^ 

tanfcos i j) = tan0 = . 



19. cotfsec 1 x) 

solution Let 0 = sec -1 *. Then sec# = * and we generate the triangle shown below. From the triangle, 


cot(sec 1 = cotr? = 

vV-1 



i 
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In Exercises 21-28, refer to the appropriate triangle or trigonometric identity to compute the given value. 


21 . cos(sin 1 

solution Let 9 = sin -1 Then sin 6 = | and we generate the triangle shown below. From the triangle, 


23. tan(sin 1 0.8) 

solution Let 9 = sin -1 0.8. Then sin 9 = 0.8 = | and we generate the triangle shown below. From the triangle, 


25. cot(csc 1 2) 

solution esc -1 2 = |. Flence, cot(csc -1 2) = cot ^ = \/3. 

27. cot(tan -1 20) 

solution Lete = tan -1 20. Then tane = 20, so cot(tan -1 20) = cote = = X. 

In Exercises 29-32, compute the derivative at the point indicated without using a calculator. 

29. y — sin - '*' x, x — | 

solution Let y = sin -1 x. Then y' = . 1 and 

a / 1 — *-2 




i 4 

tan(sin 1 0.8) = tan 9 = -. 




31. y = sec 1 x, x = 4 


solution L et y = sec 1 x . T hen y ' = — X — and 

IvU/t2_1 





7/r Exercises 33-48, find the derivative. 


33. y = sin 1 (7 t) 

d _ I 

SOLUTION Sin (7jc) = 


dx 


yr — (7.r) 2 Vl-(7x)2' 



35. y = COS -1 (a 2 ) 


SOLUTION 



v/l - a 4 V 7 ! - a 4 


— 1 d 7 —2x 

• — jc = . 


• — x 


d 


37. y = jc tan 1 * 


SOLUTION 
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39. y = arcsin(<V) 

d . _ 1 1 d .. e x 

solution — Sin (e ) = ——= = ■ — e = . 

VI - e 2x VI - e 2v 


41. y = v 7 !-? 2 


+ sin L t 


SOLUTION — 

dt 


(x/l — t 2 + sin = ^(l-f 2 ) 1 / 2 (— 2r) + 1 


—i 1 

+ 


1-f 


43. y = (tan 3 x) 3 
d 


SOLUTION 


dx 


^(tan 1 x) 3 ) = 3(tan 1 x) 2 tan 1 x = 


x/i-f 2 yi-f 2 yi-f 2 vi-t 2 ' 

3(tan -1 x) 2 
x 2 + 1 


45. y = cos 1 1 1 - sec 1 t 

d -i -i -i -1 /-I 

SOLUTION (COS t -sec 0= - ( — T- , , 

dx y/\ - ( 1 / 1)2 v / 2 7 ifiv^TT 


x/f 4 - f 2 |r | >/t 2 - 1 |t | V 7 ? 2 - 1 |f|\// 2 - 1 

Alternately, let t = seed. Then r -1 = cose and cos -1 r -1 - sec -1 1 = 9 - 9 = 0. Consequently, 

d 


= 0 . 


dx 


(cos 1 1 1 - sec 2 r) = 0. 


47. y = arccos(lnx) 

d , 1 

solution — arccos(mx) = — . 

“ x xy/l — (In xy- 

49. U se F igure 10 to prove that (cos -1 x)' = - 


y/l — X 2 



X 


FIGURE 10 Right triangle with 9 — cos 1 x. 
solution Lete = cos -1 x. Then cose = x and 


. d6 , d9 1 1 

-sine — = 1 or — - — = , — . 

dx dx sine sin(cos -i x) 


From Figure 10, we see that si n(cos 1 x) = sine = v 7 ! - x 2 ; hence, 


— cos X = i = 

dx -sin(cos -i x) Vl - x 2 


51. Let e = sec 1 x. Show that tan e = ^x 2 - 1 if x > 1 and that tan e = -Vx 2 - 1 if x < -1. ffinc tan e > 0 on 
(0, j) and tan e < 0 on (^ , jt). 

solution In general, 1 + tan 2 9 = sec 2 e, so tan 9 = ±-v/sec 2 0-1. With 9 = sec -1 x, it follows that sece = x, so 

tan e = ±Vx 2 - 1. Finally, if x > 1 then 9 = sec -1 x e [0, jr/2) so tane is positive; on the other hand, if x < 1 then 
e = sec -1 x e ( — tv /2, 0] so tan e is negative. 

In Exercises 53-56, evaluate the definite integral. 


/•tan 8 

53. / 

itan 1 


dx 


tan 1 x 4 + 1 


SOLUTION 


/■tan 8 

J tan 1 


dx 


tan 1 1 + x l 


= tan 


tan 8 
tan 1 


= tan 3 (tan 8) - tan 1 (tan 1) = 8 - 1 = 7. 
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55. f 

JO 


- 1 / 2 dx 

y/l — X 2 
’ - 1 / 2 dx 


SOLUTION 


L 


o x/l-x 2 


= sin 1 x 


1/2 


. _l 1 . _l _ 7 T 

= sin — — sin 0 = — . 


57. U se the substitution u = x/3 to prove 


/ 


dx 


1 x 

= = tan” 1 - + C 


9+x 2 3 3 

solution Let u — x/3. Then, x — 3 u, dx = 3 du, 9 + x 2 = 9(1 + u 2 ), and 


[ dx - 1 

f 3 du 

_i j 

^ du 

J 9 + x 2 “ J 

9(1 + n 2 ) 

3 J 

1 + 11 2 


59. 


In Exercises 59-72, calculate the integral. 

r 3 dx 
x 2 + 3 

solution Let jt = 73rr. Then dx — 43 du and 

du 


f 

Jo 


C i dx 1 r 

Jo x 2 + 3 s/3 Jo 


2 + 3 43 Jo u 2 + 1 73 


= -^= tan 1 u 


41 i 

= —(tan -1 43 - tan -1 0) = — — . 
0 73 373 


“7 


dt 


4 1 - 16r 2 

solution L et u = 4?. T hen du = 4 dt, and 


[ — = [ 

J 7i _ lfi f 2 J 


du 


1 . 


7l - 16r 2 j 47i - U 2 4 


= 7 sin 1 u + C = 7 sin 1 (4/) + C. 


63. 


/ 


dt 


7 5 - 3/ 2 

solution Let r = 7573m- Then dr = 75/3 du and 


r dt r 75/3 du 1 r 

J 7? TpJ 43s/i^4 = V3J 


du 


1 . 


= — sin 1 i( + C = — sin \l-t + C. 


1 . 


65. 


/ 


75 - 3/ 2 J 434l^i 

dx 


4i^44 43 


-1 


73 


x4 12x 2 — 3 
solution L et m = 2x. T hen du — 2 dx and 


/ 


dx 


:7 12 x 2 — 3 73 J u4 u 2 — 


1 r du 1 1 i 

-= / — - = — = sec 1 u + C = — = sec i (2x) + C. 

/3 I uJuCC I V3 V3 


67 7 


dx 


x4 X^ — 1 

solution Let;/ = x 2 . Then d« =2xdx, and 


[ dx f 
J x7x 4 — 1 J 


du 1 _ i 1 

- . . = x sec « + C = sec x z + C. 

x7-v 4 - 1 J 2u4u 2 - 1 2 2 


69. 


f ln(co 
J (cos -1 


In (cos 1 x) dx 


(cos~ 1 x)7l - x 2 


solution Let u — In cos 1 x. Then dw = 


-1 


cos -1 x 4i- x 2 


, and 


I" In (cos 1 x)dx _ I" 
J (cos“ 1 x)v / l - x 2 J 


= - I u du = -7/ + C = -7ln cos 1 x) 2 + C. 
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”7 


73 


dx 


(tan -1 jc)C1 + jc 2 ) 


dx 


solution Let« = tan 1 x. Then du — , and 

1 + 7 


L 


vi 


dx 


1-71/3 i 

= I — du — In \u\ 

Jtt/4 U 


(tan— 1 jc)(1 + jc^) Jnj 4 


n/3 
n j 4 


. TC . TV . 

= ln — — In — = ln 
3 4 


In Exercises 73-110, evaluate the integral using the methods covered in the text so far. 

73. J ye y dy 

solution Use the substitution u — y 2 ,du = 2vrfy.Then 


J ye y dy = - j e u du = - 


« 7e“ + C « 1+ + C 


75 7 


x dx 


A* 2 + 9 

solution L et u = 4.7 + 9. T hen du — 8x dx and 


/ 


74.7 + 9 


dx = - [ u du = -77 + c = -74.7 + 9 + C. 

8 J 4 4 


77. J l~ x dx 
solution Letw = — x. Then du — —dx and 


/ 7_v '-7 7 ' 


7" 7“- T 

— — ] — 7= C — — j — - — |- C . 

In 7 In 7 


7 ; 


79. I sec 2 0 tan 1 6 dd 


solution Let u = tan 9. Then du — sec 2 0d6 and 

J sec 2 6 tan 7 9 d9 = J u 1 du = ^7 + C = ^ tan 8 9 + C. 


81. 


/i 


dt 


77 -t 2 

solution L et u = 7 — t 2 . T hen du = -2t dt and 


/ 


t dt 


Vl~t 2 


- — J u 1 / 2 du = — w 1 / 2 + C = —77 — I 2 + C. 


83. 


/ 


(3x + 2) dx 


x 2 +4 
solution W rite 


f (3x + 2) dx j ' 3x dx f 

J X 2 + 4 “ J X 2 + 4 + J x 2 + 4 ■ 


2 rfx 


In the first integral, let u = x 2 + 4. Then du = 2xcfx and 


I" 3x dx 3 f 
J 7+4 “2/ 


x 2 + 4 2 

For the second integral, let * = 2u. Then dx = 2 <7u and 

2 rfx 


3x dx 3 f du 3 3 | t 

— — — In |u| + Ci = 77 ln(x + 4) + Ci- 
m2 2 


/ 2rfx T t/w 

= / — ~ = tan i u + C 2 =tan i (x/2) + C 2 - 

x l + 4 J iV + 1 


I no 
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Combining these two results yields 


(3x + 2) dx 3 -) _i 

— n — - — = — I n (x + 4) + tsn ( x /2) + C . 
x 2 + 4 2 


J x/l - 16x 2 

solution L et ii = 4x. T hen = 4 dx and 


dx 1 f du 1 . i 1 . _i . 

/ = - sin 1 u + C = 7 sin i (4x) + C. 

J 4 4 


. - 16x 2 4 


87. I (e x — 4x) dx 


solution First, observe that 


( e x — 4x) dx = I e x dx — 


J 4x dx = J i 


■ x dx — 2x^. 


In the remaining integral, use the substitution u = - x , du = -dx. Then 


Finally, 


e 2x - e Ax 


SOLUTION 


J e x dx = — J e u du = 


= -e u + C = —e~ x + C. 


(e x — 4x) dx = — e x — 2x z + C. 


e 2x _ e 4x 


dx — j (e x — e 2x ) dx = e x — — — I- C. 


ql f (x + 5 )dx 
' J 74^2 
solution Write 


(x + 5 )dx f x dx I" 5 dx 

J4-X 1 J vW + i J4 - x 2 ' 


In the first integral, let u = 4 - x 2 . Then du = -2 xdx and 


x dx 1 

/ 4 - x 2 2 


J u~ 1/2 du = -r/ 1/2 + Ci = -\/4 -x 2 + Ci. 


In the second integral, let* = 2m. Then rfx = 2rf« and 


= 5 f — = 5 sin 1 M + C 2 = 5sin 1 (x/2) + C 2 - 

J Jl - u 2 


Combining these two results yields 


(x + 5) dx 


= -\/4 - x 2 + 5 sin 1 (x/2) + C. 


93. J e x cos(e' T ) dx 

solution U se the substitution u = e x , du = e x dx. T hen 


e x cos(e T ) dx = / cos u du - sin u + C = sin(e x ) + C. 
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95. 


/ 


dx 

79 - 16x 2 
solution F i rst rew ri te 


[ dx _ 1 [ 
J 79 - 16x 2 ~~ 3 J 


dx 


1 - 


(H 


N ow, let u = 4x. Then du = \ dx and 


r dx l r 

J 79 - 16a-2 ~~ 4 J 


du 


1 . 


= — sin 1 M + C = - r sin 1 1 — 1 I + C. 


79 - 16a-2 4 j 7l - U 2 4 


-1 


'Ax' 




97. I e x (e 2x + l) 3 dx 


solution U se the substitution u = e x , du = e x dx. Then 


J e x (e 2x + l) 3 dx — J (u 2 + 1^ du — J + 3« 4 + 3 u 2 + 1^ du 


= y» 7 + + u 3 + u + C = -{e x ) 1 + e A ) 5 + (e*) 3 + e* + C 

e lx 3e 3x o v 
= ~Y + -y- + e + e A + C. 


99. 


/ 




A- 3 + 2 

solution L et u = j : 3 + 2. T hen <iw = 3x 2 dx, and 

,2 


x l dx 1 f du 1 , t 

= r / — = ^ In |.t + 2 1 4- C. 


f x L dx l r 

i 7 + 2 3 J u 3 


/' 


101. / COtxdx 

solution Werewrite / cotxdxas /|2pdx. Let;/ = sinx.Thendw = cosxdx,and 


f C ° S ^ dx = f 

J sin x J 


, du 

dx = / — = In | sin jt| + C. 


103. 


/ 


4 In jc + 5 


dx 


solution Let u = 4 In jt + 5. Then dw = (4 /x)dx, and 

4 In jc -|- 5 


f 4 1 n jt + 5 If It 1, _ j 

I dx = — I u du = + C — -(4 In x + 5r + C. 

J x 4 J 8 8 




105. I x3 x dx 

solution L et u = x 2 . Then du = lx dx, and 


fx3 x2 dx = ^J 


1 3“ 


x3' dx = - / 3"df< = - — + C = rr + C. 


2 In 3 


2 In 3 


w -f cot x I n(sin x) dx 
solution Let« = In(sin.c). Then 


du = — — • cos x dx = cotxdx, 
sinx 


and 


J cot x I n (si n.t) dx = J i 


, . u 2 (In(sinx)) 2 

cotx I n (si n x) dx = / i/dz/ = -y + C = 1- C. 
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109 . 1 t 2 vr^dt 

solution Let ii = t — 3. Then t = u + 3, du = dt and 


J t 2 \lt — 3dt = J (u + I) 2 -Jit du 

= J (u 2 + 6 u + 9 )^/u du — {(u^+eu^+^bdu 
= 2 m 7/2 + ^ m 5/2 + 6 m 3 / 2 +c 

= y(f - 3) 7 / 2 + y (* - 3) 5 / 2 + 6(1 - 3) 3 / 2 + C . 


111. Use Figure 12 to prove 


f \/l-t 2 dt = ^Wl-x 2 + ^sin 1 . 
Jo 2 2 



FIGURE 12 


/Vi 

Jo 


solution The definite integral / vl - H represents the area of the region under the upper half of the unit circle 


from 0 to The region consists of a sector of the circle and a right triangle. The sector has a central angle of 
where cose = x. H ence, the sector has an area of 


l_ 7 /rr _i \ l,_i 

2 d) — cos x ) ~ 2 S' n x ' 

The right triangle has a base of length a height of Vl - x 2 , and hence an area of \xyj\ - x 2 . Thus, 

[ Vl - t 2 dt = - x 2 + l- sin -1 *. 

Jo 2 2 

113. Prove: 

J sin -1 tdt = Vl-t 2 + / sin -1 1 

solution Let G(r) = rsin^ 1 r. Then 

G\t) = — Vl - t 2 + — (t sin _1 f) = 1 + ft ■ — sin -1 r + sin -1 A 

dt dt \ ) yi _ t 2 V dt J 

-t ( t . \ 

+ — i- sin i r ) = sin i r. 


Vl-t 2 \Ji~t 2 

Thisproves theformula J sin ~ l tdt = Vl- t 2 + rsin -1 


Further Insights and Challenges 

115. Qfi (a) Explain why the shaded region in Figure 14 has area e y dy. 

(b) Prove theformula /“ \t\xdx - a In a - fQ Ua e y dy. 

(c) Conclude that /“ Irutd* = a Ina -o + 1. 

(d) Use the result of (a) to find an antiderivative of In*. 
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SOLUTION 

(a) Interpreting the graph with y as the independent variable, we see that the function is x = e y . Integrating in y then 
gives the area of the shaded region as / ( | n a e y dy 

(b) We can obtain the area under the graph of y = In.* from * = 1 to x = a by computing the area of the rectangle 
extending from * = 0 to x = a horizontally and from y = 0 to y = In a vertically and then subtracting the area of the 
shaded region. This yields 


(c) By direct calculation 


Thus, 



In xdx = a In a — 



e y dy. 




= a — 1. 


Jf 


ln*d* = alna-(fl-l)=fllna-a + l. 


(d) B ased on these results it appears that 


J \ n x dx = x \n x — x + C . 



7.9 Hyperbolic Functions 

Preliminary Questions 

1. W hich hyperbolic functions take on only positive values? 
solution cosh * and sech * take on only positive values. 

2. Which hyperbolic functions are increasing on their domains? 
solution sinhx and tanh* are increasing on their domains. 

3. Describe three properties of hyperbolic functions that have trigonometric analogs. 

solution Hyperbolic functions have the foil owing analogs with trigonometric functions: parity, identities and deriva- 
tive formulas. 

4. W hat are v (100) and v (101) for y = cosh *? 

solution Let y = cosh*. Then / = sinhx, y" = cosh x, and this pattern repeats indefinitely. Thus, y (100) = cosh x 
and y (101) = sinhx. 

Exercises 

1. U se a calculator to compute sinh *- and cosh x for x = -3, 0, 5. 

SOLUTION 


-3 




si nh x = 


2 

,X I „—x 


= -10.0179 


coshx = 


e + e 


e 3 + 


= 10.0677 


e°-e° 


e° + e° 


= 0 


= 1 


5 


e 5 - e - 5 


e 3 + e 3 


2 


74.203 

74.210 
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3 . For which values of x are y = sinhx and y = coshx increasing and decreasing? 

solution The graph of y = sinhx is shown below on the left. From this graph, we see that sinhx is increasing for all 
x. On the other hand, from the graph of y = coshx shown below on the right, we see that coshx is decreasing for x < 0 
and is increasing forx > 0. 




5 . US Refer to the graphs to explain why the equation sinhx = t has a unique solution for every t and why 
cosh x = t has two solutions for every / > 1. 

solution From itsgraph we see that sinhx isaone-to-onefunction with lim sinhx = -ooand lim sinhx = oo. 

X-S- — oo x->oo 

Thus, for every real number t, the equation sinhx = t has a unique solution. On the other hand, from its graph, we see 
that coshx is not one-to-one. Rather, it is an even function with a minimum value of cosh 0 = 1. Thus, for every t > 1, 
the equation cosh x = t has two solutions: one positive, the other negative. 

7 . Prove the addition formula for cosh x. 

SOLUTION 


e x +y + e -(*+y) 2e x+ y + 2<r^+>') 
coshfx + y)= = 

e *+y + g—x+y + g x-y + e ~(x+y) £ x+y _ e ~x+y _ g x-y + g -(x+y) 


+ e~ x \ [ e y + e~y 


+ 


= coshx cosh y + sinhx si nh v. 


e y - e ~y 


In Exercises 9-32, calculate the derivative. 
9 . y = si nh(9x) 


solution — sinh(9x) = 9 cosh(9x). 

dx 

11 . y = cosh 2 (9 - 30 

solution 4 - cosh 2 (9 - 3f) = 2 cosh(9 - 30 ■ (-3 sinh(9 - 30) = -6 cosh(9 - 30 sinh(9 - 30. 

at 

13 . y = Vcosh x + 1 

solution — Vcoshx + 1 = ^ (coshx + l) -1 / 2 sinhx. 
dx 2 


15 . y = 


coth t 


SOLUTION 


1 + tanh t 

d cothr - csch 2 r(l + tanh r) - coth osech 2 0 csch 2 1 + 2 cschr sech t 

rfrl + tanhr (1 + tanhO 2 (1 + tanh 

17 . y = sinh(lnx) 

d . , . cosh(lnx) 
solution — sinh(lnx)= . 

dx x 

19 . y = tanh(e- Y ) 

d 7 

solution — tanh(e' Y ) = e x sech (e x ). 
dx 

21. y = sech(Vx) 


solution — sech(v'x) = - \x 1//2 sech Vx tanh *Jx. 
dx 2 
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23. y = sech x coth * 

solution — sech x coth x = — csch x = - csch x coth x. 

dx dx 

25. y = cosh _1 (3x) 

d 3 

SOLUTION — cosh~73x) = . 

dx V9 JC 5 _ 1 

27. y = (sinh _1 (x 2 )) 3 

solution — (sinh _1 (x 2 )) 3 = 3(sinh -1 0 2 )) 2 — =7^, 

vVTl 


29. y = e cosh * 

SOLUTION — e C05h 
dx 

31. y = tanh _1 (ln t) 


cosh 


— 1 


solution — tanh 1 (lru) = . 

dt t( 1 — (In r) 2 ) 

33. Show that for any constants M, k, and a, the function 


y(t) = ^1 + tanh ( k(t ^ a) 


satisfies the logistic equation: — = fc(l- 

SOLUTION L et 


Then 


and 


Finally, 


y{t ) = ^1 + tanh ( k(t ^ a) 


1_Z72 17 t anh(^7 

M 2 V \ 2 


ky(t) ( 1 - 77^ = * Mk ^1 - tanh 2 ^ k<l 2 j j = ^Mk sech 2 


7(0 = ^Mk sech 2 (^ k{t 2 Q) ^ = ky(t) ^ 


i-^y 

M 


In Exercises 35^16, calculate the integral. 
35 7 cosh(3x) dx 

solution / cosh(3x) dx — ^ sinh 3x + C 


37 7 


/ 


xsinh(x 2 + 1) dx 


f 


solution / x sinh(x + 1) dx = - cosh(x + 1) + C. 


7 1 

solution / sech (1 - 2x) dx = — - tanh (1 - 2x) + C. 


39. J sech 2 (l — 2 x)dx 

7 

“7 tanh x sech 2 x dx 

solution Let« = tanh x. Then du = sech 2 x dx nd 
J tanh x sech 2 x dx = J i 


tanh x sech x dx — / u du - -w + C = 


tanh 2 . 


/ k(t — a) 


2 


+ C. 
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43 7 tanh x dx 

solution J tanh x dx = In cosh x + C. 

45 . J e~ x si nh x dx 

solution Since sinh .u = W e can combine the two functions to get 

f e~ x Sinh xdx =jj e~ x (e x - e~ x )dx =^J (l - e~ 2x ) dx = X -x + X -e~ lx + C. 


In Exercises 47-52, prove the formula. 

d 7 

47 . — tanhx = secfr x 

dx 

d , d sinhx cosh 2 x - sinh 2 x 1 

solution — tanhx = — = =. = =— = sech x. 

dx dx cosh x cosfrx cosfrx 

49 . cosh(sinh -1 1 ) = 7r 2 + 1 

solution Let w - sinh -1 r, so that sinh w = t and the stated problem becomes evaluating cosh w given that 

sinh w — t. From the identity cosh 2 w - sinh 2 w - 1 we find cosh 2 w - sinh 2 w + 1, or cosh w - ±\/sinh 2 w + 1. 
Because hyperbolic cosine is always positive, we know to choose the positive square root. Finally, returning to the variable 
t we have 

cosh(sinh — 1 1 ) = Vt 2 + 1. 


51 . —sinh 1 1 = X 

dt s/t 2 +l 


SOLUTION 


Letx = sinh 1 1 . Then t = sinhx and 


. , dx dx 1 

1 = cosh x — or — = 


dt dt cosh x ' 


Thus, 


d . , _i 

— sinh t = 
dt 


coshfsinh 1 r) Jt 2 + 1 

by Exercise 49. 

In Exercises 53-60, calculate the integral in terms of inverse hyperbolic functions. 


53 . 


L 


dx 


2 y/x 2 -l 


SOLUTION 


L 


dx _i 

= cosh 1 x 


2 x/x 2 -! 


“7 


dx 


79 + x 2 


SOLUTION 


I I 

J 79 4- x 2 J 


dx 


79 + x 2 j 37l + (x/3) 2 


= cosh 1 4 - cosh 1 2. 


= sinh -1 1 + C. 


57 . 


- 1 / 2 dx 


rv/r. 

Jl/3 1 


1/3 1 - x‘ 


SOLUTION 

r 10 

55 7 


1 / 2 dx 


J1/3 1 


= tanh 1 x 


1/3 1 - x c 


1/2 1 1 

= tanh -1 - — tanh -1 -. 
1/3 2 3 


dx 


I 2 4x 2 — 1 
• 10 

SOLUTION 


l 


dx 1 , _i _ 

= — coth i (2x) 


2 4x 2 — 1 2 


10 1 

= -(coth -1 4 - coth -1 20). 
2 2 
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61. Prove that sinh 1 1 = ln(r + ^Jt 2 + 1). Hint: Let t = sinh a . Prove that cosh x = Vt 2 + 1 and use the relation 

si nh a - + cosh a = e x 


solution Let f = sinh x. Then 


cosh a = 


\A 


+ sinh 2 a = Vl + 1 2 . 


M oreover, because 


it follows that 


sinh a + cosh a 



= e 


X 


sinh 1 1 = x = I n (si nh x + cosh a ) = ln(r + yjt 2 + 1). 

63. Prove that tanh -1 1 = ^ In j for l f l < !■ 
solution Let A = tanh -1 1 . Then 


Solving for A yields 


hence, 


t = tanh A = 


sinh A 
cosh A 



A = 



t + 1 
l-/ : 


tanh 1 



t + 1 
l-t ' 


65. An (imaginary) train moves along a track at velocity v. Bionica walks down the aisle of the train with velocity u 
in the direction of the train's motion. Compute the velocity w of Bionica relative to the ground using the laws of both 
Galileo and Einstein in the foil owing cases. 

(a) v = 500 m/s and u = 10 m/s. Is your calculator accurate enough to detect the difference between the two laws? 

(b) v = 10 7 m/s and u = 10 6 m/s. 

solution Recall that the speed of light is c « 3 x 10 8 m/s. 

(a) By Galileo's law, u< = 500 + 10 = 510 m/s. Using Einstein's law and a calculator, 

tanh -1 — = tanh -1 — + tanh -1 — = 1.7 x 10 -6 ; 

c c c 

so w = c ■ tanh (1.7 x 10 -6 ) Ri 510 m/s. No, the calculator was not accurate enough to detect the difference between the 
two laws. 

(b) By Galileo's law, u + v = 10 7 + 10® = 1.1 x 10 7 m/s. By Einstein's law, 

tanh -1 — = tanh -1 10 a + tanh -1 10 a ~ 0.036679, 
c 3 x 10 8 3 x 10 8 

so w ss c ■ tanh(0. 036679) ~ 1.09988 x 10 7 m/s. 


Further Insights and Challenges 

67. (a) Use the addition formulas for sinh a and cosh a to prove 


tanh(« + v) = 


tanh u + tanh v 
1 + tanh it tanh v 


(b) Use (a) to show that Einstein's Law of Velocity Addition [Eg. (2)] is equivalent to 


U + V 


1 + 


U V 


w = 
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SOLUTION 

(a) 


tanh(w + v) 


sinh(« + v) sinh u cosh v + cosh u sinh v 
cosh(i( + v) cosh u cosh v + sinh u sinh v 
sinh u cosh v + cosh u sinh v l/(cosh u cosh v) 
cosh u cosh v + sinh u sinh v l/(cosh u cosh v) 


tanh u + tanh v 
1 + tanh k tanh v 


(b) Einstein's law states: tanh l (u>/c) = tanh ^w/cj + tanh ^u/cj.Thus 


Hence, 


— = tanh (tanh ^w/c) + tanh ^v/c)) 
^ | _ (1 /c)(u + v) 

i • 1 + ^ ' 

C C c £ 


tan h (tan h 1 (v/c)) + tan h (tan h 1 (u /c)) 
1 + tanh(tanh _1 (t;/c)) tanh(tanh _1 0</c)) 


u + V 

1 + 


69. (a) Show that y = tanh t satisfies the differential equation dy/dt = 1 - y 2 with initial condition y(0) = 0. 
(b) Show that for arbitrary constants A, B, the function 

y = Atanh(fir) 


satisfies 

dy B ■) 

~T~ = AB — y(0) = 0 

dt A 

(c) Let v(t ) be the velocity of a falling object of mass m. For large velocities, air resistance is proportional to the square 
of velocity v(t) 2 . If we choose coordinates so that v(t) > 0 for a falling object, then by Newton's Law of M oti on, there 
is a constant k > 0 such that 

d v k 2 

— = g v 


Solve for v(t) by applying the result of (b) with A = -Jgm/k and B = sfgk/m. 

(d) Calculate the terminal velocity lim v(t). 

t—>0 O 

(e) Find k if m = 150 lb 9nd thGtGrminsI velocity is 100 mph. 

SOLUTION 

(a) First, note that if we divide the identity cosh 2 1 - sinh 2 1 = 1 by cosh 2 1 , we obtain the identity 1 - tanh 2 1 = sech 2 1 . 
Now, let y = tanh t. Then 

— = sech 2 1 = 1 - tanh 2 1 = 1 - y 2 . 
dt 

Furthermore, v (0) = tanh 0 = 0. 

(b) Let y = Atanh(fir). Then 


dy 

dt 


= AB sech 2 (Bt) = AB( 1 - tanh 2 (SO) = AB ( 1 - ^ 



Furthermore, y(O) = A tanh (0) = 0. 
(c) M atching the differential equation 


with the template 


from part (b) yields 


d v k 2 

— =g V 

d t m 


d v B 2 

— = AB 1> 2 

dt A 


B _ k 
A m 


AB = g and 
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Solving for A and B gives 


Thus 


A = 



and 



v(t ) = Atanh(Br) 



(d) lim v(t) 

f— >0 O 



lim tanh 

r— »o o 




(e) Substitute in = 150 lb and g = 32 ft/sec^ = 78545.5 mi les/hr^ into the eguation for the ter mi nal vet ocity obtai ned 
in part (d) and then solve for k. This gives 


150(78545.5) 
k “ 1002 


1178.18 Ib/mile. 


In Exercises 70-72, a flexible chain of length L is suspended between two poles of equal height separated by a distance 
2 M (Figure 9). By Newton’s laws, the chain describes a cur\’e (called a catenary) with equation y = a COShfj c/a) + C. 
The constant C is arbitrary and a is the number such that L = 2a sinh (M /a). The sag s is the vertical distance from the 
highest to the lowest point on the chain. 



FIGURE 9 Chain hanging between two poles describes the curve y = a cosh (x/a). 


71. Let M be a fixed constant. Show that the sag is given by s = a cosh (M/a) - a. 

(a) Calculate—. 

da 

(b) Calculate da/dL by implicit differentiation using the relation L = 2 a sinh(M/a). 

(c) Use (a) and (b) and the Chain Rule to show that 

ds ds da COSh(M/o) - (M/a) sinh(M/a) - 1 
~dL ~ ~da ~dL ~ 2 sinh (M/a) - (2 M/a) cosh (M/a) 

solution The sag in the curve is 


M 


s = y(M) - _y (0) = a COSh ( — ) + C - (a COSh 0 + C) = a COSh ( — J - a. 


M\ 


ds 


da 


M\ M 


a 


(a) — = cosh — sinh — - 1 


M 


(b) If we differentiate the relation L = 2a sinh 


M 


with respect to a, we find 


, da 


( M\ 2 M da 


dL 


V a 


0 = 2 — sinh — cosh — . 


a d E 


M 


Solving for da/dL yields 


da 


M 


— = | 2 sinh | — ) cosh | — 


2M 


M 


-l 


(c) By the Chain Rule, 


ds ds da 

dL da dL 


■ 


The formula for ds/dL follows upon substituting the results from parts (a) and (b). 
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73. Prove that every function fix) is the sum of an even function f+(x) and an odd function f-ix). [. Hint: f+ix ) = 
2 (f(x) ± fi-x)).] Express fix) = 5e x + 8e~ x in terms of cosh x and sinh x. 

solution Let f+(x) = fi x i+f(- x ~> and f_( x ) = f (x i-^ { ~ x) . Then /+ + /_ = = fix). M oreover, 


/+(-*) 


fi-x) + fi-i-X )) 
2 


fi-x) + fix) 

2 


= f+Oc), 


so f+ix) is an even function, while 


f-(-x) = 


fi-x) - fi-i-x)) fi-x) - fix) 


ifix) - fi-x)) 


= - f-ix ), 


so f-ix) is an odd function. 

For fix) = 5e x + 8e~ x , we have 


5e x + 8e~ x + 5e-' T + 8e x 

f+ix) = , 


= 8 cosh .v + 5 cosh x = 13 cosh x 


and 


, 5e x + 8e~ x - 5e~ x - 8e x 

f-ix) = 5 


= 5 sinh - 8 sinh a = — 3 sinh jc. 


Therefore, fix) = f+ix) + f-ix) = 13coshx — 3 sinh jc. 
75. In the Excursion, we discussed the relations 


cosh(r'f) = cosr and sinh(i'r) = i si n r 

Use these relations to show that the identity cos 2 1 + sin 2 1 - 1 results from the identity cosh 2 x - sinh 2 a- = 1 by setting 
x = it. 

solution Substituting a = it into cosh 2 a - sinh 2 a = 1 yields cosh 2 (Fr) - si nh 2 (/r) = 1. Since cosh 2 (;7) = cos 2 1 
and sinh 2 (rf) = (i sin r) 2 = - sin 2 1 , it follows that cos 2 1 + sin 2 1 = 1. 


CHAPTER REVIEW EXERCISES 


1. M atch each quantity (a)-(d) with (i), (ii), or (iii) if possible, or state that no match exists. 


(a) 2“3 h 

(c) a a ) b 

(i) 2 ab 

SOLUTION 

(a) No match. 

(b) No match. 

(c) (i): (2 a ) b = 2 ab . 

(d) (iii): r~ h 3 b - a = 2 a ~ b 


(ii) 6 a+b 


a—b 


a—b 


2 a 

(b) 3 ^ 


(d) 2 a -'’3‘ 


a— bob— a 


(iii) (f) 


2 \a-b 


3. Which of the following is equal to — 2 V ? 

d A 

(a) 2 X 

(c) x2 x ~ l 

solution The derivative of fix) = 2 X is 


(b) (In 2)2 l 

(d) — 2 X 

' 1 In 2 


— 2 A = 2 V In 2. 

dx 


H ence, the correct answer is (b). 
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x - 2 

5. Find the inverse of fix) = : and determine its domain and range. 

x — 1 

solution To find the inverse of fix) = we solve y = for* as follows: 

x — 2 = yO — 1) = yx — y 
x — yx = 2 — y 

2 — y 

x = . 

1 - y 


Therefore, 


f~\x) = 


2 -. 


-2 


1 — * x — 1 


The domain of / 1 is the range of /, namely [x : x ■£ 1); the range of / 1 is the domain of /, namely (y : y 1) 


-l 


7. Show thatgO) = 


x — 1 


is equal to its inverse on the domain [x : x ■£ 1}. 


solution To show that gix) = is equal to its inverse, we need to show that for jc f 1, 

g(g(x)) =x. 

First, we notice that for * f 1, g(x) f 1. Therefore, 


£ («(*)) = g 


x — 1 


- 1 


x x 

x — (x — 1) 1 


9. Suppose that g(x) is the inverse of f(x). M atch the functions (a)-(d) with their inverses (i)-(iv). 

(a) f(x) + l 

(b) f(x + 1) 

(c) 4 fix) 

(d) f(Ax) 

(i) gix)/ 4 

(ii) gix/ 4) 

(iii) gix - 1) 

(iv) gix) - 1 

SOLUTION 

(a) (iii): fix ) + 1 and gix - 1) are inverse functions: 

figix - 1)) + 1 = ix - 1) + 1 = x; 
gifix) + 1 - 1) = gifix)) = x. 

(b) (iv): fix + 1) and gix) - 1 are inverse functions: 

figix) - 1 + 1) = figix)) = x; 
gifix + 1)) - 1 = ix + 1) - 1 = X. 

(c) (ii): 4 fix) and gix/ 4) are inverse functions: 

4/(gO/4)) = 40/4) = x; 
g(4/0)/4) = gifix)) = x. 

(d) (i): /( Ax) and gO)/4 are inverse functions: 

/( 4 • gix)/4) = figix)) = x; 

\gifi 4-v)) = ^(4x) = x. 

11. Suppose that figix)) = e A ‘ 2 , where g(l) = 2 and g'(l) = 4. Find /'( 2). 
solution We differentiate both sides of the equation figix)) = e* 2 to obtain, 

f (gix))g'ix) = 2xe* 2 . 
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Setting x = 1 yields 


f (g{l))g'(l) = 2e. 

Since ^(1) = 2 and g'(l) = 4, we find 

f'(2) • 4 = 2<?, 


or 

f\2) = 


In Exercises 13-42, find the derivative. 
13. f{x) = 9e~ Ax 

solution — 9e~ 4x — -36e~ 4x . 

dx 


15. / (x) = 

x 


SOLUTION 


d ( e 
dx 


-xe~ x - e~ x 


e X (x + 1) 


17. GO) = (I no)) 

d ■) 2 In i 

SOLUTION (Ini) = . 

ds s 


19. git) = e 4, -> 

d A, *2 n. t 2 

solution — e 1 = (4 — 2 t)e . 

dt 

21. f(d) = ln(sin 6>) 

d , . cos6» 

solution — n(sin 9) = - — = cot0. 
d6 sin 0 

23. fix) = ln(e* - 4x) 

d e x - 4 

solution — ln(e Y — 4x) = — . 

dx e x — 4x 


25. fix) = e 


x+\nx 


solution — e x + l n x = ( 1 + — ) e - 
dx \ x ) 

27. hiy) = 2 1 ~ y 

solution —2 1 ~ y — — 2 1- - v In 2. 

dy 


x+ln > 


29. /(*) = 7 


- 2 * 


solution —7 2a = — 2 1 n 7 - 7 2t . 

dx 

31. GO) = cos _1 0 _1 ) 


Cl _i _i 

SOLUTION COS 0 ) = 

ds 


-1 


1 - 


(O' 




33. fix) = ln(csc _ 1 jc) 

d , _i 1 

SOLUTION In (CSC X ) = . 

|jc|vjc 2 - lcsc -1 * 
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35. R(s) =i ln ' s 
solution Rewrite 

R(s) = (e lns )' nS =^ lni > 2 . 

Then 

— = e (ln - 5)2 -21ns- - = — .s- lns . 
ds s s 

Alternately, R(s ) = i- lns implies that In R = In (s lns ) = (Ins) 2 . Thus, 

1 dR _ . 1 dR 21ns i n „ 

= 2 In 5- - — or — = s m - s 

R ds 5 ds s 


37. Git) = (sin 2 t)‘ 
solution Rewrite 


G(T) = ( e ' nsin2? )' = e : 


„2r In sin /■ 


Then 


— = e 2 ' lnsinr ( It • C f S - f + 2 In sin A = 2 (si n 2 tf it cot t + In sin r). 
dt \ si nr ) 

Alternately, Git) = (sin 2 if implies that In G = t In sin 2 1 = It In sin t. Thus, 


and 


1 dG . COS t 

= 2 1 ■ h 2 In sin t, 

G dt si nr 


— = 2(sin 2 r) f (r cotr + In sin r). 
at 


39 . g(t ) = sinh(r 2 ) 

solution — sinh(r 2 ) = 2 r cosh(r 2 ). 
dt 

41 . gix) = tanh _1 (e JC ) 

d . , _1 1 y e x 

solution — tanh (e ) = 

dx 1 -ie x ) 2 l-e 2x 

43 . The tangent line to the graph of >- = fix) at x = 4 has equation y = -2x + 12. Find the equation of the tangent 
line to y = gix) at* = 4, where gix) is the inverse of fix). 

solution Because the tangent line to the graph of y = fix) at* = 4 has equation y = -lx + 12, it follows that 


/(4) = —2(4) + 12 = 4 and /(4) = -2. 


Thus, g(4) = 4 and 


^ 4) = 777 


f'igi 4 )) /'( 4) 2 ’ 

where gix) is the inverse of fix). Finally, the equation of the tangent line to y = g(x) at* = 4 is 

y = - ^ ix - 4) + 4 = - -* + 6. 


In Exercises 44^16, let fix) = xe x . 

45 . Show that fix) has an inverse on [ 1 , oo). Let gix) be this inverse. Find the domain and range of gix) and compute 
g'(2e~ 2 ). 

solution Let fix) - xe~ x . Then /'(*) = e~ x il - *). On [1, oo), /'(*) < 0, so /(*) is decreasing and therefore 
one-to-one. It follows that /(*) has an inverseonfl, oo). Letg(*) denote this inverse. Because /(l) = e~ l and /(*) -»• 0 
as * — > oo, the domain of gix) is (0, e _1 ], and the range is [1, oo). 
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To determine g'(2e 2 ), we use the formula g'{x) = l//'(g(x)). Because /(2) = 2e 2 , it follows that g(2e 2 ) = 2. 
Then, 


g'Q-e 2 ) 


1 

f'{g( 2e~ 2 )) 


1 

JO) 



—e 


2 


47. Find the local extrema of fix) = e 2x - 4e x . 

solution Let f(x) = e 2x - 4e A . Then /'(x) = 2e 2x - 4e x = 0 when x = In 2. Next, we use the Second Derivative 
Test. With f"(x) = 4e 2x - 4e x , it follows that 

/"(In 2) = 4e 2ln2 - 4e ln2 = 16 - 8 = 8 > 0. 

Flence, x = In 2 corresponds to a local minimum. Since 

/(In 2) = e 2ln2 — 4e lr) 2 = 4 - 8 = -4. 

we conclude that the point (In 2, -4) is a local minimum. 

In Exercises 49-52, find the local extrema and points of inflection, and sketch the graph over the interval specified. Use 
L’Hopital’s Rule to determine the limits as x -+ 0+ or x — > ±oo if necessary. 

49. y = x In jc, x > 0 
solution Let y = x In x. Then 


j = 1 + In jc, 

and y" = Solving / = 0 yields the critical point x = e~ l . Since /'(e -1 ) = e > 0, the function has a local minimum 
at jc = e~ l . y" is positive for .r > 0, hence the function is concave up for jc > 0 and there are no points of inflection. As 
x -*■ 0+ and asx -> oo, we find 

I n x x 

lim x\nx= lim — T = lim - — =- = lim (-jr) = 0; 
jc — >- 0 + X 1 .t-s-OH X 1 X-S- 0 + 

lim x\nx = oo. 

x— >oo 

The graph is shown below: 



y' = I n x + x ^ 


51. y = x(ln.v) 2 , x > 0 

solution Let y = jc(logjc). Then 

/ = ( tog *) 2 + * ■ = (| „ g ,) (_L + to g ,) . 

and 

j, 2 log a- 2 1 2 / 1 \ 

y “ x In 10 + In 10 ■ x In 10 " xlnlO l v logx+ | n ioJ ' 

Solving y' = 0 yields the critical points x = 1 and x = e~ 2 . Because 


T > 0 and y"(e 2 ) = 

(In 10) 2 x 


2(loge) 2 


< 0 , 


/(l) = 
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we conclude that the function has a local minimum at x - 1 and a local maximum at x = e~ 2 . We see that y" > 0 for 
^ > e~ l and y" < 0 for 0 < x < e~ l . Therefore, there is a point of inflection at a- = e _1 . Asx 0+ and as x oo, 
wefind 


lim x(logx) 2 

x — ► 0-f- 


lim (l ° gx)2 - lim 2l ° g *^‘* 

x — >-0t- 1/a x — >-0-r- — 1 /a 


2 .. log a 

— — lim -2 — 
In 10*^0+ 1/a 


lim 


l l 
In 10 ' x 


In 10 a-s-o+ -1/a 2 


(In 10) 2 x^0+ 


lim a = 0; and 


lim x(log a) 2 = oo. 

X — >00 


The graph is shown below: 



In Exercises 53-58, use logarithmic differentiation to find the derivative, 
{x + l) 3 


53. y = 


(4a - 2) 2 


(a T - 1) 3 

solution L et v = — =r . T hen 

(4a - 2) 2 


(a + 1) 3 


Iny = In ( ^ 2 ) = In (a + l) 3 - In (4 a - 2) 2 = 3 1 n (a + 1 ) - 2 In (4 a - 2). 


By logarithmic differentiation, 


2 • 4 = 3 


so 


y_ _ 

y a + 1 4a — 2 a + 1 2a — 1 ’ 

, _ (a + l) 3 / 

V (4a - 2) 2 V a + 1 2x-l)' 

55. y = e ^- 1 ) 2 ^^- 3 ) 2 
solution Let y = e (A-i) 2 e (A- 3 ) 2 i Then 

In y = ln(e (jc - 1)2 e (A '- 3)2 ) = ln( e (JC - 1)2 + ( - T - 3,2 ) = (x - l) 2 + (a - 3) 2 . 
By logarithmic differentiation, 

/ 


— = 2(x — 1) + 2 (a — 3) = 4a — 8, 


y 


so 


y/ = 4e (A- 1 ) 2 e (A- 3 ) 2 (A_2). 


57. y = 


e 3 - r (x — 2) 2 
ix + l ) 2 


e ix (x - 2) 2 

solution L et y = s— . T hen 

(x + 1) 2 


In y = In (- — — — | = I n e 3v + In (a - 2) 2 - In (a + l) 2 
\ (x + D 1 ) 


= 3a + 2 ln(x — 2) — 2 1 n (a + 1). 
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By logarithmic differentiation, 


so 



2 

^+1’ 


y = 


e 3x (x - 7) 2 
(x + l) 2 




59. Image Processing The intensity of a pixel in a digital image is measured by a number u between 0 and 1. Often, 
images can be enhanced by rescaling intensities (Figure 1), where pixels of intensity u are displayed with intensity g(u) 
for a suitable function g(u). One common choice is the sigmoidal correction, defined for constants a, b by 

g(u) = /( “ ) ~ /( ° } where /(«) = (1 + 

Figure 2 shows that g(u) reduces the intensity of low-intensity pixels (where g(u) < u ) and increases the intensity of 
high-intensity pixels. 

(a) Verify that f'(u) > 0 and use this to show that g(u) increases from 0 to 1 for 0 < u < 1. 

(b) W here does g(u) have a point of inflection? 



Original 


Sigmoidal correction 


FIGURE 1 


SOLUTION 

(a) With f{u) = (1 + e *(a-«))-i, it follows that 

/'(«) = -(1 + e b(a - u) y 2 ■ -be b(a ~ u) = beH “ , > 0 

(1 + e*Cfl -«))2 

for all u. N ext, observe that 


and 


g(0) = 


/( 0) - /(0) 
/(l) - /( 0) 


= 0, 


= /(l)-/(0) 
/d)-/(0) 


= 1. 


g\u) 


1 

/(l) - /( 0) 


/'(«) > 0 


for all u. Thus, g(n) increases from 0 to 1 for 0 < u < 1. 
(b) Working from part (a), we find 


/"(«) 


fol e b (a~u) (2 e b(a-u) _ ^ 

(1 + e M«-«))3 


Because 


«"(«*) 


1 

/(l) - /(0) 


/"(«), 


it follows that g(u) has a point of inflection when 


2e b(a -“ ) -1 = 0 


or u = a + - In 2. 
b 
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In Exercises 61-66, use the given substitution to evaluate the integral. 
(In x) 2 dx 


61. 


/ 


u = I n x 

solution Let u = In a. Then du = 7 , and 

(In*) 2 dx 


J (In.i c) dx J 


. i tr (ln*r 

= / it du = ^ -|- (7 = — — — -|- C. 


63. 


r dx 

J Ve 2x - 1 ' 


solution We first rewrite the integrand in terms of e - Y . That is, 

: dx — 


[ 1 dx - [ 1 dx - [ 1 dx = [ * 

J Ve 2x - 1 J l e 2.v (1 _ e -2.v) J e x Vl - e~ 2x J 77 


dx 


N ow, let u = e~ x . Then du = -e~ x dx, and 


— e ) 

f - 1 -- f 

J Ve 2x - 1 J y/l 


o-lx 


du _ i . _ i _ 

z = —sin J r/ + C = -sin i (e A ) + C. 


65. 


in 


dt 

m = In /■ 

r(l + (In r) 2 ) 

solution Let u = In t. Then, du = \dt and 


f dt = [ 

J f(l + (lnf) 2 ) J 1 + m 


du _ i _ i i 

= tan 7 + C = tan i (lnr) + C. 


In Exercises 67-92, calculate the integral. 


/ 


e 9 2a dx 


solution L et u = 9 — lx. T hen du — —2 dx, and 




e 3 -" djr = / c" du = -le u + C = -^e 9 - 2 * + C. 


69. / e 2 v sin(e> 2A )dx 


7 ' 

solution Let« = e _2v . Then = —2 e~ 2x dx, and 

J e~ 2x sin (e~ 2x ^ dx = J sin u du ■ 


COS u 


+ c = 


^ COS 2a ) 


+ c. 


j; 


71. / 7- v “ 3 rfx 


7 


/ 4x — 3 i ^ 4r — 3 
solution / e J dx = -e 


ri <e e> - 


”7 


e I n x rfx 


solution Let u = In*. Then = 7 and the new limits of integration are i/ = In 1 = 0 and u = \ne ■■ 


C e In * dx 7 1 

/ = / « <7i< = -i 

Jl x Jo 2 


2 ' 


75 7 


2 / 3 rf* 


SOLUTION 


1/3 7l -x 2 

2 / 3 tfx 


7 / 3 rf 
J 1/3 77 


= si n 1 * 


2/3 

1/3 


■ -l 2 . _il 

= sin - sin L ~. 


1. Thus, 
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77 ■ C 

JO 


cosh (2 t)dt 


solution L et r/ = 2?. Then t = j and dt = The new limits of integration are u = 0 and u = 2. Thus, 


f cosh(2 t)dt = \ ( 
Jo 2 Jo 


-2 1 
cosh(2r) c/? = - / cosh udu = -sinhw 


1 . , . . 1 . , „ 
= - (sinh 2 - sinh 0) = - sinh 2. 
o 2 2 


79. r 

Jo 


x dx 


x 1 + 9 

solution Let u = x 2 + 9. Then du - 2 xdx, and the new limits of integration are u = 9 and u - 18. Thus, 
r 3 xdx 1 f 18 du 1 |18 


f* xdx i r 1 

JO x 2 + 9 2 Jg 


— = - In m 

li l 


= * (In 18 -In 9) = ^ln ^ ^ In 2. 

9 2 2 9 2 


81 7 


x dx 


Vl -X 4 

solution Let u = x 2 . Then du — 2 xdx, and - * 4 — Jl - u 2 . Thus, 


f x dx 1 f i 

J 7T^ = 2J 7i 


dlt 1 _ 1 1 . 1 "5 

- = -sin L u + C = -sin i (.r z ) + C. 


83. 


/ 


e x dx 


(e~ x + 2)3 

solution L et u = e~ x + 2. Then du = —e~ x dx and 


r e~ x dx _ f 

J (e~ x + 2) 3 - ~ J 


— — / u du — — — C — 


2i/2 2(e~ x + 2)2 


+ C. 


85. 


L ' 


SOLUTION 


/„ 

f sin -1 

' J ~7T- 


tan 26 d6 

(■tt/6 


tan 2 Odd = - In | sec 2c?| 


31/ 6 1 

= =jln2. 

o 2 


x dx 
\/l — x 2 

solution Let u = sin -1 *. Then du = . 1 _ dx and 


/"sin 3 xdx f 1 

/ — = / udu = — 

J J 2 


- l 1 i 2 

— —u C = —(sin x ) -|- C. 


/ sinh 3 *COSh*cf* 
solution Let u — sinh x. Then du = cosh x dx and 


J si nh 3 x cosh .v c/jc = J U i du=‘^ r + C = 


sinh 4 * 


+ C. 


9i. r^~ 

Jo 2*2 + 1 

solution L et it = v^*. Then du = V2dx, and the new limits of integration are u = 0 and u = 4V2. Thus, 


[ A dx - j 

/’4v / 2 “7^ du 1 

1 ~ l 

r 4 ^ 2 du 

Jo 2* 2 + 1 J 

0 u 2 + 1 \fl J 

0 ir 2 + l 


= —tan 1 u 

V2 


4v/2 


(tan 1 (4V2)-tan ^ = -^=tan 1 (4V"2). 


V2 
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93. The isotope Thorium-234 has a half-life of 24.5 days. 

(a) Find the differential equation satisfied by the amount y(t) of Thorium-234 in a sample at time r. 

(b) At t = 0, a sample contains 2 kg of Thorium-234. Flow much remains after 1 year? 

SOLUTION 

(a) By the equation for half-life, 

^ In 2 I n 2 „ „„„ , _i 

24.5= — . so A ^ 0.028 days i . 

k 24.5 

Therefore, the differential equation for y(t) is 

/ = - 0 . 028 y. 

(b) I f there are 2 kgofThorium-234at/ = 0, then y (?) = 2e -0 028 '. A fteroneyear (365 days), theamount of Thorium-234 
is 

y (365 ) = 2 e -°- 028(365 > = 7.29 x 10 -5 kg = 0.0729 grams. 


95. The C 14 to C 12 ratio of a sample is proportional to the disintegration rate (number of beta particles emitted per 
minute) that is measured directly with a Geiger counter. The disintegration rate of carbon in a living organism is 15.3 beta 
particles/min per gram. Find the age of a sample that emits 9.5 beta particles/min per gram. 

solution Let t be the age of the sample in years. Because the disintegration rate for the sample has dropped from 
15.3 beta particles/min per gram to 9.5 beta particles/min per gram and the C 14 to C 12 ratio is proportional to the 
disintegration rate, it fol lows that 


- 0 . 000121 ? 


9.5 

153’ 


so 




In 


9.5 


0.000121 15.3 


3938.5. 


We conclude that the sample is approximately 3938.5 years old. 

97. In a first-order chemical reaction, the quantity y(t) of reactant at time t satisfies / = -ky, where k > 0. The 
dependence of k on temperature T (in kelvins) is given by the Arrhenius equation k = Ae~ Ea ^ RT \ where E a is the 
activation energy (J -mol -1 ), R = 8.314J-mol -1 -K -1 , and A is a constant. Assume that A = 72 x 10 12 hour -1 and 
E a = 1.1 x 10 5 . Calculate dk/dT for T = 500 and use the Linear Approximation to estimate the change in k if T is 
raised from 500 to 510 K. 


SOLUTION L et 


k = Ae~ E ^ RT \ 


Then 

dk _ AE a —E a /(RT) 
dT RT 2 

For A = 72 x 10 12 , R = 8.314 and E a = 1.1 x 10 5 we have 


n c l.lxlO 5 1.32xl0 4 

dk _ 72 x 10 12 • 1.1 x 10 5 e~^mr _ 9.53 x 10 17 ,- r 
dT ~ 8.314 T 2 ~ T 2 

The derivative for T = 500 is thus 


dk 

dT 


T= 500 


9.53 x 10 17 e - 
500 2 


1.32xl0 4 

500 


12.27 hours -1 K -1 . 


Using the linear approximation we find 


A k 


dk 

dT 


■ (510 - 500) = 12.27 • 10 = 122.7 hours -1 . 


r=500 
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99. Find the solutions to y' - -2y + 8 satisfying y(0) = 3 and y(0) = 4, and sketch their graphs. 
solution First, rewrite the differential equation as / = -2(y - 4); from here we see that the general solution is 

y(t) = 4 + Ce~ 2t , 


for some constant C. If y(0) = 3, then 

3 = 4 + Ce® and C = - 1. 

Thus, y(t) = 4 - e~ 2 ’ . If y(0) = 4, then 


4 = 4 + Ce° and C = 0; 

hence, y(t) = 4. The graphs of the two solutions are shown below. 





101. What is the limit lim y{t) if y(t) is a solution of: 

f->0 o 

(a) % = — 4( v - 12)? 
at 

(c) cl j- = -Ay - 12? 
at 


(b) ^=4(y-12)7 

at 


SOLUTION 

(a) The general solution of — = -4(v - 12) is y(t) = 12 + Ce~ 4t , where C is an arbitrary constant. Regardless of 

dt 

the value of C, 

lim y{t) = lim (12 + Ce -4f ) = 12. 
r-»oo ?— >oo 

(b) The general solution of — = 4(y - 12) is y(r) = 12 + Ce 4f , where C is an arbitrary constant. FI ere, the limit 

dt 

depends on the value of C. Specifically, 


dy 

(c) The general solution of — 
dt 

Regardless of the value of C, 


oo, C > 0 

lim y(t) = lim (12 + Ce 4 ') = 12, C = 0 

/ — > oo t — > oo 

— oo , C < 0 

= — 4y - 12 = — 4(v + 3) is y(t) = -3 + Ce~ 4t , where C is an arbitrary constant. 


lim y(t)= lim (-3 + Ce 4t ) = -3. 

t— >oo' t — >oo 


103. An equipment upgrade costing $1 million will save a company $320,000 per year for 4 years. Is this a good investment 
if the interest rate is r = 5%? What is the largest interest rate that would make the investment worthwhile? Assume that 
the savings are received as a lump sum at the end of each year. 

solution With an interest rate of >■ = 5%, the present value of the four payments is 

$320.000( e -° 05 + e” 01 + e -° 15 + e~ 02 ) = $1,131,361.78. 

As this is greater than the $1 million cost of the upgrade, this is a good i nvestment. To determine the largest interest rate 
that would make the investment worthwhile, we must solve the equation 

320,000(e - ' + e~ 2r + e~ 3r + e~ 4r ) = 1,000,000 

for r. Using a computer algebra system, we find r = 10.13%. 
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In Exercises 105-108, let P(t) denote the balance at time t (years) of an annuity that earns 5% interest continuously 
compounded and pays out $2000/year continuously. 

105. Find the differential equation satisfied by P(t). 

solution Since money is withdrawn continuously at a rate of $2000 a year and the growth due to interest is 0.05+, 
the rate of change of the balance is 


P'(t) = 0.05P - 2000. 

Thus, the differential equation satisfied by Pit) is 

P'(t) = 0.05(P - 40, 000). 


107. W hen does the annuity run out of money if P(0) = $2000? 
solution I n the previous exercise, we found that 

P(t) = 40,000 + CV 0 - 05 ' 


If P( 0) = 2000, then 


2000 = 40,000 + CV 0 05 0 = 40,000 + C 


or 


C = -38,000. 


Thus, 


P(t) = 40.000 -BS.OOOe 0 05 '. 
The annuity runs out of money when P(t) = 0; that is, when 

40,000 — 38,OOOe°- 05r = 0. 

Solving for t yields 


t 


•1 


40,000 


1.03. 


0.05 \ 38,000, 

The money runs out after roughly 1.03 years. 

In Exercises 109-120, verify that L’Hopital’s Rule applies and evaluate the limit. 

„„ .. 4x - 12 

109. Iim 


s-3 x 2 — 5x + 6 

solution The given expression is an indeterminate form of type therefore L'Hopital's Rule applies. We find 

4 


4x — 12 4 

im ^ = Iim 


>3x 2 — 5x + 6 


3 2x — 5 2-3 -5 


= 4. 


111 . Iim x 1 / 2 Inx 
x-> 04- 

SOLUTION First rewrite the function as The limit is now an indeterminate form of type ||, hence we may apply 
L'Hopital's Rule. We find 

Iim x 1 / 2 lnx= Iim = Iim — ^ — — = Iim -2X 1 / 2 = 0. 

X-S-0+ X-S-0+ x +* *^0+ — J.X - ^/ 2 X-S-0+ 


.. 2 sin e — sin 20 

113. Iim 

e^o sin e - e cos Q 

solution The given expression is an indeterminate form of type jj; hence, we may apply L'Hopital's Rule. We find 

2 si n — sin 20 .. 2cos0-2cos2# .. 2cos#-2cos20 

Iim — = Iim = Iim 

o^o sine - OcosO e»^o cos0 — (cos0 — 0 sin 0) e^o 0 sin 0 

-2 sin 0 + 4 sin 20 -2cos£ + 8cos20 -2 + 8 

= Iim — ; = Iim ; — = - — - — - = 3. 

e^o sin 0 + 0 cos 0 0^0 cos0 + cos0 - 0 sin 0 1 + 1-0 
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115 . 


In(f + 2) 

I im — 

r->cxD !og 2 1 


solution The limit is an indeterminate form of type §§; hence, we may apply L'Hopital's Rule. Wefind 


.. In(r + 2) 

lim — , 

t-*o o log 2 1 


lim 

l — >oo 


1 

7+7 

1 

t In 2 


r In 2 
lim — - 

r->oo t + 2 


In 2 

lim — — = In 2. 


,,, .. sin l y-y 
117. lim ; — 

y-*- 0 y 3 

solution The limit is an indeterminate form of type jj; hence, we may apply L'Hopital's Rule. Wefind 


, sin l y-y vi-y 

lim , — - = lim 


y^O y J 
sinh(* 2 ) 


, >/i=7 

y-s-0 3y 2 


- 1 


{1 _ y 2 r 3/2 (1 — y 2 )— 3/2 x 

= lim = lim — = — . 

6 y y-> 0 6 6 


119. lim 

*— >o cosh* - 1 

solution The limit is an indeterminate form of type [}; hence, we may apply L'Hopital's Rule. Wefind 

sinh(* 2 ) .. 2*cosh(* 2 ) .. 2 cosh(* 2 ) + 4* 2 sinh(* 2 ) 2 + 0 

lim — ; = lim — = lim : = = 2. 

*-►0 cosh* - 1 *->0 sinh* *->0 cosh* 1 

2x — sinx 

121. Explain why L'Hopital's Rulegives no information about lim — — . Evaluate the limit by another 

^ jr a Jf-s-oo 3x + COS 2* 3 

method. 

solution As * -> oo, both 2x - sin* and 3* + cos2* tend toward infinity, so L'Hopital's Rule applies to 


lim . 
x^oo 3 * + cos 2* 
cos*. 


; however, the resulting limit, lim 


*->oo 3 — 2 sin 2* 


does not exist due to the oscillation of sin* and 


To evaluate the limit, we note 


2* -sin* 2 - sm * 

lim — = lim 


x^oo 3* + COS 2* x^oo 3 _|_ COS 2* 3 ■ 


123. Calculate the limit 


4\ n 

lim 1 1 + 

n— s-oo \ n , 


solution Lett = n /4. T hen n = 4r and 


lim 1 + - = lim 1 + - 


4 1 


= lim 

t—>0 O 


i + i v 


lim fl + 1V 

/ — > oo V t 




125. In this exercise, we prove that for all * > 0, 


* — — < I n (1 + *) < * 


(a) Show that I n(l +*) = 


(b) Verify that 1 - t < 


r x dt 
Jo r +7 


for* > 0. 


< 1 for all t > 0. 


1 + 7 

(c) Use (b) to prove Eq. (1). 

(d) Verify Eq. (1) for* = 0.5, 0.1, and 0.01. 


■ 


444 CHAPTER 7 | EXPONENTIAL FUNCTIONS 


SOLUTION 


(a) Letx > 0. Then 


= ln(l + t)\ = ln(l + x) - In 1 = ln(l + x). 


(b) For / > 0, 1 + t > 1, so < 1. M oreover, (1 - r)(l + t) = 1 - t 2 <1. Because 1 + t > 0, it follows that 
1 - t < jTpy. Hence, 

1 -t < < 1 . 

1 + t 

(c) Integrating each expression in the result from part (b) from t = 0 to t = x yields 

x 2 

x — — < I n (1 + x) < x. 

(d) For x = 0.5, x = 0.1 and x = 0.01, we obtain the string of inequalities 

0.375 < 0.405465 < 0.5 
0.095 < 0.095310 < 0.1 


0.00995 <0.00995033< 0.01, 


respectively. 


In Exercises 127-130, let gd(y) = tan Csi nh y) be the so-called gudermannian, which arises in cartography. In a map 
of the earth constructed by Mercator projection, points located y radial units from the equator correspond to points on 
the globe of latitude gd(y). 

d 

127. Prove that — gd{ v) = sech y. 
dy 

solution Let gd(y) = tan _1 (sinh y). Then 


-i-gd(y) = 

dy 


cosh y = — ; — = sech y, 

1 + si nh 2 v coshy 


where we have used the identity 1 + sinh 2 y = cosh 2 y. 

129. Show that /(y) = si nh - 1 (tan y) is the inverse of gd(y) for 0 < y < n/2. 

solution Letx = gd(y) = tan -1 (sinh y). Solving for y yields y = sinh -1 (tan x). Therefore, 

gd -1 (y) = sinh -1 (tan y). 


131. Use L'Hopital's Rule to prove that for all a > 0 and b > 0, 

( a \/n +b l/n\ n 


— \fab 


SOLUTION 


/ a l/n + b l/n\" / a l/n + b l/n\ In 

lim In = lim n In = lim — 

i — >oo \ 2 / n— >oo \ 2 I n — > oo 


' a l/n +b l/n N 


= lim 


1 / O 1 /* 

1 \ n 


V" In a b 1 !" In 


lim ^ — y — (a 1 !' 1 In a + b l / n Ini') = - (In a + In b) = In Vab. 

n-Hx> a l / n + b l ! n V / 2 
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133. Let fix) = e Av2 / 2 , where A > 0. Given any « numbers «!, «2 a„, set 


‘I’M = f(x - ai)f(x - a 2 ) ■ ■ ■ f(x - a„ ) 

(a) Assume n = 2 and prove that $(.*) attains its maximum value at the average x - \(a\ + a 2 ). Hint: Show that 
d/dx ln(/(x)) = —Ax and calculate <J>'(x) using logarithmic differentiation. 

(b) Show that for any n, <I>(jc) attains its maximum value at x = \(a\ + a 2 -\ h a„). This fact is related to the role 

of f(x) (whose graph is a bell-shaped curve) in statistics. 

SOLUTION 

(a) For n = 2 we have, 

<!>(*) = fix- ai)f (X - 02) = . e -7(*-«2) 2 = e -4((^-«i) 2 +U-«2) 2 ). 

A 

Since e~^ y is a decreasing function of y, it attains its maximum value where y is minimum. Therefore, we must find the 
minimum value of 


9 9 9 9 9 

y = (x — a\ ) + {x — a 2 ) = 2x — 2 (oi + a 2 )x + o| + cij ■ 
N ow, y' = 4x - 2(ai + 02 ) = 0 when 


01 + 02 


We conclude that <K*) attains a maximum value at this point, 
(b) We have 


<I>(x) = e “7(' v - fl l) 2 . £— 4(*-02) 2 e -j(x-a„) 2 _ g -j((x-a 1 ) 2 +-+(x-a n ) 2 ) 

A 

Since the function e~^ y is a decreasing function of y, it attains a maximum value where y is minimum. Therefore we 
must minimize the function 


2 2 2 
y = (x — 01 ) + (x — a 2 ) -I 1- (.v - o„) . 


We find the critical points by solving: 

/ = 2 Oc — oi) + 2 (,v — a 2 ) + ■ ■ ■ + 2 (jc — o„) = 0 
2nx = 2 (ai + 02 + ■ ■ ■ + a n ) 

01 + • • • + o« 

^ = . 

n 

We verify that this point corresponds the minimum value of v by examining the sign of y" at this point: y" = 2n > 0. We 
conclude that y attains a minimum value at the points = ai +' n '+ fl " , hence <f>(x) attains a maximum value at this point. 



8 TECHNIQUES OF 
INTEGRATION 


8.1 Integration by Parts 


Preliminary Questions 

1. Which derivative rule is used to derive the Integration by Parts formula? 
solution The Integration by Parts formula is derived from the Product Rule. 

2. For each of the following integrals, state whether substitution or Integration by Parts should be used: 


J x COS(x^) dx, JxCOSxdx, J x 2 e x dx, j 


xe x dx 


SOLUTION 


lal/ x cos (x 2 )dx: use the substitution u = x 2 . 
a.]/ x cost dx: use I ntegration by Parts. 

(0 I x 2 e x dx: use Integration by Parts. 


( di/ xe x ‘ dx: use the substitution u = x 2 


3. Whyisw = cosx, v' = x a poor choice for evaluating J a cos xdxl 

SOLUTK 

original. 


solution Transforming v' = x into v = \x 2 increases the power of a- and makes the new integral harder than the 


Exercises 

In Exercises 1-6, evaluate the integral using the Integration by Parts formula with the given choice of u and v'. 
1. J a sin A dx: u = x, v’ = sin A 
solution Using the given choice of u and v ’ results in 

U = A V — — COS A 

u’ = 1 v' = sin a 

Using Integration by Parts, 

J a sin a dx — x( — cosa)- J (l)(-cosx)dx = -a cos a + J cos a dx = —a cos a + sin a + C. 


3. J (2a + 9)e A dx: u = 2a + 9, v' = e x 

solution Using u = 2x + 9 and v' = e x gives us 

u = 2a + 9 v = e x 
u’ = 2 v’ = e x 

Integration by Parts gives us 

/ ( 2a + 9,eJC ^ = (2X + 9)e " - / 2e ^ X = (2X + 9)e " - 2e * + C = e * (2x + ?) + C - 
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5. J x 3 In x dx', u — In x, v' — x 3 
solution U sing u — In x and v’ = x 3 gives us 


i 1 4 

U — In X V — 4 A 


u' = b v' — X 3 


I ntegration by Parts gives us 


/ 


1\ / 1 


x J In x dx = (In*) ( I — I I - I I -A' 1 * ) dx 


.-4 


= -x^ In a — f x 3 dx = -x^ In a —x^ + C = — - (4 In a — 1) + C. 

4 4 J 4 16 16 


In Exercises 7-36, evaluate using Integration by Parts. 

7 . Jib- -3)e-U, 

solution Let u = 4a - 3 and v' = e~ x . Then we have 

u = 4a — 3 v = — e~ x 
u' = 4 v' = e~ x 

Using Integration by Parts, we get 

J (4a — 3)e~ x dx = (4a — 3)(— e~ x ) — J (4)(— e~ x ) dx 

‘ “ 31 + 7 dx ~ - 3 ' - 4 '" + c - + 13 + c - 


# 7 


9. / Ae 5 * +2 fifA 


SOLUTION 


Let ir = a and v' = e 5jc+2 . Then we have 


5a+2 


u = x v = -e 
h' = 1 = e 5*+2 


Using Integration by Parts, we get 


J xe 5x + 2 dx = a Qe 5 *+ 2 ^ - J (1) Qe 5 *+ 2 j dx = ^Ae 5 *+ 2 - ^ j e 5x + 2 dx 
= ^xe 5x+2 - ±e 5x + 2 + C = (j - 1) 7*+ 2 + C 


u 7 


a cos 2a dx 

solution Let u = a and v' = cos 2a. Then we have 


u = a d = j si n 2 a 
u =1 v' = cos 2a 


U sing I ntegration by Parts, we get 


J x cos 2a dx = a sin 2a j — f (1) ( ^ si n 2a ) dx 


X ) J \ 2 

sin 2a - ^ f sin 2a d.„ — , 


1 . „ If.. 1 . „ 1 

= -a si n 2a - - / sin 2a c7a = - a si n 2a + — cos 2a + C. 
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x 2 sin x dx 


solution Let u = x 2 and v' = sinx. Then we have 


U = X V = — COST 
u' = lx v' = sin x 


Using Integration by Parts, we get 


J X 2 sin ; 


/ 


xdx = x*(— COS*) — / 2x(— COS*) dx = — x l COS* + 2 / xCOSxdx. 


/ 


We must apply Integration by Parts again to evaluate J x cosxdx. Taking u = x and v' = cost, we get 

J x cos x dx = x sin x — y si n x dx = x si n x + cos x + C. 

Plugging this into the original equation gives us 

J x 2 si n x dx = -x 2 cosx + 2(x sinx + cosx) + C = -x 2 cosx + 2x sinx + 2 cosx + C. 

15. J e~ x sinx dx 

solution Let« = e~ x and v ' — sinx. Then we have 

u = e~ x v — — cosx 


Using Integration by Parts, we get 


/' 


sin , * . cos, - /(-«-)(- cos,)* . cos, - J «- cos, *. 

We must apply Integration by Parts again to evaluate J e~ x cos xdx. Using u = e~ x and v' = cosx, we get 


/■ 


/ 


/< 


e x COSxdx = e 'sinx - / (-e - r )(sin x) dx = e v si 


iinx + J e A sin 


x rfx. 


Plugging this into the original equation, we get 

J e~ x sin x dx — —e~ x cosx — 

Solving this equation for J e~ x sinx dx gives us 


: sinx + J 


e v si n x dx 


J e x sin xdx = ~^e A (sin x + cosx) + C. 


”■/ 


e ■* x si n x dx 


SOLUTION 


Let« = sinx and v' = e -5 -'. Then we have 


u = sinx v = — -e 
u = COSx v' = e~^ x 


-5x 


Using Integration by Parts, we get 


/ 


e 5v sinxrfx = ^sinx- 


— 5x , 


J COSx 


. — 5-v 


</x = — 5 -' sinx + ^ / e cosxdx 


If ■ 


,—5x , 


Apply Integration by Parts again to this integral, with u = cosx and v' = e 5v to get 

J e~ 5x COSxdx - ~^ e ~ 5x C05x j e_5jC 



SECTION 8.1 | Integration by Parts 449 


Plugging this into the original equation, we get 

J e~^ x sin* dx - -^e _5 ' v sin* + ^ ^-^e _5 - T C0Sx j e ~ 5 ' slnx ^ x j 


-5* , 


= — —c M sin* - — 


5x cos* - / e 5x sin * <i* 


Solving this equation for J e 5x sin* dx gives us 


/ 


e 5a si n xdx = -^-e 3X sin* - ^-e Dx COS* + C = --^e 3A (5 sin * + cos*) + C 
26 26 26 


-5x , 


-5x , 


„-5* / 


19 . j x I n * dx 
solution Let u = In* and v f = x. Then we have 


■I T 

u = In * v = 2 * 

u' = i v' = X 


Using Integration by Parts, we get 


/ 


1 \ /I 


* / V 2 


x In x dx = -x z In x — / I — I I -x z 1 dx 


= -x Inx - - 


1 r l 2l l /a- 2 \ 

^ x dx = -x ln*c — — I I 


= ^x L In*— — I — 1 + C = -* (2 In* - 1) + C. 


n 7 


x z In x dx 


solution Let u — In* and v’ — * 2 . Then we have 


u. = In * v = 5 * 


1 ,3 


U = ^ t/ = * 2 


Using Integration by Parts, we get 


/■ 


1 /I 


x z Inxdx = — x" 5 In x — / — I -x* 5 I dx = -x" 5 In x — - / x z dx 


x V 3 


7 - 


1 / * 


= -* J In* - - — + c = ^ In* - - + c. 


3 \ 3 




23 . / (In x) z dx 

solution Let h = (In *) 2 and v' = 1. Then we have 

u = (In *) 2 v = * 
2 


t/ = — In * i/ = 1 

* 


Using Integration by Parts, we get 


/ 


(In x) z dx = (In x) z (x) — / ( — In x ) x dx = x(ln x) z — 2 / In x dx. 


7 


We must apply Integration by Parts again to evaluate J Inxdx. Using u = Inx and v' = 1 , we have 


J Inxdx = xlnx — J — 


Inxdx = xlnx — / — - xdx = xlnx — / dx — x In x — x “h C. 

X 




Plugging this into the original equation, we get 

J (In *) 2 dx = *(ln *) 2 — 2 (* In * — *) + C — x |\ln x) 2 — 2 In * + 2j 


+ C. 
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*7 x sec 2 x dx 

solution L et u = x and v' = sec 2 x. T hen we have 

u = x v = tan x 
u =1 v' = sec 2 .v 

Using Integration by Parts, we get 

J x sec 2 x dx = x tan x - J (1) tan x dx = x tan x - In | sec x\ + C. 

27. J cos -1 x dx 

solution Let u = cos - ^ x and v' = 1. Then we have 

u = cos - ^ x v = x 

, -1 


\Ji — .7 


v' = 1 


Using Integration by Parts, we get 


J cos 1 x dx = x cos 1 x- J 


\/l — x 2 


dx. 


We can evaluate 


/ 


dx by making the substitution w = 1 - x 2 . Then dw = -2xdx, and we have 
l r — 2x rfx 


7i — x^ 

J cos - ^ x dx = x cos -1 x — - J 


Vl-x 2 


-1 1 [ 
= x cos x — - / 


; 1 / 2 rfui 


= xCOS : x - ^(2w 1/2 ) + C = xcos : x - \/l - x 2 + C. 


29. J sec 1 


x dx 


solution We are forced to choose u - sec -1 x, v' - 1, so that u' = — 7- — and v = x . U sing I ntegration by parts, 

A' y.r — 1 

we get: 

/ _i _i f x dx _i /" dx 

sec x dx = x sec x - / — , = x sec x - , . 

J x7x-2 - 1 J 

Via the substitution 7x 2 - 1 = tan e (so thatx = sece and dx = sec 6 tan 6d6 ), we get: 


J sec 1 x dx = x sec 1 x - J 


sec 6 tan 9d8 
tan 6 


lx -f [ 


= x sec 1 x - / sec Odd 


= x sec 1 x - In | sec 9 + tan S\ + C - x sec 1 x - In |x + Vx 2 - 1| + C. 


/ 


3 A cosx dx 

solution Letw = cosx and v' = 3*. Then we have 


u = cosx i> = ^ — - 
In 3 

u' = - si n x v' - 3 X 


Using Integration by Parts, we get 


/ 


3 A cosx dx = — — cosx + — - 
In 3 I 


\ [ 3 A si 
n3 J 


n x dx 


Apply Integration by Parts to the remaining integral, with u = sinx and v' = 3 A ; then 


/ 


3 A 

3 A sinxdx = — - sinx - 7 
In 3 I 


hf 


3 A COSx dx 
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Plug this into the first equation to get 


/ 


3 A COS.* dx = — — cos* + 
In 3 

y 


i ( y . 


In 3 V In 3 


si n * - — - / 3 A cos * dx 


. — tr cos* + — — sin* — — 

In 3 (In 3) 2 (I 


mJ 

sW 


3 X cos xdx 


f 


Solving for / 3 A cos* dx gives 
/ 


3 * in 3 cos* 3* sin* 3 A 

3 X cos xdx = - £ + ^ + C = T (In 3 cos* + sin*) + C 

1 + (In 3) 2 1 + (In 3) 2 1 + (In 3) 2 

33 7 * 2 cosh * dx 

solution Let u = * , v' = cosh*. Then 

u = * 2 v = sinh * 
u! = 2* v' = cosh * 

I ntegration by Parts gives us (along with Exercise 32) 

* 2 cosh * dx = * 2 sinh* - 2 J * sinh*, dx = * 2 sinh* - 2* cosh* + 2 sinh* + C 


I 


35. 


J tanh -1 


4* rf* 


solution U sing u = tanh 1 4* and t/ = 1 gives us 


u = tanh 1 4* u = * 
4 


U = 


1 - 16 * 2 


v ' = 1 


* rf*. 


I ntegration by Parts gives us 

f tanh -1 4* dx = * tanh -1 4* - f ( — - — =- 

J J \1 — 16* 2 

For the integral on the right we'll use the substitution w = 1 - 16* 2 , dw - -32 xdx. Then we have 
J tanh -1 4* dx = * tanh -1 4* + ^ J 


1 f d w . _i . 1 . 

- / — = * tanh 4* + - In |u>| + C 
w 8 


= * tanh 1 4* + - In |1 - 16* 2 | + C. 
8 


In Exercises 37 and 38, evaluate using substitution and then Integration by Parts. 

37. Hint: Let« = x 1 ! 2 

solution L et w = .t 1 / 2 . Then du> — jx~^^dx , or dx = 2 t 1 / 2 dw — 2 w dw. N ow, 

2/ 

Using Integration by Parts with u = w and v' = e w , we get 

2 J we w dw = 2 (we w — e w ) + C. 

Substituting back, we find 



452 CHAPTER 8 | TECHNIQUES OF INTEGRATION 


In Exercises 39-48, evaluate using Integration by Parts, substitution, or both if necessary. 

3 7 x cos 4x dx 

solution L et u = x and v' = cos 4a-. T hen we have 

u = x v = | sin 4a 


Using Integration by Parts, we get 


/ 


a cos 4a dx = -a si n 4a — 

4 


f(l)\s\n 


4a dx = -x si n 4a - \ \ cos 4a ) + C 

4 4 V 4 


= ta sin 4a + cos4x + C. 
4 16 


41. 


/ A <Tx 
a/x + 1 


solution L et u = x + 1. T hen du = c/x, a = « — 1, and 


f -^L= = [ {U -]l dU = f(jL.l = )du= [ (7/2 _ H -l/2 )dM 

J \J X -|- 1 J V W J \ v M -y W / J 

2 3/? ,1/7 _ 2 


= 2» 3/2 - 2 “ 1/2 + C = ^ (x + 1) 3/2 - 2 (a + 1) 1/2 + C. 

*7 cosa ln(sinx)rfx 

solution Let w = sinx. Then tfw = cos xdx, and 

J cosa ln(sinx)dx = J \nwdw. 

Now use Integration by Parts with u - In w and v' = 1. Then u' = \/u> and v = w, which gives us 

J cosx ln(sinx)dx = J In wdw = w In w - w + C = sin a In(sinx) - sin x + C. 


45. 


dx 


solution L et w = Jx . T hen dw = = X = dx and 

X 

Now, use Integration by Parts with u = w 2 and v ' = e u '. This gives 

fr«-Tu* = lf - d* - 2» v - 4 / «» *». 

We need to use Integration by Parts again, this time with u = w and v ' = e w . We find 

J we w dw = we w — J e w dw = we 111 — e u ’ + C; 


finally, 


47. 


/ 


/ ^ - W + + C . 2,^ - ^ + V* + c. 

In(lnx)lnxdx 


solution Let w = In a. Then rfu> = dx/x, and 

In(lnx) In a^a 


/ 


/ 


= / In w dw. 
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Now use Integration by Parts, with u = In w and v' = w. Then, 


u — In id v = -w~ 


U = VO v' = w 


and 


f In (In x) In x dx 1 t 1 f 1 t 1 / w 

/ = -id n«i - - / tiiau) = -ar rnw- 

J x 2 2 J 


2 \ 2 


+ C 


= ^(Inx) 2 In(lnx) - ^(Inx) 2 + C = ^(lnx) 2 [2 In(lnx) - 1] + C. 


In Exercises 49-54, compute the definite integral. 
3 

0 


9 - / 

Jo 


49. / xe 4 ’ 4 ' dx 


solution Let u = x, v' = e 4jc . Then (/ = 1 and v = -<? 4r . Using Integration by Parts, 


I 


xe 4t dx = f Le 4 * 


if 3 

4 Jo 


4 >. 3 1 12 1 11 12 1 

. , e dx = - — e + = rre + ^ 

0 4 Jn 4 16 16 16 16 


5L /.' 


x I n x dx 


solution Let u = In* and v' = x. Then «' = 7 and v = jx 1 . Using Integration by Parts gives 




x In x dx = I -x 2 In x 


2 1 r : 

l“2 A 


xdx = 2 In 2 — x 2 

4 


= 2 In 2 — - 
1 4 


J - f 

Jo 


53. / e A sin x dx 
/ 0 

solution Let u = sin x and i/ = e*; then u' - cosx and v — e x . Integration by Parts gives 


r 

Jo 


e x sin xdx = e x sin x 


0 


■ / e x COSx dx — — / e x COS x dx 

Jo Jo 


Apply integration by parts again to this integral, with u = cosx and v' = e x \ then u' = - sinx and v = e 


J e x sin x dx = - ^(e A cosx) + J e x sin x dxj = e n + 1 - J 


= e n + 1 - / e A sin xdx 
0 


Solving for / e v sin xdx gives 
Jo 


L 


e n + 1 


e x sin x dx = 

0 2 


f 


55. Use Eq. (5) to evaluate / x*e x dx. 


SOLUTION 


/ 


>/■ 


x 4 e* dx = x V - 4 / x V dx = x 4 e v - 4 




x^e A — 3 / x 2 e A dx 


'■! 


= x 4 e A - 4x V + 12 / x V dx = x V - 4x V + 12 


/ 


—21 xe x dx 


- * v - 4 < v + m v - 24 / * - - v - 4 - v + 12 < v - 24 


/ 


= X V - 4x V + 12x 2 r Y - 24 [xe x - e x ] + C. 


, so we get 


e A dx 
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Thus, 


J x*e x dx = e x ( x 4 — 4x J + 12x z — 24.v + 24) + C. 
57. Find a reduction formula for j x n e~ x dx similar to Eq. (5). 


solution Letn = x n and v = e *.Then 

Using Integration by Parts, we get 

j x n e~ x dx = -x n e~ x - 


u = x v = —e 

ii = nx n ~ l v' = 




(—e X )dx = —x n e x +n I x n L e x dx. 




In Exercises 59-66, indicate a good method for evaluating the integral (but do not evaluate). Your choices are algebraic 
manipulation, substitution (specify u and du), and Integration by Parts (specify « and v'). If it appears that the techniques 
you have learned thus far are not sufficient, state this. 

55 7 ~fx I n x dx 

solution Use Integration by Parts, with u = In* and v' = Jx. 

6 ,/ 


x ^ dx 


A -x 2 

solution Use substitution, followed by algebraic manipulation: Let u = 4 - x 2 . Then du = -2 xdx, x 2 = 4 - u, 
and 


63. / * + 2 dx 


I = A I 

J 74 -x 2 2 J 


1 ( C* 2 )(— 2 xdx) 1 f (4 — u)(du) 1 f ( 4 u 

dx= - 1 — ii _ 2.1 ^ ~ 2 . 1 1 b - 




■\J~\A *\J 1a 


/ 


.7 + 4x + 3 

solution Use substitution. Let u = x 2 + 4x + 3; then du = 2x + 4 dx = 2(x + 2)dx, and 

[ X + 2 dx= \ f - du 

J x 2 +4x + 3 2 J u 

ra 7 x sin(3x + 4) dx 

solution Use Integration by Parts, with u = x and v' = sin(3x + 4). 

67. Evaluate J (sin -1 x) 2 dx. Hint: Use Integration by Parts first and then substitution. 
solution First use integration by parts with v' = 1 to get 


/™ -1 


7 . _i 7 „ r _xr si n ^ x dx 

xr dx = x{ sin i x) — 2 / — - 

7 v . 


\/\ — X 2 


Now use substitution on the integral on the right, with u = sin 1 x. Then du = dx/y/l - x 2 and x = sin u, and we get 
(using Integration by Parts again) 

r x sin -1 x dx r . r ^ . i 

/ — = / u sin u du = -u cosh + sin u + C = — vl - x L sin L x + x + C. 

J /T77 J 

where cos /< = 7l - sin 2 u = 7l - a 2 . So the final answer is 

J Osin -1 jc) 2 t/A- = x(sin -1 x) 2 + 2V1 - x 2 sin -1 x - 2x + C. 
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69. Evaluate / x cos (x*)dx. 


SOLUTION 


First, let w = x 4 . Then dw = 4x 3 dx and 


J x COS (x*)dx = - J w COSx dw. 

Now, use Integration by Parts with u - w and v' = cos w. Then 

J x 1 cos(x 4 ) dx = ^ sin w - j sin wdu^J = ^ujsin w + ^ cosu> + C = ^x 4 sin(x 4 ) + ^ cos(x 4 ) + C. 

71. Find the volume of the solid obtained by revolving the region under y = e x for 0 < x < 2 about the y-axis. 
solution By the M ethod of Cylindrical Shells, the volume V of the solid is 

V — [ (2nr)hdx = 2n f xe x dx. 

JO 


Using Integration by Parts with u = x and v' = e x , we find 


V = 2tc (xe x - e' Y )| o = 2n[(2e 2 - e 2 ) - (0 - 1)] = 2jt(e 2 + 1). 

73. Recall that the present value (PV) of an investment that pays out income continuously at a rate R(t) for T years is 

/ R(t)e~ rt dt, where r is the interest rate. Find the PV if R(t) = 5000 + lOOr $/year, r = 0.05 and T = 10 years. 

Jo 

solution The present value is given by 

n T /» 10 /’lO /» 10 

PV = / R(t)e~ n dt = / (5000 + 100T)e~ rt dt = 5000 / e~”dt + 100 / te~ rt dt. 

Jo Jo Jo Jo 

Using Integration by Parts for the integral on the right, with u = t and v' = e~ rt , we find 


PV = 5000 ( — e- rt )\ +100 — 


{(-HIM 


10 f W -1 -n 
- / — e ‘ dt 

0 Jo r 


te~ rt + -e~ rt 


(e -i°'.- 1) _— io,- 10 '- + 

r r [ \ r 

e _ 10r [ 5000 _ 1000 _ 1001 5000 100 

r r r r 2 

5000r + 100 - e _1 °' (6000j- + 100) 


W)\ 


75. Use Eq. (6) to calculate / (In jc)^ dx for k = 2, 3. 


SOLUTION 


J (In x) 2 dx = x(ln x) 2 — 2 J In x dx = x(ln x) 2 — 2(x In x — x) + C = x(ln x) 2 — 2x In x + 2x + C; 
J (Inx) 3 dx = x(lnx) 3 - 3 J (In x) 2 dx = x(ln x) 3 — 3 j{x(ln x) 3 — 2x In x + 2xJ + C 


= x(lnx) 3 — 3x(lnx) 4 + 6x Inx — 6x + C. 


77. Prove that f xb x dx = b x ^ + C. 


J \ In 

solution Let u = x and v' = b x . Then u' = 1 and v = fr*/ In fc. Using Integration by Parts, we get 


xi Y 1 


xb x 1 b x 


x b x dx = — - — / dx = — - — • — + C = — - 


Info Info 


Info Info Info 


Info (In foy 
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Further Insights and Challenges 

79 . The Integration by Parts formula can be written 


/ 


u(x)v(x) dx = u(x) V (x) — / u\x)V(x)dx 


f A 


ffl 


where V(x) satisfies V'(x) = v(x). 

(a) Show directly that the right-hand side of Eq. (7) does not change if V(x) is replaced by V(x) + C, where C is a 
constant. 

(b) Use u = tan -1 x and v = x in Eq. (7) to calculate J x tan -1 xdx, but carry out the calculation twice: first with 
V(x) = \x 2 and then with V{x) = \x 2 + Which choice of V(x) results in a simpler calculation? 

SOLUTION 

(a) Replacing V(x) with V(x) + C in the expression «( x)V(x) - / V(x)u'(x)dx, we get 


u(x)(V(x) + C) — J (V (x) + C)u'(x)dx = u(x)V(x) + u(x)C — J V(x)u'(x)dx — C J u\x)dx 

= u(x)V(x) - / V (x)u'(x) dx + C I u(x) — J u! (x) dx I 
= u(x)V(x) — J V (x)u'(x) dx + C [u(x) — w ( jt) ] 

= u(x)V{x) — J V(x)u'(x) dx. 

(b) If we evaluate J x tan -1 xdx with u = tan -1 x and v' = x, and if we don't add a constant to v, Integration by Parts 


gives us 


J x tan 1 


x dx = — tan 


_i If x 2 dx 

X ~2J x?+i- 


The integral on the right requires algebraic manipulation in order to evaluate. But if we take V{x ) = \x 2 + \ instead of 
V (x) = lx 2 , then 


f _ i ( 1 2 1\ -1 1 fx 2 + 1 1 2 , -1 1 

/ x tan x dx = -x + - tan x - - -= dx = -(x + 1) tan x - - 

J \2 2/ 2 J x 2 + l 2 2 


— 7T % + C 


= ^ (x 2 tan 1 x - x + tan 1 x) + C. 


81 . Assume that /( 0) = /(l) = 0 and that f" exists. Prove 

f"{x)f{x)dx = - 


Ft 

Jo 


tr 

Jo 


2 

(jc) dx 


m 


Use this to prove that if /( 0) = /( 1) = 0 and f"(x) = Xf(x) for some constant X, then X < 0. Can you think of a 
function satisfying these conditions for some xl 

solution Let« = f(x) and v' = f"(x). Using Integration by Parts, we get 

f 1 f"Qc)f(x)dx = /(*)/' (*)|! - f 1 f\x) 2 dx = /(1)/'(1) - /(0)/'(0) - f 1 f{x) 2 dx = - f 1 f\x) 2 dx. 

Jo 10 Jo Jo Jo 

N ow assume that f"(x) = Xf(x) for some constant X. Then 


[ f"(x)f(x)dx = X f [f(x)] 2 dx = -[ f'(x) 2 dx< 0. 

Jo Jo Jo 


Since f [f(x)Y dx > 0, we must have X < 0. An example of a function satisfying these properties for some x is 
Jo . 

f(x) = sin nx. 

83 . Let/,, = j x n cos (x 2 )dx and J n = J x" si 


n(x ) dx. 

(a) Find a reduction formula that expresses /„ in terms of y„_ 2 . H int: Write x" cosfx 2 ) asx n_1 (x cos(x 2 )). 

(b) 2§ Use the result of (a) to show that /„ can be evaluated explicitly if n is odd. 

(c) Evaluate I 3 . 
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SOLUTION 

(a) Integration by Parts with u = x n ~ 1 and v' = *cos(* 2 ) dx yields 

l n = \ x "~ l sinCr 2 ) - - J x n ~ 2 s\n{x 2 )dx = ^*" _1 sin(jc 2 ) - 

(b) If n is odd, the reduction process will eventually lead to either 

J xcas(x 2 )dx or J xs\n(x 2 )dx, 

both of which can be evaluated using the substitution u = x 2 . 

(c) Starting with the reduction formula from part (a), we find 

I 3 = yt 2 sin(jc 2 ) - ^ J x sin(* 2 ) dx = ^* 2 sin(* 2 ) + ^ cos(* 2 ) + C. 


8.2 Trigonometric Integrals 


Preliminary Questions 

1. Describe the technique used to evaluate J sin 5 *</*. 

solution Because the sine function is raised to an odd power, rewrite sin 5 .* = sinxsin 4 * = si n uc(l - cos 2 *) 2 and 
then substitute u = cos*. 

2 . Describe a way of evaluating J sin ^ x dx. 

solution Repeatedly use the reduction formula for powers of sin*. 

3. Are reduction formulas needed to evaluate J sin 7 * cos 2 * rf*? Why or why not? 

solution N 0 , a reduction formula is not needed because the sine function is raised to an odd power. 

4. Describe a way of evaluating J sin 6 * cos 2 * <7*. 

solution Because both trigonometric functions are raised to even powers, write cos 2 * = 1 - sin 2 * and then apply 
the reduction formula for powers of the sine function. 

5. Which integral requires more work to evaluate? 

/ "I 798 -cos^ or / sinW,«, 


Explain your answer. 

solution The first integral can be evaluated using the substitution u = sin*, whereas the second integral requires the 
use of reduction formulas. The second integral therefore requires more work to evaluate. 


Exercises 

In Exercises 1-6, use the method for odd powers to evaluate the integral. 


1 . J cos 3 xdx 

solution Use the identity cos 2 * = 1 - sin 2 * to rewrite the integrand: 

J cos 3 *< ix = J (l-sin 2 *) cos xdx. 
Now use the substitution u = sin x,du = cos xdx: 


J COS 3 * dx = j — u 2 ^j du 


u - u J + C = sin* - - sin J * + C. 


3. J sin 3 0cos 2 0rf0 

solution Write sin 3 9 = sin 2 9 sin 9 = (1 - cos 2 9) sin 9. Then 

J sin 2 9 cos 2 9 d9 = J (l-cos 2 oj cos 2 9 sine d9. 
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Now use the substitution u = cos6>, du = - sin 9 dO: 


/ Si 


Sin 3 6 COS 2 QdB = - J (l - u 2 ^j u 2 du = - J ( u 2 - r/ 4 ^ 


du 


1 3 1.5 


= --ir + -i( D + C = -- cos^e + - cos D 0 + C. 


3 5 

5. J sin 3 r cos 3 r dr 

solution Write sin 3 1 = (1 - cos 2 r) sinr dt. Then 

J sin 3 r cos 3 r dr = J (1 - cos 2 r) cos 3 r si nr dr = J (cos 3 r- cos 5 r) si nr dr. 


Now use the substitution u = cosr, du = - sinr dr: 


J sin 3 r cos 3 rdr = -J (« 3 - « 5 ) dw = -^« 4 + + C = cos 4 r + ^ cos 6 r + C. 

7. Find the area of the shaded region in Figure 1. 



FIGURE 1 Graph of y = cos 3 *. 

solution First evaluate the indefinite integral by writing cos 3 * = (1 - sin 2 *)cos*, and using the substitution 
u = sin x, du = cos* dx\ 

/cos 3 *d* = J (l-sin 2 *) cos xdx = J (l - n 2 ) du = u - ^w 3 + C = sin* - ^ sin 3 * + C. 


The area is given by 

(■tz/2 


r 3tt/2 

A = / COS J x dx - 

0 Jtt/ 2 


cos 3 *d*= (sin*- ^ sin 3 * 


= II sin y - ^ sin 3 ^ ) — 0 


" /2 ( ■ 1-3 

- |^sin* - - sin .* 


3jt 1 . o 3 jt \ / . n l.^rr 

sin — — - sin J — - sin — - - sin J — 

23 2 / V 2 3 2 


3n/2 

?r/2 


= 1 - *( 1) 3 - (- 1 ) + *(- l ) 3 + 1 - ^( l ) 3 = 2 . 


In Exercises 9-12, evaluate the integral using methods employed in Examples 3 and 4. 

9. J COS 4 y dy 

solution U sing the reduction formula for cos'" y, we get 

f 4 , 1 3 . 3 f 2 J 1 3 ■ 3/1 1 . J 

/ COS ydy = - COS J y Siny + - / COS y dy = - COS J y Sin y + - I - COS y Sin y + - / dy 


= - COS J y sin y + - COS y sin y + -y + C. 
4 oo 




sin 4 *cos 2 xdx 


solution U se the identity cos 2 * = 1 - sin 2 * to write: 
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U sing the reduction formula for sin" 1 x: 


I 


-f- 


si n 4 x cos z x dx = / si n 4 x dx - 


sin 5 jr cosjc + - / sin 4 xdx 


/ sir 


If < 


= - sin 3 xcosx + - / sin 4 xdx = 77 sin 3 xC0Sx + 77 --r sin 3 xcos.x + - / sin .xdx 


!■- 


If * 


= — si n 3 x cosx - — sin 3 x cosx + - / sin z x dx 
6 24 


= 77 sin 3 x cosx sin J x cosx +- -- sinx cosx + - / dx 


24 


1 . r 1 , 1 . 1 

= 77 sin 3 x cosx - — sin 3 x cosx - — sinx cosx + — x + C. 
6 24 16 16 


In Exercises 13 and 14, evaluate using Eq. (13). 


sin 3 x cos 2 x dx 


13 7 

solution First rewrite sin 3 x = sinx ■ sin 2 x = sin x(l - cos 2 x), so that 

J sin 3 xcos 2 xdx = J sin x(l - cos 2 x) cos 2 x dx = J sinx(cos 2 x - cos 4 x)dx 

Now make the substitution u = cosx, du - - sin xdx: 

/ C 11 11 

sin x(cos 2 x - cos 4 x) dx — — I ii - m 4 du = -u 5 - -ic + C = - cos 5 x - - cos 3 x + C 


In Exercises 15-18, evaluate the integral using the method described on page 409 and the reduction formulas on page 
423 as necessary. 


15 7 


tan 3 x sec x dx 


solution Use the identity tan 2 x = sec 2 x - 1 to rewrite tan 3 xsecx = (sec 2 x - l)secxtanx. Then use the 
substitution u = secx, du = secx tan x dx: 


J tan 3 x sec x dx = J (sec 2 x - 1) sec x tan x dx = J u 2 - 1 du = ^r/ 3 - u + C = ^ sec 3 x - sec x + C 




tan 2 x sec 4 x dx 


solution First use the identity tan 2 x = sec 2 x - 1: 


/' 


tan z x sec 4 x dx = J (sec z x - 1) sec 4 x dx = J sec D x - sec 4 x dx = / see 0 xdx - / sec 4 x, dx 
We evaluate the second integral using the reduction formula: 




J sec 6 xdx - J : 


j sec 4 x dx = ^ tan x sec 2 x + ^ J 


sec z ^ dx 


= ^ tan x sec 2 x + | tan x 


Then 


/ 


i- 


sec u x dx = - tan x sec 4 x + - / sec 4 x dx 

1, 4 4/1 2 2 

= - tan x sec 4 x + - I - tan x sec z x + ^ tan x 

1. 4 4 2 8 

= - tan x sec 4 x + — tan x sec z x + — tan x 


so that 


/ 


tan i xsec 4 xrfx = / sec a xdx- I sec 4 xdx 


J sec 6 x dx - J 


, 4 , 


112 
= - tan x sec 4 x - — tan x sec 2 x - — tan x + C 
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In Exercises 19-22, evaluate using methods similar to those that apply to integral tan m x sec". 
19. J cot 3 x dx 

solution U sing the reduction formula for cot'” x, we get 

J cot 3 xdx = cot 2 * - J cot xdx = cot 2 .* + In | cscx| + C. 


cot 5 x CSC 2 x dx 


solution M ake the substitution u = cot x, du = - esc 2 x dx ; then 


J cot 5 x esc 2 x dx = - J w 5 du = - ^m 6 = - ^ cot 6 x + C 


In Exercises 23-46, evaluate the integral. 
23. f cos 5 x sin x dx 


solution Use the substitution u = cosx, du - - sin xdx. Then 


• f 1 1 

cos 5 x si n x dx = - u 5 du = — — i/ 6 + C = — — cos 6 x + C. 
J 6 6 


25. J cos 4 (3x + 2)dx 

solution First use the substitution u = 3x + 2, du - 3 dx and then apply the reduction formula for cos" x : 
J COS 4 (3x + 2) dx = ^ COS 4 u du = ^ Q COS 3 u sin u + | J COS 2 u du^j 
1 o 1 (u sin 2 u \ 

= ^2 cos “ sm “ + 4 ( 2 + ~ ) + C 

= cos 3 (3x + 2) sin(3x + 2) + ^(3x + 2) + -1 sin(6x + 4) + C 
12 8 16 

27. J cos 3 (n 9) S\n A (n 9) d9 

solution U se the substitution u = nd, du = n d9, and the identity cos 2 u - 1 - sin 2 m to write 

J cos 3 (jt6) sin 4 (7r0) d6 = — J cos 3 i/ sin 4 K du = — J ^l-sin 2 M^ s\n A u cos udu. 

Now use the substitution u> = sin u,dw = cosudu : 

J COS 3 (7r0) sin 4 (jr0) d9 = — J ^1 — w 2 ) id 4 dw = — J ^iw 4 — w*) dw = — w 3 — — u; 7 + C 


1 . C 1.7 

= — - si (7 t 6>) - — sin (nO) + C. 

J7T 7 7t 


J sin 4 (3x) dx 


solution Use the substitution u = 3x, d« = 3dx and the reduction formula for sin'" x: 


;in 4 (3 x)dx=zr / sin 4 udu = — — sin 3 u cosu + - / sin 2 udu 


= - ttt si n 3 u cos u + - - - si n u cos u + - / du 


4 V 2 


= sin J u cosu - - sin u cos u + -u + C 

1 . , „ „ 1 . „ „ 3 

= — — sin 0 (3x1 cos(3x) - - sin (3x) cos(3x) + -x + C. 
12 oo 
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31. J csc 2 (3-2 x)dx 

solution First make the substitution u = 3 - 2x, du = -2 dx, so that 


esc 2 (3 - 2x) dx = - / (- esc 2 u) du = - cot« + C = - cot(3 - 2x) + C 


33. / tanxsec 2 xdx 


solution U se the substitution u = tan x, d« = sec 2 x dx. Then 


: J U dU = - 


tan x sec 2 x dx = / u du = -« 2 + C = - tan 2 x + C. 


35. / tan 3 xsec 4 xdx 


solution U se the identity tan 2 x = sec 2 x - 1 to write 


J tan 5 x sec 4 x dx = J (sec 2 x - 1) 2 sec 3 x(sec x tan x dx). 


Now use the substitution u = sec x,du = secxtanxdx: 


tan 5 xsec 4 xdx = 


dx = J (u 2 — 1^ u 3 du = J (u 2 — 2u 3 + u 3 ^j du 


1 p 1 c 1 a Is 1 c 1a 

= -zii° - =u° + - 1 C + C = F sec 0 X - F see 0 x + - sec 4 x + C. 
8 3 4 8 3 4 


tan 6 x sec 4 x dx 


SOLUTION 


U se the identity sec 2 x = tan 2 x + 1 to write 


J tan 6 x sec 4 x dx = J tan 6 x (tan 2 x + 1) sec 2 x dx. 


N ow use the substitution u = tan x, du = sec 2 x dx: 


tan 6 x sec 4 x dx = 


dx = J n 6 (u 2 + 1^ du — J (u 3 + « 6 ^ du 


1 9 1 7 

9 “ + 7 M ' 


39. / C0t 3 xCSC 3 xdx 


solution First use the identity cot 2 x = csc 2 x - 1 to rewrite the integral: 


cot 3 x esc 3 x dx = I (esc 2 x - l) 2 CSC 4 x(COtx esc x)dx= I (csc° x — 2csc D x + esc 4 x)(cotx esc x) dx 


6 „ , rcr* 


N ow use the substitution u - esex and du - - cotx esex dx to get 


J cot 5 x CSC 5 x dx = — J ll 3 — 2m 6 + !/ 4 du — — -K® + - 


1,9, 2 „7 1,5 


u — -ir + C 


= -- csc a x + - esc' x - F esc 3 X + C 


41. J sin 2x cos 2x dx 

solution U se the substitution u = sin 2x, du = 2 cos 2x dx: 


J sin2xcos2xdx = ^ J sin2x(2cos2xdx) = ^ J udu= ^u 2 + C = ^-sin 2 2x + C. 


43. J t cos 3 (t 2 )dt 

solution Use the substitution u = r 2 , du = 2t dt, followed by the reduction formula for cos'" x: 


t cos 3 (i 2 ) dr = - J cos 3 u du — - cos 2 u sin u + - J cos udu 

= - cos 2 u sin u + - sin u + C = - cos 2 (t 2 ) sin(r 2 ) + — sin(r 2 ) + C. 
6 3 6 3 
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45. / cos 2 (si m) cos /df 


solution Use the substitution u = sin /, du = cos tdt, followed by the reduction formula for cos'" x: 
J cos 2 (si nr) cos r dr = J cos 2 udu = ^coswsinw + du 

1 1 1 . . 1 . 

= - cos u sin u + -u + C = - cosfsin t) sincsin t) + - sin t + C. 

In Exercises 47-60, evaluate the definite integral. 

r2rr 

47. / sin xdx 

Jo 

solution Use the formula for / sin 2 xdx: 


sin z x dx = 


x sin 2x 
2 4 


2n si n 47 t ^ ^0 sinO 

1 4 j ~~ U "" ~T~ 


r /2 s 

49. / sin 3 x dx 

Jo 

solution U se the identity sin 2 x = 1 - cos 2 x followed by the substitution u = cosx, du = - sin x dx to get 


/•tt/2 

/ si 
Jo 


Vi xdx = / (1 - cos 2 x) 2 sin xdx = / (1 - 2 cos 2 x + cos 4 x)sinxdx 


-j: 


2 , 1 


— — / (1 — 2 u + u ) du — — \ u — — u + —u I — 1 — — + p — — 


3 5 


2 1 8 


3 5 15 


fJr/4 dx 


J o COS* 

solution Use the definition of sec* to simplify the integral: 

r z / A dx r 7r / 4 , . 1 7i/ 


tt/4 r- / r ~ \ 

J sec xdx = In | secx + tanx| q = In V2 + 1 - In |1 + 0| = In [V2 + 1J . 


rn/2, 

53. / tan x dx 


solution Use the formula for /tan xdx: 

r*P ijt/3 

/ tan x dx = ln|secx| = In 2 - In 1 = In 2. 

Jo lo 

f n/A 4 

55. / sec 4 x dx 

J — 7T/4 

solution First use the reduction formula for sec'" x to evaluate the indefinite integral: 

J sec 4 x dx = ^ tan x sec 2 x + ^ J sec 2 x dx = ^ tan x sec 2 x + | tan x + C. 

Now compute the definite integral: 

/ jt/4 /]_ 2 \ n /^ 

sec 4 x dx = ( - tan x sec 2 x + - tan x ) 

-7r/4 j / — 7r/4 

= j a > f 75 ) 2 + H - [s'- 1 * K > 2 + s'- 11 ] = 5 -(-i) = |- 


57. f sin3x cos 4x dx 
Jo 

solution Use the formula for / sinmxcosnxdx: 


iin3xCOs4xdx = - 


cos(3 - 4)x cos(3 + 4)x 

2(3-4) 2(3 + 4) 


cos(-x) cos7x 
^2 U~ 


/i i , \ n ri , i i ri in 6 

(.2 C0SI - 14 C0S V „ - [ 2 '- 11 - Ti 1 - 1 ’] - [s® - 14 (ll J —7- 
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». r 

Jo 

solution Using the formula for J smmxcosnxdx, we have 


r jr/6 

59 . / si n 2* cos 4* d* 
/ 0 


r ji/6 


/ si n 2x cos 4* d* = I — 7 cos(-2*) - cos(6*) 

Jo V -4 2-6 


71/6 Z 1 , 1 , 

= T cos 2 x - — cos 6* 


0 


12 


7T/6 

0 


11 1 \ (l 1 \ _ 1 

4 2 12 (_ 7 “ U ~~ 12 ) ~ 24 

H ere we've used the fact that cos* is an even function: cost-*) = cos*. 

61 . Use the identities for sin 2* and cos 2* on page 407 to verify that the foil owing formulas are equivalent. 


/ 

/ 


sirv;c dx = — (I2x - 8 sin 2x + sin 4x) + C 

1 3 3 

sin 4 *d* = — - sin 3 * cos* - - sin* cos* + -* + C 


8 ' 


8' 


solution F i rst, o bserv e 


Then 


sin 4* = 2 sin 2* cos 2* = 2 sin 2*(1 - 2 sin 4 *) 

= 2 sin 2* - 4 sin 2* sin 2 * = 2 sin 2* - 8 sin 3 * cos*. 


1 „ . „ . „ 3 3 . I, 

opr (12* - 8 sin 2* + sin 4*) + C = r* - — r sin 2* - — sin 0 * cos* + C 
32 8 16 4 

3 3 . 1.3 

= r* - r sin* cos* - - sin 0 * cos* + C. 
oo 4 


63 . Find the volume of the solid obtained by revolving y = sin* for 0 < * < n about the *-axis. 
solution Using the disk method, the volume is given by 


( n ■ 7 f 71 ■ 7 ( x si n 2* \ 71 v /n .\ ■ 

V = J n{S\nxY dx = n J Si n^ xdx = n — — J = n — OJ — (0) = 


7 r 

T 


In Exercises 65-68, use the following alternative method for evaluating the integral J = / sin'” * cos" xdx when m and 
n are both even. U se the identities 

7 1 7 l 

si n^ * = -(1 — cos 2*), cos * = — (1 + cos 2*) 

to write J = |/(1- cos 2*) m / 2 (1 + cos2*)"/ 2 dx, and expand the right-hand side as a sum of integrals involving 
smaller powers of sine and cosine in the variable 2*. 

65 . / sin 2 *cos 2 *d* 


/ si " 2 


solution Using the identities sin 2 * = ^(1 - cos2*) and cos 2 * = \ (1 + cos 2*), we have 
J = / sin 2 *cos 2 *d* = 7 / (l - cos 2*)(1 + cos2*)d* 


= J sin 2 * cos 2 xdx = ^ J ( 

- j (l - cos 2 2*j dx = ^ J dx - ^ J cos 2 2* dx. 

■S' 

S' 


Now use the substitution u = 2*, du = 2 dx, and the formula for / cos 4 udu : 


1 1 r 7 1 1 fu 1 . 

J = -X - - / COS z u du =-*--- + r Sin u COS r/ ) + C 
4 4 8 V 2 2 

= 7 * - — r (2* ) - -I sin 2* cos 2* + C = ]rx - ^ sin 2* cos2* + C. 
4 lo Id o Id 



464 CHAPTER 8 | TECHNIQUES OF INTEGRATION 


sin 4 x cos 2 xdx 


“7 s1 

solution Using the identities si n 2 jc = £(1 - cos2x) and cos 2 x = £(1 + cos2x), we have 
J = /sin 4 x cos 2 xdx = ^ J (1 - cos 2x) 2 (1 + cos lx) dx 

= ^ J (l - 2 cos 2x + cos 2 2x'j (1 + cos 2x) dx 
= ^ J (l - cos2x - cos 2 2x + cos 3 2x) dx. 

Now use the substitution u = 2x, du = 2 dx, together with the reduction formula for cos'" x: 


J = „ x — 


11 r l r 7 if 

— X — — / COSk du — — COS u du + — / 
o 16 J 16 J 16 J 


COS 5 u du 


11. 1 
= xx - — sin m - — I - + - sin « cos u 
8 16 16 V 2 2 


1/1 2 ■ 2 . 

cos u sin u + - I cos u du 


) + 16 V 3 




i i . „ i „ i . „ „ i , . „ i . „ 

= -x - — sin 2x - ^-(2x) - — sin 2x cos2x + — cos z 2x sin 2x + — ■ sin 2x + C 

8 16 32 32 48 24 

1 1 . „ 1 . „ „ 1 „ 

= —x - — sin 2x - — sin 2x cos2x + — cos z 2x sin 2x + C. 

16 48 32 48 


69. Prove the reduction formula 


J tan* x dx = ta ^ ^ A - J tan* 2 x dx 


Hint: tan* x = (sec 2 x - 1) tan* 2 x. 

solution U se the identity tan 2 x = sec 2 x - 1 to write 

J tan* x dx = J tan* -2 x (sec 2 x - ij dx - J tan* -2 x sec 2 x dx - J tan* -2 x dx. 

N ow use the substitution u = tan x, du = sec 2 x dx: 

Jt-i 


J tan* x dx = J u k 2 du - j tan* 2 x dx = 


-Xr «*" 1 - f 

k - 1 J 


- . ? , tan 

- / tan x dx = 


k — 


T-J 


- I tan* 2 xdx. 


71. Let — 


r*/ 2 

Jo ! 


sin"' xdx. 


(a) Show that Iq = j and l\ = 1. 

(b) Prove that, for m > 2, 


m — 1 

Im — Im— 2 


(c) U se (a) and (b) to compute I m for m = 2, 3. 4. 5 

SOLUTION 

(a) We have 

fTT/l 

io — / 

Jo 


sin 0 xdx = 


-L 


71 ! 2 , JT 

1 d* = y 


/l = 


[■tt/2 

Xo ! 


sin x dx = — cosx 


jt/2 


= 1 


(b) Using the reduction formula for sin"' x, we get for m > 2 


Im — 


/. 


71/2 1 _1 

si n"' x dx = si n'" 1 x cos x 

m 


nil 

+ 

0 m 


-1 f 71 ' 2 . 


L 


sin'" 2 xdx 


-sin"' 1 (y) cos(+ + — sin"' 1 (0) cos(0l + — — 2 
m \ l / V l / m m 


m 

1 , ^ m — 1 

— — (— 1 • 0 + 0 • 1 ) H I m — 2 

m m 


m — 1 


“ I m — 2 
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(c) 


72 = 2 /0 = 2 • y = 4 


1 ir 7i 

2 
2 


73 = 3 71 = 3 
, _3. 3 n_3_ 

4 4 72 4 4 16 n 

4 8 

75 “ 5 /3 — 15 


73. Evaluate^" sinx ln(sinx)dx. H int: Use Integration by Parts as a first step. 

solution Start by using integration by parts with u = I n (si n jc) and v' = sinx, so that u' = cotx and v = - cosx. 
Then 


/ = [ sin x ln(sinx)dx = - cosx In(sin.x) + [ cotxcosx dx = -cosxln(sinx) + f C ° 5 x dx 
J J J sinx 

. Cl- sin 2 x , . f . f 

= -cosxln(sinx) + / — ^ dx = - cosx In(sinx) - / sinx dx + / esc xdx 

= -cosxln(sinx) + cosx + J esc xdx 

Using the table, / esc xdx = In | esex - cotx| + C, so finally 

I = -cosx In(sinx) + cosx + In | esex - cotx| + C 

75. Let m, n be integers with m / ±n. Use Eqs. (23)- (25) to prove the so-called orthogonality relations that play a 
basic role in the theory of Fourier Series (Figure 2): 


f X sin 

Jo 

r 

JO 
r2n 

io ' 


mx Sin nx dx = 0 
COS mx COS/rx dx = 0 
Si n mx COS nx dx = 0 




y = sin 2x sin 4x 

FIGURE 2 The integrals are zero by the orthogonality relations. 

solution If m, are integers, then m - n and m + n are integers, and therefore sin(m - n)n = sin(m + n)n = 0, 
since s\nkn = 0 if A: is an integer. Thus we have 


r . 

I si n mx Si n nx dx = , 

Jo V 2 (m-n) 


Sin(m — n)x sin(m + ri)x 
2 (m + /j) 


Sin(m — n)7r Sin(;n + 77)yr 


2 (m — n) 


2 (m + 77 ) 


/’■' r / SI n (777 — 77 )x Sin(m + 77 )x 

/ COS mx COS 77X ax = I — — 1 

Jo V 2(777 — 77) 2(777 + 77) 

If k is an integer, then cos2kn = 1. Using this fact, we have 


si n (777 — n)n sin(777 + n)n 


2(777 — 77 ) 


2 (777 + 77 ) 


-0 = 0 ; 
-0 = 0 . 


f 2n . / 

/ Sin mx COS77X dx = I — 

Jo V 2 (777 - 77) 


COS (m — 77 )x COS (m + 77 )x 
2(777 + 77 ) 

COS(777 — 77 ) 2?r C OS ( 777 + 7r)27r 


27T 


2(777 — 77) 

1 


2(777 + 77) 


2 (777 — 77 ) 2 (777 + 77) 


2 (m — 77) 2(777 + 77 ) 

1 = 0. 


2(m — 77 ) 2(777 + 77 ) 
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Further Insights and Challenges 

77. U se I ntegration by Parts to prove that (for m / 1) 


/ 


m , tan .t sec"' m- 2 [ 2 , 

sec'" a- dx = 1 / sec'" a dx 


m — 1 

solution Using Integration by Parts with u = sec"' -2 a and i/ = sec 2 a, we have u = tan a and 
u' = (m - 2) sec"' -3 A(sec a tan a) = (m - 2) tan a sec'" -2 a. 


Then, 


/ sec" - tan, - <„ - 2, / ta»C, aec-C, * 

= tan a sec'" -2 a - (m - 2) J (sec 2 a - 1) sec'" -2 a dx 


= tan, sec-’ , - - 2, / sec” , * + » - 2, / sec"-* , </,. 


Solving this equation for / sec"' a dx, we get 

'/ 

I 


„„-l, / see" 1 xdx - tan x sec m ~ 2 x + (m - 2) J sec"‘~ 2 xdx 


... tan a sec'" - 2 a m-2 [ m _ 2 , 

sec"' a dx = 1 / sec"' z a dx. 

m — 1 m — 1 J 


79. This is a continuation of Exercise 78. 

(a) Prove that / 2 ,„ + i < Ijm < hm-i- Hint: sin 2 "' +1 A < sin 2 '" a < sin 2 "' -1 a for 0 < a < j. 

(b) Show that - i + _L. 

hm+l 2 m 

(c) Show that 1 < l2m < 1 + 

hm+ 1 2m 

(d) Prove that iim — = 1. 

^2m+l 

(e) Finally, deduce the infinite product for j discovered by English mathematician J ohn Wallis (1616-1703): 

jz 2 2 4 4 2m ■ 2m 

2 m—xoo 1 3 3 5 (2m — 1) (2 m + 1) 


SOLUTION 

(a) For 0 < a < y, 0 < sin a < 1. M ultiplying this last inequality by sin a, we obtain 

0 < sin 2 a < sin a. 

Continuing to multiply this inequality by sin a, we obtain, more generally, 

sin 2 "' +1 A < sin 2 "' a < sin 2 "' -1 a. 
Integrating these functions over [0. j], we get 



sin 2 "' +1 


A dx < 


rn/2 

[ sin 2 "' 
Jo 


A dx < 



sin 2 "' 1 a dx , 


which is the same as 


^2m+l — ^2 m — ^2m—l- 


(b) Using the relation l m = ((m - l)/m)/ m _ 2 , we have 


^2 in — 1 
^2m+l 


h ,„- 1 2 m + 1 2m 1 , 1 

tUL-t — = 1 = 1-1 . 

( 2m \ t , 2m 2m 2m 2m 

^2777+T ) / 2m-l 
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(c) First start with the inequality of part (a): 


Divide through by hm+i- 


Use the result from part (b): 


Ilm+\ — ^2 m — llm-l ■ 

^ ... 7 2 m < 7 2m — 1 

^2m+\ ^2m+\ 


1< J 2 ^- <1+Jl. 

2m 


l2m+l 

(d) Taking the limit of this inequality, and applying the Squeeze Theorem, we have 


lim 1< lim < lim ( 1 + V 

m-to o m ^ oo / 2m+1 hh-oo \ 2 m / 


Because 


we obtain 


Therefore 


lim 1 = 1 

m— >oo 


and 




= 1, 


1< lim -^5-<l. 

m^oo / 2m+1 


lim -^5- = l. 

m^oo / 2m + 1 

(e) Take the limit of both sides of the equation obtained in Exercise 78(d): 

7T 2-2 4-4 2m ■ 2m 1 2 m 

m^oo 2 m—too 1-3 3-5 (2m — l)(2m + 1) / 2m _|_i 

n _ / 2-2 4-4 2m ■ 2m \ / / 2m \ 

2 (m-^oo 1-3 3-5 (2m — 1) (2m + 1)/ (m-^oo / 2m+1 / ' 

Finally, using the resultfrom (d), we have 

n 2-2 4-4 2m • 2m 

2 m- >00 1-3 3-5 (2m — l)(2m + 1) 


8.3 Trigonometric Substitution 

Preliminary Questions 

1. State the trigonometric substitution appropriate to the given integral: 

(a) j s/9-.x 2 dx (b) fxW-W^dx 

(c) J x 2 (x 2 + 16)^ dx (d) J{x 2 — 5)~ 2 dx 

SOLUTION 

(a) jr = 3 sin 6> (b)x = 4sece (c) .u = 4 tan 6> (d) x = V5sec6» 

2. Is trigonometric substitution needed to evaluate J xV9 - x 2 dxl 

solution No. There is a factor of x in the integrand outside the radical and the derivative of 9 - x 2 is -2x, so we may 
use the substitution u = 9 - x 2 , du - -2x dx to evaluate this integral. 

3. Express sin 26 in terms of x = sin e. 

solution First note that if sin 0 = x, then cose = - sin 2 e = Vl — x 2 . Thus, 


si n 20 = 2 sine cose = 2.c\/l - x 2 . 
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4. Draw a triangle that would be used together with the substitution x = 3sec0. 

SOLUTION 



Exercises 

In Exercises 1-4, evaluate the integral by following the steps given. 
dx 


1. / = 


-J 


v/9-x 2 

(a) Show that the substitution x = 3 sin e transforms / into J do, and evaluate / in terms of 9. 

(b) Evaluate / in terms of x. 

SOLUTION 

(a) Let x = 3 sin 9. Then dx = 3 cos 9d6, and 


Thus, 


s/9 - x 2 = ^9 — 9 sin 2 0 = 3i/l — sin 2 # = 3Vcos ^9 = 3 
f _ f dx f 3 COS GdG _ j 1 

1 ~ J x/9^ 2 _ J 3cos<9 ~ J 


COS 9 . 


= dG = 9 + C. 


(b) If x = 3 sin 0, then G = sin ^^.Thus, 


/ = 6» + C = sin -1 Q) + C. 


3. I = 


/ 


dx 


V4x 2 + 9 

(a) Show that the substitution x = \ tan 9 transforms / into ^ J secGdG. 

(b) Evaluate / in terms of 9 (refer to the table of integrals on page 423 in Section 8.2 if necessary). 

(c) Express / in terms of x. 

SOLUTION 

(a) If x = l tan 9, then dx = 4 sec 2 9 d9, and 


\/ 4x 2 + 9 = ,/4 • ( - tan 0 ) +9 = \/9tan 2 9 + 9 = 3V: sec 2 9 = 3 sec 9 


Thus, 


(b) 


r dx r I sec2 ode _ l r 

1 ~ J + 9 j 3sec0 _ 2 J 

= \J- 


sec 9 d9 


I = - J secGdG = - In | sec 0 + tan 9\ + C 
(c) Since .v = | tan 9, we construct a right triangle with tan 9 = 


V4x 2 +9 



3 
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From this triangle, we see that sec 9 = i Ax 2 + 9, and therefore 


/ = - In | sec# + tane| + C = - In 


^Ax 2 +9 + y 


+ C 




A* 2 + 9 + 2x 


+ C = ^ In |Ax 2 + 9 + 2x\ -^In3 + C= ^ln |Ax 2 + 9 + 2x| + C 


In Exercises 5-10, use the indicated substitution to evaluate the integral. 

4 


J \/l6 — 5x 2 dx, x=— — sin 6? 


solution Letx = A sin 9. Then dx = A cos 0 d9, and 
v 5 v5 


,.jju 


— 5 A' 2 dx = 


16-5 1 sin e^ • cos 9 d9 = 


n/5" 


A 


4 f 16 r 2 

= — ■ 4 / cos 0 • cos 9 de = — / cos 2 e de 

A J V5J 

16/1 1 . \ 8 

= — + - sine cose ) + C = — (9 + sine cose) + C 

A \2 2 ; A 

Sincex = A s ' ne ' weconstructa right triangle with sine = 

v 5 4 



Vl6 - 5x 2 


From this triangle we see that cose = Wl6 - 5x 2 , so we have 


A 


16 - 16 sin 2 9 • cos 9 d9 


i = — (9 + sine cose) + c 

V 5 


_ 8 _ 

A 




+ c 


= A rl A) + A 6 - 5 ' 2+c 


'■/ 


dx 


=, x = 3sece 


xA 2 — 9 

solution Let x = 3 sec e. T hen dx = 3 sec e tan e rfe, and 


Thus, 


A 2 - 9 = 7 9 sec 2 e - 9 = 3-/ sec 2 9 - 1 = 3\/tan 2 9 = 3 tan 9. 
f3 sec e tan 9 d9) 1 


r dx c 

J X\/ x 2 — 9 J 


j x 2 _ g J (3sece)(3tane) 


1 r 1 

= 3/^=3 


= ^e + C. 


Sincex = 3sece, e = sec _1 (f), and 


[ sec" 1 (A 

j X A 2 - 9 3 ^ 3 ' 


+ c. 


/ 


rfx 


= 2 sec e 


(x 2 - 4)3/2’ 

solution L et x = 2 sec e. T hen dx = 2 sec e tan e rfe, and 


x 2 - 4 = 4 sec 2 e-4 = 4(sec 2 e - 1) = 4 tan 2 e. 
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This gives 


I = 


f dx J 

f 2 sec 0 tan 0 *70 

f 2 sec 0 tan 0 *70 1 

r sec 0 c/0 1 r 

/ (x 2 - 4)3/2 J 

' (4 tan 2 0)3/2 J 

8 tan 3 0 4 j 

1 tan 2 0 4 J 


COS0 
sin 2 0 


de. 


Now use substitution with u = sin0 and du = cos0d0. Then 



+ C = 


-1 

1 - c 

4sin0 + 


Since jc = 2sec0, weconstructa right triangle with sec 9 = 



F rom this triangle we see that sin 9 = y/. x 2 - 4/jc, so therefore 

—1 —x 


l = 


4(/x 2 - 4/x) 


+ C = 


4 v/jc 2 - 4 


+ C. 


/ jc d x 

' in two ways: using the direct substitution u = x 2 - 4 and by trigonometric substitution. 
y/x 2 - 4 

solution Let;* = x 2 — 4. Then du = 2*<ix, and 


/!= = \ f^.;(2«w) +c =v;+c_/?^i + c. 

J J x 2 _ 4 2j V" 2 v 7 


To use trigonometric substitution, let* = 2 sec 9. Then dx = 2 sec 0 tan 0 d9, x 2 - 4 = 4 sec 2 0 - 4 = 4 tan 2 0, and 


/l = 


9 x dx r 
j y/ X 2 — 4 j 


2 sec 0(2 sec 0 tan 0*70) 
2tan0 


= 2 J sec 2 0 <70 = 2 tan 0 + C. 


Since* = 2sec0, weconstructa right triangle with sec0 = 



F rom this triangle we see that 

h = 2 + c = Vx 2 -4 + C. 


13. 

(a) 

(c) 


Evaluate using the substitution u = 1 - x 2 or trigonometric substitution. 

f dx (b) f x 2 yjl — x 2 dx 

j J 1 - X 2 J 

f xVl — x 2 dx (d) / ; dx 

J J yrr? 


SOLUTION 

(a) Let m = 1 - x 2 . Then du = -2 xdx, and we have 


/ 


x If —2xdx 

- dx = — — 

yr^Y 2 2 


/ 




du 

u^' 


x/l -x 2 

(b) Letx = sin 0. Then dx = cos9d8 , 1 - x 2 = cos 2 0, and so 

J xVl - x 2 dx = J sin 2 0(cos0)cos0d0 = J sin 2 0 cos 2 0 *70. 
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(c) U se the substitution u- 1 - x 2 . Then du = -2x dx, x 2 = 1 - u, and so 

J x^7l — x 2 - dx = — - J x 2 7l — x 2 (— 2x dx) = — - J (1 — u)u 1 / 2 c/w. 

(d) L et jc = sine. Then dx = cosec/e, 1 - x 2 = cos 2 e, and so 

f x 4 r sin 4 6> f . 4 

/ dx = / cose c/e = / sin 4 e c/e. 

J 71777 ' cosd J 


In Exercises 15-32, evaluate using trigonometric substitution. Refer to the table of trigonometric integrals as necessary. 


“■/ 


x dx 


\/9 — x 2 

solution Letx = 3 sine. Then c/x = 3 cose c/e, 


9 — x 2 = 9 — 9 si n 2 e = 9(1 — sin 2 e) = 9cos 2 e, 


and 


/ = 


x 2 c/x r 9 sin 2 e (3 cose c/e) 


r x L dx r 
J 79- x 2 j 


3 cose 


’/ 


= 9 / si n z e c/e = 9 


Sincex = 3 si n e, weconstructa right triangle with sine = 



11 . 

-e - - sine cose 


+ c. 


From this we see that cose = 79 - x 2 /3, and so 


. 9 . _i /x\ 9 /x\ / 79 -x 2 \ 

/ = 2 Sm 1 (3) ~ 2 (3) y 3 j 


9 . 1 /x\ 1 


+ C = ^ sin 1 (|) - jxV9-x 


— x* + C. 




c/x 


x\J x 2 + 16 

solution Use the substitution x = 4tane, so that c/x = 4 sec 2 e c/e. Then 


x7 x 2 + 16 = 4 tan e^(4 tan e) 2 + 16 = 4 tan ey^ 16(tan 2 e + 1) = 16 tan e sece 

so that 

f dx f 4 sec 2 e 1 f sec 0 1 f 1 . 

1 = / — , = / — — c/e = — / - — c/e = - / cscdde = -- In | cscx + cotx| + c 

J x 7 x 2 + 16 j 16 tan e sec e AJ tane 4 7 4 1 

Sincex = 4 tane, we construct a right triangle with tane = 



From this, we see that cscx = ^ 2 r +16 and cotx = so that 


1 , 1 

/ = — — In | cscx + cotx | + C = -- In 
4 4 


7x 2 + 16 4 

X X 


+ C = -- In 


4 + 7t 2 + 16 


+ C 
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“/ 


dx 


solution L et x = 3 sec #. T hen dx = 3 sec # tan 9 do, 


and 


x 2 - 9 = 9 sec 2 9 - 9 = 9(sec 2 0 - 1) = 9 tan 2 9, 


f dx f 3 sec 9 tan 9d9 f 

‘-J 7r= q -J 1 + , + a 


vV-9 ■' 3tan« 
Since x = 3 sec#, weconstructa right triangle with seer? = 



F rom this we see that tan 9 = vx 2 - 9/3, and so 
/ = In 


x \/x 2 — 9 
3 + 3 


+ Ci = In |jt + Vx 2 - 9 | + In Q j + Ci = In |jc + Vx 2 - 9 | + C, 


where C = In ( 3 ) + Ci 

dy 


21, / ^+^7 

solution L et y = v'Ssin#. Then dy = v^Scos 9 d9, 


5 - y 2 = 5 - 5 sin 2 9 = 5(1 - sin 2 9) = 5 cos 2 #, 


and 


I = 


f d y i 

f V5COS 9d9 1 

f d9 If 

' v 2 \/5 - y 2 J 

(5 sin 2 #)(-v/5 cos 0 ) 5 J 

sin 2 # 5 J 


■9d9 = -(— COt#) + C. 


Since v = V5sin#, weconstructa right triangle with sin# = 

v 5 



V5 — y 2 


From this we see that cot# = ,/5 - y 2 /_v, which gives us 


/ = 


1 i -V'5 - >' 2 


+ C = — 


5v 


+ c. 


23 


/ 


dx 


s/Tix 1 + 2 

solution Let* = ^ tan#. Then rfx = ^ sec 2 9d9, 25x 2 + 2 = 2 tan 2 # + 2 = 2 sec 2 #, and 


/ = 


[ dx _ 

f ^sec 2 #d# l f 

J y/lbx 2 + 2 J 

\/2 sec # 5 J 


= — / sec# <7# = - In | sec# + tan#| + C. 


Since x = 


^2 tan#, we construct a right triangle with tan # = -^ 


5x . 
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From this we see that sec 9 = 725.x 2 + 2, so that 


/ = - In | sec0 + tan0| + C = ^ In 


725.x 2 + 2 5x 

72 + 7! 


+ C 


4" 


5x + ^25x2 + 2 


72 

- In 1 5x + 725 x 2 + 2 


+ C = 


+ C 


= ^ In 1 5x + 725 x 2 + 2 1 - ^ In 72 + C 


25. 


/ 


dz 


777 — 4 

solution L et z = 2 sec 0. T hen </z = 2 sec 0 tan 0 d9, 


z 2 - 4 = 4 sec 2 9 - 4 = 4(sec 2 0 - 1) = 4 tan 2 0, 


and 


7 = 


f dz I 

/" 2 sec 0 tan 0 <70 1 

r d9 If 

’ z 3 7 7 — 4 4 

(8 sec 3 0) (2 tan 0) 8 J 

sec 2 0 8 J 


■ 9 d9 


i ri i 

" 8 \_2 9 + 2 


sin0cos0 


1 1 . 

+ C = —0 + — sin 0 cos0 + C. 
16 16 


we construct a right triangle with sec0 = §: 


As explained in the text, this computation is valid if we choose 0 in [0, jr/2) if z > 2 and in [jr, 3n/2) if z < -2. If z > 2, 

z . 

2 ' 


Vz 2 -4 



From this we see that sin 0 = 7z 2 - 4/z and cos0 = 2/z.Then 
'-S sec_1 (5)+16 


1 1 '| + c ,^ sk -1(£) + 



77-4 

87 


+ C. 


Flowever, if z < -2, then sec 1 liesin (^,?r] according to the definition of sec 1 x used in the text. But si nee 0 is 

the angle in [n, satisfying sec0 = z/2, we find that 0 = 2n - sec -1 (7). Similarly, 


77 -4 . 2 

si n 0 = and cos0 = -- 

z z 


So for z < -2, 


, 1 -i fz\ 77 — 4 

, = "I6 SK <2) + -8^ + C 


77-4 


Note that although 0 = 2zr - sec 1 the 2n is not needed in the expression for / because it may be absorbed in the 
constant C. 


x dx 


constant C. 

11 ' / (6.7 - 49) V 2 
solution Let x — 7= sec 0; then dx = 7= sec 0 tan 0 <70, and 

v6 v6 
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so that 


/ = 


/ 


x L dx 


/ 


^ sec 2 e(-7= sece tane) 


■ de 


(6x 2 — 49) 1 / 2 J 7 tane 

49 f r, 49/1 If \ 

6 V 6 J 6 V 6 V 2 2 J J 


49 

TV! 


(tane sece + In | sec 0 + tan 0|) + C 


Since x = sec 8, we construct a right triangle with sece = : 

V6 ' 



■J 6x 2 - 49 


From this we see that tan 8 = yv^x 2 - 49, so that 

/ - 49 / xvW6x 2 -49 | |n 


12 V6 


49 


xV6 + \/6x 2 — 49 


+ C 


49 / x>/W6x 2 - 49 | r= /- 

= IV5 49 + ln K^ 


ix 2 - 49| - In 7 ) + C 

— — ^x-s/ 6 6 x 2 — 49 + 49 In |xV 6 + \/ 6 x 2 — 49 j ^ 


12^6 


+ C 


/ 




29. , 

' (f 2 +9)2 

solution Let t = 3 tan 8. Then dt = 3 sec 2 8d8, 


and 


I = 


t 2 + 9 = 9 tan 2 8 + 9 = 9(tan 2 8 + 1) = 9 sec 2 8 , 
3 sec 2 0 de 


f dt [ 3 ser 0 de 1 f 

1 r^r = 2il c ° sede= 2i 


11 . 

-e + - sine cose 


+ c. 


Since t = 3 tane, we construct a right triangle with tane = 4: 



From this we see that sin 8 = r/Vr 2 + 9 and cose = 3/x/r 2 + 9. Thus 

3 


1 54 tan 1 (b) + 54 \^~^J 


1 i t\ t 

+ C = — tan 1 - h = 

54 \3J 18(r 2 + 9) 


+ C. 



SOLUTION 


dx 

0)372 

Letx = sec e. Then dx = sec 8 tane dd, and x 2 - 1 = sec 2 9 - 1 = tan 2 8. Thus 

f x 2 f sec 2 9 

/ = / — , ttt dx = / — = — =-=- sec e tan 8 dd 

J (x 2 - 1)3/2 J (tan 2 67)3/2 

f sec 2 e sec e tan e f sec 3 e 

= / 5 de = / — =- de 

J tan 3 e J tan 2 e 

esc 2 e sec e de = J (l + cot 2 e) sec e de 
J sece + cote esc ede = In | sece + tane | - csce + c 


/ 


sec 2 e 
tan 2 e 


sec e de = 


/ 
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Since* = seed, we construct the following right triangle: 


vV-i 


From this we see that tan 0 = V * 2 - 1 and that esc 0 = . x , so that 

s/x 2 —l 

/ = In \x + — l| , . + C 

1 1 7 * 2^1 



33. Prove for a > 0: 


/ 


dx 

* 2 + a 




solution Let* = «■ Then, * 2 = at/ 2 , </* = Jadu, and 


/ 


dx 

*2 + a 


1 f du 

J «2 + 1 


1 -l 1 i ( x \ 

— tan 1 u + C = — - tan 1 — + C. 

V V a \V a J 


35. Let / = 


/ 


dx 


7*2- 4* + 8 

(a) Complete the square to show that * 2 - 4* + 8 = (* - 2) 2 + 4. 

(b) U se the substitution « = *- 2 to show that I - j (l " . Evaluate the »- integral. 

J y/ 1/ 2 + 2 2 


(c) Show that / = In \ J(x - 2) 1 + 4 + * - 2 + C. 


SOLUTION 

(a) Completing the square, we get 

*2 — 4* + 8 = *2 — 4* + 4 + 4 = (* — 2)2 + 4. 

(b) Let u = * - 2. Then du = dx, and 

dx C dx f du 


I = 


r dx r 

j J x 2 — 4* + 8 j 


J 


•J x 2 — 4* + 8 J \J (* — 2)2 + 4 J ifi + 4 
N ow let z/ = 2 tan 0. Then rfz< = 2 sec 2 0 rf0, 

z<2 + 4 = 4tan 2 0 + 4 = 4(tan 2 0 + 1) = 4 sec 2 0 , 
and 


r 2 sec 2 0 d9 _ r t 
- J 2 sec 0 “ J ' 


secede = I n | sec 0 + tan 0| + C. 
Since 11 = 2tan0, we construct a right triangle with tan0 = 



From this we see that sec 0 = Vzi 2 + 4/2. Thus 
y«2 + 4 


/ = In 


U 

2 + 2 


+ Ci — In | \/w 2 - 1 - 4 + wj + ^ln - + — In | v' zz 2 -j- 4 -f u | -f C . 


(c) Substitute back for * in the result of part (b): 


/ = In 


\/(* — 2)2 + 4 + 


* — 2 


+ C. 
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In Exercises 37-42, evaluate the integral by completing the square and using trigonometric substitution. 
dx 


37 7 


y/ x 2 + 4x + 13 
solution First complete the square: 


x 2 + 4jc + 13 = x 2 + 4.t + 4 + 9 = (x + 2) 2 + 9. 


Let u = x + 2. Then du = dx, and 


/ = 


/ 


dx 


[ dX = [ 

J J(x + 2f 2 + 9 J 


du 


y / X*- + 4 X + 13 J y/{x + 2) 2 +*2 j i/m 2 + 9 

Now let m = 3 tan 9. Then du = 3 sec 2 Ode, 

u 2 + 9 = 9 tan 2 9 + 9 = 9(tan 2 0 + 1) = 9 sec 2 9, 
and 

3 sec 2 0 <70 


f 3 sec^ 6d6 f 

/ = / — = / sec 9 d6 = In | sec0 + tan 0| + C. 

J 3sec<9 J 


Since u = 3 tan 6 >, we construct the following right triangle: 



From this we see that sec0 = y/u 2 + 9/3. Thus 

y/ U 2 ~F 9 


/ = In 


= In 


U 

3 + 3 


y] ( x + 2) 2 


+9+x+2 


Ci = In | Vk 2 + 9 + «| + ^ln ^ + Ci^ 

“h C — I n \J x^~ 4.x -|- 13 -I - x -|- 2 -|- C. 


39 , 


/ 


dx 


•J x + 6.v 2 
solution First complete the square: 


6T 2 + x=fc 2 +, + l)-l = (V6,+ ^=) -1 


Let K = -/6 jc + -7= so that Jm = V6f/jc. Then 
2v6 


I = f - dx = f — , dx = — / — du 

J Jx + 6*2 J 


'l(^ x+ 2js) ^ 


1 [ 1 


Now let m = -7= sec0. Then = 7= sec 0 tan 0, and 
2s/6 2V6 


M2 “/4 = ^ (Sec20 “ 1) = ^ tan20 


so that 


1 r l l l r 

/ = — / — sec 6 tan 0 d9 = — / sec 0 c/0 = — In | sec 9 + tan 9\ + C 

VeJ ^ tan 0 2^6 V6 J ^ 


1 

75' 


Since ^ sec0, we construct the following right triangle: 



V24 7 - 1 


1 
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from which we see that tan 0 = 724;; 2 - 1 and sec 6> = 2u 76. Thus 


/ = -^= In |2 «a/ 6 + \/24(i 2 - l| + C = -^= In 

76 ! I V6 

= -^= In Il2x + 1 + 7l44x 2 + 24x| + C 
76 1 1 


2 ' /s( ' v5l+ ^) + f 4 ( 6 - t2+ ' + a 


- 1 


+ C 


41 . / vV-4v + 3A 
solution First complete the square: 

x 2 — 4x + 3 = a 2 — 4x + 4 — 1 = (x — 2) 2 — 1. 

L et u = x - 2. Then du = dx, and 


/ = J a/a 2 — 4x + 3dx = j yj (x — 2) 2 — 1 i/x = J 7 w 2 — 1 du . 
Now let m = sec 0. Then du = sec 0 tan 0 d0, ;; 2 - 1 = sec 2 0 - 1 = tan 2 9, and 


/ 


j 7 tan 2 0(sec 6 tan 6 d6) = J tan 2 6 seed d6 = J (sec 2 6 - l) sec0 dd 

r > r ( tan 0 sec 0 IT \ f 

= / sec 2 * Odd - / sec 6 dd = ( h - / sec 6 d6 1 - / sec 6 d9 

= ^ tan 9 sec 6 - ^ J sec 0 <Y0 = ^ tan 0 sec 0 - ^1 n | sec 0 + tan 0| + C. 


2 2 J 2 

Since» = sec 0, we construct the following right triangle: 



+ C 


From this we see that tan 0 = 7« 2 - 1. Thus 

/ = — u 7 M 2 — 1 — - In |u + a/m 2 — 1 1 + C = - (a — 2)yj (x — 2) 2 — 1 — - In x — 2 + ^ (x — 2) 2 
= — (x — 2)a/ x 2 — 4x + 3 — - I n |x — 2 + a lx 2 — 4x + 3| + C. 


In Exercises 43- 52, indicate a good method for evaluating the integral (but do not evaluate). Your choices are: substitution 
(specify;/ and du), Integration by Parts (specify u and v'), a trigonometric method, or trigonometric substitution (specify). 
If it appears that these techniques are not sufficient, state this. 


43 7 


x dx 


a/12 — 6x — x 2 

solution Complete the square so the the denominator is a/ 15 - (x + 3) 2 and then use trigonometric substitution with 
x + 3 = si n 0. 

45 . 

solution Use one of the following trigonometric methods: rewrite sin 3 x = (1 - cos 2 x) sinx and let u = cosx, or 
rewrite cos 3 x = (1 - sin 2 x) cosx and let u = sinx. 
dx 


”-J 


79 — x 2 

solution Either use the substitution x = 3 u and then recognize the formula for the inverse sine: 


/ 


du 


7l — M 2 

or use trigonometric substitution, with x = 3 sin 0. 


= sin ;; + C, 
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49. / sin^4, 

solution N ot solvable by any method yet considered. 

51. [ dx . 

J (x + l)(x + 2) 3 

solution The techniques we have covered thus far are not sufficient to treat this integral. This integral requires a 
technique known as partial fractions. 

In Exercises 53-56, evaluate using Integration by Parts as a first step. 

53. J sec ~ l xdx 

solution Let;< = sec~^ x and v' = 1. Then v — x, u' = l /*-/* 2 - 1, and 


/ = 


fxC-'xdx = ,*C*x-l 


:yfx^l 


dx = x sec' 


“*7 


dx 


4 x 2 — 1 


To evaluate the integral on the right, letx = sec 9. Then dx = sec 0 tan 6d9, x 2 - 1 = sec 2 9-1 = tan 2 9, and 

f dx [ sec 9 tan 9 d9 [ , . t r=, — - 1 

/ , = / = / sec 6 d9 = In | sece + tan 0| + C = In \x + Vx 2 - 1 + C. 

J 4x^1 J tan e J I I 


Thus, the final answer is 


I=x sec 1 x -\n\x + V x 2 - 1 + C. 


dx 


ss 7 ln(x 2 + 1) dx 

solution Start by using integration by parts, with u = \n(x 2 + 1) and v’ = 1; then u! = and v = x, so that 
/ = J \n(x 2 + 1 ) dx = x I n(jc 2 + 1) — 2 J — j — - dx = x ln(x 2 + 1) — 2 J ^1 — — - 

= x ln(x 2 + 1) — 2x + 2 [ — =■ dx 

J X 2 + 1 

To deal with the remaining integral, use the substitution x = tone, so that dx = sec 2 9d9 and 

r sec 2 9 f _i 

— 0 d9= — ^ — d9 = / 1 d9 = 9 = tan 1 x + 

tan 2 6> + 1 J sec 2 9 J 


f 1 r sec 2 9 


C 


so that finally 


I = x I n(x 2 + 1) - 2x + 2 tan 1 x + C 


57. Find the average height of a point on the semicircle y = 7l - x 2 for -1 < x < 1. 
solution The average height is given by theformula 


= rTr L ' /v - 7lix = 7 /_, ^ 


x 2 dx 


Letx = sin 9. Then dx = cos 9d9, 1 - x 2 = cos 2 9, and 


/ 4l-x 2 dx = / (COS 9) (COS 9 d 9) = J COS 2 9 d9 


1 1 . 

= -6> + -sinecose + C. 


Sincex = sine, we construct the following right triangle: 
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From this we see that cose = jl - x 2 . Therefore, 


Tave=^f^sin 1 * + * Wl - x 2 


-l 


+ (A — + 0 


7 r 

4 ' 


59. Find the volume of the solid obtained by revolving the region between the graph of y 2 - x 2 = 1 and the line y = 2 
about the line y - 2. 

solution F irst solve the equation y 2 - x 2 - 1 for y: 


y = ±Vx 2 + 1. 

The region in question is bounded in part by the top half of this hyperbola, which is the equation 

y = 'J x 2 ~F 1. 

The limits of integration are obtained by finding the points of intersection of this equation with y = 2: 

2 = yj x 2 + 1 => x = ±\/3. 

The radius of each disk is given by 2 - yj x 2 + 1; the volume is therefore given by 

V = J ^_nr 2 dx = 2n J (l — y/ x 2 + 1 ^ dx = 2it J ^4 — 4\/ x 2 + 1 + (x 2 + 1) j 

cv3 /* v3 _ r-V3 

= 8n I dx — 8 n I y.r + 1 dx + 27r / (x 2 + 1) dx. 

Jo Jo Jo 

To evaluate the integral J j x 2 + ldx, letx = tan 9. Then dx = sec 2 6 do, x 2 + 1 = sec 2 9, and 

J yj x 2 + 1 dx = J sec 3 0 d6 = ^ tan 0 sec 9 + ^ J sec 0 de 

11 1 n 1 l n l 

= - tan e sec e + - In | sece + tan 6»| + C = -xVx 2 + 1 + - In |Vx 2 + 1 + x| + C. 


dx 


N ow we can compute the volume: 


V = 


8jtx — 87r ( -xV x 2 + 1 + - In \ y/ x 2 + 1 + x| j + - jrx 3 + 2nx 


V3 

0 


= ^IOttx + -7TX 3 — 4 nxyj x 2 + 1 — An In \yj x 2 + 1 + x|^ 

= ^ 107 r \/3 + 2ny/3 — 87 r \/3 — 47 r I n j 2 + V^ 3 1 ^ — ( 0 ) = 47 r ^y/3 — In 1 2 + V 3 j j . 


^3 

0 


/ dx 

— in two ways and verify that the answers agree: first via trigonometric substitution and then using 
x 2 — 1 

the identity 

1 1/1 1 


2 — 1 2 \x — 1 x + 1 

solution Using trigonometric substitution, letx = sec 9. Then dx = secetanede, x 2 - 1 = sec 2 e - 1 = tan 2 e, 
and 


l = 


f dx f sec 9 tan 9 d9 [ sec 9 , f do f , . 

/ = / = = / d9 = / - — = / csc9d9 = In csce - cote + C. 

J x 2 - 1 J tan 2 e J tan 9 J sine J 


tan 2 e J tane 
Sincex = sece, we construct the foil owing right triangle: 



i 
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From this we see that csc0 = x/Vx 2 - 1 and cote = l/-/* 2 - 1. This gives us 

/ = In 


X 1 

_i_ r In 

x — 1 

\J X 2 — 1 \J x 2 — 1 


\J x 2 — 1 


+ C. 


Using the given identity, we get 

f dx 1 f ( 1 1 \ 1 f dx 1 f dx 1 1 

/ = / -=j — - = 7T / ( 1 - 1 - ) dx — - / — - - / — = ^ In |x - 1| - - In \x + 1| + C. 

J X 2 - 1 2j \x-l x + 1 ) 2] x-1 2 J x + 1 2 2 


To confirm that these answers agree, note that 

1 , , 1 , , 1 , X - 1 

— In |jc — 1| — - In \x + 1| = -\n — — 

l l l x + 1 


= In 


x — 1 


x + 1 


= In 


y/x — 1 -Jx — 1 


-s/jc + 1 «Jx — 1 


= In 


x — 1 


V x 2 — 1 


63. A charged wire creates an electric field at a point p located at a distance D from the wire (Figure 7). The component 
E±_ of the field perpendicular to the wire (in N/C) is 


r x 2 kXD 

E± ~J X1 (x 2 + D 2 ) 3 / 2 


dx 


where X is the charge density (coulombs per meter), k = 8.99 x 10 9 N -m 2 /C 2 (Coulomb constant), and x\, xi are as in 
the figure. Suppose that X = 6 x 10 -4 C/m, and D = 3 m. Find £j_ if (a) x\ = 0 and X 2 = 30 m, and (b) *1 = -15 m 
and X 2 = 15 m. 


y 

OP 


Xi X 2 

FIGURE 7 


solution Let x = D tan 9. Then dx = D sec 2 Odd, 


x 2 + D 2 = D 2 tan 2 9 + D 2 = £> 2 (tan 2 e + 1) = £> 2 sec 2 9, 


and 


E± = 


-L 


*2 kXD 


dx = 


f X2 D sec" 1 0 d9 


xi (X 2 + D 2 )V 2 ^ f xi (D 2 sec 2 0)3/2 


AXZ7 2 C X2 sec 2 0 rf0 /La f X2 

= — cosOdO=—s\nO 

Jx 1 


r _ 

D 3 J XI sec 3 0 £> 

Since x = D tan 0, we construct a right triangle with tan 0 = x/D: 


kx 

~D 


7x 2 + D 2 



From this we see that sin 0 = x/-s/x 2 + D 2 . Then 


r ^7. j x 
E± = O V/x^+D 2 


XI 


(a) Plugging in the values for the constants k, X, D, and evaluating the antiderivative for x\ = 0 and X2 = 30, we get 


E± = 


(8.99 x 10 9 )(6 x 10“ 4 ) 


30 


v/30 2 + 3 2 


(b) If xi = -15 m and X 2 = 15 m, we get 

(8.99 x 10 9 )(6 x 10“ 4 ) 
E ± = 5 


15 


-0 


-15 


1.789 x 10 b 


m 


v 2 15 2 + 3 2 y/ (-15) 2 + 3 2 


: 3.526 x 10 6 - 
m 
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Further Insights and Challenges 

65. Prove the formula 

J Vl — x 2 c/x = -s\n^x+^xy/l — x^+C 
using geometry by interpreting the integral as the area of part of the unit circle. 

solution The integral f Vl - x 2 dx is the area bounded by the unit circle, thex-axis, they-axis, and the line x = a . 
Jo 

This area can be divided into two regions as follows: 


y 



height y/l - a 2 . Region II is a sector of the unit circle with central angle 6 = 
^a\/l - a 2 + ^ sin -1 a = QxVl -x 2 + ^ sin -1 x^ . 


Region I is a triangle with base a and 
% - cos -1 a = sin -1 a . Thus, 


r 

Jo 


v' l — x 2 dx — 


8.4 integrals Involving Hyperbolic and Inverse Hyperbolic Functions 


Preliminary Questions 

1. Which hyperbolic substitution can be used to evaluate the following integrals? 


(a) [ -g= (b) f -£= 

J y/ X 2 + 1 -I y/ X 2 + 9 

solution The appropriate hyperbolic substitutions are 


(a) x = sinh t 

(b) x = 3 sinh t 

(c) 3x = sinh t 


(c) 


/ 


dx 

V9x 2 + 1 


2 . Which two of the hyperbolic integration formulas differ from their trigonometric counterparts by a minus sign? 
solution The integration formulas for sinh x and tanhx differ from their trigonometric counterparts by a minus sign. 

f 5 

3. Which antiderivative of y = (1 - x 2 ) -1 should we use to evaluate the integral J (1 -x 2 ) _1 dx? 


solution Because the integration interval lies outside -1 <x < 1, the appropriate antiderivative of y = (1-x 2 ) 1 
is j In I J±||. 


Exercises 

In Exercises 1-16, calculate the integral. 

1. I cosh (3 x)dx 

solution J cosh(3x) dx = ^ sinh 3x + C. 

3. J xsinhfx 2 + 1 )dx 

J xsinhfx 2 + l)dx = ^ cosh(x 2 + 1) + C. 


SOLUTION 
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solution f sech 2 (1 - 2x)dx — tanh(l - 2x) + C. 


7. / tanh x sech 2 xdx 


solution L et u = tanh x. T hen du = sech 2 x dx nd 


f 1 -> tann^x 

tanh x sech x dx - / u du = -u + C = — 1- C. 


9. J tanh xdx 

solution J tanh x dx = I n cosh x + C. 

u. 

J sinhx 

f cosh x , . , . , , _ 

solution / . , — dx = In sinhx + C. 

J sinhx 

13. J sinh 2 (4x-9 )dx 

/ l /> ^ 1 

sinh 2 (4x - 9)dx = - / (cosh(8x - 18) - 1) dx = ^ si nh(8x - 18) - -x + C. 


15./ Si 


nh 2 xcosh 2 xdx 


SOLUTION 


~) ~) 1 / n 1 / -L 1 

sinh x cosh xdx = - / sinh 2xdx = - / (cosh 4x - l)dx = — sinh 4x - -x + C. 

4 J 8 / 32 8 


In Exercises 17-30, calculate the integral in terms of the inverse hyperbolic functions. 


17. f* 

J /x 2 ~ 1 

f dx _i 

SOLUTION / — = cosh X + C. 

j ^X^\ 


46 + 25x 2 


f dx 1 . i / 5x\ 

solution / , = = - sinh — + C. 

J a/ 1 6 + 25x2 5 V 4 J 


46 #25x1; 5 


t 2 — ldx 


solution Letx = cosh t. Then dx — sinh t dt and 


J Vx 2 - 1 dx = J sinh 2 1 dt -jj ( cos h 2r - l)df = ^ sinh 2 1 -^r + C 
= ^ sinh / cosh t - + C = ^xVx 2 - 1 - ^ cosh -1 x + C. 


- 1 / 2 dx 


/•i/z 

J- 1/2 1 


-1/2 1 - x‘ 


SOLUTION 


- 1 / 2 dx 
-1/2 1 - x 2 


= tanh 1 x = tanh 1 - - tanh 1 -- =2 tanh 
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25 ‘ f 


dx 


SOLUTION 


2? - £ 


y/l + X 2 

f 1 dx 

Jo 


y] 1 + X 2 


= sinh 


-l 


= si nh — 1 (1) - sinh -1 (0) = sinh -1 1. 


dx 


-3 xyj x 2 + 16 


SOLUTION 


29. 


/ 


J- 3 x/x 2 + 16 4 

yj x 2 — 1 dx 


-1 


-3 


1 csch -1 -i -csch -1 - 


solution Let x = cosh /.Then dx = sinh rdf and 
Vx 2 - 1 dx f sinh 2 1 


f v x^ — 1 dx f sinrr t f 2 . f 1 , 2 j 

/ = = / =- dr = / tanrr tdt = / (1 - secrr t) dt 

J x 2 J cosh 2 1 J J 

= t - tanh r + C = cosh -1 x 1 h C. 


31. Verify the formulas 


solution Let x = sinh r. Then 


M oreover, because 


sinh 1 x = In |x + \/x 2 + 1| 

cosh -1 x = In |x + \/x 2 - 1| (for x > 1) 

cosh ? = \/l + sinh 2 T = Vl + x 2 . 

sinh / + cosh t = 


it follows that 


sinh 1 x = t - Infsinh t + cosh t) = ln(x + \/x 2 + 1). 


Now, Letx = cosh /. Then 


inh t = J cosh 2 1 - 1 = vx 2 - 1. 


and 


cosh 1 x = f = Infsinh t + cosh r) = ln(x + vx 2 - 1). 

Because cosh t > 1 for all t, this last expression is only valid for x = coshr > 1. 

33. Evaluate J V x 2 + 16 dx using trigonometric substitution. Then use Exercise 31 to verify that your answer agrees 

with the answer in Example 3. 

solution L et x = 4 tan 0. Then dx = 4 sec 2 9 dd and 

J yj x 2 + 16 dx = 16 J sec^9d9 = 8 tan 0 sec 0 + 8 J sec9d9 = 8tan 9 sec9 + 8 In |sec0 + tan0| + C 


= 8^. ^+T6 + 8 |n 

4 4 


y/ X 2 + 16 X 

4 + 4 


+ C 


= -xy/x 2 + 16 + 8 In 




+ C. 


Using Exercise 31, 


In 


x 

4 + 


/(j ) 2+1 - sinh_ 1 (j)' 
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so we can write the antiderivative as 

^yVy 2 + 16 + 8 si nh — 1 (7) + C, 

which agrees with the answer in Example 3. 

35. Prove the reduction formula for n > 2: 


/ 


cosh" * dx = - cosh 71 1 jc sinh jc h- — — - 
n n 

n — 1 . 


j cosh" 2 


x dx 


solution Using Integration by Parts with « = cosh" 1 x and v' = cosh y, we have 


J cosh". 


.y dx = cosh" 1 y si nh x - (n - 1) / cosh" z x si nh z x dx 


= cosh" 1 YSinh.Y - (n - 1) / cosh" x dx + (n - 1) / cosh" ^ y dx. 
Adding (n - 1) / cosh" xdx to both sides then yields 


/' 


k «-2 . 




h «-2 




« / cosh" y c/y = cosh" 1 YSinhY + (n - 1) / cosh" ^ x dx. 


/' 


2 


Finally, 


[ cosh" yc/y = - cosh" 1 YSinhY + - — - [ cosh" 2 y<7y. 
J h n J 


In Exercises 37-40, evaluate the integral. 
tanh -1 Yc/Y 

Y 2 - 1 


37 7 


solution L et « = tanh 1 y. Then = 


1 — Y 2 


dx = — - 


2 -l 


<7y and 


f^JL dx = _j udu = 


1 7 

“ 2 “ +C “"2 


^ (tanh 1 x^ 


+ C. 


39. J tanh 1 y dx 

solution Using Integration by Parts with u = tanh -1 Y and v' = 1, 

J tanh -1 y dx = x tanh -1 x - J y~~2 dx = * tan h _1 x + 


1 

2 


In |1 - y 2 | + C. 


Further Insights and Challenges 

41. Show that if u = tanh(Y/2), then 

, 1 + u 2 2 u 2 du 

cosh y = j, sinh y = dx — j 

1 — it* 1 — 1 — u *■ 

Hint: For the first relation, use the identities 

sinh 2 (7) = ^ fcosh y - 1), cosh 2 (7) = * (cosh x + 1) 
solution Let u = tanh (y/2). Then 


sinh(Y/2) j cosh x - 1 
cosh(Y/2) _ V cosh x + 1 ' 


m 


cosh x = 


1 + M 2 
1 — M 2 


Solving for cosh y yields 
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Next, 


si nh .v = y cosh 2 * - 1 = J 


(1 + 1/^)2 _ Q _ u 2 f 2 2 u 

(1 — z< 2 ) 2 1 — zz 2 


Finally, if u = tanh(*/2), then * = 2 tanh - 1 u and 


dx 


/ du 

1 — i/2 


Exercises 42 and 43: evaluate using the substitution of Exercise 41. 

dx 


“■It- 


. + cosh x 

solution Let// = tanh ( jc/ 2). Then, by Exercise 41, 


i i 1 + “ 2 2 2du 

1 + cosh * = 1 -i 7 = j and dx = 

1 — U* 1 — ll Z 1 — 


so 


f dx f 

J 1 + cosh x ~ J 


= / du = u + C = tanh - + C. 


Exercises 45- 48 refer to the function gd(y) = tan 1 (si nh y), called thegudermannian. In a map of the earth constructed 
by M ercator projection, points located y radial units from the equator correspond to points on the globe of latitude gd(y). 

45 . Prove that —gd{y) = sech y. 
dy 

solution Let gd(y) = tan _1 (sinhy). Then 


d 

dy 


gd(y) = 


1 

1 + si nh 2 y 


cosh y = 


1 

cosh y 


sech y, 


where we have used the identity 1 + si nh 2 y = cosh 2 y. 

47 . Let t(y) = si nh - 1 (tan v). Show that t(y) is the inverse of gd(y) for 0 < y < n/2. 
solution Let* = gd{y) = tan -1 (si nh y). Solving for v yields v = sinh _1 (tan x). Therefore, 

gd _1 (y) = sinh _1 (tany). 


49 . The relations cosh(ir) = cos t and sinh(i'i) = i sin t were discussed in the Excursion. Use these relations to show 
that the identity cos 2 / + sin 2 1 = 1 results from setting x = it in the identity cosh 2 * - sinh 2 * = 1. 

solution Let* = / /.Then 


and 


Thus, 


as desired. 


cosh 2 x = (cosh(if)) 2 = cos 2 1 
si nh 2 x - (sinh(z'f)) 2 = i 2 sin 2 1 = - sin 2 1 . 

1 = cosh 2 (z'0 - sinh 2 (/'z) = cos 2 1 - (- sin 2 1 ) = cos 2 1 + sin 2 1 , 


8.5 The Method of Partial Fractions 

Preliminary Questions 

1. Suppose that / f(x)dx = In* + -Jx + 1 + C. Can /(*) be a rational function? Explain. 

solution No, fix) cannot be a rational function because the integral of a rational function cannot contain a term with 
a non-integer exponent such as v* + 1. 
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2. Which of the following are proper rational functions? 


(a) 

(c) 


* 

x — 3 

X 2 + 12 

(a + 2)0 + 1)0 - 3) 


(b) 

(d) 


4 

9-a 

4a 3 - lx 

(x — 3)(2jc + 5 )(9 — x ) 


SOLUTION 

(a) No, this is not a proper rational function because the degree of the numerator is not less than the degree of the 
denominator. 

(b) Yes, this is a proper rational function. 

(c) Yes, this is a proper rational function. 

(d) No, this is not a proper rational function because the degree of the numerator is not less than the degree of the 
denominator. 


3. W hich of the following quadratic polynomials are irreducible? To check, complete the square if necessary. 

(a) a- 2 + 5 (b) a 2 - 5 

(c) A 2 + 4a + 6 (d) A 2 + 4a + 2 

SOLUTION 

(a) Square is already completed; irreducible. 

(b) Square is already completed; factors as (a - V5)(x + V5). 

(c) a 2 + 4a + 6 = (a + 2) 2 + 2; irreducible. 

(d) a 2 + 4a + 2 = (a + 2) 2 - 2; factors as (a + 2 - -s/2) (a + 2 + ~J2). 

4. Let P(x)/Q(x) be a proper rational function where Q(x) factors as a product of distinct linear factors (a - a,-). Then 

f P(x)dx 

J Q(x) 

(choose the correct answer): 

(a) is a sum of logarithmic terms A t \n{x - a,) for some constants A,. 

(b) may contain a term involving the arctangent. 

solution The correct answer is (a): the integral is a sum of logarithmic terms A t ln(A - a,) for some constants A,. 


Exercises 

1. M atch the rational functions (a)-(d) with the corresponding partial fraction decompositions (i)-(iv). 
a 2 + 4a + 12 2a 2 + 8a + 24 


(a) 


(c) 


(A + 2) (A 2 + 4) 
a 2 — 4a + 8 
(A - l) 2 (a - 2) 2 


(b) 


(d) 


(a + 2) 2 (a 2 +4) 
a 4 — 4a + 8 
(a + 2)(a 2 +4) 


(i) 

(M) 

(Mi) 


, 4 4a - 4 

x — 2 -\ ~ 

x + 2 x 2 + 4 

-8 4 8 5 

A — 2 (a — 2) 2 A — 1 (a — l) 2 

1 2 -A + 2 , 1 4 

n 4“ 4“ — 1 7" (iv) T- + — ^ 7 

A + 2 (a + 2) 2 A 2 +4 A + 2 A 2 +4 


SOLUTION 

, , a 2 + 4a + 12 1 4 

(a) t = - + . 

(a + 2) (a 2 + 4) a + 2 a 2 + 4 

2a 2 + 8a + 24 1 2 —a + 2 

(a + 2) 2 (a 2 + 4) a + 2 (a + 2) 2 a 2 + 4 ' 

A 2 - 4a + 8 _ -8 4 8 5 

C (a - 1) 2 (a - 2) 2 “ a - 2 + (a - 2) 2 + a - 1 + (a - l) 2 

... a 4 - 4a + 8 , 4 4a - 4 

(a + 2)(a 2 + 4) a + 2 a 2 + 4 


3. Clear denominators in the foil owing partial fraction decomposition and determine the constant B (substitute a value 
of a or use the method of undetermined coefficients). 


3a 2 + 11a + 12 _ 1 B 3 

(a + 1)(a + 3) 2 “ a + 1 _ a + 3 “ (A + 3) 2 
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solution Clearing denominators gives 

3y 2 + llx + 12 = ( x + 3) 2 — B(y + 1 ) (x + 3) — 3(y + 1). 

Setting x = 0 then yields 

12 = 9 — B(l)(3) — 3(1) or B = -2. 

To use the method of undetermined coefficients, expand the right-hand side and gather like terms: 

3y 2 + ILy + 12 = (1 — B) y 2 + (3 — 4B)y + (6 — 36). 


Equating Y 2 -coefficients on both sides, we find 


3 = 1 — 6 or 6 = -2. 


In Exercises 5- 8, evaluate using long division first to write /(y) as the sum of a polynomial and a proper rational function. 

y dx 

3y — 4 

solution Long division gives us 


/ 


Therefore the integral is 


y _ 1 4/3 

3y — 4 “ 3 + 3y — 4 


Y /’I 4 1 4, „ 

dx = I - — — dx = -y — - In [9 y — 12 1 + C 


h^t dx -J 


3 9* - 12 3' 9 


/ 


(y 2 + 2y 2 + 1) dx 


x + 2 

solution Long division gives us 


Y 2 + 2y 2 + 1 2 1 

— x + 


Y + 2 


Y + 2 


Therefore the integral is 


7 + 2y 2 + 1 / 2 1 1 S I ^ 

■ dx = ^y j + In |y + 2| + C 


f x 3 + 2y z + 1 f 2 1 

J x + 2 J Y + 


+ 2 3’ 


In Exercises 9-44, evaluate the integral. 
dx 


# 7 


(y - 2)(y - 4) 

solution The partial fraction decomposition has the form: 


Clearing denominators gives us 
Setting x = 2 then yields 

while setting x = 4 yields 

The result is: 


A 6 
+ ■ 


(y — 2)(y — 4) y — 2 y — 4 
1 = A(y - 4) + B(y - 2). 

1 = A(2 — 4) + 0 or ^4 = -^ 


1 = 0 + 6(4 -2) or 6 = -. 


l 1 1 

1 = _ 2 , 2 

(y — 2)(y — 4) y — 2 y — 4 
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Thus, 


/ 


dx 


1 [ dx 1 f dx 

J AA + 2j 


(x _2)(x-4)- 2 J x — 2 ' 2 J ;r _ 4 --2 ln ^- 2 l+2 ln|x “ 4| + C - 


"■/ 


rfx 


jc (2jc + 1) 

solution The partial fraction decomposition has the form: 


1 A B 

= - + 


Clearing denominators gives us 
Setting x = 0 then yields 
while setting x = yields 

The result is: 


x(2x + 1) x 2x + 1 


1 = A(2x + 1) + Bx. 


1 = A(l) + 0 or A = 1, 


l = 0 + fi(--| or B = —2. 


1 -2 
- + 


x(2x + 1) x 2x + 1 


Thus, 


f dx f dx f 2 dx . , 

j iarrr) = j t~J 27Ti = '" M ~'" ,2l,+1, + c - 


x (2x + 1) 

For the integral on the right, we have used the substitution u = 2x + 1, du = 2 dx. 

X dx 


u -f 


x 2 + 9 

SOLUTION 


[ dx = [ 1 s dx = x — 3 tan 1 ( -) + C 

J x 2 + 9 J x 2 + 9 V 3 / 


15 7 


(x 2 + 3x — 44) dx 


(x + 3)(x + 5)(3x - 2) 
solution The partial fraction decomposition has the form: 

x 2 + 3x — 44 


ABC 

+ r + 


O + 3)0 + 5)(3x — 2) x + 3 x + 5 3x — 2 


Clearing denominators gives us 


x 2 + 3x — 44 = AO + 5)(3x — 2) + B (x + 3)(3x — 2) + C(x + 3)0 + 5). 


Setting x = -3 then yields 


while setting x = -5 yields 


and setting x = 4 yields 


9 — 9 — 44 = A(2)( — 11) + 0 + 0 or A = 2, 


25 — 15 — 44 = 0 + S(— 2)(— 17) + 0 or B = -1, 


+ 2 — 44 = 0 + 0 + C 


110 /17 


3 A 3 


or C = -2. 
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The result is: 


x 2 + 3x — 44 


2 -1 -2 
+ ^ + 


(x + 3)(x + 5)(3x — 2) x + 3 x + 5 3x — 2 


Thus, 


C (x 2 + 3x — 44) dx 0 

f dx i 

f dx 

j" dx 

/ (x + 3)(x + 5)(3x - 2) J 

x + 3 J 

x + 5 J 

3x - 2 


= 2 In |x + 3| - In |x + 5| - - In |3x - 2| + C. 

To evaluate the last integral, we have made the substitution u = 3x - 2, du = 3 dx. 

(x 2 + llx) dx 




(x - l)(x + l) 2 

solution The partial fraction decomposition has the form: 

x 2 + llx 


ABC 

(x — l)(x + l) 2 X-1 + X + 1 + (x + l) 2 


Clearing denominators gives us 


Setting x = 1 then yields 


while setting x = -1 yields 


x 2 + llx = A(x + l) 2 + B(x - l)(x + 1) + C(x - 1). 


12 = A(4) + 0 + 0 or A = 3, 


—10 = 0 + 0 + C(— 2) or C = 5. 


Plugging in these values results in 

x 2 + llx = 3(x + l) 2 + B(x — l)(x + 1) + 5(x — 1). 

The constant B can be determined by plugging in for x any value other than 1 or -1. If we plug in x = 0, we get 

0 = 3 + S(-l)(l) + 5( — 1) or B = —2. 

The result is 


x l + llx 


3 -2 5 

H + 


(x — l)(x + l) 2 x — 1 x + 1 (x + 1) 


2 * 


Thus, 


/ 

19 7 


(x^ + llx) dx 
(x - l)(x + l) 2 

dx 


-/7i-7rfi +5 / 


dx 5 

^-^2 =3ln|x-l|-2ln|x + l|- — + C. 


(x-l) 2 (x-2)2 

solution The partial fraction decomposition has the form: 

1 


A B C D 

“P ~P ^ + 


(x — l) 2 (x — 2) 2 x — 1 (x — l) 2 x — 2 (x — 2) 2 
Clearing denominators gives us 


1 = A(x - l)(x - 2) 2 + B(x - 2) 2 + C(x - 2)(x - l) 2 + C(x - l) 2 . 


Setting x = 1 then yields 


while setting x = 2 yields 


1 = B( 1) or 5 = 1, 

1 = D( 1) or D = 1. 
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Plugging in these values gives us 

1 = A(x- 1)0- - 2) 2 + O - 2) 2 + CO - 2)0 - l) 2 + O - In- 
setting * = 0 now yields 

1 = A(-l)(4) + 4 + C(-2)(l) + l or -4 = — 4A-2C, 

while setting x = 3 yields 

1 = A(2)(l) + 1 + C(l)(4) + 4 or — 4 = 2A + 4C. 

Solving this system of two equations in two unknowns gives A = 2 and C = -2. The result is 

1 21-21 
4 7~i 4 a 4 - 


O - 1) 2 0 - 2) 2 x — 1 O — l) 2 x — 2 0-2) 2 ' 


Thus, 


/ 


dx 


_ f dx f dx f dx f dx 

= 2 I—i + Iv^- 2 I—2 + I 


O - 1) 2 0 - 2) 2 


-2 J O - 2) 2 


= 2 In \x - 1| — — r- - 2 In \x - 2| + C. 

x — 1 x — Z 


n -J 


8 dx 

x(x + 2) 3 

solution The partial fraction decomposition is 


8 _ A 6 C D 

xO + 2) 3 x x + 2 O + 2) 2 O 4- 2) 3 

Clearing fractions gives 

8 = AO 4- 2) 3 + 5x0 4- 2) 2 + CxO 4- 2) + Dx 
Setting x = 0 gives 8 = 8A so A = 1; setting x = -2 gives 8 = -2D so that D = -4; the result is 

8 = 04- 2) 3 4- 5x0 4- 2) 2 + CxO 4- 2) — 4x 

The coefficient of x 3 on the right-hand side must be zero, since it is zero on the left. We compute it to be 1 + 6, so that 
5 = -1. Finally, we look at the coefficient of x 2 on the right-hand side; it must be zero as well. We compute it to be 

3-2 — 4 + C = C + 2 

so that C = -2 and the partial fraction decomposition is 

8 _ 1 1 2 4 

x0 4-2) 3 x x + 2 O + 2) 2 O + 2) 3 


and 


J — — - — dx = J - dx — — — j— ^ dx — 2 J (x + 2) 2 dx — 4 J (x + 2) 3 dx 


= In |x| - In |x + 2| + 20 + 2) 1 +20 + 2) 2 + C = ln 


x + 2 


2 2 

"b ~ ~b — y "b C 

x + 2 O + 2) 2 


23 -/ 


dx 


2x 2 - 3 

solution The partial fraction decomposition has the form 
1 1 


A 6 

+ 


2x 2 — 3 (V2x - V3)(V2x + V3) V2x - V3 V2x + V3' 
Clearing denominators, we get 

1 = A (V2x + n/3) + 5 (V2x - V3) • 
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Setting x = V3/V2 then yields 


while setting * = -V3/V2 yields 


The result is 


1 = A ( x/3 + -/3 ) + 0 or A = 


or B — 


0 + s(-v / 3-v / 3) 


1 _ 1/2V3 1/2V3 

2x 2 - 3 “ s/2x — a/3 ~~ V2^W3' 


f dx 

- J_ j 

f dx 


f dx 

J 2x 2 - 3 " 

2V3 J 

V2x-V3 

2V3J 

s/2x + V3 


For the first integral, let u - V2x - V3, = V2dx, and for the second, let w = + V3, dw = V2 dx. Then we 

have 


l r du l r dw l 
i(V2) J U 2V3(V2) J W 2v 


J 2x 2 - 3 2v / 3(V2) J u 2v / 3(v / 2 

25 . [ 

J (2x 4- 5) 3 

solution The partial fraction decomposition is 


/■ ^ = _L In |v^x - V3| - -^= In |^2x + + C. 

J w 2Vb 1 I 2V6 1 I 


Clearing fractions gives 


4x 2 -20 _ A B C 

(2x + 5) 3 2x 4- 5 (2x 4- 5) 2 (2.x + 5) 3 


4x 2 — 20 = A(2x + 5) 2 + B(2x + 5) + C 


Setting x = -5/2 gives 5 = C so that C = 5. The coefficient of x 2 on the left-hand side is 4, and on the right-hand side 
is 4 A, so that A = 1 and we have 

4x 2 — 20 = (2x + 5) 2 + B(2x + 5) + 5 

Considering the constant terms now gives -20 = 25 + 5B + 5 so that B - -10. Thus 
r 4x 2 - 20 r 1 r l r l 


4x z -20 r 1 r 1 r 1 

(2x + 5) 3 J 2x + 5 J (2x + 5) 2 J (2x + 

= - In |2x 4- 5| 4- . 5 r 5 T 4- C 

2 1 2x4-5 4(2x+5) 2 


J x(x — l) 3 

solution The partial fraction decomposition has the form: 


Clearing denominators, we get 


Setting x = 0 then yields 


while setting x = 1 yields 


1 _ A B C D 

x(x — l) 3 x x — 1 (x — l) 2 (x — l) 3 


1 = A(x — l) 3 4- Bx(x — l) 2 4- Cx(x — 1) 4- Dx. 


1 = A(-l) 4- 0 4- 0 4- 0 or A = — 1, 


1 = 0 + 04-04- £>(D or D = 1. 
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Plugging in A = -1 and D = 1 gives us 

1 = — (x — l) 3 + Bx(x — l) 2 + Cx(x — 1) + x. 


Now, setting x = 2 yields 


1 = — 1 + 2S + 2C + 2 or 2B + 2C = 0, 


and setting x = 3 yields 


1 = -8 + 12B + 6C + 3 or 2B + C = 1. 


Solving these two equations in two unknowns, wefind B = 1 and C = -1. The result is 


Thus, 


1 _ -1 , 1 , -1 1 

x(x - l) 3 _ ~ + X - 1 + (X - l) 2 + ( X - l) 3 ' 


f dx - 1 

f dx 

X + J 

f dx \ 

f dx + 1 

f dx 

1 x(x — l) 3 J 

x — 1 J 

(x-l) 2+ ) 

(x - l) 3 


__ln W + |n|*-l| + -L_- 2( ^i )2 +C. 


, Q f(x 2 -x + l)dx 

J x 2 +x 

solution First use long division to write 

x 2 — x + 1 , —2x + 1 , —2x + 1 

— ? = 1 + = 1 + — 7 -- 

X + X X L + X x(x + 1 ) 

The partial fraction decomposition of the term on the right has the form: 

—2x + 1 _ A B 

.*(* + 1) x x + 1 

Clearing denominators gives us 

— 2x -|- 1 = A(.y -|- 1) -p Bx. 

Setting * = 0 then yields 


while setting x = -1 yields 


l = A(l) + 0 or A = 1, 


3 = 0 + e(— 1) 


or B = -3. 


The result is 


Thus, 


-2x + 1 _ 1 -3 

x(x + 1) X X + 1 


r (x 2 — x + 1) dx 

J x 2 + x 




= x + In \x\ 


3 In |jc + 1| + C. 


I" Ox 2 — t^x + 5) dx 

J (X - 1)(.Y 2 + 1) 

solution The partial fraction decomposition has the form: 

3x 2 — 4.t + 5 A Bx + C 
(x — l)(x 2 + 1) x — 1 x 2 + 1 


3x 2 — 4x + 5 = A(x 2 + 1) + (Bx + C)(x — 1). 


Clearing denominators, we get 
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Setting x = 1 then yields 


3 — 4 + 5 = A(2) + 0 or A = 2. 


This gives us 

3.v 2 - Ax + 5 = 2(x 2 + 1 ) + (Bx + C)(x - 1 ) = (B + 2)x 2 + (C - B)x + (2 - C). 
Equating .^-coefficients, we find 


while equating constant coefficients yields 


The result is 


3 = B + 2 
5 = 2 -C 


or 5 = 1; 
or C = —3. 


3x 2 — Ax + 5 2 x — 3 

(. x — l)(x 2 + 1) x — 1 x 2 + 1 


Thus, 


C (3x 2 — Ax + 5) dx ^ f d x f (jc — 3) dx ^ f dx f x dx C dx 

J (x — 1 )(. y 2 + 1 ) J x — 1 J x 2 + 1 J x — 1 J x 2 + 1 J x 2 + 1 

For the second integral, use the substitution u = x 2 + 1, du = 2xdx. The final answer is 


l ' (3x 2 — ^ + 5) dx 
J (x - \){x 2 + 1 ) 


= 2 In \x 


1| + 2 ln \x + II - 3tan 1 x + C. 


33 . 


/ 


dx 

x(x 2 + 25) 


solution The partial fraction decomposition has the form: 


Clearing denominators, we get 
Setting x = 0 then yields 

This gives us 


1 A Bx + C 

x(x 2 + 25) x x 2 + 25 

1 = A(x 2 + 25) + (Bx + C)x. 


1 = A(25) + 0 or A = 


25' 


1 = ^ x l + 1 + Bx A + Cx = ( B + — ) x l + Cx + 1 . 


25 


Equating ^-coefficients, we find 


25 


0= s + i or B = 


while equating .v-coefficients yields C = 0. The result is 

1 


l l r 

= 25 + ~75 x 


x(x 2 + 25) x x 2 + 25 


Thus, 


I' dx 1 f dx 1 I' x dx 

J x(x 2 + 25) = 25 J 25 J x 2 + 25 ' 


For the integral on the right, use u = x 2 + 25, du = 2 xdx. Then we have 

/ 


s +T_.T | n W -T | n + + 2 5| + c 
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35, 


/ 


(6* 2 + 2) dx 
x 2 + 2x — 3 
solution Long division gives 


6x 2 + 2 r 12x - 20 r 12x - 20 
= 6 =; — — = 6 — 


x 2 + 2x-3 x 2 + 2x - 3 (x + 3)(x - 1) 

The partial fraction decomposition of the second term is 


12x - 20 


A B 
+ 


(. x + 3)(x — 1) x + 3 x — 1 

Clear fractions to get 

12x — 20 = A(x — 1) + B(x + 3) 

Set x = 1 to get -8 = 4 B so that B = -2. Set x = -3 to get -56 = -4 A so that A = 14, and we have 


/ 


6x 2 + 2 
: 2 + 2x-3 


= ( 6 ~- iA - + - 2 —dx= f 6dx-U ( -2— djr + 2 ( — ] — 
J x + 3 x - 1 J J x + 3 J x - 1 


dx 


= 6x — 14 In \x + 3| + 2 In \x — 1| + C 


37 7 


10 dx 


(x — l) 2 (x 2 + 9) 
solution The partial fraction decomposition has the form: 

10 A 


B Cx + D 

H 7 7T + 


(x — 1) 2 (x 2 + 9) x — 1 (x — l) 2 x 2 + 9 


Clearing denominators, we get 


10 = A(x - l)(x 2 + 9) + B(x 2 + 9) + (Cx + D)(x - l) 2 . 

Setting x = 1 then yields 

10 = 0 + fi(10) + 0 or B = 1. 

Expanding the right-hand side, we have 

10 = (A + C)x 3 + (1 - A - 2C + D)x 2 + (9A + C - 2D)x + (9 - 9A + D). 

Equating coefficients of like powers of x then yields 

A + C = 0 
1 — A — 2C + D = 0 
9A + C — 2D = 0 
9-9A + D = 10 

From the first equation, we have C = -A, and from the fourth equation we have D = 1 + 9A. Substituting these into 
the second equation, we get 

1 — A — 2(— A) + (1 + 9A) = 0 or A = ~\- 


Finally, C = 5 and D = - 5 . The result is 


10 


+ 


l r _ 4 
5 X 5 


(x — 1) 2 (x 2 + 9) x — 1 (x — l) 2 x 2 + 9 


1 — 1 

1 

O 
1 — 1 

f dX + i 

f dx 1 

f x dx 4 

f dx 

1 (x — 1 ) 2 (x 2 + 9) 5 J 

x - 1 J 

(X - l) 2 + 5 J 

x 2 + 9 5 J 

x 2 + 9 


= _l | n[ ,_l|__i_ + ^ | r ,|,2 + 9|-l t a n - 1 (i) + c. 


Thus, 
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39 . I T~1T2 

J x(x 2 + 8) 2 

solution The partial fraction decomposition has the form: 


1 A Bx + C Dx + E 

x(x 2 + 8) 2 x x 2 + 8 (x 2 + 8) 2 


Clearing denominators, we get 


1 = A(x 2 + 8) 2 + (Bx + C)x(x 2 + 8 ) + (Dx + E)x. 


Expanding the right-hand side gives us 


1 = (A + B)x 4 + Cx 3 + (16A + 8S + D)x 2 + (8 C + E)x + 64A. 


Equating coefficients of like powers of x yields 


A + B = 0 


16A + 8fi + D = 0 
8C + E = 0 
64A = 1 


The solution to this system of equations is 


Therefore 


1 1 

B = - — , C = 0. D = --, E= 0. 
64 8 


1 54 , ~U X , ~l x 

x(x 2 + 8) 2 x x 2 + 8 (x 2 + 8) 2 


dx 1 r dx 1 f x dx If x dx 

x(x 2 + S) 2 64 J x 64 J x 2 + 8 8 J (x 2 + S) 2 


For the second and third integrals, use the substitution u = x 2 + 8 ,du = 2xdx. Then we have 


xj'l 8) 2 - U ln |jr| “ 1^8 ln |A ' 2 + 81 + 16U- 2 + 8) + C - 


J (x + 2)(x 2 + Ax + 10) 

solution The partial fraction decomposition has the form: 


Clearing denominators, we get 


Setting x = -2 then yields 


1 A Bx + C 

(x + 2)(x 2 + 4x + 10) x + 2 x 2 + 4x + 10 


1 = A(x L + 4x + 10) + (Bx + C)(x + 2). 


1 = A(6) + 0 or A = 

6 


Expanding the right-hand side gives us 


1=[^+b)x 2 + 1- +2B + C)x + {- + 2C). 


Equating ,v 2 -coefficients yields 


0.1 + « O, B— 1 
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while equating constant coefficients yields 

1 = ^ + 2C or C = ~. 

The result is 


1 

1 1 r 1 

6 ! 

( x + 2)(x 2 + Ax + 10) 

x + 2 x 2 + Ax + 10 ' 

r dx l 

( dx IT (x + 2) dx 

/ (x + 2)(x 2 + Ax + 10) “ 6 J 

' x + 2 6j x 2 + Ax + 10 


For the second integral, let u = x 2 + Ax + 10. Then du = (lx + 4) dx, and 

f dx 1 ^ 1 I" (lx + 4) dx 

J (jc + 2)(x 2 +4x + 10) = 6 n|X+ 1 “ 12 J x 2 + 4* + 10 

= — In \x + 2| — — In \x ^ + 4x + 1 0 1 + C. 

6 12 


( 25 dx 

J x(x^ + 2x + S) 2 

solution The partial fraction decomposition has the form 

25 A Bx + C Dx + E 

x(x 2 + 2x + 5)2 x x 2 + 2x + 5 (x 2 + 2x + 5) 2 

Clearing denominators yields: 

25 = A(x 2 + 2x + 5) 2 + x(Bx + C)(x 2 + 2x + 5) + x{Dx + E) 

= ( Ax ^ + 4 Ax 2 + 14A.t^ + 20 Ax + 25 A) + ( Bx ^ + Cx 2 + 2Bx 2 + 2 Cx 2 + 5 Bx 2 + 5Cx) + Dx 2 + Ex. 

Equating constant terms yields 

25A = 25 or A = 1, 

while equating .^-coefficients yields 

A + 6 = 0 or B = —A = — 1. 

Equating .^-coefficients yields 

4A + C + 2fi = 0 or C = —2, 

and equating .^-coefficients yields 

1AA + 2C + 5B + D = 0 or D = —5. 

Finally, equating ^-coefficients yields 

20A + 5C + £ = 0 or £ = -10. 
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For the first and third integrals, we make the substitution w = ir + 4, dw = 2udu. Then we have 


/ 


25 dx 

x(x 2 + 2x + 5) 2 


= In |x| - 2 In |r/ 2 +4| - ^tan 1 


+ -^ — --5 

2(« 2 + 4) 


/ 


du 

(; M 2 + 4) 2 


= In |x| - - In |jc + 2x + 5| - ^ tan 


-1 + 1 


2(x 2 + 2x + 5) 


-5 


/ 


du 


(u 2 + 4) 2 ' 


For the remaining integral, we use the trigonometric substitution 2 tan w = u, so that r/ 2 + 4 = 4 tan 2 w + 4 = 4 sec 2 w 
and rfu = 2 sec 2 wdw. This means 


I 1 =1 I ~T 

J (u 2 +4) 2 8 J sec 4 


I/' 


sec z w dw = - I C 0 S z w dw 


8 \4 
1 


= ^ ( -sin2u>+ — )+C = ( — sin w cos in + — ) + C 

lb lb , 


+ s^tan 


16 Ju 2 + 4 7m 2 + 4 16 

1 x + 1 1 

8 x 2 • 2x t 5 ’ 16 t3n 


-'G) 


* +c = 


8 u 2 + 4 


+ i?“" I (5) 


^ +c 


x + 1 

2 


Flence, the integral is 

25 <ix 


/ 


x(x 2 + 2x + 5) 2 


= In |x| - 


t 2 + 2x + 5| - ^tan 1 ( 


2 

x + 1 


2 > 


5 _i ( x + 1 

— , — tan 

2(x 2 + 2x + 5) 8 x 2 + 2x + 5 16 


= In |x | + 


15 - 5x 


8(x 2 + 2x + 5) 16 


- ^ tan-i 


x + 1 


1 7 

- ^ In |x 2 + 2x + 5| + C. 


In Exercises 45-48, evaluate by using first substitution and then partial fractions if necessary. 

x dx 


45 , 


/ 


x 4 + l 


solution U se the substitution u = x 2 so that du = 2x dx, and 


f* dx = U' 

J x 4 + 1 2 J u 2 H 


du = - tan 1 u = - tan ^x 2 ) 
+ 1 2 2 


47 . 


/ 


e x dx 


solution U se the substitution u - e x . Then du = e x dx = u dx so that dx = 4 du. Then 


I fdx = [^Uu = [ 1 du 

J e 2x — e x J u 2 — u J u(u — 1 ) 


U sing partial fractions, we have 


A B 
= - + 


( A + B)u — A 


u(u — 1) u u — 1 u(u — 1) 

U pon equating coefficients in the numerators, we have A + B = 0, A = —1 so that B = 1. Then 

e x dx 


i 


e 2x - e x 


Cl Cl 

■ / — du + / du 

J u J u — 1 


= In \u - 1| - In \u\ + c = In \e x - 1| - \ne x + C 


/ Jx, dx __ 

— . Flint: Use the substitution u = Jx (sometimes called a rationalizing substitution). 

x - 1 

solution Let u — v^.Thenc/fi = ( l/2^/x)dx = (l/2u)dx. Thus 


/ «Jx dx C u{2u du) ^ f u^ du C 

x — 1 J u 2 — 1 J u 2 — 1 J 


u(2u du) 


(ir — 1 + 1 ) du 
u 2 — 1 


= 2 


f ( u 2 — 1 1 \ f f 2 du f 2 du 

J \ J^i + ^i) du = 2 J du + J J^i = 2u + J u^i' 



498 CHAPTER 8 | TECHNIQUES OF INTEGRATION 


The partial fraction decomposition of the remaining integral has the form: 

2 2 


A B 
+ 


t/ 2 — 1 (u — 1 )(u + 1) u — 1 ' u + 1 

Clearing denominators gives us 

2 = A(u + 1) + B(u - 1). 

Setting u = 1 yields 2 = A( 2) + 0 or A = 1, while setting u = -1 yields 2 = 0 + B(- 2) or B = -1. The result is 


2 _ i -1 

M 2 — 1 U — 1 U + 1 


Thus, 


C 2 du f du f du 


- 1| - In |h + 1| + C. 


The final answer is 

f ^ d ? = 2u + ln \u - 1| - In \u + 1| + C = 2jx + In \Jx - 1| — In \Jx + 1| + C. 

J x -1 

/ dx 

in two ways: using partial fractions and using trigonometric substitution. Verify that the two 

answers agree. 

solution The partial fraction decomposition has the form: 

i 1 A B 

x 2 — 1 (x — 1)0 + 1) x — 1 x + 1 

Clearing denominators gives us 

1 = AO + 1) + SO - 1). 

Setting x = 1, we get 1 = A(2) or A = while setting x = -1, we get 1 = 5(- 2) or s = The result is 

i 1 - 1 

1 _ ? + 2 


c 2 — 1 x — 1 x + 1 


Thus, 


r dx 1 f dx 1 r dx 1 1 

J— = 2j— T-2/m = 2 ln| '- 1| -2 ln '' +1 ' + c - 


Using trigonometric substitution, letx = sec 8. Then dx = tan 6 sec 6 do, and x 2 - 1 = sec 2 9-1 = tan 2 9. Thus 

dx C tan 9 sec 9 d9 f sec 9 d9 f cos 9d9 


f dx f tan 9 sec 9 do f sec 9 d9 f c 
J x 2 - 1 ~ J tan 2 9 ~ J tan 9 ~ J si 

= J CSC9d9 = In I CSC6> - cote I + C. 


necose 


Now we construct a right triangle with sec 9 = x: 



From this we see that esc 9 = x/Vx 2 - 1 and cote = l/^x 2 - 1. Thus 


[ dx 1 
/ — n 

X 1 

+ c — In 

x — 1 

J x 2 - 1 

J x 2 _ ! _ ! 


vV-l 


+ C. 


To check that these two answers agree, we write 


1 1 , 1 
- In |x — 1| — - In |x + 1| = - 


x — 1 


x + 1 


= In 


x — 1 


x + 1 


= In 


y/x — 1 y/x — 1 


•J X + 1 \/x — 1 


= In 


X — 1 


7x 2 — i 
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In Exercises 53-66, evaluate the integral using the appropriate method or combination of methods covered thus far in 
the text. 


53 7 


dx 


xV4-x 2 

solution Use the trigonometric substitution x = 2 sine. Then dx = 2 cos ddd, 


4 - x 2 = 4 - 4 sin 2 6 > = 4(1 — sin 2 0) = 4 cos 2 9, 


and 


r dx f 

J x 2 J A - X 2 j (4 Si 


2 COS 9d9 1 


x 2 74-x 2 / (4 sin 2 9)(2 cose) 4 

Now construct a right triangle with sine = x/2: 


1 


= — / esc e do = — - cote + c. 



From this we see that cote = 74 - x 2 /x. Thus 

dx 1 / v' 4 — x 2 


/ 


:V4-7 4 


74^7 

+ c = — + c. 

Ax 


“7 cos 2 4x dx 

solution Use the substitution u = Ax, du = Adx. Then we have 
J cos 2 (4 x)dx = ^ J COS 2 (4x)4 dx = ^ J cos 2 uc 


11. 

— u + — sin u cos u 


+ C 


11 . 1 1 . , 

= -u + - sin m cos w + c = -x + o sin4xcos4x + C. 
8 8 2 8 


”7 


dx 


(x 2 + 9) 2 

solution Use the trigonometric substitution x = 3 tan 9. Then dx = 3 sec 2 OdO, 


and 


x 2 + 9 = 9 tan 2 e + 9 = 9(tan 2 9 + 1) = 9 sec 2 9, 


f dx f 3 sec 2 6d9 3 f sec 2 OdO If j 1/1 1. 

/ -^5 r = / t — r = 7 / cos 2 odo = — -e + - sine cose +c. 

/ (x 2 + 9 ) 2 / (9 sec 2 e ) 2 81 / sec 4 e 27/ 21 \2 2 


(x 2 + 9) 2 / (9 sec 2 e) 2 81/ sec 4 e 27 

N ow construct a right triangle with tan 6 = x/3: 



From this we see that sine = x/yjx 2 + 9 and cose = 3/77+7. Thus 

) ('^i=')+C.Tt a n- 1 (i) + 
J 77~+~9 2 54 54 \7* 2 + 9/ \7* 2 +9/ 54 

*7 tan 5 x sec x dx 

solution U se the trigonometric identity tan 2 x = sec 2 x - 1 to write 


18(x 2 + 9) 


+ C. 
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Now use the substitution u = secx, du = sec a: tan xdx\ 

J tan 5 x sec JT dx = J (u 2 - l) 2 du = J (u 4 - 2 u 2 + l) du 


1 c 2 o 1 c 2 o 

= -ir - - u 3 + u + C = - sec 3 x - - sec 3 x + secx + C. 


- dx 


61. J ln(x 4 — 1) dx 

solution A pply integration by parts with u - ln(x 4 - 1), v' = 1; then u' = and w = x, so after simplification, 
J ln(x 4 — 1) dx = x I n (jc 4 — 1) — 4 J — -dx = x ln(x 4 — 1) — 4 J It — ^ — y 
= jc ln(jc 4 — 1) — 4 J Idx — 4 J — - dx 


dx 

dx 


= x ln(.v 4 - 1) - 4x + 2 tanh 1 .* + 2tan X x + C 


°7 


x dx 


(x 2 - 1 ) 3 / 2 

solution Use the trigonometric substitution x = seer?. Then fix = seed tan 0d6, 

x 2 - 1 = sec 2 0 - 1 = tan 2 0, 
and 


f x 2 dx 

f (sec 2 0) seed tan 0d0 

f sec 3 9 d9 

f (tan 2 0 + I)sec0d0 

1 (x 2 - l) 3 / 2 J 

1 (tan 2 0) 3 / 2 J 

tan 2 9 J 

tan 2 0 


/ 


tan 2 0sec0d0 [secede 


tan 2 9 


tan 2 <9 

= In | sec0 + tan0| - csc0 + C. 
Now construct a right triangle with sec0 = x: 


[secede r r 

/ tan 2 6 = / sec0rf0+ / csc0cot:e ^ 



From this we see that tan 9 = vx 2 - 1 and csc0 = x/vx 2 - 1. So the final answer is 

j 

x L dx 


I 


(x 2 - l) 3 / 2 


= In x + \/x 2 — 1 — 




+ c. 


65. [ i KdX 

J x 3 + l 

solution Use the substitution u = x 3 / 2 , dz/ = |x*/ 2 dx. Then x 3 = (x 3 / 2 ) 2 = u 2 , so we have 

f | = I « + c = \ tan- V' 2 ) + c. 

J X 3 + 1 3 J U 2 + 1 3 3 

67. Show that the substitution 9 = 2 tan -1 1 (Figure 2) yields the formulas 

1 — t 2 . 2 1 2 dt 

cos 9 = sin0 = =r, d9 = = 

1 + 1 2 1 + r 2 1 + 1 2 


[10 
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This substitution transforms the integral of any rational function of cose and sin 9 into an integral of a rational function 


of t (which can then be evaluated using partial fractions). Use it to evaluate 


/ 


ae 

cose + 1 sine 



t 


i 


FIGURE 2 


solution If e = 2 tan -1 1 , thence = 2dt/(l + t 2 ). We also have that cosf^) = l/\/l + 7 2 and sin(^) = f/V 1 + t 2 . 
To find cose, we use the double angle identity cose = 1 - 2 sin 2 (^). This gives us 


cose = 1-2 


yi +t 2 


= i - 


2 1 2 


l + t 2 -2t 2 1 -t 2 


1 + t 2 1 + t 2 1 + t 2 ' 


To find sin e, we use the double angle identity sine = 2 sin(|) cos(|). This gives us 


sin e = 2 


2 1 


W ith these formulas, we have 

f d ± [ — 

J cose + (3/4) sine J ( i-t 


2 dt 
l+t 7 




yr+72 y \yrr 72 / 1 +t 2 ' 


f 8dt [ 

J 4(1 -t 2 ) + 3(20 _ J 


8 dt 


- t 2 ) + 3(2/) J 4 + 6r — 4r 2 J 2 + 3t-2t 2 ' 


/ 


4 dt 


The partial fraction decomposition has the form 

4 A i B 

2 + 3 1 - 2 1 2 = 2 ^ 7 + 1 + 2 1 ' 

Clearing denominators gives us 


4 = A(1 + 2t) + 6(2 — t). 


Setting t = 2 then yields 


while setting t = - \ yields 


The result is 


Thus, 


4 = A(5) + 0 


or 


A = 


4 

5' 


4 = 0 + s(f) 



4 

2 + 3 1 - 2 1 2 


4 8 

2 — t 1 + 2r 


/ 


4 r dt 8 r 
- dt =5] 2^1 + 5j I 


dt 4 4 . 

_l_ 2 f = — ^ln|2 — f| + - ln|l + 2r| + C. 


2 + 3r — 2t 2 

The original substitution was 9 = 2 tan -1 r, which means that t = tan(^). The final answer is then 


/ 


de 


cose + 4 sine 


= -5ln 


2 - tan ( | 


+ t. 


1 + 2 tan ( 6 - 


+ C. 
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Further Insights and Challenges 

69. Prove the general formula 


/ 


dx 

(x — a)(x — b) 


1 

a — b 


In 


x — a 


x — b 


+ C 


where o, b are constants such that a / b. 

solution The partial fraction decomposition has the form: 


Clearing denominators, we get 


Setting x = a then yields 


while setting x = b yields 


The result is 


Thus, 


1 

( x — a)(x — b ) 


A B 

1 r- 

x — a x — b 


1 = A(x — b) + B{x — a). 


1 = A (a - b) + 0 or 


A = 


1 

a — b 


1 = 0 + B(b- a) or B= . 

b — a 


1 

(x — a)(. x — b) 


1 1 

a— b b—a 

X — a X — b 


1 


dx 


(. x — a)(x — b) 


= — b f — + j^~ [ 

a — b J x — a b — a J 


dx 


x — b a — b 


In \x — a\ H In |jc — b\ + C 


1 , 1 , 1 , 

In \x - a | In \x -b\ + C = r In 


a — b 


a — b 


a — b 


b — a 
x — a I 


x — b 


+ C. 


71. Suppose that Q(x ) = (x - a)(x - b), where a / b, and let P(x)/Q(x) be a proper rational function so that 

P(x) A B 

= 1 

Q(x) (x — a) (x — b ) 

(a) Show that A = and B = . 

Q (a) Q (b) 

(b) Use this resultto find the partial fraction decomposition for P(x) = 3x - 2 and Q(x) = x 2 - Ax - 12. 

SOLUTION 

(a) Clearing denominators gives us 


P(x) — A(x — b) + B(x — a). 


Setting x = a then yields 

P(a) = A(a — b) + 0 or 

while setting x = b yields 

P(b) = 0 + B(b — a) or 
N ow use the product rule to differentiate Q{x): 


A = 


P(a) 

a — b’ 


B = 


Pjb) 

b — a 


Q'(x) = (x — a)(l) + (1) (jc — b) = x — a + x — b = 2x — a — b\ 


therefore, 


Q+a) = 2a — a — b = a — b 
Q'(b) = 2b — a — b = b — a 
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Substituting these into the above results, we find 


P(a) 

Q'(a) 


and 


P(b) 

Q'(b) 


(b) The partial fraction decomposition has the form: 


P(x) 3x — 2 3x — 2 A B 

Q(x) x 2 - 4 a -12 (a-6)(a + 2 ) a-6 + a + 2 ' 

P( 6 ) 3 ( 6) -2 16 

Q'( 6 ) 2 ( 6) -4 8 

P(—2) 3 (— 2 ) — 2 -8 

Q'{- 2 ) 2 (- 2)-4 -8 ' 


The result is 


3x - 2 _ _2_ 1 

a 2 - 4a - 12 x - 6 + a + 2 ' 


8.6 Improper Integrals 


Preliminary Questions 

1. State whether the integral converges or diverges: 


r°° o 

(a) 1 x 3 dx 

(b) j 

f 3 

A dx 
o 

r oo 


r 1 

(c) J A -2 / 3 dx 

(d > J 

a -2 / 3 dx 

0 

SOLUTION 




(a) The integral is improper because one of the limits of integration is infinite. Because the power of x in the integrand 
is less than -1, this integral converges. 

(b) The integral is improper because the integrand is undefined at a = 0. Because the power of a in the integrand is less 
than -1, this integral diverges. 

(c) The integral is improper because one of the limits of integration is infinite. Because the power of a in the integrand 
is greater than -1, this integral diverges. 

(d) The integral is improper because the integrand is undefined at a = 0. Because the power of a in the integrand is 
greater than -1, this integral converges. 


2. Is 


r-Jl/2 

/ cot a dx an improper integral? Explain. 
Jo 


solution Because the integrand cot a is undefined at a = 0, this is an improper integral. 

r b 

3. Find a value of b > 0 that makes 


f — dx an improper integral. 
Jo x l - 4 


solution Any value of b satisfying \b\ > 2 will make this an improper integral. 


4. Which comparison would show that 
solution N ote that, for a > 0, 


/. 


0 x + e- 


converges? 


M oreover 


converges. Therefore, 


1 1 

< — = e 

x + e x e x 



dx 



1 

a + e x 


dx 


converges by the comparison test. 
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roo e -x 

5. Explain why it is not possible to draw any conclusions about the convergence of / — dx by comparing with 

J l * 



SOLUTION For 1 < X < 00, 


but 



X 


< 


1 

X ' 



diverges. K nowing that an integral is smaller than a divergent integral does not allow us to draw any conclusions using 
the comparison test. 


Exercises 

1. Which of the following integrals is improper? Explain your answer, but do not evaluate the integral. 


lal i 

r l dx 
0 -* 1 / 3 

(b) 

r°° dx 

h ^2 

(c) 

poo 

j e~ x dx 

(d) j 

r 1 

e~ x dx 
0 

(e) 

nn/2 

1 sec * dx 

! 0 

(f) 

1-00 

1 sin x dx 

1 0 


rl ■ , 
sin x dx 

0 

(h) 

T 1 dx 

'0 ^3 -* 2 

(i) 

rO O 

1 In* dx 

h 

(J) 1 

In x dx 






Jo 

SOLUTION 

(a) Improper. The function * -1 / 3 is infinite at 0. 

(b) Improper. Infinite interval of integration. 

(c) Improper. Infinite interval of integration. 

(d) Proper. The function e~ x is continuous on the finite interval [0,1], 

(e) Improper. The function sec* is infinite at 

(f) Improper. Infinite interval of integration. 

(g) Proper. The function sin* is continuous on the finite interval [0. 1], 

(h) Proper. The function 1/73 - x 2 is continuous on the finite interval [0, 1], 

(i) Improper. Infinite interval of integration. 

(j) Improper. The function In.* is infinite at 0. 

/ OO 

* -2 / 3 dx diverges by showing that 

lim [ * -2 / 3 dx = oo 

R-too 

solution First compute the proper integral: 


r 


2 / 3 dx = 3* 1 / 3 


= 3/? 1 / 3 - 3 = 3 (tf 1/3 - l) . 


Then show divergence: 


poo pR , v 

/ * -2 / 3 rf*= lim / * -2 / 3 dx = lim 3 ( f ? 1 / 3 — 1 ) = oo. 

J l R^ooJl R^-oo V / 


In Exercises 5-40, determine whether the improper integral converges and, if so, evaluate it. 

dx 


->■{; 


* 19/20 

solution First evaluate the integral over the finite interval [1, /?] for R > 1: 


// 


dx 

,19720 


= 20* 1 / 20 


R 


= 20 R l / W - 20 . 


1 
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Now compute thelimitas * -* oo: 

r0 ° dx 


l 


Jl *19/20 “ *To o ( 20 ^ 1/2 ° 20 ) - °°- 


*19/20 “sTooA *19/20 “ *U«> 


The integral does not converge. 

7. r e °-° ooif * 


£ 


solution First evaluate the integral over the finite interval [/?, 4] for <4: 

|4 


L 


4 J0.0001)t 

(0.0001)r . _ £/ 

ft 0.0001 


= 10,000 (e°- 0004 _ e (0.0001 )R~j 
R 


Now compute thelimitas -oo: 
r4 


f e i0ml), dt= lim f e (0 - ml)r dt= lim 10,000 L 
J-oo R^-ooJr R^-oo V 


0.0004 _ f0.0001)Sh 


= 10,000 (e 00004 - o) = lO.OOOe 0 - 


0004 


f 

Jo 


dx 

,20719 


solution The function x 2 °/ 19 is infinite at the endpoint 0, so we'll first evaluate the integral on the finite interval 
[*, 5] forO < R < 5: 


f 


dx 


Ir a- 20 / 1 9 
Now compute thelimitas R -»• 0+: 
r 5 dx 


= -19.V- 1 /! 9 


= -19 (5- 1 /! 9 _ ^-1/19) = 19 


*1/19 5 VI 9 J ■ 


f 

Jo 


= lim f -4^7 T77 = lim 19 ( — 3T-7T7T I = OO; 

Jr 


J0 *20/19 ft— >0+ Jr *20/19 ft_»o+ y*l/19 5 1/1® 

thus, the integral does not converge. 

dx 


u.r 

Jo 


\/4 — . 


solution The function 1/V4 - * is infinite at * = 4, so we'll first evaluate the integral on the interval [0, R] for 
0 < * < 4: 


1 


\J 4 — * 

Now compute thelimitas * -»• 4 _ : 

dx 


R ft 

= -2V4-* o = -2V4-* - ( — 2 )n/4 = 4 - 2V4- *. 


[ clx = lim [ dx = lim (4-2 n/4-*) = 4- 0 = 4. 

Jo V 4 — * *^4~ Jo V4 — * *^4~ ' ' 




x 3 dx 


solution First evaluate the integral on the finite interval [2,*]for2 < *: 

; _2 
-3 * 

* dx = — — 

/ 2 -2 


L 


-1 -1 _ 1 1 
2*2 “ 2(22) = 8 “ 2*2' 


Now compute the limit as * -> oo: 


/; 


* 3 dx — lim / * J rf* = lim 


/?— *0 O 


1 


-3 


1 1 \ 

*->o o V 8 2*2 / 


1 

8 ' 
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“ £ 


dx 

-3 (x + 4) 3 / 2 

solution First evaluate the integral on the finite interval [-3, /?] for R > -3: 


£ 


dx 


I - 3 (x + 4) 3 / 2 
Now compute the limit as R -»• oo: 

r0 ° dx 


= — 2(x + 4) -1 / 2 


-2 _- 2 =2 _ 2 


-3 


V/T+4 </l V/? + 4' 


£ 


= lim 


i 


dx 


= lim 2- 


-3 (* + 4)4/2 r?-»oo J _3 (jc + 4) 3 /2 ??->-oo \ \/ R + 4 


= 2 — 0 = 2 . 


17 ‘ / 1 


dx 

/Of! 


SOLUTION 


T he functi on ,v — °- 2 i s i nfinite at jc = 0, so we'll first evaluate the integral on the interval 1] for 0 < /? < 1: 


£ 


dx x 


0.8 


r ? x®-2 0.8 


1 

= i.25 (: 

l-R 0& ) 

\ 

R 

/ 


Now compute the limit as -»• 0 + : 


f 1 -^ T = lim /’ 1 4rr= lim 1-25 (l — f? 0 8 ) = 1.25(1 — 0) = 1.25. 
Jo T 0 - 2 r?^o+Js * 0 - 2 r?^o+ ' > 


19. J™ e~ 3x dx 

solution First evaluate the integral on the finite interval [4, /?] for R >4: 




Now compute the limit as R ->• oo: 


1 

3 





lim f e 3x dx 
R—>oo J4 


lim ^ 
R-^oo 3 



°) 


i 

3e 13 ' 


r° 

21. / e 3 v dx 
J — OO 

solution First evaluate the integral on the finite interval [R, 0] for R < 0: 



dx = 



1 e 3R 
3 3”’ 


Now compute the limit as R -oo: 



dx 


lim 


R^-ooJr 


f. 


e 3x dx = lim 


r?— >— oo \ 3 




1 

3‘ 


23. 



solution The function /(.*) = 1 / V3 - * is infinite at* = 3, so we first evaluate the integral on the interval [1, R\ 
for 1 < R < 3: 


L 


R 


dx 

V3 — * 



-2V3^R + 2V2. 


Now compute the limit as ->• 3 : 



lim f R dx =0 + 2V2 = 2V2. 

r?^3-Ji V3 -x 
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solution First evaluate the integral on the finite interval [0. i?] for > 0: 


= In |1 + x||q = In |1 + 7?| - In 1 = In |1 + 7?|. 


Now compute thelimitas 77 ->• oo: 


= I im 


= lim In |1 + R\ = oo; 


Jo 1 + X R — > OO J 0 1 + x R — > (X) 

thus, the integral does not converge, 
f 00 .v </* 
io a + a - 2 )2 

solution First evaluate the indefinite integral, using the substitution u = x 2 , du - 2 xdx\ then 
f x dx 1 r 1 1 1 

J (1 + x 2 ) 2 2 J (1 + M ) 2 2(« + l) 2(x 2 + 1) 

Thus, for 77 > 0, 


(x 2 + l) 2 V 2(x 2 + 1) 


1 i 1 
2(77 2 + l) + 2 


and thus in the limit 


= lim 


f R xdx 1 

— = T = - - lim 


1 1 


(x 2 + l) 2 R^ooJo (x 2 + l) 2 2 R^oo 2(77 2 + 1) 2 


29. / e x COS xdx 

Jo 

solution First evaluate the indefinite integral using Integration by Parts, with u = e~ x , v' - cosx. Then u' = -e~ 
v = sinx, and 

/ cos, * = «-' sin , - / sin *<-«->«* = sin , + / sin , *. 

Now use Integration by Parts again, with u - e~ x , i/ = sinx. Then «' = -e _ - Y , v = -cosx, and 
/ cos, * . Sin, + cos, - / cos, * . 

Solving this equation for / e“- Y cosx dx, we find 


<? A cos xdx = -e Y (sinx - cosx) + C. 


e x cos x dx = -e Y (si n x - cos x) = 


sin 7? -cos 77 sinO-cosO sin 77 -cos 77 1 

2e^ 2 = 2^ + 2’ 


e x cosx dx — lim 


sin 77 -cos 77 1\ . 1 1 

—5 + - =0+- = -. 


R->o o V 2e R 2 


solution The function (9 - x 2 ) 1 / 2 is infinite at x = 3, so we'll first evaluate the integral on the interval [0, 77] for 
0 < 77 < 3: 


. _1 X « . _1 77 . _1 „ . _l 77 

= sin cr = sin ^ — sin i 0 = sin — . 

3 o 3 3 
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Thus, 


l 


2 dx 
v^-x 2 R-i-3 


. _i R . _i , n 
= 1 1 m sin 1 — = sin 1 1 = — . 


33 - L ' 


dx 

*Jx 


solution L et u = ■Jx, du — \x - 1 -/ 2 dx. T hen 

e^ x dx 


f e -it- 2 f^(m)- 2 f^‘ l “- v+c - 2 ^ + ^ 


and 


l 


oo^dx 

— — — = lim 

R^-oc 


r«efd^ = |jm 2 e ^ ] R = |jm ( 2 e VS_ 2e ) = 1 

J 1 «Jx R—roo ll R— >oo \ ' 


The integral does not converge. 


35. 


r 

Jo 


Sin jr dx 


solution First evaluate the integral on the finite interval [0, /?] for R > 0: 


f 

Jo 


si n x dx — — cos x 


= — COS R + cosO = 1 - cosfi. 


Thus, 


f R 

/ si n x dx = lim (1-cos/?) = 1- lim cos R. 

J o R — >oo R^-oo 

This limit does not exist, si nee the value of cos/? oscillates between 1 and -1 as R approaches infinity. Hence the integral 
does not converge. 


37. J 1 


I n x dx 


solution The function In x is infinite at jr = 0, so we'll first evaluate the integral on [/?, 1] for 0 < R < 1. Use 
Integration by Parts with u = Inx and i/ = 1. Then u' = 1/x, v = x, and we have 


rl 

1 r 1 

/ Inx dx = x 1 n x 

— / dx = (x In x — x) 

Jr 

r Jr 


= (In 1 - 1) - (/? In R - R) = R - 1 - R In /?. 


Thus, 


f 

Jo 


In xdx= lim (R - 1 - R In /?) = -1 - lim R\nR. 

r^> o+ /? — ►o + 


To compute the limit, rewrite the function as a quotient and apply L'Hopital's Rule: 


I 1 

Jo 


I n R — 

\nxdx = -\- lim = -1 - lim = -1 - lim (-/?) = -1 - 0 = -1. 


R^0+ ± 


R^0+ 


-1 


R-* 0+ 


39. 


/„ 


1 In. 


■ dx 


solution Use Integration by Parts, with u - Inx and v' = x -2 . Then u' = 1/x, v = -x _1 , and 

Inx 


r Inx 1 , f 

/ — y dx = — I n x + 


dx 1 1 

— y = — Inx h C. 

x l x x 


The function is infinite at x = 0, so we'll first evaluate the integral on [/?, 1] for 0 < R < 1: 


J 1 

Ja 


Inx 


dx = I — Inx 


= --lnl-- - — In/? = — in /? h 1. 


R R 
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Thus, 


l 


1 In; 


dx = lim — In/JH 1 = - 1 + lim 


In R + 1 


/ o * 

The integral does not converge. 

dx 


0 + R R 


R 


41. Let / = 


-jT 


J 4 (jc — 2)(jc — 3) 

(a) Show that for /? > 4, 


L 


dx 


4 (x — 2 )(jc — 3) 

(b) Then show that / = In 2. 

SOLUTION 

(a) The partial fraction decomposition takes the form 

1 


= In 


R - 3 
R — 2 


-In 


A B 
+ 


(x — 2)(x — 3) x — 2 x — 3 

Clearing denominators gives us 

1 = A(x — 3) + B(x — 2). 

Setting x = 2 then yields A = -1, while setting x = 3 yields B = 1. Thus, 

f dx f dx f dx 

J (,-2)»-3> — / -3-J ^2 — ln| ^-3 | -'n[ i =-2| + c — 'n 


x — 3 | 
x — 2 


+ C, 


and, for R > 4, 


/: 


dx 


= In 


/4 (T - 2)(X - 3) 

(b) Using the result from part (a), 

/. /? — 3 

/ = lim In 

/?->o o V R — 2 


x — 3 


-2 


= In 


R — 3 


R — 2 


-'4 


- In - I = In 1 - In - = In2. 


/* t ^ 

43. Evaluate / = / — — or state that it diverges. 

Jo jc(2jc + 5) 

solution The partial fraction decomposition takes the form 

1 _ A B 

x (2x + 5 ) x 2x + 5 

Clearing denominators gives us 

1 = A(2x + 5) + Bx. 

Setting x = 0 then yields A = 5 , while setting x = - j yields B = Thus, 

f dx 1 f dx 2 f dx 1 1 1 1 Cl 1 

1 TaHT, = 5 1 T - 5 1 —1 = 5 ln| 1,1 " 5 ln 12,1 + ! 51 + c = 5 ln 

and, for 0 < R < 1, 


2x + 5 


+ C, 


[ l 1 | 

Jr x(2x + 5) 5 


2x + 5 


1 1 1 1 1 

-fS-I 1 " 


R 


2B + 5 


Thus, 


I = lim 
K— >0+ V 5 


1 , 1 1 . 
In — — — In 


R 


2R + 5 


= OO. 


The integral does not converge. 
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In Exercises 45-48, determine whether the doubly infinite improper integral converges and, if so, evaluate it. U se defini- 
tion ( 2 ). 


/ OO 

-oo i 


xdx 


45 

-oo 1 4- x^ 

solution U sing the substitution u = x 2 + 1, du - 2x dx, we obtain 


/ xdx 1 , o 

_ = -ln(^ +1) + C. 


Thus, 


r oo 

Jo 1 

f - 

J-oo 1 


x dx 


= 1 1 m 


f R xdx . 1 t 

I li rw lr»/ D£ 

Jo 1 


+ X 2 S-S-OoJo 1 + X 2 R^rOO 2 


^ = lim - ln(tf 2 + 1 ) = oo; 


x dx 


= lim 


T® xdx 
Jr 1 + x 2 


-ool + X 2 R^-ooJr 1 + x 2 R^-o o2 


= lim - ln (^ 2 + 1 ) = oo; 


It follows that 


r°° x 

j-ool 


00 xdx 
+x 2 


diverges. 

/ oo 
-00 


47 


xe x dx 


solution F i rst n ote th at 


Thus, 


/ 


-V 2 1 -V 2 

xe dx = — -e x + C. 


r°° _ r 2 r R _,- 2 /i i -» 2 \ i 

/ xe dx = lim / xe dx = lim - - -e = -; 
Jo R^ooJq R^o o\2 2 ) 2 


j: 


R^-oo Jr 


Q 

xe _v dx = lim / xe - " 1 dx = lim (— - + -e 
•J R 


R-+oo \ 2 2 

Mm , 

/?— >•— oo V 2 2 


1 1 » 2 


1 


and 


/ 


00 _ .2 11 
xe ' dx — - — - = 0. 
2 2 


dx f 0 dx T 1 dx 

— t- 75 " as the sum of the two improper integrals / - T7T + / -=- 5 -. Show that J converges and 
-l x J-i x 1 /^ Jo 


49. Define 7 = 
that 7 = 0 

solution Note that si nee x -1 / 3 is an odd function, one might expect this integral over asymmetric interval to be 
To prove this, we start by evaluating the indefinite integral: 


zero. 


/ 


LL - _v 2 /3 + c 
*1/3 “ 2 + 


Then 


/: 

i: 


dx 

= lim 

f R dx 

= lim -x 2 / 3 

r? 

= lim 3 r 2 /1- 3 =- 

3 

x 1 / 3 

1 

O 

t 

1-1 x 3 / 3 

fi^O- 2 

-1 

r^O- 2 2 

2 

dx 

= lim 

T 1 dx 

= lim ^x 2 / 3 

1 

3 ,■ 3 2/3 3 

-- lim -R 2 ' 3 = - 


x 1 / 3 

r?^o+. 

! R x 1 / 3 

fl^O+ 2 

R 

2 r^o+ 2 2 




= 0 


so that 
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/■oo 

51. For which values of a does / e ax dx converge? 

Jo 

solution First evaluate the integral on the finite interval [0,/?]fori? > 0: 


rR 1 ^ 1 / \ 

/ e ax dx=-e ax = - ( — 1 ) . 
Jo a o a \ > 


Thus, 


roo i . v 

/ e ax dx = lim -(e aR -\). 
J 0 W->oo a . V > 

If a > 0, then e aR -> oo as R oo. If a < 0, then e aR -> 0 as /? -> oo, and 


/•OO 1 . v 1 

/ e“Jx = lim - (>* - 1 ) = --. 

Jo W->oo a \ / a 


The integral converges for a < 0. 


53. Sketch the region under the graph of f(x) = T for -oo < x < oo, and show that its area is jr. 

1 + x L 

solution The graph is shown below. 



Since (1 + x 2 ) 1 is an even function, we can first compute the area under the graph for x > 0: 


f- 

Jo 1 


= tan 1 x| S =tan 1 R - tan 1 0 = tan 1 R. 
+ x 2 lo 


Thus, 


By symmetry, we have 


/•OO 

Jo i 


dx 


... -l rr 
= lim tan 1 R = -. 


+ x^ W-»o o 


r°° dx 

r dx i f 

J —oo 1 "b J 

-oo 1 + X 2 Jo 


00 dx n n 
1+^2 = 2 + 2 = T ' 


55. Show that 
solution Thei 


r°° dx r°° 

/ converges by comparing with / x 3 dx. 

J 1 x ~F 4 Ji 


c 3 + 4 

rc 

ntegral J 


x 3 dx converges because3 > 1. Sincex 3 + 4 > x 3 , it follows that 


1 1 

< 


t 3 + 4 x 3 


Therefore, by the comparison test, 


j i: 


dx 

c 3 +4 


converges. 


57. Showthat0<e <e x for x > 1 (Figure 10). U se the Comparison Test to show that / 0 °° e xl dx 

converges. FI int: It suffices (why?) to make the comparison for x > 1 because 


- r 1 f 1 _v 2 f -v 2 

I e dx = I e x dx + I e x dx 

Jo Jo J 1 
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FIGURE 10 Comparison of y = e I* 1 and y = e 
solution For x > 1, x 2 > x, so -x 2 < - x and e _A ' 2 < e~ x . N ow 




e x dx converges, so / e x dx converges 


i; 


by the comparison test. Finally, because e x is continuous on [0, 1], 


r 

Jo 


e x dx converges. 


We conclude that our integral converges by writing it as a sum: 


f e x dx = f e x dx + f e x dx 

Jo Jo J 1 


■i; 


r *00 ^ — sin X 

59. Show that / = — dx converges. 


^ si n x 2 poo 

solution Let/(x) = o — . Since /(x) < and / 2x“ 2 dx = 2, it follows that 

x l x l J i 

r 


r»00 1 _ cjn x 

, dx converges 


by the comparison test. 

In Exercises 61-74, use the Comparison Test to determine whether or not the integral converges. 

r°° l 
61. / 

A yy: 


: dx 


yy+2 

solution Since v/x 5 + 2 > -Jx^ = j 5 / 2 , it follows that 


1 1 

< 


The integral 


poo 

J dx/x^J 2 


yyri ~ * 5/2 ' 


converges because § > 1. Therefore, by the comparison test: 


I 


dx 


V x 5 + 2 


also converges. 


r c 

63 -l 


dx 


fx-\ 


solution Since . 7 * > \fx - 1, we have (for x > 1) 


1 1 

< 


fx Jx — 1 


rOO rOO 

Theintegral / dx/^fx= / dx/x 1 ^ 2 diverges because \ < 1. Si nee the function x / 2 iscontinuous (and therefore 

^ ^ roo 

finite) on [1, 3], we also know that J dx/x 1 ^ 2 diverges. Therefore, by the comparison test, 

f°° dx 
J3 \[x - 1 


also diverges. 
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/ OO 1 

e -(x+x ) dx 


solution For all x > 1, | > 0 so x + ^ > x . Then 


-( x+x *) < -x and e (x+x ^ < 


The integral / e x dx converges by direct computation: 


Therefore, by the comparison test, 


/ OO _i 

e -(x+x ) also converges. 


solution For 0 < x < 1 , e x > 1 , and therefore 


1 e x 

~ 2 < ““ 2 ‘ 
x*- x*- 


Theintegral f dx/x 2 diverges since 2 > 1. Therefore, by the comparison i 
Jo 

f 1 e x 

/ also diverges. 

Jo x L 

r 1 1 

69. / — r -dx 

JO x H + x 


solution For 0 < jc < 1, jc 4 + +/X > «Jx, and 


1 1 

< — . 

+ \/x \[x 


Theintegral f {l/^/x)dx converges, since/? = l < 1. Therefore, by the comparison test, 
Jo 

f 1 dx 

/ — also converges. 

So .v 4 + V* 


h VjtI/3 + jc3 

solution For.*>0, x/.V 1 / 3 + X 3 > 'Jx 3 = X 3 / 2 , so that 


1 ^ 1 

/xW+x* ^ 


POO 

The integral J x~ 3 ^ 2 dx converges since p = 3/2 > 1. Therefore, by the comparison test, 


f—J 
J yvvB 


.dx also converges. 


x+ 3 +x 3 


J 1 (x + X 2 ) 1 / 3 

Hint for Exercise 73: Show that for jr > 1, 


1 ^ 1 

(x + x 2 ) 1 / 3 ~ 2 1 /3. t 2/3 
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solution F or x > 1, x < x 2 so that x + x 2 < 2.x, then 

■ dx > 


r°° l 

J 1 (x + X 


2 ) 1/3 


f°° 1 i f°° i 

A (2^173 2V3 A ^273 


<7x 


But 


r°° l 

/ ^ 5 -r dx diverges since p = 2/3 < 1. Therefore, by the comparison test, 

/l x^' ^ 


75 . Define y = 


f 

Jo 


dx 


xV 2 (x + l) 


r°° l 

/ diverges as well. 

Jl (X+A 2 ) 1 / 3 


as the sum of the two improper integrals 


r 1 dx r 

Jo A 1 / 2 (a + 1) "il 


dx 


a 1 / 2 (a + 1) Ji a 1 / 2 (a + 1) 

Use the Comparison Test to show that J converges. 

solution For the first integral, note that for 0 < x < 1, we have 1 < 1 + x, so that x 1 / 2 (x + 1) > x 1 / 2 . It follows 
that 


f 1 - T7T 1 dx < f 

Jo x 1 / 2 (x + l) Jo 


1 1 

, 1/2 


dx 


which converges since p = 1/2 < 1. Thus the first integral converges by the comparison test. For the second integral, 
for 1 < x, we havex 1 / 2 ^ + 1) = x 3 / 2 + x 1 / 2 > x 3 / 2 , so that 


/’CO 2 /’OO /’CO ]_ 

A x 1 / 2 (x + 1) dX = Ji x3/2+xl/2^-A x 3 7 2 


dx 


which converges since p = 3/2 > 1. Thus the second integral converges as well by the comparison test, and therefore y, 
which is the sum of the two, converges. 

77 . A n investment pays a dividend of $250/year continuously forever. If the interest rate is 7%, what is the present value 
of the entire income stream generated by the investment? 

solution The present value of the income stream after T years is 

_ — 0 . 07 / 


/„ 


250 ,-°- 07 'y/= 250e 


-0.07 


T 

“ 25 ° ( —0.01 T 1 


i -0.07T) 

o ■ °' 07 1 

> 0.07 V 

1 e J 


Therefore the present value of the entire income stream is 

- T 

T^ooJq 


r 

Jo 


250e -0 07 ' = lim 


250e-° 07r = lim 250 


'^h-e-W T ) = ^a-0)=^ = $ 35 71 . 43 . 

.07 V ) 0.07 0.07 


250 


T— >oo 0 


79 . Compute the present value of an investment that generates income at a rate of 5000/e° 01 ' dollars per year forever, 
assuming an interest rate of 6%. 

solution The present value of the income stream after T years is 

rT 


J (5000/e 0 01, )e“° 06, * = 5000^ te~ 0 0St dt 


Compute the indefinite integral using Integration by Parts, with u = t and v' = e Then u! = 1, v = 
(— l/0.05)e _ °- 05r , and 


/ 


, - 0 . 05 / „- 0 . 05 / , 

fe dt = m e + o 


tJ 


e-0.05, dt = _ 20re -0.05/ + 4^ e - 0 ■ 05, + C 


-0.05 


— e U U5/( — 20/ — 400) + C. 


Thus, 


5000 



re -°- 05r dt = 5000e _0 05, (— 20/ - 400)|g = 5000 e -°- 057 ’(-20r - 400) - 5000(— 400) 


= 2.000.000 - 5000e _ ° 05r (20r + 400). 
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Use L'Hopital's Ruleto compute the limit: 


lim (2,000,000 

T-+oc \ 


5000(207 + 400) \ 


2 , 000,000 


5000(20) 

tToo 0 . 05 ^. 057 - 


= 2 , 000,000 - 0 = $ 2 , 000 , 000 . 


81. The solid S obtained by rotating the region below the graph of y = x 1 about the x-axis for 1 < x < 00 is called 

Gabriel’sHorn (Figure 11). 

(a) Use the Disk M ethod (Section 6.3) to compute the volume of 5. Note that the volume is finite even though S is an 
infinite region. 

(b) It can be shown that the surface area of S is 


A = 2rt J x ^\/l + x 4 dx 

Show that A is infinite. If S were a container, you could fill its interior with a finite amount of paint, but you could not 
paint its surface with a finite amount of paint. 



FIGURE 11 


SOLUTION 

(a) The volume is given by 


V = 




— I dx. 


First compute the volume over a finite interval: 

-R / -i \ 2 r R 


L 'G) dx=n L 


— ) dx = n I x ^ dx = n 


-1 


-1 


= ,r| T-T l=jr|1 -^ 1 - 


Thus, 


V = lim f tcx ^ dx = lim n ( 1 = n. 

R— >00 Ji R^-oo \ RJ 


(b) For x > 1, we have 


- '/l + -4 — - 


1 1 /x 4 + l /x 4 + 1 N G ? x 2 1 


r°° 1 

The integral / - dx diverges, since p = 1 > 1. Therefore, by the comparison test, 

J 1 jc 

r°° 1 I T 

/ — Jl h — 4 dx also diverges. 

i/l x V 


Finally, 


A = 2n 




-4 dx 


diverges. 
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83. When a capacitor of capacitance C is charged by a source of voltage V, the power expended at timer is 

P(t)= Yl {e -</ R C _ e -2rlR C) 

R 

where R is the resistance in the circuit. The total energy stored in the capacitor is 

rOO 

W = / P(t)dt 
JO 

Show that W = jCV 2 . 

solution The total energy contained after the capacitor is fully charged is 

W = ^f (e~'/ RC - e~ 2 t / RC )dt. 

The energy after a finite amount of time (t = T ) is 

j 

^ fo ( e ~ ,/RC ~ e ~ 2t,RC ) dt = T (- RC e- ,/RC + ^-e- 2 '/ RC ^ 

= V 2 C [(-e~ T / RC + \e- 2j l RC ) - (-1 + *)' 

= C y 2 (i- e - r / RC + ^- 2r / sc ). 


W= lim CV 2 (]- -e~ T/RC + \ e - 2T l RC \ = cv 2 (\ -0 + o) = l-CV 2 . 
T^O O V 2 2 / V 2 7 2 


85. Conservation of Energy can be used to show that when a massm oscillates at the end of a spring with spring constant 
k, the period of oscillation is 


= 4v7m 

Jo 


dx 

JlE — kx 2 


where E is the total energy of the mass. Show that this is an improper integral with value T = 2njm]k. 
solution The integrand is infinite at the upper limit of integration, x = JTEjk, so the integral is improper. Now, let 




Therefore 


T= lim T(R) = 4 
R^flEjk 


sin 1 (1) = 2 jt 



In Exercises 86-89, the Laplace transform of a function f{x) is the function Lf{s) of the variable s defined by the 
improper integral (if it converges): 

POO 

Lf(s) = / f(x)e~ sx dx 

Jo 

Laplace transforms are widely used in physics and engineering. 

01 

87. Show that if f(x) = sin ax, then Lf(s) = , y . 

solution If f(x) = sin ax, then the Laplace transform of fix) is 

POO 

Lfis)= / e sx si n ax dx 

Jo 
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First evaluate the indefinite integral using Integration by Parts, with u = sinew and v' = e sx . Then u' = a cosax, 
v = — \e~ 


and 


/ 


e sx Si n ax dx = — e 5 *sinarjt-[ — / e sx COS axdx. 


/■ 


Use Integration by Parts again, with u = cosax, v' = e~ sx . Then u' - -a sin ax, v = -\e~ sx , and 


/ 


-cr 1 — cr a « v r • 

e sx COSaxdx = --e COSax / e AX Sin axdx. 


/■ 


5 X 

Substituting this into the first equation and solving for / e~ sx sin axdx, we get 
ax dx — e~ sx sin ax =r e~ sx COSax 


J e sx sin 
J e~ sx sin 


ax dx = 


S S L 

-e~ sx (i sin ax + ^ COSax] 


/ 


e sx si n ax dx 


( 1+ ?) 


— e sx (s sin ax + a COSax) 
x^ + a^ 


Thus, 


/„ 


R 1 

e sx sin ax dx — 


x ^ + a^ 


x sin aR + a COSaR 0 + a 


„sR 


-1 


+ a^ 


x SinaT? + a COSaT? 


„sR 


Finally we take the limit, noting the fact that, for all values of R, |xsina77 + a cosa77| < x + |a| 


Lf(s)= lim 


R — >oo x^ + a^ 


x SinaT? + a COSaR 

~Xr 


1 „ a 

(a - 0) = 


x ^ + a^ 


x^ + a^ 


89. Compute Lf(s), where /(x) = cosax and x > 0. 
solution If /(x) = cosax, then the Laplace transform of /(x) is 


L/(x) = [ e sx COS axdx 
JO 

First evaluate the indefinite integral using Integration by Parts, with u = cosax and v' - e~ sx . Then u = -a sin ax, 
v = and 


/ 


£ COSax dx = e COSax / £ 5 *sinaxdx. 


/■ 


Use Integration by Parts again, with u = sin axdx and i/ = -e~ sx . Then «' = a cosax, t> = and 


/ 


e Sin ax dx = --e sx sin ax + - e sx COSax dx. 


/■ 


Substituting this into the first equation and solving for / e S - T cosax dx, we get 


f e sx COS axdx = --e sx COSax - - 

1 „ r . a f 

— e Sinax+- / e COSadx 

J s s 

x s J 


/ 


1 

5 

SX 


= --e J ' T cos ax + -y e “ sin ax - 




COS ax dx 


e SA COS ax dx = 


( fi si n ax ] cos ax j e -sx s j n ajc _ y cos a Y ) 


1 + 


x^ + a^ 


Thus, 


/o 


* _ 1 
e sx COS ax dx = 


x^ + a^ 


' Sin a 7? — J COSaT? 0-x' 


„sR 


e ■ 5Jl 1 

Finally we take the limit, noting the fact that, for all values of R, \a sin aR - s cosaR\ < |a| + x 


Lf{s) = lim 


R— >oo x^ + a^ 


x + 


a sin aR - s COSaR 


„sR 


1 „ « 
(.S + 0) = 


x^ + a^ 


x 2 4- efi 
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91. 


L et = 


poo 

'n = / X n 
JO 


e ax dx, where n > 1 is an integer and a > 0. Prove that 


Jn — —Jn — 1 
a 


and Jq = 1/a. Use this to compute J 4 . Show that J n = n\/a n+1 . 

solution Using Integration by Parts, with u = x n and v' = e~ ax , we get u' - wjc" -1 , v = -\e~ ax , and 

1 


h" 


e~ ax dx = --x n e~ 0lx + - 
a a 


h "- 1 


~ i e~ olx dx. 


Thus, 


r°° /I \ K n r°° 1 -R" n 

J„= x n e~ ax dx = lim x n e ~ ax ) +-/ x"- 1 e- ax dx= lim F + 0 +-/„_i. 

Jo R^O o V a / 0 01 Jo 




Use L'H opital's Rule repeatedly to compute the limit: 


lim 


„aR 


- lim 


—nR 


n — 1 


R— >00 ae aK R—*oo oi^e aR 


= lim 


— n(n — 1 )R 


n — 2 


R— >00 a^e aR 


= ■ ■ ■ = lim 

r ?— >00 


-h(h - 1)(« - 2) • • • (3)(2)(1) 




= 0 . 


Finally, 


7o can be computed directly: 


n n 

Jn — Od J n — 1 = — Jn— 1- 

a a 


pO 0 

C R 

--e~ ax 

R 



e~ aR - l) 

/ e~ ax dx — lim 

e~ ax dx= lim 


= lim 

Jo R^ooJ 

0 i ?— >00 

a. 

0 

R—>o 0 

a V 

/ 


l) = --(0 - 1) = -■ 

> a a 


With this starting point, we can work up to J/\\ 


1 1 /I 

J\ = --/o = ( - 

a a \a ) a 

_ 2 _ 2 / 1 \ _ 2 _ 2! 

2 a a \a^/ a 3 ’ 

3 3 / 2 \ 6 3! 


^ a^ 2 a \a 3 / a 4 a 3+1 ’ 

4 / 6 \ 24 4! 


J 4 = -J 3 = - -T = -X = 


a a \ a 1 * / a J a 4 +l 

We can use induction to prove the formula for J n . If 

(n - 1)! 

Jn-l — 


then we have 


n n (n — 1)! n\ 

Jn = -J„-l = „ 

a a a" 


n + 1 ■ 


93. [_ gj According to Planck’s Radiation Law, the amount of electromagnetic energy with frequency between v 
and v + Av that is radiated by a so-called black body at temperature T is proportional to F( v) Av, where 


F(v) = 



e hv/kT _ ^ 


where c, /?, k are physical constants. U se Exercise 92 to show that the total radiated energy 


rOO 

E= / F(v)dv 

Jo 

is finite. To derive his law, Planck introduced the quantum hypothesis in 1900, which marked the birth of quantum 
mechanics. 
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solution The total radiated energy £ is given by 


L 


00 871/2 r°° v 3 


E = / F(v) dv = 


/. 


c 3 Jo e hv ! kT - 1 


dv. 


Let a = h/kT. Then 


£ = 


8 tt /7 /- 00 v 3 


f 

Jo 


- 1 


dv. 


Because a > 0 and 8 j rA/c 3 is a constant, we know £ is finite by Exercise 92. 


Further Insights and Challenges 

95. Let 


r dt 

Fix) = \ — and 

J2 In t 

F(x) 


GW = 1 — 

In x 


Verify that L'Hopital's Rule applies to the limit L = lim — — and evaluate L. 

x—>oo G(x) 

solution Because In t < t for t > 2, we have ^ > 3 for t > 2, and so 


r x dt f x 
J2 I n t J 2 


F(x) = / ; — > / — = In x — In 2 
r 


Thus, £(*) 00 as .v ->• 00 . M oreover, by L'Hopital's Rule 


lim G(x)= lim - — = lim x = 00 . 

JC— >00 x — >00 \/x x— >00 

Fix) 

Thus, lim — — is of the form 00 / 00 , and L'Hopital's Rule applies. Finally, 

x-+oo G(x) 


L = lim 


Fix) 


= lim = lim 

lnx -1 

(irTTF 


In. 


= lim 


x^-oo G(x) x-»oo lnj-l x->oo|nx-l *-»oo 1 - ( 1 / In x) 


= 1. 


In Exercises 96-98, an improper integral l = / fl °° f(x)dx is called absolutely convergent if / fl °° |/(x)|r/.v converges. 
It can be shown that if / is absolutely convergent, then it is convergent. 


r°° _ 2 

97. Show that J e x zosxdx is absolutely convergent. 

r° 0 _ 2 r°° _ 2 

solution By theresultof Exercise57,weknowthat / e x dx is convergent. Then / e x dx is also convergent. 
Because | cos jc| < 1 for all x, we have 


e x COSx = | COS .T | \e x < e x \ =e x 


Therefore, by the comparison test, we have 


r 


e x cos.t dx also converges. 


Since J e x ~ cos xdx converges absolutely, it itself converges. 

99. The gamma function, which plays an important role in advanced applications, is defined for n > 1 by 


roo 

r(n) = / t n i e ' dt 
Jo 

(a) Show that the integral defining r in) converges for n > 1 (it actually converges for all n > 0). H int: Show that 
t n ~ 1 e~ t < t~ 2 for t sufficiently large. 

(b) Show that r in + 1) = nV(n) using Integration by Parts. 

(c) Show that Tin + 1) = n\ if n > 1 is an integer. H int: Use (a) repeatedly. Thus, T(n) provides a way of defining 
72-factorial when n is notan integer. 




520 CHAPTER 8 | TECHNIQUES OF INTEGRATION 


SOLUTION 

(a) By repeated use of L'Hopital's Rule, wecan compute the following limit: 

e* e* c* 

lim — = lim — = ■■■= lim — = oo. 

f->oo t n +L i— >0 o (n + 1 )t n r— >oo (/? + 1)! 


This implies that, for t sufficiently large, we have 


therefore 


e' > r" +1 ; 


e t t n+ 1 i i , 

— r > — T = t 2 or t" 1 e ' < t 2 . 

n—L ~ fti—i ~~ 


The 


integral J 


t 2 dt converges because p — 2 > 1. Therefore, by the comparison test, 


r ° o _ 1 

/ t n L e ' dt also converges, 
Jm 


where M is the value above which the above comparisons hold. Finally, because the function t n ~ l e~' is continuous for 
all t, we know that 

poo 

r(n) = / r" _1 e _r dt converges for all « > 1. 

Jo 

(b) Using Integration by Parts, with u = t n and v' - e~‘ , we have u' = nr" -1 , v = -e~' , and 

poo poo 

T(n + 1) = J t n e~ t dt= -t n e~ t \ ( ^ D -\-n J t n ~^e~ t dt 

/ _R n \ 

— lim ( — 0 ) + nr(n) — 0 + nT(n) = nT(n). 


R— >oo \ e 

Here, we've computed the limit as in part (a) with repeated use of L'Hopital's Rule, 
(c) By the result of part (b), we have 


r (n + 1) = «r(«) = n(n - l)r (n - 1) = n(n - 1 )(n - 2)F(n -2 ) = ••• = n! r(l). 


If n = 1, then 


Thus 


r(i) = 


poo 

f e-> 

Jo 


dt — lim —e ’ 
R->o o 


R 

= lim 

0 R — >■ oo 




= i. 


T(n + !)=«! (1) = n! 


8.7 Probability and Integration 

Preliminary Questions 

1. The function p(,v) = cosx satisfies [ p{x)dx = 1. Is p(x) a probability density function on [-n/2, rr]? 

J—tz/2 

solution Since p(x) = cosy < 0 for some points in (-n/2, n), p(x) is not a probability density function. 

2 . Estimate P( 2 < X < 2.1) assuming that the probability density function of X satisfies p( 2 ) = 0.2. 
solution P( 2 < X < 2.1) rs p( 2) ■ (2.1 — 2) = 0.02. 

3. Which exponential probability density has mean /x = |? 

solution -i— e - - T /(i/4) = 4 e ~ 4x , 
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Exercises 

In Exercises 1-6, find a constant C such that p(x ) is a probability density function on the given interval, and compute the 
probability indicated. 

C 

1 . p(x)= y on [0, oo); P(0 < Jf < 1) 

1 (x + l) 3 ~ ~ 

solution Compute the indefinite integral using the substitution u = x + 1, du - dx\ 

J p(x) dx = J 


C 

dx = -~C(x + 1)“ 2 + K 

(x + l) 3 2 


For p(x) to be a probability density function, we must have 

1 , R l l 7 l 

1= / p(x)dx = --C lim (.r + lr 2 = -C - -C lim (fl + lr 2 = -C 

J o 2 R—>-oo q 2 2 R->oo 2 

so that C = 2, and p{x) = ( ^ 1)3 .Then using the indefinite integral above, 


P(0 < X < 1) = 


f 

Jo 


T77 — — ~ ■ 2 ■ (jt + 1) 

(x + l) 3 2 


0 -" 4 +1 -4 


3. p(x) = 


on (-1.1); P(-j<X < £) 


\/l — x ^ 

solution Compute the indefinite integral: 


J p(x) dx = C J -j = — , 


:dx = C sin 1 x + K 


valid for -1 < x < 1. For p(x) to be a probability density function, we must have 


1 = f p(x) dx = f p(x) dx + f p(x)dx = C ( lim sin * x 

J - i J - i Jo y«^-i+ 


+ lim sin 1 x 
r l- 


sothatc = i and p(x) = 


= C sin (0)- lim sin (R)+ lim sin i 7?-sin i (0) 
\ r^-i+ 

= C (- sin _1 (-l) + sin -1 (l)) = nC 

.Then using the indefinite integral above, 


rvCT 


/ 1 

i\ 

r 1/2 

1 ■ 1 

V2 ! / 


/ p(*) dx = 

— sin i * 

= -( 

\ z 

z / 

1-1/2 

TC 

-1/2 77 V 


5. p(x) = cVl-x 2 on (-1.1); / > (-2<2f5l) 

solution Compute the indefinite integral using the substitution x = sin w, so that dx = cosudw. 


J p(x)dx = C j y'l — x 2 dx = C J \j 1 — sin 2 u COS udu = C J cos Judu 


(\ 1 . \ 

= C I 2 " + 2 C0Si ' sin u \ + K 

Since* = sin u, we construct the following right triangle: 



and we see that cos u = v 7 1 - x 2 , so that 

J p( x) dx = -C ^sin — 1 * + xyj\ — x^j 


+ K 


522 CHAPTER 8 | TECHNIQUES OF INTEGRATION 


For p(x) to be a probability density function, we must have 

1 = J p(x) dx = x -c (sin -1 * + jcVi -* 2 ) | = ^C(sin -1 1 - si n — 1 ( 

so that c = 2 and p(x ) = : ; Jl - x 2 . Then using the indefinite integral above, 

l\ = f — Vl — x 2 dx = — (sin - '*' x + xy/l — 

/ J- 1/2 rr rr V / 




- 1 )) = 


1 

- 1/2 


= — (sin 1 1 + 0 - sin 1 ^ 




1 / JT _ -n V3 \ _ 2 V3 
n\2~^ + ^f)~3 + ^r 


0.804 


7. Verify that p(x) = 3* -4 is a probability density function on [1, oo) and calculate its mean value. 
solution We have 


// 


3x ^ dx — I i m ( — 

R — >oo 


(-- 3 ) 


R 


= lim — T +1 = 1 

1 R^o o\ R 5 , 


so that p(x) is a probability density function on [1, oo). Its mean value is 

R 

v-2 

2 


roo rOO 3 

I x ■ 3x~^ dx= 3x~ x dx = — -x~ 

J 1 J 1 


( 3 \ 3 3 

1 R^o o \ 2R 2 J 2 2 


9. Verify that p(t) = ^ e f / 50 satisfies the condition 
/o°° p(t)dt = 1. 

solution U se the substitution m = ,4, so thatdM = ^dt. Then 


rOO rOO l rOO 

/ p(t) dt = / —e~ t ^°dt= / e~ u du = lim (- e - " ) 

Jo Jo 50 Jo fi->oo 


= lim 1 - e s = 1 

0 R—>oo 


11. T he life X (in hours) of a battery in constant use is a random variable with exponential density. W hat is the probability 
that the battery will last more than 12 hours if the average life is 8 hours? 

solution If the average life is 8 hours, then the mean of the exponential distribution is 8, so that the distribution is 

p(x) = 

T he probability thatthe battery will last more than 12 hours is given by (usi ng the substitution « = x/8, sothattfw = 1/8 dx 
and x = 12 corresponds to u = 3/2) 


roo roo \ Q C 

P(X > 12)= / p(x) dx : — / -e~ x !° dx = I 

J 12 Jl2 8 J 3 


e “ du = lim (-*? ") 
3/2 /?-m> o 


3/2 


= e“ 3 / 2 - lim e -S = e~^ 2 ™ 0.223 

R->oo 


13. The distance r between the electron and the nucleus in a hydrogen atom (in its lowest energy state) is a random 
variablewith probability density p(r) = 4 a^ 3 r 2 e~ 2r ^ aa for r > 0, where oq is the B ohr radius (F igure 7). Calculate the 
probability p thatthe electron is within one Bohr radius of the nucleus. The value of «o is approximately 5.29 x 10 -11 
m, but this value is not needed to compute P. 

p(r) 



FIGURE 7 Probability density function p{r) = 4 a n 3 r 2 e 2l '/ a °. 
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solution The probability P is the area of the shaded region in Figure 7. To calculate p, use the substitution a = Ir/atf. 


ra o 

P = / p(r) dr 
JO 



r 2 e -2r/ao dr = 



we “ du 


The constant in front simplifies to j and the formula in the margin gives us 


P =1 f " 2 e~ u du = * (-(ii 2 + 2;/ + * (2 - 10e“ 2 ) - 0.32 

Thus, the electron within a distance «o of the nucleus with probability 0.32. 

In Exercises 15-21, F(z) denotes the cumulative normal distribution function. Refer to a calculator, computer algebra 
system, or online resource to obtain values of F(z). 

15. Express the area of region A in Figure 8 in terms of F(z) and compute its value. 


y 



FIGURE 8 Normal density function with p = 120 and a = 30. 
solution The area of region A is i=*(55 < X < 100). By Theorem 1, we have 

/ 100 — 120 \ / 55 — 120 \ / 2\ / 13\ 


0.237 


17. Assume X has a standard normal distribution (p = 0, a = 1). Find: 

(a) P(X < 1.2) (b) P(X > -0.4) 

SOLUTION 

(a) P(X < 1.2) = F(1.2) w 0.8849 

(b) P(X > -0.4) = 1 -P(X< -0.4) = 1 - F(— 0.4) sa 1 - 0.3446 ~ 0.6554 

19. £Sj Use a graph to show that F{-z) = 1 - F(z) for all z. Then show that if p(x) is a normal density function 
with mean p and standard deviation a, then for all r > 0, 


P{p -ra < X < p + ra) = 2F(r) - 1 


solution Consider the graph of the standard normal density function in Figure 5. This graph is symmetric around the 
y-axis, so that the area under the curve from z to oo, which is 1 - F(z ), is equal to the area under the curve from -oo 
to -z, which is F(-z). Thus 1 - F(z) - F(-z )■ Now, if p(x) is a normal density function with mean p and standard 
deviation a, then for r > 0 (so that the range p-ra <X < p + ra is nonempty), 


P(p — ra < X < p + ra) = F 


p + ra — p 
a 


p — ra 
a 


= F(r) - F(—r) = F(r) - (1 - F(r» = 2 F(r) - 1 


21. A bottling company produces bottles of fruit juice that are filled, on average, with 32 ounces of juice. Due to random 
fluctuations in the machinery, the actual volume of juice is normally distributed with a standard deviation of 0.4 ounce. 
Let P be the probability of a bottle having less than 31 ounces. Express p as an integral of an appropriate density function 
and compute its value numerically. 

solution The associated cumulative distribution function is 


/(z) = 


1 


OAs/Tn 



-(x- 32) 2 /Q-0A 2 ) dx 


e 
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To compute the value numerically, we use the standard normal cumulative distribution function F(z): 


HX < W .F (££ ^ /_£ e- 1 **, „ 0.0062 


In Exercises 23-26, calculate p and a, where a is the standard deviation, defined by 

/OO 

(x — p) 2 p(x) dx 

-OO 

The smaller the value of a, the more tightly clustered are the values of the random variable X about the mean p. 
23. p(x) = on [1, oo) 

solution The mean is 


[ xp(x)dx = f -x -572 dx = — -x _3|/2 — 

J 1 J 1 2 3 i 3 


p OO /’OO 5 

a 2 = (x — p) 2 p(x) dx = / (x 2 —2px + p )=x~ 2 / 2 dx 

J 1 Jl 2 

= J ff~ 3/2 - 2/zx- 572 + m 2 x- 772 6/x = J (-2x“ 172 + ^x“ 3/2 - ^ 2 x- 5/2 ) |“ 


5 / 4 2 2 \ 5 / 4 5 2 25\ 20 

_ 2\ 2 3 M+ 5 M )“2l 2 3 3 + 5 9 j “ 9 


25. p(x) = 1:73 on [0, oo) 

solution This is an exponential density function with mean p = 3. The standard deviation is 

a 2 = J fix - 3 ) 2 e~ x ^dx = ] f (xV* 73 - 6xe~ x ^ + 9 e “* 73 ) , 

1 r°° -> r°° poo 

= 5 / xV* 73 dx - 2 / xe~ x ^ dx + 3 e- x ' 1 dx 

3 Jo Jo Jo 


We tackle the third integral first: 


roo OO 

/ e _x73 dx = -3e“* 73 = 3 

Jo 0 


For the second integral, use integration by parts with u = x, v' = e - r73 so that u' = 1 and v = -3e * 73 . Then 

pOO OO pOO 

/ xe - * 73 dx — —3xe~ x ^ +3 e ~ x 73 dx = 0 + 3 • 3 = 9 

Jo 0 Jo 

Finally, the first integral is solved using integration by parts with u = x 2 , v' - e~ x ! 2 so that u' = 2x and v = -3e - * 73 ; 
then 

/’OO _ OO /*oo 

/ x 2 e~ x ^dx = — 3x 2 e _ * 73 +6/ xe - * 73 dx = 0 + 6 • 9 = 54 

Jo 0 Jo 


1 /■oo poo 

= - j x 2 c~ x 2 dx - 2 j xe~ x ^ dx + 3 j e~ x ^ dx 


= ^ • 54-2-9 + 3-3 = 9 


and, finally, 
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Further Insights and Challenges 

27. £5jfi The time to decay of an atom in a radioactive substance is a random variable X. The law of radioactive 
decay states that if N atoms are present at time t = 0, then Nf(t) atoms will be present at time t, where fit) = e~ kt 
(k > 0 is the decay constant). Explain the following statements: 

(a) The fraction of atoms that decay in a small time interval [t, t + Ar] is approximately -fit) At. 

(b) The probability density function of X is - fit). 

(c) The average time to decay is l/k. 

SOLUTION 

(a) The number of atoms that decay in the interval [r, t + A?] is just fit) - fit + At); the statement simply says that 
fit) - fit + At) & —f'(t)At, which is the same as saying that 

_ f(t) - f(t + At) _ fit + At) - fjt) 

1 At At 


which is true by the definition of the derivative. Intuitively, since fit) is the instantaneous rate of decay, we would expect 
that over a short interval, the number of atoms decaying is proportional to both fit) and the size of the interval. 

(b) The probability density function is defined by the property in (a): the probability that X lies in a small interval 
[r, t + Ar] is approximately pit) At, so that pit) = - fit). 

(c) The average time to decay is the mean of the distribution, which is 

pOO pOO 

/-t = / t ■ i—fit)) dt = — I tfit)dt 
Jo Jo 

We compute this integral using integration by parts, with it = t,v' = fit). Then u' — 1, v = fit), and 


Since fit) = e~ kt , we have 



tfit)dt = -tfit) 


00 

0 


+ 


/•OO 

/ fiOdt. 

Jo 


-tfit)\T = lim —te 
10 R^oo 


-kt 


R g y 

= lim -Re~ Rt + 0= lim - s -= lim — ^ = 0. 
0 /?— >o o R^o o e ^ R-±oo Re Kt 


Here we used L'H opital's Rule to compute the limit. Thus 


M = 


poo pc 

/ f(t)dt = 

Jo Jo 


e kr dt. 


Now, 



Because k has units of (time) p. does in fact have the appropriate units of time. 


8.8 Numerical Integration 

Preliminary Questions 

1. W hat are T\ and Tj for a function on [0, 2] such that /(0) = 3, /(l) = 4, and /(2) = 3? 
solution Using the given function values 

T\ — ^(2)(3 + 3) = 6 and T 2 = ^(1)(3 + 8 + 3) = 7. 

2. For which graph in Figure 16 will T N overestimate the integral? What about M N 1 

y y 



FIGURE 16 
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solution T n overestimates thevalue of theintegral when theintegrand isconcaveup; thus, T N will overestimate the 
integral of y = g(x). On the other hand, M N overestimates the value of the integral when the integrand is concave down; 
thus, m n will overestimate the integral of y = fix). 

3. How large is the error when the Trapezoidal Rule is applied to a linear function? Explain graphically. 
solution TheTrapezoidal Rule integrates linear functions exactly, so the error will be zero. 

4. What is the maximum possible error if T, 4 is used to approximate 

f f(x)dx 
JO 

where |/"(x)| < 2 for all x. 

solution The maximum possible error in 74 is 


max |/"(x)| 


( b — a ) 3 
12 n 2 


^ 2(3 -0) 3 
“ 12(4)2 


_9_ 

32 ' 


5. What are the two graphical interpretations of the M idpoint Rule? 

solution The two graphical interpretations of the M idpoint Rule are the sum of the areas of the midpoint rectangles 
and the sum of the areas of the tangential trapezoids. 


Exercises 

In Exercises 1-12, calculate T N and M N for the value of N indicated. 


f 

Jo 


jr dx, N = 4 


solution Let f(x) = x 2 . We divide [0, 2] into 4 subintervals of width 

2-0 1 
= — =2 

with endpoints 0, 0.5, 1, 1.5, 2, and midpoints 0.25, 0.75, 1.25, 1.75. With this data, we get 

1 1 


r 4 = - • - ( 0 2 + 2 ( 0 . 5) 2 + 2 ( 1) 2 + 2 ( 1 . 5) 2 + 2 2 ) 
M 4 = i(0.25 2 + 0.75 2 + 1.25 2 + 1.75 2 ) = 2.625. 


= 2.75; and 


j -r 


dx, N = 6 


solution Let f(x) = x 3 . We divide [1, 4] into 6 subintervals of width 


4-1 1 

Aa “ “ 6 “ “ 2 

with endpoints 1, 1.5, 2, 2.5, 3, 3.5, 4, and midpoints 1.25, 1.75, 2.25, 2.75, 3.25, 3.75. With this data, we get 


Q) ( l3 + 2(L5)3 + 2(2 ^ 3 + 2 < 2 - 5 ) 3 + 2 ^ 3 ) 3 + 2 (3.5T 3 + 4 3 ) = 64.6875; and 
M 6 = l - (l.25 3 + 1.75 3 + 2.25 3 + 2.75 3 + 3.25 3 + 3.75 3 ) = 63.28125. 


k 


^ dx 

— , N = 6 

x 


solution Let fix) = l/x. We divide [1, 4] into 6 subintervals of width 

4-1 1 

Ax = 


6 2 

with endpoints 1, 1.5, 2, 2.5, 3, 3.5, 4, and midpoints 1.25, 1.75, 2.25, 2.75, 3.25, 3.75. With this data, we get 

1 /r 


76 = 
M 6 = 


2 \ 2 
1 


1 2 2 2 2 2 1 

l + L5 + 2 + Z5 + 3 + 15 + 4 


111111 
2 V l ."25 + TT 75 + 2725 + 2775 + 3725 + 3775 


1.40536; and 
~ 1.37693. 
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. f -s/sin x dx, N = 6 
JO 


solution Let f(x) = Vsinx. We divide [0, n/2\ into 6 subintervals of width 


with endpoints 


and midpoints 


With this data, we get 



TC 

12 


71 2jr 6 7T 7 T 

°’ 12 ' 12 ’"" 12 = V 


7i 3n Yin 

24’ 24 ~24~' 


T 5 = 1 (Vsin(O) + 2 v /sin(jr/12) + • • • + ^/sin (6 tt/ 12)) « 1.17029; and 
Mg = ^^v / sin(jr/24) + ^sin (3^/24) 4 1- ysindbr/24)) « 1.20630. 


9. J In x dx, N = 5 

solution Let fix) - In x. We divide [1, 2] into 5 subintervals of width 


2—1 1 AA 
Ax = — — — = - = 0.2 

with endpoints 1, 1.2, 1.4, 1.6. 1.8, 2, and midpoints 1.1, 1.3, 1.5, 1.7, 1.9. With this data, we get 


T 5 =i(i 


0.384632; and 


Ms = -(In 1.1 + In 1.3 + In 1.5 + In 1.7 + In 1.9) ^ 0.387124. 


f 1 _ 2 

11. I e x dx, N = 5 
Jo 

solution Let fix) = e~ xl . We divide [0, 1] into 5 subintervals of width 


with endpoints 


and midpoints 


With this data, we get 


1-0 1 AA 
Ax = — - — = - = 0.2 


0.1.2 3 4 
5 5 5 5’ 


1 3 5 7 9 

10 ’ 10 ’ 10 ’ 10 ’ 10 ’ 


+5 = \ Q ) ( e -° 2 + 2 e ~^ 2 + le -^ 1 + 2,-< 3 / 5 > 2 + 2,-< 4 / 5 ' 2 + e ^ 2 ) « 0 . 74437 ; and 
Ms = ^( r ? _(1 / 10)2 + e ~^ 2 + ,-( 5 / 10 ) 2 + ,-( 7 / 10 > 2 + e - W 10 ) 2 ) « 0 . 74805 . 
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In Exercises 13-22, calculate Sn given by Simpson's Rule for the value of N indicated. 


13. 


f 4 

/ «Jx d. 
JO 


x, N = 4 


solution Let f(x) = *Jx. We divide [0, 4] into 4 subintervals of width 

a 4 "° 1 

Ax = = 1 

4 

with endpoints 0, 1, 2. 3, 4. With this data, we get 

S 4 = ^(l)(v / 0 + 4VT + 2v / 2 + 4v / 3 + V4) « 5.25221. 

__ dx 

15. / , N = 6 

Jo x 4 + 1 

solution Let f(x) = l/(x 4 + 1). We divide [0, 3] into 6 subintervals of length 

3-° 1 AT 

Ax = — — = - = 0.5 
6 2 

with endpoints 0, 0.5, 1, 1.5, 2, 2.5, 3. With this data, we get 
1 (\ 


S 6 = 


3 V 2 


1 4 2 4 2 4 1 

0 4 + 1 + 0.5 4 + 1 + l 4 + 1 + 1.5 4 + 1 + 2 4 + 1 + 2.5 4 + 1 + 3 4 + 1 


17 - f 


e x dx, N = 4 


solution Let fix) = e x . We divide [0, 1] into 4 subintervals of length 

1-0 1 


Ax = 


with endpoints 0, |, = 1. With this data, we get 


4 4 


S 4 = 


\ Q ) [ e -° 2 + 4,-< 1 / 4 ) 2 + 2 e -( 2 / 4) 2 + 4 <? -( 3/ 4 ) 2 + e -( D 2 ] « 0 . 


746855. 


19. J In x dx, N = 8 

solution Let fix) = Inx. We divide [1, 4] into 8 subintervals of length 


a ' = 1 tH = 0 - 375 


with endpoints 1, 1.375, 1.75, 2.125, 2.5, 2.875, 3.25, 3.625, 4. With this data, we get 

58 = 1 (|) [ ln 1 + 4 ln (L375) + 2 ln (L75) + • • • + 4 ln (3.625) + In 4] « 2.54499 

rn/A 

21. / tan 9 dO, N = 10 
Jo 

solution Let fi &) - tan 9 . We divide [0, |-] into 10 subintervals of width 

37 -0 n 


A 9 = 


10 40 


with endpoints 0, |jj, ^ ^ = f . With this data, we get 

s “-5(®)h l0, + 4tan (ffi) + 2 “(®)+ ^ + 4 “(w) +tan ( 1 sf) 


1.10903. 


0.346576. 
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In Exercises 23-26, calculate the approximation to the volume of the solid obtained by rotating the graph around the 
given axis. 

23. y = cosx; [0. j]; x-axis; M 8 

solution Using the disk method, the volume is given by 


r*/ 2 7 rx/2 

V = rtr A dx = 7r / 

JO Jo 


(COSx) z dx 


which can be estimated as 


L 


it / 2 

n I (COS.*) 2 dx « n[Ms\. 


Let fix') = cos 2 x. We divide [0, jr/2] into 8 subintervals of length 


A* 


0 


8 16 


with midpoints 


With this data, we get 


7T 3 71 5?r 157T 

32' 32 ’ 32’ ""IT' 


r 2 r 


V « n[Ms\ = 7r[Ax(vi + yj H 1- V8>] = 


cos" + cos" | ^ | +••• + cos' 




■■ 2.46740. 


25. y = e x ; [0, 1]; x-axis; r 8 

solution Using the disk method, the volume is given by 


V = / nr 2 dx = n / ( e x dx = it I 

Jo Jo Jo 


dx = 7t I e dx. 


We can use the approximation 


f 1 

= 71 I ( 

Jo 


V=nl e~ lxl dx ^ n[T S \, 


where fix) = e~ 2x . Divide [0, 1] into 8 subintervals of length 

1 -0 _ 1 

”8 — 8 ’ 


Ax = 


with endpoints 
With this data, we get 

V « 7r[T 8 ] = JT 


« \- 1 '■ 


]- ■ 1 ( e - 2 <° 2 > + 2,- 2 < 1 /8) 2 + . . . + 2e -2(7/8)2 + e -2(l) 2 > 
2 8 V > 


1.87691. 


27. An airplane's velocity is recorded at 5-min intervals during a 1-hour period with the following results, in miles per 
hour: 


550. 575, 600, 580, 610, 640, 625, 

595, 590, 620, 640, 640, 630 

Use Simpson's Rule to estimate the distance traveled during the hour. 

solution The distance traveled is equal to the integral Jq v(t)dt, where t is in hours. Since 5 minutes is 1/12 of an 
hour, we have At = 1/12. Simpson's Rule gives us 

S U = y ^[550 + 4- 575 + 2 -600 + 4- 580 + 2 -610 + ••• +4- 640 + 630] ^ 608.611. 

The distance traveled during the hour is approximately 608.6 miles. 
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29. LJml Tsunami Arrival Times Scientists estimate the arrival times of tsunamis (seismic ocean waves) based on 
the point of origin p and ocean depths. The speed s of a tsunami in miles per hour is approximately s - 715 d, where d 
is the ocean depth in feet. 

(a) Let f(x) be the ocean depth x miles from P (in the direction of the coast). Argue using Riemann sums that the time 
T required for the tsunami to travel M miles toward the coast is 


Jo fib fix) 

(b) UseSimpson'sRuleto estimate T if M = 1000 and theocean depths (in feet), measured at 100-mile intervals starting 
from P, are 


13,000, 11,500, 10,500, 9000, 8500, 

7000, 6000, 4400, 3800, 3200, 2000 


SOLUTION 

(a) At a given distance from shore, say, x,-, the speed of the tsunami in mph is .? = ^15 /(x,-). If we assume the speed ,s 
is constant over a small interval Ax, then the time to cover that interval at that speed is 

distance Ax 

k ~ s P eed ~~ fWfi)' 

Now divide the interval [0, M] into N subintervals of length Ax. The total time T is given by 


N N 


r = E'< = E- 


Ax 


Taking the limit as N -> oo, we get 


, =1 ' , =1 ^15f(xi) 

f‘ 

Jo fl 5/(jc) 


T = 


dx 


(b) We have Ax = 100. Simpson's Rule gives us 


S W = 3 • 100 


1 4 

: + 


. v/15(13,000) ^15(11,500) 

It will take the tsunami about 3 hours and 21 minutes to reach shore 


+ ■■■ + 


715(2000). 


3.347. 


31. Calculate T§ for the integral / = f x^ dx. 

Jo 

(a) Is 76 too large or too small? Explain graphically. 

(b) Show that Kj = |/"(2)| may be used in the error bound and find a bound for the error. 

(c) Evaluate / and check that the actual error is less than the bound computed in (b). 

solution Let fix) = x 3 . Divide [0, 2] into 6 subintervals of length Ax = ^ ^ with endpoints 0, i, 1 2. 

With this data, we get 


?6 = 


1 1 
2 ' 3 



4.11111. 


(a) Since x 3 is concave up on [0, 2], 76 is too large. 

(b) We have fix) = 3x 2 and fix) = 6 x. Since \f"(x)\ = | 6 x| is increasing on [0, 2], its maximum value occurs at 
x = 2 and we may take Kj = |/"(2)| = 12. Then 


Error(T 6 ) < 


Kjib-a ) 3 
127V 2 


12(2 - 0) 3 
12 ( 6) 2 


2 

9 


0 . 22222 . 


(c) The exact value is 



J(16-0) = 4. 


We can use this to compute the actual error: 


Error(76) = \T & - 4| ^ |4. 11111 - 4| ^ 0.11111. 


Since 0.11111 < 0.22222, the actual error is indeed less than the maximum possible error. 
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In Exercises 33-36, state whether T N or M N underestimates or overestimates the integral and find a bound for the error 
(but do not calculate t n or m n ). 


33. 


j-A l 

J 1 * 


- dx, 
x 


zio 


solution Let fix) = Then fix) = j and fix) = 4 > 0 on [1,4], so fix) is concave up, and 7To 
overestimates the integral. Since \f"ix)\ = |4l has its maximum value on [1, 4] at* = 1, we can take K 2 = p- = 2, 
and 


Error(7i 0 ) < 


K 2 ( 4-1) 3 
YIN 2 


2(3 ) 3 
12 ( 10) 2 


= 0.045. 


35 'A \Wxdx, M \ o 

solution Let fix) = In x. Then f'ix) = \/x and 


fix) = 



< 0 


on [1. 4], so fix) is concave down, and M\q overestimates the integral. Since \fix)\ = | - l/x 2 \ has its maximum 
value on [1, 4] at* = 1, we can take K 2 = | - 1/1 2 | = 1, and 


Error(Mio) < 


k 2 { 4-1) 3 
24N 2 


(T)(3) 3 

24(10) 2 


0.01125. 


CFi S In Exercises 37-40, use the error bound to find a valueof at for which Error(7jv) < 10 6 . Ifyou havea computer 
algebra system, calculate the corresponding approximation and confirm that the error satisfies the required bound. 

37. f y 4 dx 

Jo 

solution Let fix) = x 4 . Then fix) = 4x 3 and |/"(x)| = |12x 2 |, which has its maximum value on [0, 1] at* = 1, 
so we can take K 2 = |12(1) 2 | = 12. Then we have 


Error(TV) < 


^(l-O ) 3 

127V 2 


12 _ 1 
127V 2 “ TV 2 ’ 


To ensure that the error is at most 10 -6 , we must choose TV such that 


1 1 

TV 2 “ 10® 

This gives TV 2 > 10 6 or at > 10 3 . Thus let N = 1000. The exact value of the integral is 


Using a CAS, wefind that 



1 

5 


= 0 . 2 . 


riooo ^ 0.2000003333. 

The actual error is approximately |0. 2000003333 - 0.2 1 3.333 x 10 -7 , and is indeed less than 10 -6 . 

f 1 

39. / -dx 

J 2 x 

solution Let fix) = l/x. Then fix) = -1/x 2 and |/"(*)| = |2/* 3 |, which has its maximum value on [2. 5] at 
x = 2, so we can take K 2 = |2/2 3 | = 1/4. Then we have 


Error(7/v) < 


K 2 ( 5-2) 3 
127V 2 


(l/4)3 3 _ 9 

127V 2 ~ 167V 2 


To ensure that the error is at most 10 6 , we must choose TV such that 


9 < 1 
167V 2 “ 10®' 
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This gives us 


16 


Thus let TV = 750. The exact value of the integral is 


2 9 • 10° 9-10 6 , r „ 

TV 2 > — z-z — =>• TV > J — z-z — = 750. 


16 


L 


5 i 


-dx = In 5 - In 2 sa 0.9162907314. 

x 


Using a CAS, wefind that 
The error is approximately 


7750 « 0.9162910119. 

10.9162907314 - 0.9162910119| ^ 2.805 x 10 “ 7 


and is indeed less than 10 


-6 


41 . Compute the error bound for the approximations T\$ and Mw to / 0 3 (x 3 + 1 )~ 1/2 dx, using Figure 17 to determine 
a value of Kj - Then find a value of TV such that the error in M N is at most 10 -6 . 



FIGURE 17 Graph of f"(x), where f(x) = (x 3 + l) -1 / 2 . 
solution Clearly, in the range 0 < x < 3, we have |/"(x)| < 1, so we may choose a : 2 = 1. Then 


Error(7io) < 


Error(Mio) < 


7C 2 (3 — Or 
127V 2 

7T 2 (3-0 ) 3 


27 


27 


12 ■ 10 2 1200 


27 


27 


24 N 2 24 • 10 2 2400 

In order for the error in M N to be at most 10 -6 , we must have 

a- 2 (3-0 ) 3 


= 0.0225 


= 0.01125 


ErrorfMjv) < 


24A^ 2 


< 10“ 6 
87V 2 " 


so that 87V 2 > 9 x 10 6 and N 2 > 1,125,000. Thus we must choose TV > Vl, 125, 000 1060.7, so that TV = 1061. 

43 . Calculate 58 for / 3 In xdx and calculate the error bound. Then find a value of N such that Sn has an error of at most 
10 “ 6 . 

solution Let f ( x ) = Inx. We divide [1. 5] into eight subintervals of length Ax = (5 - l)/8 = 0.5, with endpoints 
1, 1.5, 2, . . . , 5. W ith this data, we get 

S 8 = ^ In 1 + 4 In 1.5 + 2 In 2 + ■ ■ ■ + 4 In4.5 + In 5 ] ^ 4.046655. 

To find the maximum possible error, we first take derivatives: 

fix) = f "( x ) = -\, f Q \ x ) = 4- / (4) (-*) = “4- 

^ X L X 3 x q 

Since |/ ( 4 , (x)| = | - 6x _4 | = 6 x -4 , assumes its maximum value on [1, 5] atx = 1, we can set A 4 = 6(1 ) — 4 = 6 . 
Then we have 


Error(5 8 ) < 


To ensure that Sn has error at most 10 6 , we must find TV such that 

6 • 4 5 1 

< 


AT 4 C5 - l ) 5 6 • 4 5 


1807V 4 180 • 8 4 


0.0083333. 


1807V 4 - 10 6 ' 
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This gives us 


„4 6 - 4 5 - 10 6 

N > 

180 


V4 5 • 10 6 \ 1/4 

~ I 180 " 76 ' 435 ' 


Thus let N = 78 (remember that N must be even when using Simpson's Rule). 

45. 111=15 Use a computer algebra system to compute and graph / <4, (x) for f(x) = f\ + x 4 and find a bound for the 


error in the approximation 540 to / f(x)dx. 

Jo 

solution From the graph of / ( 4 ) (x) shown below, we see that |/ ( 4 ) (x)| £ 15 on [0, 5]. Therefore we set K 4 = 15. 
Now we have 


Error(5 40 ) < — — = -J— ^ 1.017 x 10“ 4 . 
~ 180(40) 4 49152 



In Exercises 47-50, use the error bound to find a value of N for which Error(5 w ) < 10 -9 . 
47. J* x* /3 dx 

solution Let /( x) = x 4 / 3 . We start by taking derivatives: 

fix) = ^x 1 / 3 

/"(*) = ^“ 2/3 


fix) = -^x 


- 5/3 


f\x) = 


40 

81’ 


- 8/3 


For x > 1, / ( 4 ) (x) is a decreasing function of x, so it takes its maximum value on [1, 6 ] atx = 1. That maximum value 
is gp which is quite close to (but smaller than) For simplicity, we take K 4 - Then 


Error(5 w ) < 

Thus 727V 4 > 625 x 10 9 , so that 


so we can take N = 306. 


K 4 (b — ay 
180/V 4 


(6 - l ) 5 


5 5 


625 


2 • 180 • /V 4 360 AT 4 72/V 4 


< 10 " 


N > 


625 x 10 9 
72 


1/4 


305.24 


49. 


f 


e x dx 


solution Let f(x) = e x . To find £ 4 , we first take derivatives: 

fix) = 2xe xl 
f(x) = 4xV 2 + 2e xl 
/ (3) (x) = 8xV 2 + 12xe v2 
f\x) = 16x 4 e* 2 + 48x 2 e x2 + 12e* 2 . 

On the interval [0, 1], |/ < 4 ) (x)| assumes its maximum value atx = 1. Therefore we set 

K 4 = |/ f4) (l)| = 16e + 48e + 12e = 76e. 
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Now we have 


ErrorcS/v) < 


AT 4 (1 -0) 5 
180/V 4 


76e 
180 A ^ 4 


To ensure that Sn has error at most 10 9 , we must find N such that 


This gives us 


76e ^ 1 

180/v 4 - io® ' 


n a > 


76<? • 10 9 
180 


N > 


i 76e • 10 9 
\ 180 


1/4 


184.06. 


Thus we let N = 186 (remember that N must be even when using Simpson's Rule). 

C 4 d v j r 

51. CHS Show that / ‘ \ ^ [use Eq. (3) in Section 5.7], 

Jo 1 + x 2 4 

(a) Use a computer algebra system to graph / (4) (x) for f(x) = (1 + x 2 ) -1 and find its maximum on [0, 1 ], 

(b) Find a value of N such that S N approximates the integral with an error of at most 10 -6 . Calculate the corresponding 
approximation and confirm that you have computed | to at least four places. 

solution Recall from Section 3.9 that 


So then 


d _i 

— tan L (x) = 
dx 


1 

1 + x 2 ' 



dx 

1+x 2 



= tan - 1 ( 1 ) - tan -1 ( 0 ) = 


Tt 

4 ' 


(a) From the graph of / ( 4 ) (x) shown below, we can see that the maximum value of |/ ( 4 ) (x)| on the interval [0, 1] is 24. 


y 



(b) From part (a), we set A 4 = 24. Then we have 

24(1 - 0 ) 5 2 

Error(s » ) s W = isF- 

To ensure that Sn has error at most 10 — 6 , we must find N such that 

2 1 
15/V 4 - 106' 

This gives us 


/v 4 > 


2 - 10 6 
15 


TV > 


2 - 10 6 
15 


1/4 


19.1. 


Thus let /V = 20. To compute 520 , let Ax = (1 - 0)/20 = 0.05. The endpoints of [0, 1] are 0, 005, ..., 1. With this 
data, we get 


1 ( 1 
520 “ 3 ( 20 


14 2 1 

+ ; t - rz ^ + — r-r + ■ ■■ + 


1 + 0 2 1 + (0.05) 2 1 + (0.1 ) 2 l + l 2 


0.785398163242. 


The actual error is 


10.785398163242 - jr/4| = 1 0.785398163242 - 0.785398163397| = 1.55 x 10 


-10 


r 1 

53. Let/(x) = sin(x 2 ) and / = / f{x)dx. 

Jo 

(a) Check that /"(x) = 2 cos(x 2 ) - 4x 2 sin(x 2 ). Then show that|/"(x)| < 6 forx e [0, 1], FI int: Note that |2 cos(x 2 )| < 
2 and |4x 2 sin(x 2 )| < 4 for x e [0, 1], 
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(b) Show that Error(M/v) is at most 

(c) Find an N such that | / - M N \ < 10 -3 . 

SOLUTION 

(a) Taking derivatives, we get 

f'(x) = 2xcos(x 2 ) 

f"(x) = 2x(- sin(x 2 ) • 2x) + 2 cos(x 2 ) = 2 cosfx 2 ) - 4x 2 sin(x 2 ). 


On the interval [0, 1], 

\f”(x)\ = |2 cos(x 2 ) - 4 x 2 sin(A 2 )| < |2 cos(a 2 )| + |4x 2 sin(x 2 )| <2 + 4 = 6. 

(b) Using Kj = 6, we get 

/C 2 (l — 0) 3 6 1 

Error(MAr) < = — = T = — =-. 

“ JAN 2 247V 2 4iV 2 

(c) To ensure that M N has error at most 10 -3 , we must find N such that 

1 1 
4 N 2 ~ 10 3 ' 

This gives us 

N 2 >— = 250 => N > V250 ^ 15.81. 

- 4 

Thus let N = 16. 

55. HR 5 Observe that the error bound for T N (which has 12 in the denominator) istwiceas large as the error 

bound for M N (which has 24 in the denominator). Compute the actual error in T N for Jq sin xdx for N = 4, 8, 16, 32, 
and 64 and compare with the calculations of Exercise 54. Does the actual error in T N seem to be roughly twice as large 
as the error in M N in this case? 

solution The exact value of the integral is 


r 

Jo 


sin a dx — — cos a 


= —(— 1 ) — ( 1 ) = 2 . 


To compute r 4 , we have Ax = (n - 0)/4 = n/A, and endpoints 0, n/A, 2n/A, 3n /4, n. With this data, we get 


1 n 

T ^2~A 


sin( 0 ) + 2 sin + 2 si n + 2 sin + sin(jr) 


The values for 7g, T ig, T 32 , and T 54 are computed similarly: 


1 7 r 

78 = 2 "8 
1 TV 

Tl6 = 2 ‘ 16 
1 TV 

7 32 = 2 ‘ 32 


sin(0) + 2 sin + 2 sin j 4 f 2 sin j 4 - si n(7r) 

sin(0) + 2sin(i) + 2 S m(ti) + 


— h 2 sin 


. / 15jt 
in 


?64 = 


1 71 

2 ‘ 64 


sin(0) + 2 sin 4 - 2 sin + ■ ■■ + 2 si 


sin(O) 4 - 2 sin 4 - 2 sin 


4- • • • 4- 2 si 


. /31 n 
m {~32 

/63t r\ 


4- sin(jr) 
4- sin(Tr) 
4- si n ( 77 - ) 


1.896119. 

SS 1.974232: 
1.993570; 
1.998393; 
1.999598. 


N ow we can compute the actual errors for each N: 

Error(r 4 ) = |2 - 1.896119| = 0.103881 
Error(Tg) = |2 - 1.974232| = 0.025768 
Error(7i 6 ) = |2 - 1.993570| = 0.006430 
Error(T 3 2 ) = |2 - 1.998393| = 0.001607 
Error(r 64 ) = |2 - 1.999598| = 0.000402 


Comparing these results with the calculations of Exercise 54, we see that the actual error in T N is in fact about twice as 
large as the error in M N . 
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57. Verify that 52 yields the exact value of f (. x-x°)dx . 

Jo 

solution Let f(x) = x - .t 3 . Clearly / (4) (x) = 0, so we may take Kq = 0 in the error bound estimate for 52. Then 

k 4 (1-0) 5 i 


Error(52) < 


180 • 2 4 


= 0- 


2880 


= 0 


so that 52 yields the exact value of the integral. 


Further Insights and Challenges 

r b 

59. Show that if fix) = rx + s is a linear function (r, s constants), then T N = fix)dx for all N and all endpoints 

J a 

a, b. 

solution F i rst, n ote th at 


f 


(. rx + s) dx = 


rib 1 - a 1 ) 


+ sib — a). 


Now, 


Tffirx + s) = 


b — a 


N - 1 

fia) + 2 fte) + fib) 


i = 1 


rib — a) 
IN 


N -\ _ N - 1 

a + 2 a + 2 i + b 

F-i N ^ 

(=1 (=1 


— a _ 

+ s tf <2W) 


r(A — a) 
2N 


(IN - l)a + 2 


b — a iN — \)N 
~N 2 




+ — a) 



+ s(fe — a). 


61. For Ar even, divide [a, b\ into N subintervals of width Ax = 


b — a 
N 


Setxy = a + j Ax, yj = fixj), and 


S 2 = + 4 T2;+1 + yij+l) 

(a) Show that 5# is the sum of the approximations on the intervals [x2j,x2j+i\— that is, Sn = 5° + s\ H F 5^ -2 . 

2 : r x v +2 

(b) By Exercise 60, S 2 = / /(*) dx if fix) is a quadratic polynomial. U se (a) to show that Sn is exact for all at 

J x 2j 

if fix) is a quadratic polynomial. 

SOLUTION 

(a) This result follows because the even-numbered interior endpoints overlap: 

( N - D /2 b _^ 

Y Sj' = — — “ [(yo + 4 v'i + V 2 ) + (V2 + 4.V3 + V4) + • • • ] 

/=0 

= — [yo + 4yi + 2v2 + 4v3 + 2v 4 + h 4y A r_i + y N ] = S N . 

(b) If fix) is a quadratic polynomial, then by part (a) we have 

rx 2 rx 4 rxpj rb 

S N = S§ + s\ + • • • + s£~ 2 = / fix) dx + / f(x) dx + • • • + / fix) dx= fix) dx. 

J xq Jx 2 Jxff-2 Ja 


63. Use the error bound for S N to obtain another proof that Simpson's Rule is exact for all cubic polynomials. 

solution Let fix) = ax 3 + bx 2 + cx + d, with a £ 0, beany cubic polynomial. Then, / (4) (.v) = 0, so we can take 
a: 4 = 0. This yields 


Error(5jv) < 


180AT 4 


In other words, S N is exact for all cubic polynomials for all N. 
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CHAPTER REVIEW EXERCISES 


1. M atch the integrals (a)-(e) with their antiderivatives (i)-(v) on the basis of the general form (do not evaluate the 


integrals). 



(a) J 

f x dx 

(b)J 

f (2y + 9) dx 

Y 2 -4 

x 2 + 4 

{C) J 

f sin 3 y cos 2 y dx 

(d)J 

j ' dx 

y\/16y 2 — 1 

(e)J 

j ' 16 dx 



y (y — 4 ) 2 




(i) sec 1 Ax + C 

(ii) log \x | - log \x - 4| - 


x -4 


+ C 


(iii) ^(3 cos 5 x-3 cos 3 x sin 2 x-1 cos 3 x) + C 

(iv) | tan -1 ^ + InO; 2 + 4) + C 


(v) /y 2 - 4 + C 


SOLUTION 

x dx 


(a) 


/ 


7 * 2^4 

Since x is a constant multiple of the derivative of x 2 - 4, the substitution method implies that the integral is a constant 
multiple of I where u = x 2 - 4, that is a constant multiple of *fti = Vy 2 - 4. It corresponds to the function in (v). 
(2x + 9 ) dx 


(b) 


/ 


c 2 +4 


The part J rf.v corresponds to I n(jr 2 + 4) in (iv) and the part J ^x corresponds to | tan 1 Hence the 
integral corresponds to the function in (iv). 


(c) 


n 3 YCOS 2 Y dx 


h' 

The reduction formula for J sin'" x cos" xdx shows that this integral is equal to a sum of constant multiples of products 
in the form cos' x sin- 7 ' * as in (iii). 

(d) [ J* 

J y\/16y 2 — 1 

Since J — = sec -1 y + C, we expect the integral J 


y\/16y 2 — 1 


to be equal to the function in (i). 


(e) 


16 dx 


y (y — 4 ) 2 

The partial fraction decomposition of the integrand has the form: 


C 


A B 

1 T 4 y 

Y Y - 4 (Y - 4) 2 


The term - contributes the function Ain |y| to the integral, the term B , contributes B In |y - 4| and the term — c , , 

x x ^ (x— 4) 

contributes --^.Therefore, we expect the integral to be equal to the function in (ii). 

In Exercises 3-12, evaluate using the suggested method. 

3 . J cos 3 0 sin s e dd [write cos 3 9 as cos6»(l - sin 2 0)] 
solution We use the identity cos 2 e = 1 - sin 2 6> to rewrite the integral: 

J cos 3 0sin 8 e d6 = J cos 2 0sin 8 0 cos 9d9- J (l-sin 2 e) si n 8 c? cos6d9. 


Now, we use the substitution u = sin 9,du = cos 6dd\ 

J COS 3 9S\n S 9 d6 = J (l-u 2 ^Ju S du = J (ii S - i/ 10 ) du = 


u 9 u 11 


“T“T T +c “ 


si n 9 0 sin 11 ^ 


11 


+ C. 
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SOLUTION 


5. J sec 3 0 tan A d dd (trigonometric identity, reduction formula) 

We use the identity 1 + tan 2 # = sec 2 # to write tan 4 # = (sec 2 # - l) and to rewrite the integral as 
J sec 3 #tan A ddd J sec 3 #(l-sec 2 e^ de = J sec 3 # (l - 2 sec 2 # + sec 4 #) dd 

= J sec 7 # d9 - 2 J sec 5 # dd + J sec 3 


*ddd. 


N ow we use the reduction formula 


/ 


sec m 0dB = 


tan# sec'" -2 # m -2 


m — 1 m — 


V 


sec'" 2 ddd. 


We have 


/ 


= tan#sec 3 # 3 / ? 

sec b # d6 = (- — / sec 1 *# dd + C , 


and 


tan #sec 5 # 5 f = , tan #sec 5 # 5 / tan #sec 3 # 3 f ? 

l I cor-'d ,-7/3) — i_l if cor^ 


r 7 , tan#sec D # 5 f 

y**,» = _ i _ + s y 


6 6 
tan #sec 5 # 5 


+ - sec J 9dd = g l" 6 l 4 *" 4 


J sec 3 #rf#j 


+ C 


+ — r tan #sec J # + - / sec # rf# + C. 


24 


/' 


Therefore, 


/ 


? 4 /tan #sec b # 5, ? 5 

sec 3 #tan 4 # rf# = [ h — tan #sec 3 # + - 

6 24 8 


-2 


tan#sec 3 # 3 / ? 

I I rn/ — ' 


f- 


+ - / sec J # d9 I + / sec J # rf# 


j sec^dddj 

h 


tan#sec 5 # 7tan#sec 3 # 1 , 
—6 24 — + 8 


f' 


We again use the reduction formula to compute 


J sec 3 #rf# = 


tan # sec # 1 


/ 


+ - / secddd = 


tan # sec # 1 


+ - In | sec# + tan #| + C. 


Finally, 


/ 


7 4 tan#sec 5 # 7tan#sec 3 # tan# sec# 1 , 

sec J #tan 4 # dd = — t — h — In | sec# + tan #| + C. 


’■! 


dx 


24 


■ dx (trigonometric substitution) 


16 16 


x(x 2 - 1) 3 / 2 

solution Substitute x = sec#, dx = sec # tan ddd. Then, 


( 'x 2 - l) 3/2 = (sec 2 # - l)^ = (tan 2 #)^ = tan 3 # 


3/2 


, 3/2 


and 


r dx r sec # tan # rf# r dd r 

J x(x 2 — l) 3 / 2 J sec#tan 3 # J tan 2 # J 


x(x 2 - 1) 3//2 J sec#tan 3 # J tan 2 # 
Using a reduction formula we find that: 


= / cor#d#. 


/ 


cor#<7# = - cot# - # + C 


so 


/ 


dx 

x(x 2 - 1) 3/2 


= — COt # — # + C. 
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We now must return to the original variable x. We use the relation x = sec6> and the figure to obtain: 


/ 


dx 


x(x 2 



1 _1 
- - sec L x + c. 



/ dx 

™ (substitution) 

x 3 / 2 +X 1 / 2 

solution Let r = x 1 / 2 . Then dt = ^x -1 / 2 dx or = 2 a 1 / 2 dt = It dt. Therefore, 


[ dx , 

f 2tdt 1 

f 2 dt 

J x3/2+xV2 J 

r 3 + r J 

t 2 + 1 


= 2tan 1 r + C = 2tan 1 - s /x + C. 


n. J,-i 

SOLUTION 


tan 1 xdx (Integration by Parts) 

We use I ntegration by Parts with u = tan _1 x and v' = x~ 2 

f -2, -i tan _1 A- f 

/ x tan x dx = h / 


.Then u' = 

dx 

x{l + x 2 )' 



and 


For the remaining integral, the partial fraction decomposition takes the form 

1 _ A Bx + C 

x(\ + X 2 ) X 1 + X 2 


Clearing denominators gives us 


1 = A(1 + x 2 ) + (Bx + C)x. 

Setting x = 0 then yields A = 1. Next, equating thex 2 -coefficients gives 

0 = A + B so B — — 1, 


while equating x-coeffi dents gives C = 0. Hence, 

1 _ 1 x 

X (1 + X 2 ) X 1 + X 2 ’ 


and 


Therefore, 


f d x f 1 f x dx , 1 , / p\ 

/ =r — / - dx — / =■ = In |x| — ^ In (1 + x 2 ) 

J x(l + x 2 ) J x J 1+x 2 2 V ) 


+ C. 


f —2 —i tan 1 x 1 / 

x tan xdx = h In |x| - ^ In (^1 +x J 


+ C. 


In Exercises 13-64, evaluate using the appropriate method or combination of methods. 
r i 

13. / x 2 e^ x dx 
JO 

solution We evaluate the indefinite integral using Integration by Parts with u = x 2 and v' = e 4x . Then u' = 2x, 
v = \e Ax and 

f x 2 e Ax dx = X ^e Ax -^f xe Ax dx. 

We compute the resulting integral using Integration by Parts again, this time with u = x and v' = e Ax . Then u' = 1, 
v = \e Ax and 

[ xe Ax dx = x ■ \e Ax - / \e Ax dx = -e Ax - ^ e Ax + C. 

J 4 J 4 4 16 
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Therefore, 


Finally, 


/ 


A 4 * 



- ( 

2 \4 



£ (a* 2 -4* + 1 ) 


+ c. 


f 


.* 2 e 4 ' T dx 




4 + 1) 



5e 4 — 1 
32 


15. J cos 9 6e sin 3 6d d9 

solution We use the identity si n 2 6e = 1 - cos 2 6tf to rewrite the integral: 

J cos 9 6r)sin 3 6 QdO = J cos 9 6c?sin 2 60 sin 6 6 d9 = J cos 9 60 (l - cos 2 6e) sin 6 Odd. 
Now, we use the substitution u - cos 66, du = -6 sin 66 d9: 

J cos 9 6tfsin 3 60 dO = J zz 9 (l - w 2 ) / (« 9 - zz 11 ) du 

l/z z 10 zz 12 \ COS 12 6(? COS 10 6# 

= “6 (l ~ n) +C= 72 60~ + C ' 


^ f (6x + 4) c/x 

J x 2 -l 

solution The partial fraction decomposition takes the form 

6.t + 4 A B 

(x — 1)(jc + 1) x — 1 x + 1 

Clearing the denominators gives us 

6.v + 4 = A(.* + 1) + B{x — 1). 


Setting x - 1 then yields A = 5, while setting x = -1 yields s = 1. H< 


f (6x + A)dx _ f 5 dx+ f JL^^smu-n + mix + n + c. 

J X 1 J X 1 “h 1 


19 7 


cos 4 e 


solution We use the identity 1 + tan 2 e = sec 2 9 to rewrite the integral: 

/ cos 4 fl ~ / = J (l + tan 2 c?) sec 2 ede. 

Now, we substitute u = tan 0. Then, <*z = sec 2 6 d6 and 

d6 


/« 7 < 1+ " 2 ) 


zz J tan 3 0 

du = zz + ^ + c = — — — + tan o + c . 


21. f I n (4 — 2 x)dx 
Jo 

solution Note that ln(4 - lx) — In (2 (2 - x)) = In 2 + ln(2 - x). Use integration by parts to integrate ln(2 - x), 
with u = ln(2 - x), v' = 1, so that u' = and v = x. Then 


f In (4 — 2x) dx = f In 2 dx + f 
Jo Jo Jo 


1=1 I n (4 — 2 x)dx= I In 2 dx + I I n (2 — x)dx = In 2 + (x I n (2 — x)) 


V 

0 Jo 


2 -. 


dx 
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Now use long division on the remaining integral, and the substitution u = 2- x: 


/ = In 2 + (x I n (2 - x)) 


+ 

0 Jo 


= In 2 + 1 Ini- / Idx + 2 
0 

il 


■ Idx + 2 f 

Jo Jo 


-1 + 


1 1 


2 -. 


dx 


dx — I n 2 — 1 — 2 


= In 2 — 1 — 2 In r 


0 2-x 
= ln2 — l + 2ln2 = 3ln2 — 1 


l 


1 1 


du 


23. J sin 5 Odd 

solution We use the trigonometric identity sin 2 e = 1 - cos 2 e to rewrite the integral: 
J sin 5 etfe = J sin 4 esinede = J (l - cos 2 e) 2 sin Odd. 
Now, we substitute u = cose. Then du - - sin 9d9 and 

J Sin b 9d9 = J (l-« 2 ) (—du) = — J (l-2 u 2 + u 4 ^du 


— — \ u — —u H — — J + C — — 


COS 5 0 


2cos 3 0 „ ^ 

H cose + C. 


r */ 4 

25. / si n 3x cos 5x dx 
Jo 

solution First compute the indefinite integral, using the trigonometric identity: 

1 . 

sin a cos ,6 = - (sin(ff + p) + sin (a - p)) . 

F or a = 3x and p = 5x we get: 

sin 3x cos 5x = ^ (sin 8x + sin(-2x)) = ^(sin 8x - sin 2x). 

Hence, 


J si n 3x cos 5x dx = ^ J 


sin 8x dx - ^ J sin 2x dx = - ^ cos 8x + - cos 2x + C. 


Then 


fx / 4 

Jo ! 


sin 3x cos 5x dx = (\ cos 2x - J- cos 8x ) 
0 \4 16 / 


n j 4 


1 71 

4 C ° S 2 


16 


1 „ 1 „ 1 
— cos 27r - - cos 0 + — cos 0 = 
16 4 16 


27 -/ Vtan x sec 2 x dx 

solution We substitute u = tan x. Then du = sec 2 x dx and we obtain: 

J Vtan x sec 2 x dx = J ■ </udu = ^m 3 / 2 + C = ^ (tan x) 3 / 2 + C. 

29. J sin 5 0cos 3 0rf0 

solution We use the identity cos 2 0 = 1- sin 2 0 to rewrite the integral: 

J sin 5 0 cos 3 6 d9 = J sin 5 0 cos 2 9 cose d9 = J si n 5 e (l - sin 2 e) cos 9d9. 

Now, we use the substitution u = sine, du = cos 9d9: 

f c: o r c / n\ /* / s 7 \ w 8 i/ 3 si n 8 e sin 8 

/ sin 5 e cos J Ode = 1 C ^1 - iVJ du = / - u j du = — — + c = — - — 
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cot 2 x CSC 2 x dx 


solution U se the substitution u — cot jc, du = - esc 2 x dx\ 


cot 2 x esc 2 x dx = - 


= - J cot 2 x CSC 2 .v dx') = - J 


- CSC .V dx = - / u du - - -m 3 + C = - - COt 3 -V + C. 


33. / cot 2 x esc 3 x dx 
Jn/4 

solution To compute the indefinite integral, use the identity cot 2 x = esc 2 x - 1 to write 

J cot 2 x esc 3 x dx — J (csc 2 x-l) CSC 3 xdx = J esc 5 x dx- J CSC 3 xdx. 

N ow use the reduction formula for esc" 1 x: 

J cot 2 X CSC 3 X dx = COtx CSC 3 x + ffJ CSC 3 x dx ^J - J csq3 x dx 

1 1 r 

= --COtxCSC 3 X - - / csc 3 xdx 

4 4 J 

1 r* 1/1 1 f \ 

4 4 V 2 2 J ) 

1 pi 1 , 

= -- COtx CSC x + g COtx CSCX — g In I CSCX - COtx| + C. 

Then 

c n ! 2 , o / 1 , 1 1 \ n ! 2 

/ cos z x esc 3 x dx = -- cotx esc 3 x + - cotx esex — — In | esex - cotx| 

Jn/A V 4 8 8 / W4 


1.7T o TV 1 , TC 7V 1 


TV . TV I 


= - T cot — esc 3 — + — cot — esc — — —In esc — - cot — 


4 2 2 8 2 2 8 1 

1 TV ? TV 1 TV TV 1 


TV , TV I 


+ - cot - CSC 3 - - - cot - CSC - + - In esc - - cot - 

4 4 48 4 4814 4 1 

= 0 + 0 - J In |1 - 0| + 1 • 1 • (V2) 3 - 1 • 1 • V2 + l In |V2 - l| 

o 4 o oil 


J {t - 3) 2 (/ + 4) 

solution The partial fraction decomposition has the form 


Clearing denominators gives us 


1 A | B C 

(t — 3) 2 (f + 4) “ 7+4 + ~3 + (f - 3)2 ' 


1 = A(t - 3/ + Bit - 3 )(t + 4) + C{t + 4). 


Setting t = 3 then yields C = j, while setting t = -4 yields A = Lastly, setting t = 0 yields 


1 = 9A — 12B + 4C or B = - — . 

49 


{t - 3) 2 (t + 4) 49 J f + 4 49 


f dt If 

J T^3 + lJ 


it - 3)2 


= TTTT I n |T + 4| — — — I n |T 3| + — 


1 -1 


7 t - 3 


+ C= -In 


1 , If + 41 1 1 


49 t- 3 7 t-3 


solution Substitute x = 2 sec 0,dx = 2sec0tan0d0.Then 


- 4 = \/4sec 2 9 - 4 = ,/4 (sec 2 6 - 1) = v4tan 2 9 = 2 tan 9, 
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and 


r dx r 
J x\! x*- — 4 J 


2 sec 9 tan 9 dd 
2 sec 9 ■ 2 tan 9 


1 f 1 

= - / dO = - 

2 J 2 


= -6> + C. 


Now, return to the original variable jc. Since a- = 2 sec 6, we have sec0 = i or 9 = sec -1 i. Thus, 


/ 


dx 


:y/^~A 


1 _i x 

= ^sec + C. 


39 . 


/: 


dx 

a 3 /^ _|_ ax^-l^- 

solution Let u = a 1 / 2 or a = vr . Then dx = 2 u du and 


f dx - 1 

j' 2u du ^ 

f du 

J A 3 / 2 +flA 1 / 2 J 

i( 3 + au J 

u + a 


If a > 0, then 


If a = 0, then 


/ 


dx 


= 2 


/ 


dw 2 


J u? + a \fa \^fa 

/ 


2 

= -7=tan _i | -^= ) + C = — —tan -1 ./ - + C. 

V « 


dx 2 

^72 = “^ + C 


Finally, if a < 0, then 


r du c 

J r/ 2 + fl J 


du 


-( v^y 


and the partial fraction decomposition takes the form 

1 A 


-(7=7 2 


r/ — J—a u + v — a 


Clearing denominators gives us 

1 = A(u + y/—a) + B(u — J—a). 

Setting u = 7=0 then yields A = ) — , while setting u - -J^a yields B = - j — Hence, 


j ' dx I" du 1 I" du 1 t ' 

J a 3 / 2 + qa'1/2 J f (2 _|_ a J —a J u — J—a J—a J 


du 


it -f" J — a 


In | M — J — Cl | — — In \u + J — C! I -F C 
/—a J—a 


U — Cl 


+ C = — = In 
J—a 


x — J—a 


yfx + ypJX 


+ C. 


In summary, 


/ 


dx 

A 3 / 2 + flA 1 / 2 


7= tan -1 ,/7+C 

y/a V a 

a > 0 

i | n VA 7 - + (; 

a < 0 

v — 43 1 v*+v — ^ 1 


-7- + c 

Jx 

a = 0 


"7 


(x z — x) dx 


(A + 2)3 

solution The partial fraction decomposition has the form 


a 2 — a A B C 

(a + 2) 3 a + 2 (a + 2) 2 (a + 2) 3 
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Clearing denominators gives us 


x 2 - x = A(x + 2) 2 + B(x + 2) + C. 

Setting x = -2 then yields C = 6. Equating .^-coefficients gives us A = 1, and equating ^-coefficients yields 
4A + B = -1, or B = -5. Thus, 


C x 2 — x f dx r —5 dx r 6 dx 

J (x + 2 ) 3 X ~ J x + 2 + J (x + 2) 2+ J (x + 2) 3 


In \x + 2| + 


5 

x + 2 


3 

(x + 2) 2 


+ C. 


“7 


16 dx 


(x — 2) 2 (x 2 + 4) 
solution The partial fraction decomposition has the form 


16 _ A B Cx + O 

(x - 2) 2 (x 2 +\)~ x -2 (x-2) 2 x 2 + 4 

Clearing denominators gives us 

16 = A(. x - 2) (x 2 + 4 ) + e (a- 2 + 4) + (Cx + D)(x - 2) 2 . 

Setting x = 2 then yields B = 2. With B = 2, 

16 = A (a 3 - 2a 2 + 4a - 8) + 2 (x 2 + 4) + Cx 3 + (D - 4 C)x 2 + (4C - 4D)x + 40 
16 = (A + C)x 3 + (-2A + 2 + O - 4C) a 2 + (4A + 4 C - 4 D)x + (-8A + 8 + 40) 
Equating coefficients of like powers of a now gives us the system of equations 


A + C = 0 
— 2A — 4C + 0 + 2 = 0 
4A + 4C — 40 = 0 
— 8A + 40 + 8 = l 


whose solution is 


Thus, 


A = —1, C = 1, 0 = 0. 


/ 


dx 

(. A - 2 ) 2 (a 2 + 4) 


f dx . [ dx f x 

= -J 7^2 +2 J (7^2)2 + i 

== — In |x — 2| — 2 — + — In ( x ^ + 4^ + C. 

x — l l \ / 


45 . 


i 


dx 


x 2 + 8a + 25 

solution Complete the square to rewrite the denominator as 


a 2 + 8x + 25 = (a + 4) 2 + 9. 


N ow, let u = x + 4, du = dx. Then, 

dx 


J x 2 + 8a + 25 J 


du 


= ^ tan 1 7 + C = ^ tan 


i 2 + 9 3 


L _i /a + 4 


+ C. 


"7 




(A + 2) 3 
solution The partial 


fraction decomposition has the form 


a 2 — a A B C 

(x + 2) 3 x + 2 (x + 2) 2 (x + 2) 3 ' 
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Clearing denominators gives us 


v 2 - x = A{x + 2) 2 + B(x + 2) + C. 


Setting x = -2 then yields C — 6. Equating ^-coefficients gives us A = 1, and equating x-coefficients yields 
4A + B = -1, or B = -5. Thus, 


f x 2 — x f dx f —5dx f 

J i 7T2 + J + l 


*7 


(x + 2) 3 
dx 


6dx , , 5 

— In |x + 2| + 


(* + 2) 4 


x + 2 (x + 2)‘ 


+ C. 


xVx 2 + 4 

solution Substitute x = 2 tan 0, dx — 2sec 2 9d9. Then 


and 


We have 


Hence, 


7 x 2 + 4 = 7 4tan 2 0 + 4 = ^4 (tan 2 0 + 1) = 2\/sec 2 e = 2 sec 0, 
r dx c 2sec 2 ddd _ r 

J x A Jx 2 + 4 J 16tan 4 0 • 2sec0 J 


sec 9 dO 




sec0 

COS 3 0 





tan 4 0 

sin 4 0 



r dx l J 

f COS 3 0rf0 

1 f 

COS 2 0COS0d0 

1 f 

(l - sin 2 0^ cosdde 

J xVx 2 + 4 16 j 

sin 4 0 

16 J 

si n 4 0 

16 J 

sin 4 0 


Now substitute;/ = si n 0 and = cos9d9 to obtain 


/ 


dx 1 Cl — ;/ 2 1 f / _4 _ 2 \ 1 

= 77 / 7 dll = — l \ u — U dll = 

16 J w 4 16 J V ; 48; 


xVx 2 +4 


;; 

1 1 


1 1 

487 + 16 k +C 


11 1,1 

- — «- + — h c = csc 4 0 + — esc 0 + c. 

48 sin 3 0 16 sin 0 48 16 


Finally, return to the original to the original variable x using the relation x = 2 tan 0 and the figure below. 


/ 


dx 


x-Vx 2 + 4 


1 l Vx 2 + 4 V + 1 77 + 4 c _ 


48 




16 


48x 3 


+ 


x 4 +4 
16x 


+ C. 


vV + 4 y/ 


/e\ 

c 


51. J (x + l)e 4_3A ' dx 

solution We compute the integral using Integration by Parts with u = x + 1 and v' = e 4-3 -*. Then «' = 1, 
v = -\e 4 ~ 3x and 

f(x + l)e 4 ~ 3x dx = -i(x + 1)7 - 3a + \f e 4 ~ 3x dx = ~(x + l)/” 3 * + ^ ■ (-^) e 4 - 3v + C 
= — ^e 4— 3 a (3x + 4) + C. 

53 7 x 3 cos(x 2 ) dx 

solution Substitute; = x 2 , dt = 2xdx. Then 

J x 3 COS (x 2 ) dx = ^ J tcostdt. 
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Wecomputethe resulting integral using Integration by Partswith u = t and v' = cosr.Then u' = 1, v = si n t and 


!■ 


! 


tcost dt = /sin t - / sin r rfr = t sin t + cost + C. 


Thus, 


J x 3 cos (x 2 ) dx = -x 2 sin a' 2 + ^ cosx 2 


+ C. 


’■/ 


55. / xtanh 1 a <Tx 


solution We use Integration by Parts with u = tanh and i/ = x. Then = ^7, t> = \ and 

- 2 ■ 1 r x 2 


/ 


Now 


xtanh 1 xdx = ^tanh 


x^-1 + 1 


M/r 


= -!+■ 


■ dx. 


1 - x 2 1 - x 2 1 - x 2 ’ 

and the partial fraction decomposition for the remaining fraction takes the form 

1 A B 

+ 


1 — x 2 1 — x 1 + x 

Clearing denominators gives us 

1 = A(1 + x) + 5(1 — x). 

Setting x = 1 then yields A = j, while setting x = -1 yields B = ^ Thus, 


/i^7‘ h+ l/rb‘ fo:+ l/ 


— x 2 J 1 + x 


dx 


— — x — fir'll — x| + ^ In |1 + x| + C — — x + ^ In 


1 + x 


1 — x 


+ C. 


Therefore, 


57 7 


SOLUTION 

v = x, and 


C x 2 1 

/ x tanh -1 x dx - — tanh -1 x - - ( 

7 1 . 
— x + — In 

1 + X 

\ „ x 2 . , _1 X 1 . 

+ C=--tanh ^ x + — — — In 

1 + X 

J 2 2 \ 

V 2 

1 — X 

J 2 2 4 

1 — X 


4- C . 

I L \ Z | 1 — X |/ l Z 4 | 1 — X | 

I n (x 2 + 9) dx 

We compute the integral using Integration by Parts with u = In (x 2 + 9 ) and 1 / = 1. Then u' = - 

2x 2 


J I n (x 2 + 9^ rfx = x In ^x 2 + 9 ) ~ J ~2 — g 


To compute this integral we write: 


(x 2 + 9) - 9 

T Z 1 


x l + 9 x l + 9 


x 2 + 9 


hence, 


Therefore, 


J^ dx -f ldx - 9 f 


dx „ _i x 

, = x - 3tan 1 - + C. 

x 2 + 9 3 


J In (x 2 + 9) dx = x In (x 2 + 9) - 2x + 6tan 1 Q) 


^ ) + C. 
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59. / cosh 2 tdt 


solution / cosh 2t dt = - sinh 2t\ = - sinh 2. 


SOLUTION ^ 

l"3 v^3/2 

63. / 

Jo 

SOLUTION 


coth 2 (l - 4 t)dt 

in J coth 2 (1 - 4 t)dr = J (l + csch 2 (l - 4/)j dt = t + ^ coth(l - 4 r) + C. 


dx 

v'9 — x 2 
'3V3/2 ^ 


■ -1 * 
= sin - 


3^3/ 2 . V3 

= sin — 

o 2 


/J 7T 

Y " I' 


65. Use the substitution u - tanh/ to evaluate f ^ 

J cosh^ v + sinh^ r 

solution Let u = tanh t. Then du = sech 2 tdt and 


67. L et l n = 


dt r sech' 1 1 

cosh 2 1 + sinh 2 1 J 1 + tanh 2 v 

[ x n dx 

J x*Yi' 


du _ i _ i i 

T = tan u + C = tan 1 (tanh x) + C. 

1 + u 2 


(a) Prove that /„ = - — - - /„_ 2 . 

n — 1 

(b) U se (a) to calculate I n for 0 < n < 5. 

(c) Show that, in general, 


x 2n 

x 2 "- 2 

I 

2 n 

In - 2 

v 2n—l 

„2/i-3 

X 

X 

In - 1 

2/7-3 


4 p (-1)" : x + (-!)" tan 1 x + C 


SOLUTION 


(a) In = 


'"■//+ l dx ~f 


x n ~ 2 (x 2 + 1-1) 
x 2 + 1 


(b) First compute /o and /i directly: 

f x® dx f dx i , I 

/0 = i^T l=]^i = tan x + C and h = J 

We now use the equality obtained in part (a) to compute / 2 , 13, 14 and I 5 : 

x 2 - 1 

Ij = 2 — J — h -2 = x — Iq = x — tan x + C; 

x 3 - 1 x 2 x 2 1 / 2 ,\ 

I 3 = yy “ 7 3-2 = y - 7 1 = y - 2 ln y + *) + c ; 




dx = - /„_ 2 . 


: + 1 « — 1 


x dx 1 , 

-= = - In 

x 2 + 1 2 


(x 2 + l) 


X 4 1 X 3 X 3 / _1 \ 

— - / 4-2 = y - 12 = y - (x - tan x) 


X J _1 

-b C = — x -|- tan x -\ - C', 


x>~ L X 4 * 4 lx 1 1, 

/ 5 = 53 T -/ 5 - 2 = T -/3 = T - y - 2 ln 


(x 2 + ifj + C - — - — + ^ In (x 2 + l) 


(c) We prove the two identities using mathematical induction. We first prove that for n > 1: 

v 2« 2n-2 ] . 

b n +\ = ^ ' , + • • • + (-1)" • „ In (x 2 + 1 ) + C. 


in in-i 1 , 

hn+l = \ n - y+y + ' " + (-1) " ' 2 ' n ( x + X ) + C 
■« = 1. Setting /? = 1, we find 

I 3 = y + (— l) 1 y In (x 2 + l) + C = y - ^ In (x 2 + l) 


We verify the equality for n - 1. Setting n - 1, we find 

.2 . 1 , _ 
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which agrees with the value obtained in part (b). We now assume that for n = k: 


x 2k x 2k ~ 2 


'2k+i - 2k 2k _ 2 + 


■■■ + (-!)*■ \ In (x 2 + l) + C. 


We use this assumption to prove the equality for n = k + 1. By part (a) and the induction hypothesis 
Y 2k+2 


J 2k+3 = 


2k + 2 


- h k + i = 


x 2k+2 x 2k ^2&— 2 


2k + 2 2k 2k — 2 


(-if • x 


• ^ In (x 2 + l) 


+ C 


1 1- (-if +1 

2k + 2 2k 2 


■ ^ In (x 2 + l) 


+ C 


as required. We now prove the second identity for n > 1: 


,.2«— 1 


_ 2«-3 


l2n — 


2 n — 1 2 n — 3 


4 h(-l)"tan l x + C. 


We verify this equality for n = 1: 


l 2 = x - tan L x + C, 


which agrees with the value obtained in part (b). We now assume that for n = k 


„2A— 1 


, 2£-3 


^2A- 


■ 1 - (-if tan 1 x + C. 


2k -1 2k -3 

We use this assumption to prove the equality for n = k + 1. By part (a) and the induction hypothesis 


^2Jr+2 = 


x 2k+1 
2k + 1 


~ I2k = 


x 2k+l x 2k-l 


r 2k—3 


x 2 T'+l x 2k ~ ^ 


2k +1 2k -l 


2k + 1 2k — 1 2k — 3 
+ ■ ■ ■ + (-lf +1 ■ tan -1 * + C 


(-!)*• tan 1 x + C 


as required. 


69. Compute p(X < 1), where X is a continuous random variable with probability density p(x) = , 

/ Y*- 


SOLUTION 


/ I 1 rl 1 ^ 

p(x) dx — — / dx = — tan -1 x 

-co tc J—oo “hi H 


1 

7 r 


7 T — 7T 

4^ 2~ 


7r(^:^ + 1) 


71. Find a constant C such that p(x ) = Cjc 3 ^ _x is a probability density and compute p ( 0 < X < 1). 
solution We first find the indefinite integral of p(x) using integration by parts, with u = x 2 , v' = xe 
u 1 = 2x and : 


J Cx^e x dx = C -* 2 e * + J xe x dx^j = C -* 2 e * — * 

To determine the constant C, the value of the integral on the interval [0, oo) must be 1: 


1 = 

so that C = 2. Then 

p(0 < x < i) = 


= f Cx 2 e x dx = — ^-e X ! 2 (x 2 + 1) 
JO 2 


= -— lim — -=- 

2 \ /? — >oo e x ! 


-C 


2x 2 ‘e x dx = —e x (x 2 + 1) 


= l-2e 


-1 


= -?e“*V + l) 


-"-I 


: 0.13212 


73. Calculate the following probabilities, assuming that X is normally distributed with mean p = 40 and a = I 
(a) P (X > 45) (b) p(0 < X < 40) 

solution Let F be the standard normal cumulative distribution function. Then by Theorem 1 in Section 7.7, 

(a) 


'45 - 40 ' 


so that 


p(X > 45) = 1 - p{X < 45) = 1 - F 


5 


= 1 - F(l) ™ 1 - 0.8413 ^ 0.1587 
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(b) 

„ „ / 40 — 40 \ /0 — 40\ 

p(0 < X < 40) = p(X < 40) - p(X < 0) = F I 1 - F ( — - — J 

= F(0) - F(-8) = J - F(-8) « \ - 0 = J 

Note that p(X < 40) is exactly \ since 40 is the mean. Also, since -8 is so far to the left in the standard normal 
distribution, the probability of its occurrence is quite small (approximately 8 x 10” 11 ). 


In Exercises 75-84, determine whether the improper integral converges and, if so, evaluate it. 

75 r dx 

Jo (x + 2) 2 

SOLUTION 


r°° dx 
0 (x + 2) 2 


.. [ R dx 1 R 

lim / T = lim 

R^-ooJo (x + 2p R^-OO X + 2 g 


lim 

R-*o Q 


R + 2 



lim 

R — ^ oo 


i 

R + 2 




1 

r 



SOLUTION 



lim 



= lim 3x 1/3 

x 2 / 3 r?^o+ 


4 


lim f3-4 1/3 -3-7? 1/3 ) =3v / 4. 


79. 



dx 

x 2 + 1 


SOLUTION 


I " ® dx 

-oo X 2 + 1 


lim 

1° f, 

= lim tan 


0 

= lim (tan _1 0-tan 

R —+—00 % 

Jr x 2 + 1 

R—+—OQ 


R^—oo V 

lim | 

f-tan -1 #') 

I = _ (-y) = 

7T 


R^—oo 

V ) 

V 2 / 

2 



fit / 2 

81. / cot Odd 

JO 

SOLUTION 



cot e de 


fit/ 2 

lim / cote de = 
r^o+J r 


lim In|sin0| 

R^0+ 


n/2 

R 


^lim (in (sin y) - ln(sin R) 


= lim (In 1 - ln(sin R)) 

R^0+ 


lim In 

tf^0+ 



= oo. 


We conclude that the improper integral diverges. 

rco 

83. / (5 + x)~^^ dx 

Jo 

SOLUTION 



(5 + x ) 3 / 3 dx 


r R ^ 

lim / (5 + x) -1 / 3 dx = lim -(5 + x) 2/3 

R — >oo Jo R—>oo 2 


lim 


R-+-oo \ 2 


3 (5 + F) 2 / 3 — ^5 2 / 3 ) = oo. 


R 

0 


We conclude that the improper integral diverges. 
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In Exercises 85-90, use the Comparison Test to determine whether the improper integral converges or diverges. 


" 0O dx 
3 .v 2 - 4 


solution For x > 8 , \x 2 > 4, so that 


~a 2 < -4 

p<x 2 -4 


1 2 

A' 2 - 4 - X 1 ' 


pOO poo 

Now, / 4* converges, so / \ dx also converges. Therefore, by the comparison test, 

h x J 8 * 

r°° dx 

/ — — converges. 

J 8 x 4 


87 r dx 

J 3 ,v 4 + cos 2 A 
solution For a > 1 , we have 


a 4 + cos 2 a a 4 ' 


po® dx roo dx 

Since / — T converges, the Comparison Test guarantees that / — j — - — =- also converges. The integral 

J i a 4 J i A 4 + cos .A 


r 3 dx 
Jl A 4 + COS 2 a 
also converges. 


has a finite value (notice that a 4 + cos 2 a 0) hence we conclude that the integral J 


dx 

a 4 + cos 2 a 


89 [ dx 

Jo a^/3 + a 2 /3 

solution For 0 < A < 1, 


1/3 , 2/3 > 1/3 so i < 

+ - a‘1/3 + a 2 /3 — a'1/3 " 


pi pi dx 

Now, / a -1 / 3 <1a converges. Therefore, bytheComparisonTest, theimproperintegral / . ,, — ^ also converges. 

Jo Jo r/ J +r/ J 

91. Calculate the volume of the infinite solid obtained by rotating the region under y = (a 2 + l) -2 for 0 < a < oo 
about the y-axis. 

solution Using the Shell M ethod, the volume of the infinite solid obtained by rotating the region under the graph of 
y = (a 2 + l) over the interval [ 0 , oo) about the y-axis is 


V = 2n 


10 (a 2 + l) 2 


dx - lim 


h (a 2 + 1) R - 


(a 2 + l) 2 


We substitute t = a 2 + 1, dt = 2xdx. The new limits of integration are t = 1 and t = R 2 + 1. Thus, 


x dx 

(* 2 + l) 2 


^ 2 +! 3 dt 1 |^ 2+1 1 / 


R 2 + lJ ‘ 
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Taking the limitas R -» oo yields: 


Therefore, 


f - = lim l(l- -J-' ) 

0 ( x 2 + R^oo2\ R 2 + lJ 


V = 2n ■ - = 7i. 
2 


^( 1 - 0 ) = 


1 

2 ' 


93. Show that / 0 °° jc"«? - t2 dx converges for all n > 0. H int: First observe thatx"e xl <x n e x for x > 1. Then show 
that jr"e — T < x~ 2 for* sufficiently large. 

9 2 2 

solution For * > 1, x z > x; hence e x > e v , and 0 < e x < e x . Therefore, for x> 1 the following inequality 
holds: 

x n+2 e~ xl <x n+2 e~ x . 


Now, using L'Hopital's Rulen + 2 times, wefind 


lim x n+2 e~ x 
x — >oo 


lim 

x — >oo 



.. (n + 2)x n+1 
lim 

x — >oo e x 


= lim 

x — >oo 


(n + 2)! 


= 0 . 


(w + 2)(« + l)x" 
x — >oo e x 


Therefore, 


lim x n+2 e ~ x 2 =0 

x-^-oo 


by the Squeeze Theorem, and there exists a number R > 1 such that, for all x > R: 


x n+2 e~ x <1 


or 


-2 


Finally, write 


/» OO -J /*/? -J /»oo 

/ dx = / x"e“- T dx + / x" 

Jo Jo Jr? 


e ' dx. 


The first integral on the right-hand side has finite value since the integrand is a continuous function. The second integral 


converges since on the interval of integration, x n e - T ‘ < x 2 and we know that / x z dx = I converges. We 


conclude that the i 


ro o 

ntegral / x" 
Jo 


f 00 -2 f 

/ X dx = 

JR J h 


dx 


R * 


e - v dx converges. 


95. Compute the Laplace transform L/O) of the function /(x) = x 2 e“ x fori > a. 
solution The Laplace transform is the following integral: 


■(' v “) w= f 


f 

Jo 


pi 

X 2 e ax e ~ sx dx = r~ x 2 e^~ s)x dx= lim / ' x 2 e (o, - s '> x dx. 

r?->oo Jo 


We compute the definite integral using Integration by Parts with u = * 2 , v' = e (a ~ s)x . Then i/ = 2x, u = 
and 


/„ 


s l 

_ v 2 e («-i)x dx = 


_x 2 e («-i)x 


a — s 

1 


t=0 


_ R 2 e (o l - s ) R 

a — s a — s 


[ R 2 x — 

Jo a- 

f 

Jo 


(Q ! — s)x 


dx 


xe (o, ~ s)x dx. 


We compute the resulting integral using Integration by Parts again, this time with u = x and v' = e (“-s)x. Then u' = 1, 

v = ^e (a - s)x and 


1 


a— s 
R 

xe 


( U-S)x J _ 


dx = x • 


Ja-s)x 


1=0 


— ( R e {a ~ s)x dx= ( -^—e (a - s)x ^e (a - s)x ) 

-sj o \a-s ( a-s ) 2 / 


c=0 


l> (ct—s)R _ 


(a - s) 


1 O (a-s)R _ £ 0\ _ 1 

- V / (n — 


Ja-s)R 


(a — s) (at — s) 


R 

H e 

a — s 


(a—s)R 
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Thus, 


/. 


R x 2 e^- s)x dx = JL «-*)/? — 

a — s a — s 


_ R 2e(c-s) R _ 


(a — s )^ (a — . S ') 2 
. _i_ 2 Act-s)R 


e (a—s)R + 


(? (a—s)R 


(a — sy (a — sy 


2 R 

{a — s ) 2 


a (c/—s)R 


and 


■ (xV*) ( s ) = 


(s - ar J - a fl->oo 


— lim 2 


q Mill 

(x — aY R^o o 


lim e -(^-a)R_ 


lim 


(5 — of) R->o o 


Now, si nee 5 > a, lim e a)R = 0. We use L'H opital's Ruleto compute the other two limits: 

R — > 00 


lim Re ^ a)R = lim — — = lim — r- 

^—>00 R— >00 e( s a ^ R R— >00 ( s — a)e( s a ^ R 


R l 


2 R 


lim R 2 e ^ a ^ R = lim — — = lim — ,,,,, 

R— >00 R->-oo g(s—a)R R—>oo ( s — a)e^ s ~ a ^ R R—>o o (5 — a)^e^ s ~ a ^ R 


= 0 ; 

= lim 


= 0. 


Finally, 


( x 2 e “ x ) ( s ) = 


2 2 
- 0 - 0 - 0 = 


( s — ay 


(s — a ) 9 


97. State whether the approximation M N or T N is larger or smaller than the integral. 

r* 2n 


(a) [ sin xdx 
Jo 

(b) 

r 8 dx 


(O / -j 

J 1 X L 

(d) 

SOLUTION 



f 


sin x dx 


L 


(d) / \nxdx 


(a) Because f(x) = sin * is concave down on the interval [0, n] 


t n < 


[ n sin 
Jo 


x dx < 


that is, T n is smaller and M N is larger than the integral. 

(b) On the interval In, In], the function f(x) = si n jr is concave up, therefore 


m n < 


pin 

/ sin 
Jn 


x dx < T^', 


that is, m n is smaller and T N is larger than the integral. 

(c) The function /(x) = \ is concave up on the interval [1. 8]; therefore, 


r 


. dx „ 

Mn < -r < 7jv; 

r*- 


that is, m n is smaller and T N is larger than the integral. 

(d) The integrand y = In x is concave down on the interval [2. 5]; hence, 

r-5 


Tn < J In xdx<MN\ 

that is, T n is smaller and M N is larger than the integral. 

In Exercises 99-104, compute the given approximation to the integral. 


e x dx, M5 


99. f 1 

Jo 

solution Divide the interval [0,1] into 5 subintervals of length Ax = = 5, with midpoints q = cj = 4j, 

c 3 = j' c 4 = ttj 1 c 5 = Then 

[ f (w) + f (ffl ) + f G) + 7 (ro) + 7 (ro)] 

= J [ t “ (1 /10 )2 + e-WW 7 + e-W 2 + ,- (7 / 10)2 + ,-( 9 / 10 ' 2 ] = 0.748053. 
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101 . f ' Vsin ede, m 4 

«/ 7T /4 

solution Divide the interval [^, j] into 4 subintervals of length A* = ^ with midpoints ^ 

and Then 


a/ 4 = Ax / 






32 J 


32 y 


+ / 


32 J 


7 r 

16 






0.744978. 


103. f e x dx, S 4 
JO 

solution Divide the interval [0. 1] into 4 subintervals of length Ax = \ with endpoints 0, |, 1. Then 

5 6 = \ Ax (/( 0) + 4/ ( J) + 2/ Q) + 4/ + /(l)) 

= y \ (e-° 2 + 4<? -(1 / 4)2 + 2 e - (1 /2) 2 + 4e -«/ 4 > 2 + ,- 12 ) = 0.746855. 


105. The following table gives the area A(h) of a horizontal cross section of a pond at depth h. Use the Trapezoidal Rule 
to estimate the volume V of the pond (Figure !)■ 


h (ft) 

A{h) (acres) 

h (ft) 

A(h) (acres) 

0 

2.8 

10 

0.8 

2 

2.4 

12 

0.6 

4 

1.8 

14 

0.2 

6 

1.5 

16 

0.1 

8 

1.2 

18 

0 



FIGURE 1 

solution The volume of the pond is the following integral: 

f 18 


V = 


f 

Jo 


A(h)dh 


We approximate the integral using the trapezoidal approximation Tg. The interval of depth [0, 18] is divided to 9 subin- 
tervals of length Ax = 2 with endpoints 0, 2, 4, 6, 8, 10, 12, 14, 16, 18. Thus, 

V Tg = X - ■ 2(2.8 + 2 ■ 2.4 + 2 • 1.8 + 2 ■ 1.5 + 2 • 1.2 + 2 ■ 0.8 + 2 • 0.6 + 2 ■ 0.2 + 2 • 0.1 + 0) 

= 20 acre -ft = 871,200 ft 3 , 
where we have used the fact that 1 acre = 43,560 ft 2 . 

r3 


107. Find a bound for the error 


J 


M 16 — I x dx 


solution The Error Bound for the M idpoint Rule states that 


L 


m n - / f(x)dx 


Kiib-ay 

247V 2 
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where K 2 is a number such that |/"(*)| < K 2 for all * e [1, 3], Here b - a = 3 - 1 = 2 and N = 16. Therefore, 


r 


M 16 — x 5 dx 


K 2 -2 3 _ K 2 
24 - 16 2 “ 768’ 


To find K 2 , we differentiate f(x) = x 3 twice: 

f\x) = 3* 2 and f"(x) = 6*. 

On the interval [1, 3] we have |/"(*)| = 6x < 6 • 3 = 18; hence, we may take K 2 = 18. Thus, 


i; 


M i6 — / * J dx 


18 3 

< ^ = — = 0.0234375. 
“ 768 128 


109. Find a value of at such that 


/■*/ 4 

Mn — I tan x dx 
Jo 


< 10 - 


SOLUTION To use the Error Bound we must find the second derivative of /(*) = tan x. We differentiate f twice to 
obtain: 


/'(*) = sec 2 * 

/"(*) = 2 sec x tan x 


. sin* 

COS 2 * 


For 0 < x < f , we have sin* < sin f = X an d cos* > -j= or cos 2 * > ^.Therefore, for 0 < * < f we have: 


/"(*) = ^ ^ = 2V2. 

cos 2 * * 

Using the Error Bound with b - \ , a = 0 and K 2 = 2sf2 we have: 


/•tt/4 

|M/v — J tan * dx 
We must choose a value of N such that: 

t 3 \/2 


2V2-(|— 0) 3 7rV2 

24AT 2 “ 768fV 2 


77 < 10- 4 


768fV 2 


2 10 4 ' 'J2ix 3 

N > 


768 

AT > 23.9 

The smallest integer that is needed to obtain the required precision is TV = 24. 



9 FURTHER APPLICATIONS 
OF THE INTEGRAL AND 
TAYLOR POLYNOMIALS 


9.1 Arc Length and Surface Area 

Preliminary Questions 

1. W hich integral represents the length of the curve y = cos x between 0 and n ? 

r vT + cos 2 xdx, f J 1 + sin 2 xdx 

Jo Jo 

solution Let y = cos.v. Then / = — si n jc, and 1 + (y') 2 = 1 + si n 2 jc. Thus, the length of the curve y = cosx 
between 0 and n is 

[ + sin 2 x dx . 

Jo 


2 . U se the formula for arc length to show that for any constant C, the graphs y = fix) and y = fix) + C have the 
same length over every interval [ a,b ]. Explain geometrically. 

solution The graph of y = f(x) + C is a vertical translation of the graph of y = f(xy, hence, the two graphs should 
have the same arc length. We can explicitly establish this as follows: 


length of y = f(x) + C = 


i:F 


-\2 


— (f(x) + C) 
dx 


dx = f + [fix)] 2 dx = length of y = fix). 
Ja 


3 . Use the formula for arc length to show that the length of a graph over [1, 4] cannot be less than 3. 

solution Note that fix) 2 > 0, so that yi + [fix)] 1 > Vl = 1. Then the arc length of the graph of fix) on 
[1,4] is 

J ^1 + [f'ix)] 2 dx > J ldx = 3 


Exercises 

1. Express the arc length of the curve y = x 4 between x = 2 and jc = 6 as an integral (but do not evaluate). 
solution Let y = jc 4 . Then y' = 4x 3 and 

s = J yjl + (4jc3)2 dx = J fl + 16x® dx. 


3. Find the arc length of y = -^.v 3 +x 1 for 1 < x < 2. Hint: Show that 1 + (y') 2 = + x 2 ) 

1 JC 2 

solution Let y = —x 3 + x^ 1 . Then y' = — x~ 2 , and 
12 • 4 


(yT + 1 = ( ’ T -x- 


x 4 1 _4 x 4 1 _4 ( x 2 

+ 1 — + X +1 — — — + — + X — [ — — + X 


16 2 


16 2 
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Thus, 


dx =L 


x z 1 

. 3 — 




-k 


2 / x -2 1 \ v z 1 

— + \dx since — + > 0 


x i _ 1 

12 x 


13 

12 ' 


In Exercises 5-10, calculate the arc length over the given interval. 

5. y = 3x + 1, [0, 3] 

/•3 

solution Lety = 3x + 1. Then / = 3, and s = / Vl + 9 dx = 3n/10. 

Jo 

7. y = x 3 / 2 , [1, 2] 

solution Let y = x 3 / 2 . Then y ' = \ x 1 / 2 , and 


i + «y 212 8 / ai \ 3 ' 2 / lax 3 -' 2 


i; 


1 27 U 2 j 


D = h t 22 ' 72 


- 13V13 ) . 


9. y = |x 2 — Inx, [1, 2e] 
solution L et y = |x 2 - j I n x. T hen 


and 


, x 1 
y = 2 “ lx' 


. , ,,2 , /jc 1 \ 2 x 2 1 1 /x 1 . 

1 + 00 “ 1+ ( 2 “ 2^) — ~4~ 2 4x^ — ( 2 2x J ' 


Hence, 


- 1 ^ +wljx ~ C'ld + h) dx - k 

C 2e ( x 1 \ x 1 

= J ( ^ + — ) dx since ^ + — > 0 on [1, 2e] 


x 1 
2 + lx 


dx 


2 2x 


/ x 2 1 

= lT + 2 ln ' v 


2e 


2 2x 


7 In 2 1 

- e +^+4' 


In Exercises 11-14, approximate the arc length of the curve over the interval using the Trapezoidal Rule 7\r, the Midpoint 
Rule Mfj, or Simpson's Rule Spy as indicated. 

11 . y = y, [1, 2], T 5 

solution Let y = Jx 4 . Then 


1 + (y') 2 = 1 + (X 3 ) 2 = 1 + X 6 . 


Therefore, the arc length over [1, 2] is 


k* 


+ x 6 dx. 


Now, let /(x) = s/l + x 6 . With n = 5, 


2-1 1 s |, 6 7 8 9 

Ax= — = - and {x,}? =0 = 1 ,-, 2 \. 
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Using the Trapezoidal Rule, 



Ax 

~T 


4 

/(* 0 ) + 2 Y1 + /(-* 5 ) 

i=l 


3.957736. 


The arc length is approximately 3.957736 units. 

13. y = x _1 , [1,2], S 8 

solution Let _v = jr _1 . Then / = - x ~ 2 and 


Therefore, the arc length over [1. 2] is 


Now, let f(x) = J 1 + pf. With n = 8, 


l + (y') 2 =1+^. 



2-1 
Ab- 
using Simpson's Rule, 



K)?=o = 


f 9 5 11 3 13 7 15 J 

I 1 ' 8 ’ V J' V ¥’ 4 ’ ~ 8 ’ 2 } ■ 



The arc length is approximately 1.132123 units. 

15. Calculate the length of theastroid x 2 / 3 + y 2 / 3 = 1 (Figure 11). 



FIGURE ll Graph of x 2 / 3 + y 2 / 3 = 1. 


solution We will calculate the arc length of the portion of the asteroid in the first quadrant and then multiply by 4. By 
implicit differentiation 


so 


Thus 



+ = 0 . 


y 


r 


_ V -l/3 _ yl/3 
^ 173 -“^ 73 - 


l i , G 2 - 1 i yV 3 - x2/3 + y2/3 
1 + (y ) - 1 + x2ft - v 2/3 


1 

^73’ 


and 



3 

2 ' 


The total arc length is therefore 4 • | = 6. 

17. Let a, r > 0. Show that the arc length of the curve x r + y r = a r for 0 < x < a is proportional to a. 
solution Using implicit differentiation, we find y' = -{x/y)''~ l and 


1 + (/) 2 = 1 + (x/y) 2r ~ 2 


X 2r ~ l + y 2r ~ 2 
727^2 


jc 2 '- 2 + (a r - x r ) 2 ~ 2 l r 
( a r - x r ) 2 ~ 2 l r 
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The arc length is then 


Using the substitution x = au, we obtain 


x 2r ~ 2 + (a r - x r ) 2 ~ 2 l r 
{a r - x r ) 2 ~ 2 /'' 


f 1 lu 2r - 2 + (1 - u r ) 2 ~ 2 / r 
s = a I ./ ~ ilu, 

Jo V a-w) 2 ~ 2 / r 

where the integral is independent of a. 

19. Find the value of a such that the arc length of the catenary y = cosh x for -a < x < a equals 10. 
solution Lety = cosh*. Then y' = sinh* and 

1 + (y ') 2 = 1 + sinh 2 * = cosh 2 *. 


s = / zoshxdx = sinh(a) - sinh(-a) = 2sinha. 

J —a 

Setting this expression equal to 10 and solving fora yields a = sinh _1 (5) = ln(5 + V 26 ). 
21. Show that the circumference of the unit circle is equal to 


> f 1 ^ 


(an improper integral) 


Evaluate, thus verifying that the circumference is 2 n. 

solution Note the circumference of the unit circle is twice the arc length of the upper half of the curve defined by 
x 2 + y 2 = 1. Thus, let y = x/l - x 2 . Then 

, * , , , ■) , x 2 1 

■ v = ~ jy^x 1 and 1 + (y) ^^ r ^ 2 "!^ 2 ' 


Finally, the circumference of the unit circle is 


i Z" 1 - 

'J-lJl. 


J. 

= 2 sin - 1 * = n — {—n) = 7n. 


23. Calculate the arc length of y — x 2 over [0, a]. Hint: Use trigonometric substitution. Evaluate for a = 1. 
solution L et y = x 2 . T hen y' = 2x and 


/l + 4* 2 dx. 


Using the substitution 2* = tan 0, 2 dx = sec 2 6 d8, we find 


2 J x =o 


sec i 9 dO. 


Next, using a reduction formula for the integral of sec 3 9, we see that 


\ ^ / 2 2 \ 

- sec 9 tan 9 + - In | sect? + tan0|J = ^-xvTT4?+ - In |\/TT4*2 + 2*|J 


= C Jy/l + 4a 2 + - In |-s/l + 4a 2 + 2a| 
2 4 


Thus, when a - 1, 


5 = + l ln(V5 + 2) ^ 1.478943. 

2 4 


25. Find the arc length of y = e x over [0, a\. Hint: Try the substitution u - Vl + e 2x followed by partial fractions. 
solution Lety = e x . Then 1 + (y') 2 = 1 + e 2x , and the arc length over [0, a] is 

f yr+ e 2x dx. 
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Now, let u = fl + e 2x . Then 


du = - ■ 


1 2e 2jr 


: rfjC = 


f — 1 


2 y/l + e 2 ' 1 ' 

and the arc length is 

r a r y- t r x=a u [ x=a u z , r 

I yf 1 -\- e^ x ax = I u • — =j du = I —= aw = / 

J 0 J x = 0 w — 1 Jx=0 u — \ J x 

-L 


x =a / i 

1 H ^ r ) r/z< 

x — 0 V u 


, 2 - 1 


*= a V 1 1 1 1 \ / 1 , 1 , 

1 + - x du — ( u + - ln(M - 1) - x ln(w + 1) 

l u — 1 2. u + i. J \ l l 


A 5“ 1 , ( v/l + e 2 * - 1 

VI + e 2 - T + - In 1 


2 \ \/l + e 2 * + 1 


r =- 1 Vl + e la - 1 1, 1 + V2 

= VI + e 2a + - In V2 + - In — 

2 Vl + e^+1 2 V2-1 


= yi^ e 2 0+ l|n ^±g!- 1 -V2 + ln(l + V2). 
2 yi + e 2fl + 1 


.*=0 


27. Use Eq. (4) to compute the arc length of y = In(sin.v) for j < x < j 
solution With fix) = si n jc, E q. (4) yields 

rn/2 


Jn/4 


r / 2 v / sin 2 x + cos 2 ^ 


sin x 


dx = [ CSCxdx = In (CSC.* — COt.y) 
J7Z / 4 


Jl/2 

71 j 4 


= In 1 - ln(V2 — 1) = In — — = ln(V2 + 1). 

V2-1 


29. Show that if 0 < fix) < 1 for all x, then the arc length of y = fix) over [a, b] is at most V2 (b - a). Show that 
for f{x) = x, the arc length equals V2 (b - a). 

solution If 0 < f'{x) < 1 for all x, then 


s = / y/ i + f (x) 2 dx < I Vl + 1 dx = \[2(b — a). 
J a J a 


If fix) = x, then fix) = 1 and 





+ ldx = V2 (b — a). 


31. Approximate the arc length of one-quarter of the unit circle (which we know is f) by computing the length of the 
polygonal approximation with N = 4 segments (Figure 14). 


y 



FIGURE 14 One-quarter of the unit circle 


SOLUTION 


With y = fl - x 2 , the five points along the curve are 

/’ 0 (0, 1), Pi (1/4, V15/4), P 2 {l/2,V3/2), P 3 i 3/4.V7/4), P 4 (l, 0) 
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Then 


PqPi = 


P1P2 = 


P1P3 = 


P 3 P A = 




1 / 2 v 3-\/15 

16 + \ 4 


1 /2V3-V7 

16 + ( 4 


1 7 

16 + 16 


0.252009 

0.270091 

0.323042 

0.707108 


and the total approximate distance is 1.552250 whereas 7r/2 1.570796. 

In Exercises 33^10, compute the surface area of revolution about the x-axis over the interval. 

33. y = x, [0, 4] 

solution 1 + (/) 2 = 2 so that 


SA = 2n 


L 


4 1 

xV2dx — 2 jta/ 2 -x 2 


4 

= 16jt\/2 


0 


35. y = x 3 , [0, 2] 

solution 1 + ( y ') 2 = 1 + 9x 4 , so that 

f 2 


SA = 2n f x Vl + 9x 4 rfx = ^ f 36xVl + 9x 4 dx = ^ (1 + 9x 4 ) 3/2 = ^ ( 145 3 / 2 - l) 
Jo 36 Jo 18 0 18 v ’ 


37. >• = (4 - x 2 / 3 ) 3 / 2 , [0, 8] 
solution L et v = (4 - x 2 / 3 ) 3 / 2 . T hen 

and 


y 7 = — x _1 / 3 (4 — x 2 / 3 ) 1 / 2 
4 - x 2 / 3 


1 + (y') 2 = 1 + 


,2/3 


4 

^273 ' 


Therefore, 


SA = 


= 2n f 
JO 


(4-x 2 / 3 ) 3 / 2 


2 

7173 


c/x. 


Using the substitution u - 4 - x 2 / 3 , = - lx 1/3 <7x, we find 


/•0 /*4 ]_2 

SA = 2i r I z/ 3 ^ 2 ( — 3 ) du = 67 r / ir^ du = — jtm 3 / 2 

Ja Jo 5 


3847T 


39. >’ = |x 2 — 2 Inx, [1, e] 
solution We have / = J - 2 * , and 


1 + (v') 2 -1 +(t-R-) - 1 + T “ t + 777 - T + t + 717 - ( t + =r: ) • 


Thus, 


■jT 


2 2x 


- 2 Inx 


2 ' 4x 2 


2 2x 


SA = 2n — — - + — ) dx = 2jt / — + — -T — rfx 


i; 


2 4x 2 \ 2 2 


x x I n x Inx 


8 8 


4x 


x 4 x 2 x 2 Inx x 2 (InxV 


= 27r 1 32 + 16 “ 


+ I6“ 
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( 4 2 2 2 

e e L e L e L 

32 + l6 8 _ + l6 _ 


1 

8 


11.1 
32 + 16 + + 16 


= 2 it 


/ e 4 1 1 1 1 \ 

y 32 ~8~3216~T6y 



4 


9) 


HR 5 In Exercises 41-44, use a computer algebra system to find the approximate surface area of the solid generated 
by rotating the curve about the x-axis. 

41. y = x _1 , [1,3] 

SOLUTION 


using M aple. 

43. y = e-* 2 / 2 , 



[ 0 , 2 ] 


SOLUTION 


7.603062807 


SA = 2ttJ e-* 2 ' 2 ^! + (-xe-* 2 ! 1 ) 1 dx = lit J e~ x2/2 s] 1 + x 2 e~ xl dx sa 8.222695606 
using M aple. 

45. Find the area of the surface obtained by rotating y = cosh* over [- In 2, In 2] around the uc-axis. 
solution Let y = cosh x. Then / = sinhx, and 


Jl + (y r ) 2 = \/l + sinh 2 x = V cosh 2 x = cosh x. 


Therefore, 


SA = 


r In 2 r In 2 

= 2n I COSh 4 x dx = n I 

J- In 2 J— In 2 


(1 + cosh 2x) dx = n ( x + - sinh 2x 


In 2 


— In 2 


= yr ( I n 2 + T sinh(2 In 2) + In 2 - ^ sinh(— 2 In 2) ) = 2n In 2 + n si nh(2 In 2). 


We can simplify this answer by recognizing that 

sinh(2 In 2) = 


e 2 ^ 2 — e -2 In 2 4 _1 15 

2 2 “ 8 ' 


Thus, 


_ , „ 157T 

SA = 2n In 2 + — 

8 


47. Find the surface area of the torus obtained by rotating the circle x 2 + (y - b ) 2 = a 2 about the x-axis (Figure 17). 


(0, b + a) 
(0, b* 



FIGURE 17 Torus obtained by rotating a circle about the x-axis. 
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solution y = b + y/a 2 - x 2 gives the top half of the circle and y = b - Jo 2 - x 2 gives the bottom half. N ote that 
in each case, 


l + (/) 2 = l+ * 


a 


a 2 — x 2 a 2 — x 2 


Rotating the two halves of the circle around the x-axis then yields 


SA = 


= 2n f (b + V a 2 — x 2 ) - dx + 2n [ (b — y/t 

J-a Ja 2 ^/ 2 J-a 


— y/a 2 — x 2 ) 


V a 2 — x 2 


dx 


f 

J—a 


= 2tt I 2b 


V a 2 — x 2 


dx = Anba 


j-a i 

J-a^T^X 2 


dx 


= A itba ■ sin ^ — ^ = Anba ^y — y^ = An 2 ba. 


Further Insights and Challenges 

/ x \ 2 / y \ 2 

49. Find the surface area of the ellipsoid obtained by rotating the ellipse + yj) = 1 about the. v-axis. 

solution Taking advantage of symmetry, we can find the surface area of the ellipsoid by doubling the surface area 
obtained by rotating the portion of the ellipse in the first quadrant about the x-axis. The equation for the portion of the 
ellipse in the first quadrant is 

y= 'l^— x 2. 


Thus, 


and 


, 2 b 2 x 2 a 4 + (b 2 — a 2 )x 2 

a 2 (ci 2 — x 2 ) a 2 (a 2 — x 2 ) 


,,4 _l th 2 _ „2 w2 


r h -Va 

Jo a 


SA = 47 r / — v a*- — yp- 


rV cA + ( b 2 — a 2 )x 2 
a/ a 2 — x 2 


dx = 4 nb / ,/l + 




b 2 — a 2 


x 2 dx. 


We now consider two cases. If b 2 > a 2 , then we make the substitution 

y/b 2 — a 2 a 2 y 

= x = tan 9, dx = , sec 9 d9. 


and find that 


a 2 f x = 

y/b 2 — a 2 Jx=0 


SA = Anb 


= I 2nbx. 1 + 


= 2nb 2 + 2nb 


sec i 9d0 - 2nb 


b 2 - a 2 


K 2 + 2jrb 


y/b 2 — a 2 

,,2 


y/b 2 —// 2 


(sec 0 tan e + In | sec 0 + tan 0|) 


x=0 


y/b^O 2 


In 


1 + 


b 2 — a 2 \ 2 / b 2 ' ~ a 2 


x 2 + 


Vb^a 2 


b / b 2 — a 2 


In - + 


a a 


On the other hand, if a 2 > b 2 , then we make the substitution 


y/ a 2 — b 2 a 2 

= x = Sin dx = — COS 9 d9 , 


yfa^b 2 


and find that 


SA — Anb 


y/a 2 - b 2 Jx = 0 


L 


x = a 2 -y a 2 

cos 2 9d0 = 2t rh . _ — = (9 + sin 9 cos 9) 


y/a 2 — b 2 


t=0 


2jtbx. 1 — 


= 2nb 2 + 2nb 


a 2 — b 2 

„2 


x 2 + 2nb- 


i n 1 ( ~ bl 


y/a^b 2 


sin 


y/a 2 —// 2 


sin 
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Observe that in both cases, as a approaches b, the value of the surface area of the ellipsoid approaches 4 nb 2 , the surface 
area of a sphere of radius b. 

51 . CR 5 Let L be the arc length of the upper half of the ellipse with equation 

y = -V a 2 — x 2 
a 


(Figure 18) and let t] = y/\ - ( b 2 /a 2 ). Use substitution to show that 

r w/2 


L = a 


rv 

i-jr/2 


1 - !? 2 sin 2 e d6> 


U se a computer algebra system to approximate L for a = 2, b - 1. 


y 

1 



-2 2 


FIGURE 18 Graph of the ellipse y = ^4 - x 2 . 


SOLUTION 


Let y = -a/« 2 - x 2 . Then 


, 2 fr 2 x 2 + a 2 (a 2 — x 2 ) 

1 + O '') 2 = 


a 2 (a 2 — x 2 ) 


and 


/:/ 


b 2 x 2 + a 2 (a 2 — x 2 ) 


a 2 (a 2 — x 2 ) 

With the substitution x = a sin /, dx = a cos/ dt, a 2 - x 2 = a 2 cos 2 r and 


dx. 


'f. 


71 / 2 /fl 2 )) 2 sin 2 / + a 2 fl 2 COS 2 / / -7r / 2 b 2 S\Vi 2 t 


cost 


-Tt/1 


a 2 (a 2 COS 2 /) 


dt = a 


rn/i 

Jn/2 


+ COS 2 f dr 


Because 


we then have 


72 = a/ 1 - ^2’ , ? 2 = 1 -72 


1 - r? 2 sin 2 / = 1 - ( 1 - ) sin 2 1 = 1 - sin 2 / + ^ sin 2 1 - cos 2 / + sin 2 1 

a 2 / a 2 a 2 


which is the same as the expression under the square root above. Substituting, we get 


s = a 



? 7 2 sin 2 1 dt 


When a = 2 and b = 1 , ;? 2 = |. Using a computer algebra system to approximate the value of the definite integral, we 
find s « 4.84422. 


53 . Hlfel Suppose that the observer in Exercise 52 moves off to infinity— that is, d -*■ oo. What do you expect the 
limiting value of the observed area to be? Check your guess by calculating the limit using the formula for the area in the 
previous exercise. 

solution We would assume the observed surface area would approach 2nR 2 which is the surface area of a hemisphere 
of radius R. To verify this, observe: 


lim SA = 

d — >oo 


2n R 2 d 

lim - 

d—>o o R + d 


lim 

d—*o o 


2n R 2 

1 


= 2: zR 2 . 
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55 . L-T&d Let f(x) be an increasing function on [a, b] and let g(x) be its inverse. Argue on the basis of arc length that 
the following equality holds: 



f'(x) 2 dx 



+ g’{y) 2 dy 


m 


Then use the substitution u = f(x) to prove Eq. (5). 

solution Since the graphs of f(x) and g(x) are symmetric with respect to the line y = x, the arc length of the curves 
will be equal on the respective domains. Since the domain of g is the range of /, on f(a) to f(b), g{x) will have the 
same arc length as f(x) on a to b. If g{x) - / _1 (x) and u = f(x), then* = g(u ) and clu = f{x)dx. But 


g'(u) 


1 

f'(g(u)) 


1 


=► /'« = 


1 

g'(u) 


Now substituting u = f(x), 


[ b Jl + f'(x) 2 dx= [ f{b \l 1 + (-rr^) g'(u)du = [ f(b) Jg'(u) 2 + ldu 

Ja v Jf(a) V \g'( U)J J f(a) V 


9.2 Fluid Pressure and Force 

Preliminary Questions 

1. How is pressure defined? 

solution Pressure is defined as force per unit area. 

2 . Fluid pressure is proportional to depth. What is the factor of proportionality? 

solution The factor of proportionality is the weight density of the fluid, w = pg, where p is the mass density of the 
fluid. 

3 . When fluid force acts on the side of a submerged object, in which direction does it act? 
solution Fluid force acts in the direction perpendicular to the side of the submerged object. 

4 . Why is fluid pressure on a surface calculated using thin horizontal strips rather than thin vertical strips? 
solution Pressure depends only on depth and does not change horizontally at a given depth. 

5 . If a thin plate is submerged horizontally, then the fluid force on one side of the plate is equal to pressure times area. 
Is this true if the plate is submerged vertically? 

solution W hen a plate is submerged vertically, the pressure is not constant along the plate, so the fluid force is not 
equal to the pressure times the area. 


Exercises 

1. A box of height 6 m and square base of side 3 m is submerged in a pool of water. The top of the box is 2 m below the 
surface of the water. 

(a) Calculate the fluid force on the top and bottom of the box. 

(b) Write a Riemann sum that approximates the fluid force on a side of the box by dividing the side into N horizontal 
strips of thickness Ay = 6 /N. 

(c) To which integral does the Riemann sum converge? 

(d) Compute the fluid force on a side of the box. 

SOLUTION 

(a) At a depth of 2 m, the pressure on the top of the box is pgh = 10 3 • 9.8 • 2 = 19,600 Pa. The top has area 9 m 2 , and 
the pressure is constant, so the force on the top of the box is 19.600 • 9 = 176.400W.Ata depth of 8 m, the pressure on the 
bottom of the box is pgh = 10 3 • 9.8 • 8 = 78,400 Pa, so the force on the bottom of the box is 78,400 • 9 = 705.600W. 

(b) L et y j denote the depth of the ./ th strip, for j = 1, 2, 3, . . . , TV; the pressure at this depth islO 3 • 9.8 • yj = 9800v/ Pa. 
The strip has thickness Ay m and length 3 m, so has area 3 Ay m 2 . Thus the force on the strip is 29,400y 7 - Ay N . Sum 
over all the strips to conclude that theforce on one side of the box is approximately 

N 

29,400y/ Ay. 

7=1 


(c) As N ->■ oo, the Riemann sum in part (b) converges to the definite integral 29,400 / 2 ydy 

(d) Using the result from part (c), the fluid force on one side of the box is 
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'k 


29,400 / ydy = 14,700/ 


= 882,000 N 


3. Repeat Exercise 2, but assume that the top of the triangle is located 3 m below the surface of the water. 

SOLUTION 

- 3 



(b) The pressure at a depth of y feetis pgy lb/ Pa, and the area of the strip is approximately f(y) A y = 2 ( y - 3) Ay m 2 . 
Therefore, the fluid force on this strip is approximately 


N 


(C) F « ^ pg 

j=l 


^-3yj 


Pgy ( ~ 3) A y j = ^pgy(y - 3)Ay N . 


Ay. As N ->■ oo, the Riemann sum converges to the definite integral 


y (y 2 ~ 3 v) <v. 


(d) Using the result of part (c) 

r* 5 


F = 


K f\S- 


9800 

2 




127,400 


N. 


5. Let F be the fluid force on a side of a semicircular plate of radius r meters, submerged vertically in water so that its 
diameter is level with the water's surface (Figure 9). 

(a) Show that the width of the plate at depth y is l^r 2 - y 2 . 

(b) Calculate F as a function of r using Eq. (2). 



FIGURE 9 


SOLUTION 

(a) Place the origin at the center of the semicircle and point the positive y-axis downward. The equation for the edge of 
the semicircular plate is then x 2 + y 2 = r 2 . At a depth of y, the plate extends from the point (-Jr 2 - y 2 , y) on the left 
to the point (Jr 2 - y 2 , y) on the right. The width of the plate at depth y is then 


- (-v^ 2 ) = 2/^ . 
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(b) With w = 9800 N /m , 


f = 2w r 

Jo 


/ 2 2 , 19 ’ 600 

yj r l - y l dy = — 


(r 2 -y 2 ) 3 / 2 


19,600r 3 


N. 


7. A semicircular plate of radius r meters, oriented as in Figure 9, is submerged in water so that its diameter is located 
at a depth of m meters. Calculate the fluid force on one side of the plate in terms of m and r. 

solution Place the origin at the center of the semi circular plate with the positive v-axis pointing downward. The water 
surface is then at y = -m. M oreover, at location y, the width of the plate is 2 Jr 2 - y 2 and the depth is y + m. Thus, 


Now, 


F = 


2/Og J (y + m)-Jr 


}' 2 dy. 




— y 2 dy = --( r - y ) 


2,3/2 


- 


Geometrically, 




r 2 — y 2 dy 


represents the area of one quarter of a circle of radius r, and thus has the value Bringing these results together, we 
find that 


F = 2pg ( ^- 3 + j,A = + 4900 mr 2 N . 


9. F igure 10 showsthe wal I of a dam on a water reservoir. UsetheTrapezoidal Ruleandthewidth and depth measurements 
in the figure to estimate the fluid force on the wall. 



FIGURE 10 


solution Let f(y) denote the width of the dam wall at depth y feet. Then the force on the dam wall is 



Using the Trapezoidal Rule and the width and depth measurements in the figure, 

20 

F U)y[0 • /( 0) + 2 ■ 20 • y (20) + 2 ■ 40 ■ /(40) + 2 ■ 60 ■ /( 60) + 2 ■ 80 • f(80) + 100 • /(100)] 
= 10u)(0 + 66.000 + 112,000 + 132,000 + 144,000 + 60,000) = 321,250,000 lb. 


11. Calculate the fluid force on a side of the plate in Figure 11(B), submerged in a fluid of mass density p = 800 kg/m 3 . 
solution Because the fluid has a mass density of p = 800 kg/m 3 , 

w = (800)(9.8) = 7840 N /m 3 . 

For depths up to 2 meters, the width of the plate at depth _v is y, for depths from 2 meters to 6 meters, the width of the 
plate is a constant 2 meters. Thus, 

r 2 r* v 3 

F = w y(y)dv + w / 2 y dy = W— 

JO 72 3 


+ wy‘ 


I 6 8“’ 

= + 32ui = 

12 3 


104w 815,360 


N. 
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13 . Let R be the plate in the shape of the region under y = sin * for 0 < x < jin Figure 13(A). Find the fluid force on 
a side of R if it is rotated counterclockwise by 90° and submerged in a fluid of density 1100 kg/m 3 with its top edge level 
with the surface of the fluid as in (B). 



FIGURE 13 


solution Place the origin at the bottom corner of the plate with the positive y-axis pointing upward. The fluid surface 
is then at height y = j, and the horizontal strip of the plate at height y is at a depth of j - y and has a width of sin y. 
Now, using integration by parts wefind 

F = P8 io (y -3') sin T^ = P? [-(y-y) C0S .V -single 7 = PS (y 
= 1100 - 9.8 (y — l) ^ 6153-184 N. 

15 . Calculate the fluid force on one side of a plate in the shape of region A shown Figure 14. The water surface is at 
y = 1, and the fluid has density p = 900 kg/m 3 . 




FIGURE 14 


solution Because the fluid surface is at height y - 1, the horizontal strip at height y is at a depth of 1 - y. M oreover, 
this strip has a width of e - e y . Thus, 

F = pg [ (1 - y)(e - e y ) dy = epg f (1 - y) dy - pg [ (1 - y)e- v dy. 

Jo Jo Jo 

Now, 


and using integration by parts 



(1 -y)dy = 



1 

r 


f 

Jo 


(1 - y)e y dy 


((1 - y)e y + e y ) 


1 

= e — 2. 

0 


Combining these results, wefind that 

F = pg Qe - (e - 2)) = pg ( 2 - ^ = 900 • 9.8 ^2 - ^ « 5652.37 N . 

17 . Figure 15(A) shows a ramp inclined at 30° leading into a swimming pool. Calculate the fluid force on the ramp. 


W ater surface 



6 

(A) 



(B) 


FIGURE 15 
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solution A horizontal strip at depth y has length 6 and width 


Thus, 


Ay 

sin 30° 


= 2 Ay. 


F = 2pg 6y dy = %pg. 

JO 

If distances are in feet, then pg = w = 62.5 lb/ft 3 and F = 6000 lb; if distances are in meters, then pg = 9800 N /m 3 
and F = 940,800 N. 

19. The massive Three Gorges Dam on China's Yangtze River has height 185 m (Figure 16). Calculate the force on the 
dam, assuming that the dam is a trapezoid of base 2000 m and upper edge 3000 m, inclined at an angle of 55° to the 
horizontal (Figure 17). 




SOLUTION 


FIGURE 16 Three Gorges Dam on 
theYangtze River 

Let y = 0 be at the bottom of the dam, so that the top of the dam is at y = 185. Then the width of the dam 


at height y is 2000 + 


1000v 


The dam is inclined at an angle of 55° to the horizontal, so the height of a horizontal strip is 


so that the area of such a strip is 


Ay 

sin 55° 


1.221Ay 


1.221 


^ 2000 + 


lOOOy \ 
~ 185 - ) 


Ay 


Then 


A 185 / 1000v\ r 185 , ps 11 

F = Pg J 1.221y |^2000 + J dy = pg J 2442y + 6.6 y 2 dy = pg(1221y 2 + 2.2v 3 ) 

= 55,718,300pg = 55.718,300 ■ 9800 = 5.460393400 x 10 11 N . 


21. The trough in Figure 18 is filled with corn syrup, whose weight density is 90 lb/ft 3 . Calculate the force on the front 
side of the trough. 



solution Place the origin along the top edge of the trough with the positive y-axis pointing downward. The width of 
the front side of the trough varies linearly from b when y = 0 to a when y = h\ thus, the width of the front side of the 
trough at depth y feet is given by 


b + 


a — b 
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Now, 


F = 



a — b \ 

~ir y ) 


dy = w 



a — b 
3 h 



= w /i 2 = (15 b + 30a)/; 2 lb. 


Further Insights and Challenges 

23 . The end of the trough in Figure 19 is an equilateral triangle of side 3. Assume that the trough is filled with water to 
height H. Calculate the fluid force on each side of the trough as a function of H and the length / of the trough. 



solution Place the origin at the lower vertex of the trough and orient the positive y-axis pointing 
consider the faces at the front and back ends of the trough. A horizontal strip at height y has a length of 
depth of H - y. Thus, 


upward. First, 

2v 

— — and is at a 
V3 


f H 

F = w ( 
JO 


(H -y) — dy = w 


H 7 2 : 

— V V" 

>/T 3V3- 


H 


V3 3 

-g- wH ■ 


For the slanted sides, we note that each side makes an angle of 60° with the horizontal. If we let l denote the length of 
the trough, then 


F 


2 wl 

75 


L 


H 


V5 -) 

( H — y)dy — — iwH 2 . 


25. Prove that the force on the side of a rectangular plate of area A submerged vertically in a fluid is equal to pqA, where 
po is the fluid pressure at the center point of the rectangle. 

solution L et l denote the length of the vertical side of the rectangle, x denote the length of the horizontal side of the 
rectangle, and suppose the top edge of the rectangle is at depth y = m. The pressure at the center of the rectangle is then 

PO = w (m + 0 • 

and the force on the side of the rectangular plate is 

r i + m yox r t 21 u>x£ - (l \ 

F = / wu cy dy = -y | (l + m) —in j = — — (l + 2m) = Aw I - + ml = Apo- 


9.3 Center of Mass 


Preliminary Questions 

1 . What are the x- and y-moments of a lamina whose center of mass is located at the origin? 
solution Because the center of mass is located at the origin, it follows that M x = M v = 0. 

2 . A thin plate has mass 3. W hat is thex-moment of the plate if its center of mass has coordinates (2, 7)? 

solution Thex-moment of the plate is the product of the mass of the plate and they-coordinateof the center of mass. 
Thus, M x - 3(7) = 21. 

3 . The center of mass of a lamina of total mass 5 has coordinates (2, 1). What are the lamina's x- and y-moments? 

solution The x-moment of the plate is the product of the mass of the plate and the y-coordinate of the center of 
mass, whereas the y-moment is the product of the mass of the plate and the x-coordinate of the center of mass. Thus, 
M x = 5(1) = 5, and M y = 5(2) = 10. 

4 . Explain how the Symmetry Principle is used to conclude that the centroid of a rectangle is the center of the rectangle. 

solution Because a rectangle is symmetric with respect to both the vertical line and the horizontal line through the 
center of the rectangle, the Symmetry Principle guarantees that the centroid of the rectangle must lie along both of these 
lines. The only point in common to both lines of symmetry is the center of the rectangle, so the centroid of the rectangle 
must be the center of the rectangle. 


570 CHAPTER 9 | FURTHER APPLICATIONS OF THE INTEGRAL AND TAYLOR POLYNOMIALS 


Exercises 

1. Four particles are located at points (1, 1), (1, 2), (4, 0), (3, 1). 

(a) Find the moments M x snd My end the center of mess of the system, 3ssuming thetthe perticles heve epuel mess vn. 

(b) Find the center of mass of the system, assuming the particles have masses 3, 2, 5, and 7, respectively. 

SOLUTION 

(a) B ecause each particle has mass m, 

M x = m( 1) + m( 2) + m( 0) + m( 1) = 4 m; 

My — m( 1) + m( 1) + m( 4) + m( 3) = 9m; 

and the total mass of the system is 4m. Thus, the coordinates of the center of mass are 

/ My M x \ /9m 4m \ /9 \ 

\ M ' M ) \4m ' 4m ) \4 ’ / 

(b) With the indicated masses of the particles, 

M x = 3(1) + 2(2) + 5(0) + 7(1) = 14; 

My = 3(1) + 2(1) + 5(4) + 7(3) = 46; 

and the total mass of the system is 17. Thus, the coordinates of the center of mass are 

/My MA = / 46 14 \ 

\M ’ M ) V 17 ’ 17/ ' 

3. Point masses of equal size are placed at the vertices of the triangle with coordinates (a, 0), (b, 0), and (0, c). Show 
that the center of mass of the system of masses has coordinates ( j(a + b ), ^c). 

solution Let each particle have rnassm. The total mass of the system is then 3m. and the moments are 

M x = 0(m) + 0(m) + c(m) = cm; and 

My = a(m) + b(m) + 0(m) = (a + b)m. 

Thus, the coordinates of the center of mass are 

/ My M x \ / (a + b)m cm\ / a + b c\ 

\ M ' M ) \ 3m 3m ) \ 3 3/ 

5. Sketch the lami na 5 of constant density ,o = 3g/cm 2 occupying the region beneath the graph of y = x 2 forO <x <3. 

(a) Use Eqs. (1) and (2) to compute M x and M y . 

(b) Find the area and the center of mass of s. 

solution A sketch of the lamina is shown below 

y 



(a) Using Eq. (2), 


Using Eq. (1), 



729 

To"' 
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(b) The area of the lamina is 


A = 



= 9 cm 2 . 


With a constant density of p = 3 g/cm 2 , the mass of the lamina is M = 27 grams, and the coordinates of the center of 
mass are 


(M y M x \ _( 243/4 729/10 \ _ / 9 27 \ 
\W’ ~m)~ { 27 ’ 27 j “ \4’ To J ' 


7. Find the moments and center of mass of the lamina of uniform density p occupying the region underneath y = u 3 
for 0 < x < 2. 

solution W ith uniform density p , 


M x 

The mass of the lamina is 


1 r 2 o j 64p T 2 o 32p 

-p / ( X 3 r dx — and Af v = p I x(x 3 )dx — . 

2 Jo 7 Jo 5 


so the coordinates of the center of mass are 


M 



= 4p, 


/Mj A7£\ = (8 16\ 
\M ’ M ) \5’ 7 / 


9. Let T be the triangular lamina in Figure 17. 

(a) Show that the horizontal cut at height y has length 4 - \y and use Eq. (2) to compute M x (with p = 1). 

(b) Use the Symmetry Principleto show thatM v = 0 and find the center of mass. 


y 



SOLUTION 

(a) The equation of the line from (2, 0) to (0, 6) isy = -3x + 6, so 



The length of the horizontal cut at height y is then 



(b) Because the triangular lamina is symmetric with respect to the v-axis, x cm - 0, which implies that M y = 0. The 
total mass of the lamina is 

M = 2 f ( — 3jc + 6) dx = 12. 

Jo 

so y cm = 24/12. Finally, the coordinates of the center of mass are (0, 2). 


In Exercises 10-17, find the centroid of the region lying underneath the graph of the function over the given interval. 

11- fix) = xfx, [1. 4] 

solution The moments of the region are 


X — 


1 

2 



x dx = 


15 

T 


and 



62 

T' 


M; 
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The area of the region is 


so the coordinates of the centroid are 



14 

T’ 


(My_ Mx\ (93 45 \ 
\ A ’ A / \ 35 ’ 56/ 


13 . f(x) = 9 — x^, [0.3] 
solution The moments of the region are 


M x 



2.2 , 324 

— x ) ax = 


and M y 



81 
T ' 


The area of the region is 


A = 



— x^)dx = 18, 


so the coordinates of the centroid are 


(*■£)-(!•?) 


15 . fix) = e~ x , [0, 4] 

solution The moments of the region are 


1 /»4 1 

M x = - J e _2x dx = - ^1 — e -8 ^ and My = J xe~ x dx — —e~ x (x + 1) 


= 1 — 5<? -4 . 


The area of the region is 


-L 


A = I e x dx = 1 — e 


so the coordinates of the centroid are 


/ My M x \_ / 1 - 5f“ 4 1 - e~ 8 \ 

\T’ \ 1 - e~ 4 ' 4(1 - e- 4 ) J ' 


17 . f(x) — sin x, [0, n] 

solution The moments of the region are 


The area of the region is 


M x = - / sin A xdx= -ix — sin x cosx) 


_ 1 r 

~ 2 Jo 

r ■ 

M y = / x sin x dx = i—x cos* + sin *) 
Jo 


and 


A = f slnxdx = 2, 
Jo 

so the coordinates of the centroid are 



19 . Sketch the region between y = x + 4 and y = 2 - * for 0 < * < 2. Using symmetry, explain why the centroid of 
the region lies on the line y = 3. Verify this by computing the moments and the centroid. 

solution A sketch of the region is shown below. 
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y 



The region is clearly symmetric about the liney = 3, so we expect the centroid of the region to lie along this line. We find 

M * = \f ((* + 4 ^ 2 - ( 2 - *) 2 ) dx = 24; 

r 2 28 

My = / x ((x + 4) — (2 — x)) dx = — ; and 

Jo 3 

A = f ((jc + 4) — (2 — x)) dx = 8. 

Jo 

Thus, the coordinates of the centroid are (|, 3). 

In Exercises 20-25, find the centroid of the region lying between the graphs of the Junctions over the given interval. 

21. y = x 2 , y = Jx, [0. 1] 
solution The moments of the region are 


1 f 1 

= 2/0 ‘ 


M x = - / (x — x 4 ) dx = — and M y = 


The area of the region is 


so the coordinates of the centroid are 


= / x( \fx 

Jo 


2 3 

— x ) dx = — . 

20 


A = 


[\vt 

Jo 


— X) dx = 


_9_ _9_ 

20' 20 r 


Note: This makes sense, since the functions are inverses of each other. This makes the region symmetric with respect to 
the line y = x. Thus, by the symmetry principle, the center of mass must lie on that line. 

23. y = e x , y = 1, [0,1] 
solution The moments of the region are 


M x 



1) dx = 



and 



1 )dx = 



The area of the region is 


so the coordinates of the centroid are 



1 e 2 - 3 \ 
2(e — 2) ’ 4(e — 2) J ' 



1 

2' 


25. y = sinx, y = COSx, [0,tt/4] 
solution The moments of the region are 


^ ricf 4 2 r n /^ 1 

M x = - (cos 2 x — sin 2 x) dx = — / cos 2x dx = -\ and 
2 Jo 2 Jo 4 


/■tt/4 

M v = 

Jo 


x(cosx - sinx)dx = [(x - l)sinx + (x + l)cosx] 


7T/4 


rV2 


- 1. 


0 


4 
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The area of the region is 

/■jt/4 

A = / (cos.* - s\nx)dx = V2 - 1, 

Jo 

so the coordinates of the centroid are 

/ ?rV 2-4 1 \ 

\ 4(V2 — 1) ’ 4(^/2 — 1) / 

27. Sketch the region enclosed by v = 0, y = (* + l) 3 , and y = (1 - *) 3 , and find its centroid. 
solution A sketch of the region is shown below. 



The moments of the region are 


Mr = 


\[L 

M y = 0 by the Symmetry Principle. 


Jo 


( x + 1)° dx + / (1 — xy dx | = and 


The area of the region is 


A = J (x + l) 3 rf.* + J (1 — *) 3 rf.v = 


so the coordinates of the centroid are (0, j). 

In Exercises 28-32, find the centroid of the region. 

2 2 

29. Top half of the ellipse +(y-) = 1 for arbitrary a, b > 0 
solution The equation of the top half of the ellipse is 


y = 



b 2 x 2 


a 


2 


Thus, 




2 ab 2 
3 


By the Symmetry Principle, M v = 0. The area of the region is one-half the area of an ellipse with axes of length a and 
h ; i.e. , jjtab. Finally, the coordinates of the centroid are 



31. Quarter of the unit circle lying in the first quadrant 

solution By the Symmetry Principle, the center of mass must lie on the line y = x in the first quadrant. Therefore, 
we need only calculate one of the moments of the region. With y = x/l - x 2 , we find 


My = 



1 

3' 


The area of the region is one-quarter of the area of a unit circle; i.e., \tc. Thus, the coordinates of the centroid are 
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33. Find the centroid of the shaded region of the semicircle of radius r in Figure 18. What is the centroid when r - 1 
and h - 2 ? Hint: U se geometry rather than integration to show that the area of the region is r 2 si n — 1 ( v 7 ! - h 2 /r 2 ) - 
hyj r 2 — h 2 ). 



FIGURE 18 


solution From the symmetry of the region, it is obvious that the centroid lies along the y-axis. To determine the 
y-coordinate of the centroid, we must calculate the moment about the .v-axis and the area of the region. N ow, the length 
of the horizontal cut of the semicircle at height y is 




Therefore, taking p = 1, we find 


Mr = 


-*r 

Jh 


y^/r 2 -y 2 dy=-(r 2 -h 2 ) 3/2 . 


Observe that the region is comprised of a sector of the circle with the triangle between the two radii removed. The angle 
of the sector is 26, where 6 = sin -1 >/l - h 2 /r 2 , so the area of the sector is 2i- 2 (26) = r 2 sin -1 - h 2 /r 2 . The 

triangle has base 2 Vr 2 - h 2 and height h, so the area is h-Jr 2 - h 2 . Therefore, 


M x 


\{r 2 — ^2)3/2 


r^Sin ^ yi — h^- 1 7 — h yj 7 — 


When r = 1 and h = 1/2, we find 


Tcm = 


§ (3/4) 3 / 2 


sin 


-1 v/3 V3 

“2 T 


3V3 

An — 3\/3 


In Exercises 35-37, use the additivity of moments to find the COM of the region. 

35. Isosceles triangle of height 2 on top of a rectangle of base 4 and height 3 (Figure 19) 


x 



-2 2 
FIGURE 19 


solution The region is symmetric with respect to the y-axis, so M y = 0 by the Symmetry Principle. The moment 
about the uc-axis for the rectangle is 

M rect = 1 f 2 3 2 dx = w 
2 J_ 2 

whereas the moment about the uc-axis for the triangle is 

M i r^ = j\(l0-2y)dy=^. 

The total moment about the uc-axis is then 

M x = M x + M x a =18+y = y. 

Because the area of the region is 12 + 4 = 16, the coordinates of the center of mass are 
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37. Three-quarters of the unit circle (remove the part in the fourth quadrant) 

solution By the Symmetry Principle, the center of mass must lie on the line y = -x. Let region 1 be the semicircle 
above the uc-axis and region 2 be the quarter circle in the third quadrant. Because region 1 is symmetric with respect to 
the v-axis, m\ = 0 by the Symmetry Principle. Furthermore 




1 

3' 


Thus, M y = m\ + M 2 = 0 + (- j) = - The area of the region is 37r/4, so the coordinates of the centroid are 


4 4 

9rr 97 r 


39. Find the COM of the laminas in Figure 22 obtained by removing squares of side 2 from a square of side 8. 



FIGURE 22 

solution Start with the square on the I eft. Place the square so that the bottom left corner is at (0. 0). By the Symmetry 
Principle, the center of mass must lie on the lines y = x and y = 8 - x. The only point in common to these two lines is 
(4, 4), so the center of mass is (4, 4). 

Now consider the square on the right. Place the square as above. By the symmetry principle, x cm = 4. Now, let si 
denote the square in the upper left, s 2 denote the square in the upper right, and B denote the entire square. Then 

M s } = l f (8 2 - 6 2 )rfx = 28; 

2 JO 

Mi 1 = - / (8 2 - 6 2 )dx = 28; and 
2 J 6 

1 

M? = - 8 2 dx = 256. 

2 JO 

By the additivity of moments, M x = 256 - 28 - 28 = 200. Finally, the area of the region is A = 64 - 4 - 4 = 56, so 
the coordinates of the center of mass are 



Further Insights and Challenges 

41. Let p be the COM of a system of two weights with masses mi and m 2 separated by a distanced. Prove Archimedes' 
Law of the (weightless) Lever: p is the point on a line between the two weights such that m\L\ = miLj, where Lj is 
the distance from mass j to P. 

solution Place the lever along the .v-axis with mass m\ at the origin. Then M y = mjd and the v-coordinate of the 
center of mass, P, is 

mjd 
m 1 + mj 


Thus, 


and 


L 1 = 


m2d 

m 1 + m 2 


L\m\ = m 1 


L 2 = d — 

m 2 d 

777 1 + m 2 

ni2d 

m\d 


777 1 + 777 2 


= m 2 


7771 + m 2 


m\d 


= L27772- 


43. L-igj Symmetry Principle Letfc be the region under the graph of /(x) over the interval [-a, a], where /(v) > 
0. Assume that 7?. is symmetric with respect to the v-axis. 

(a) Explain why f(x) is even— that is, why /(*) = f(-x). 

(b) Show that jt/ ( v) is an odd function. 

(c) U se (b) to prove that M y = 0. 

(d) Prove that the COM of U lies on the v-axis (a similar argument applies to symmetry with respect to the. v-axis). 
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SOLUTION 

(a) By the definition of symmetry with respect to the y-axis, f(x) = f{-x), so / is even. 

(b) Letg(x) = xf(x) where / is even. Then 

g(-x) = -xf(-x) = -xf(x) = -g(x), 

and thus g is odd. 

(c) M y = p f xf(x) dx = 0 since xf(x) is an odd function. 

J—a 

My 0 

(d) By part (c), x cm = — = — = 0 so the center of mass lies along the v-axis. 

M M 

45. Let R be a lamina of uniform density submerged in a fluid of density w (F igure 23) . Provethe following I aw : T he fl uid 
force on one side of R is equal to the area of R times the fluid pressure on the centroid. Hint: Let g(y) be the horizontal 
width of R at depth y. Express both the fluid pressure [Eq. (2) in Section 8.2] and y-coordinate of the centroid in terms 
of g(y)- 



t (depth) 

FIGURE 23 


solution Letp denote the uniform density of the submerged lamina. Then 


■l 


m x = p yg(y)dy, 


and the mass of the lamina is 


■L 


M = p I g(y)dy = pA, 


where A is the area of the lamina. Thus, the y-coordinate of the centroid is 


ycm = 


P J a yg(y)dy _ fa yg(y)dy 
pA - A 


Now, the fluid force on the lamina is 


= W [ 

Ja 


F = w yg(y)dy = w 


fa yg O’) d y 


A = wy cm A. 


In other words, the fluid force on the lamina is equal to the fluid pressure at the centroid of the lamina times the area of 
the lamina. 


9.4 Taylor Polynomials 

Preliminary Questions 

1. W hat is Tj(x) centered at a = 3 for a function f(x) such that /( 3) = 9, /'( 3) = 8, /"( 3) = 4, and /'"( 3) = 12? 
solution In general, with a = 3, 

t 3( x ) = /( 3) + /'( 3)(jc - 3) + — (x - 3 ) 2 + — g — (x - 3) 3 . 

Using the information provided, we find 

73 Lx) = 9 + 8(x — 3) + 2(.x — 3 ) 2 + 2(x — 3) 3 . 
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2. Thedashed graphs in Figure9areTay lor polynomialsforafunction/(x). Which of thetwo is a M aclaurin polynomial? 




(A) (B) 

FIGURE 9 


solution A M aclaurin polynomial always gives the value of /( 0) exactly. This is true for the Taylor polynomial 
sketched in (B ); thus, this is the M aclaurin polynomial. 

3. Forwhich value of x does the M aclaurin polynomial T n (x) satisfy T n (x ) = f(x), no matter what f(x) is? 
solution A M aclaurin polynomial always gives the value of /( 0) exactly. 

4. Let T n (x) be the M aclaurin polynomial of a function f{x) satisfying |/ (4) (x)| < 1 for all x. Which of the foil owing 
statements follow from the error bound? 

(a) |T 4 (2) - / (2)| < \ 

(b) |73(2) - / (2)| £ | 

(c) |r 3 (2)-/(2)| < l 

solution For a function fix ) satisfying |/ (4) (x)| < 1 for all x , 

1 ,4, a 16 2 

123(2) - / (2)| < 2^1/ 4 U)|2 4 < — < -. 

Thus, (b) is the correct answer. 


Exercises 

In Exercises 1-14, calculate the Taylor polynomials Tjix) and fix) centered at x = a for the given function and value 
of a. 

1 . f{x) = sin x, a = 0 

solution First, we calculate and evaluate the needed derivatives: 


/(>) = sin* fia ) — 0 

fix ) = cosx fia ) = 1 

fix ) = -sinx fia ) = 0 

f "' ix ) = - cosx f " ia ) = - 1 

Now, 

f"( a ) Q 

T2 (x) = fia) + f\a)ix — a) + 1 — ^ — (■* — a ^ = 0 + 1 (jc — 0 ) + fx — 0) 2 = x; and 

/ /"(a) 7 fia) 3 

73 (x) = fia) + f \a) ix - a) + L f- L ix - a Y + L ~f 1 ix - af 

2 6 

0 y — 1 o 1 o 

= 0 + l(x - 0 ) + -(x - 0) 2 + — (x - 0) 3 = x - -x 5 . 

zb b 

3. fix) = z-j— , a = 2 
1 + x 

solution First, we calculate and evaluate the needed derivatives: 


f(x) = 

1 + X 

fia ) = 3 

fix) = 

-1 

f'ia) = ~\ 

(1 + X) 2 

fix) = 

2 

/"<“>= b 

(1 + x) 3 


-6 

(1 + -t ) 4 


fix) = 


fia) = 


2 

27 
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Now, 


, /"(a) 2 1 1 „ 2/27 „ 2 

T 2 (x) = f(a ) + f (a)(x - a) + J ^ (x - a) = - - -(x - 2) + -^-(x - 2) 2 

11 .1 

= 3 - g (r - 2) + 27 (jc - 2) 

, /"(a) 2 3 

r 3 (x) = /(a) + /'(a)(x - a) + ^VAx - a ) 2 + - af 


2 ! 


3! 


1 1 , 2/27 „ 2 2/27 , 1 1 „ 1 „ 2 1 , 3 

= - — -(x — 2) H — - — (x — 2y — (x — 2) 4 = - — -(x — 2) + — (x — 2) 2 — — (x — 2) 4 

3 9 2! 3! 3 9 27 81 


5. f(x) = x 4 — 2x, a = 3 

solution First calculate and evaluate the needed derivatives: 

f{x) = x 4 — 2x /(a) = 75 
f(x) = 4x 3 — 2 f\a) = 106 
/"(x) = 12x 2 /"(a) = 108 

/'"(x) = 24x /'"(a) = 72 

Now, 

72(x) = /(a) + f\a)(x — a) + ^ ^ ^ (x — a) 2 = 75 + 106(x — 3) H — ^(x — 3) 2 

= 75 + 106(x - 3) + 54 (x - 3) 2 

, /"(a) 2 /'"(a) 3 

r 3 (x) = /(a) + f (a) (x - a) + 4-yAx - «) 2 + ^— (* - «) 

1QO -J2 

= 75 + 106(x - 3) + — (x - 3 ) 2 + 3 j-(Jt - 3) 3 
= 75 + 106(x - 3) + 54 (x - 3) 2 + 12(x - 3) 3 


7. /(x) = tanx, a — 0 

solution First, we calculate and evaluate the needed derivatives: 

fix) = tan x /(a) = 0 

f\x) = sec 2 x /(a) = l 

/"(x) = 2 sec 2 x tan x /"(a) = 0 

f"\x) = 2 sec 4 x + 4 sec 2 x tan 2 x f'" (a ) = 2 

Now, 

f"(a) 2 0 2 

72 (x) = /(a) + f (a)(x — a) H — (x — ay = 0 + l(x — 0) + -(x — 0) 2 = x; and 

, f"(a) 2 /'"(a) r, 

T 3 (x) = /(a) + f (a) (x - a) + 2-yAx - a) 2 + 2-A^(x - a) 3 

0 2 1 

= 0 4- l(x — 0) + — (x — 0) 4- — (x — 0) 3 = x + ^ x . 

2 6 3 


9 . f{x) = e~ x +e~ 2x , a = 0 

solution First, we calculate and evaluate the needed derivatives: 


/(x) = e r + e 2v /(a) = 2 

/'(x) = -e~ x - 2e~ lx f\a) = -3 

/"(x) = <r*+4 e - 2 * /"(a) = 5 

/"(x) = - 8e _2,: /"'(a) = -9 
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Now, 

, /"(a ) 7 

T 2 (x) = /(a) + / (a)(x - a) + ^ — (x - a) 2 

5 , 5 -> 

= 2 + (— 3)(x — 0) + -(x — 0) 2 = 2 — 3x + -x 2 ; and 

. /"(a) 7 /"'(a) 3 

T 3 (x) = /(a) + /' (a)(x - a) + /— — (x - a) 2 + — - — (x - a) 3 

2 6 

= 2 + (~3)(x - 0) + \(x - 0) 2 + ^ (x - 0) 3 = 2 - 3x + ^x 2 - \x*. 

2 6 2 2 


11 . f (x) = x 2 e x , a = 1 

solution First, we calculate and evaluate the needed derivatives: 

/(x) = x 2 e _ * 


Now, 


/'(*) = (2x - x 2 )e * 
f"(x) = (x 2 - 4x + 2)e~ x 
f'"(x) = (—x 2 + 6x — 6)e“ 


/(a) = 1/e 
/'(a) = 1/e 
/"(a) = -1/e 

/'"(a) = -1/e 


? 2 (x) = /(a) + f'(d){x - a) + ^y^(x - a) 2 

1 1 , -1/e 1 1 , 1 2 

— — F — (x — 1) 4- — x — (x — 1) — — h — (x — 1) — ;r— (x — 1) ; and 

e e z e e ze 

. /"(a) 2 f"\ a ) s 

73 (x) = /(a) + f (a)(x - a) + — (x - a) 2 + ; — - — (x - a) 3 

2 6 


1 1 , -1/e , 2 

— — P — (x — 1) 4- — — — (x — 1) 4- 
e e z 


-1/e 


(* - 1) 


11 , 1 , 2 1 ,3 

= - + -(x - 1) - =-(x - l) 2 - — (x - l) 3 . 
e e ze be 


I n x 

13. /(x) = , a = 1 

x 

solution First calculate and evaluate the needed derivatives: 


/w = 

Inx 

X 

/(a) = 0 

/'(X) = 

1 - Inx 

/(a) = 1 

X 2 

/"(*) = 

-3 + 2 Inx 

/(a) = -3 

X 3 

/"'(*) = 

11 - 6lnx 

/(a) = 11 

v4 


so that 

(cl) — 3 <■) 

T 2 (x) = /(a) + / (a)(x - a) + 7 (x - a) 2 = 0 + l(x - 1) + — (x - l) 2 

= C* - 1) - - l) 2 

r 3 (x) = /(a) + f (a) (x - a) + T^Ax - a) 2 + (x - a) 3 

— 0 + 1(X — 1) + -^"(X — l) 2 + ‘gj'C* — l) 2 
= {X - 1) - \(x - l) 2 + y (X - l) 3 
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15 . Show that the «th M aclaurin polynomial forr Y is 


x x x 

Tn ( X ) = l+ :rr+^rr+---H r 

1 ! 21 n\ 


SOLUTION 


With f(x) = e x , it follows that f)' l \x) = e x and f (n \ 0 ) = 1 for all n. Thus, 


Tn(x) = 1 + l(x - 0 ) + ^(x - 0 ) 2 + • 


1 X L x n 

+ —Ax - 0 )" = 1 + ^+ — + ••• + — . 
n\ 2 n\ 


17 . Show that the M aclaurin polynomials for sin x are 


v 3 x 5 v 2h+1 

T 2 „+l(x) = T 2 „ +2 (x) = x -- + --... + (- 1 )” — — 


solution Let f(x) = sin jc. Then 


fix) = sin .v /(0) = 0 

fix ) = cos* /'( 0) = 1 

fix) = — sin jc f"( 0) = 0 

f"ix) = - cosx f"\ 0) = -l 

/ (4) « = sin j: / (4) (0) = 0 

f 5 \x) = cos* / (5) (0) = 1 


Consequently, 


and 


Tln+lix) = X - ^ + • 


+ (-D" 


x ln+l 
(2/r + l)! 


x 3 ^.5 x 2«+l 

Tln+lix) = x — + — - + (— 1)" 2 n _j_ ijj + 0 — T 2n+ \(x). 


In Exercises 19-24, find T n (x) at x — a for all n. 

19- fix) = ^- 7 —, « = 0 
1 + x 

solution We have 


7-*— = (In (1 +x))' 

1 + x 

so thatfrom Exercise 18 , letting g(x) = ln(l +x), 

f (n \x) = g {n+1 \x) = (-1 Y'n'.ix + l) -1- " and / (,,) (0) = (-!)"«! 


Then 


Tnix) — f ( 0) + fi 0)x 4 2\~ X ^ " ‘ ‘ + 

2! 7 3! o 

= 1 — x + 2 jjr — —x 4- • • • 4- (— 1) 
= 1 - x 4 x 2 - x 3 4 1- (-1 )"x" 


f n) iO) 

n\ 

n —x n 
n\ 


x 


n 


21. f(x) = e x , a = 1 

solution Let f(x) = e x . Then f^ n \x) = e x and f^ n \ 1) = e for all n. Therefore, 

Tnix) — e + e(x — 1) + — — 1)^ + • • • H — r(x — l) n . 

Z\ nl 
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23. fix) — cosx, a = — 
solution Let fix ) = cosx. Then 


fix) = cosx 


/(tt/4) = 


72 


/'(*) = -sin* = - 

f"ix) = - cost f inf) — — -^= 


f"'ix) = Sin jc /'"(jr/4) = 


72 


This pattern of four values repeats indefinitely. Thus, 

/ ( "V/4) = 


(— 1)(” +1 )/ 2 n odd 

7 2 

(-1)"/ 2 — , /z even 

72 


and 


72 72 

In general, the coefficient of (x - w/4)" is 


1 1/ 7T \ 1/ 7T\2 1/ 7T\3 

r - (x) = 7r"jyr"4)-^y( x -4) + ^( x "4) •••' 


272 


672 


( 72 )«! 

with the pattern of signs +, 

In Exercises 25-28, find Tjix) and use a calculator to compute the error \ fix) — Tjix)\for the given values of a and x 
25. y — e x , a = 0, x = —0.5 

solution Let fix) = e x . Then fix) = e x , fix ) = e x , f(a) = 1, f'ia) — 1 and fid ) = 1. Therefore 


and 


Using a calculator, we find 


so 


Tjix) = 1 + l(x - 0) + ^(x - 0) 2 = 1 + x + ^x 2 . 


T 2 (- 0.5) = 1 + (-0.5) + i(-0.5) 2 = 0.625. 


/(— 0.5) = — = 0.606531, 

fe 


| T 2 ( — 0.5) - y(— 0.5)| = 0.0185. 


27. y = x“ 2 / 3 , a — 1 , X = 1.2 

solution Let/(x) = x -2 / 3 . Then fix) = — |x _5 / 3 , /"(x) — ^x _ ®/ 3 ,/( 1) = 1,/'(1) = — |,and/"(l) = ^ 
Thus 

2 10 ? 2 5 7 

r 2 (x) = 1 - ^(x - 1) + - l) 2 = 1 - ^(x - 1) + g(x - l) 2 

and 

72(1-2) = 1 - |(0.2) + |(0.2) 2 = | » 0.88889 
Using a calculator, /(1.2) = (1.2) -2 / 3 ~ 0.88555 so that 


|72(1.2) - /(1.2)| w 0.00334 
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29 . |GU|| Compute T^(x) for /(*) = ^/x centered at a = 1. Then use a plot of the error \f(x) - T^(x)\ to find a value 
c > 1 such that the error on the interval [1, c] is at most 0.25. 

solution We have 


/(*) = X l/1 

/(l) 

/V) = ^*“ 1/2 

/'(l) 

/"(*) = -J-T- 3 / 2 

/"(l) 

/'"(*) = \x - 5/1 

/'"(I) 


Therefore 


Ti(x) = 1 + ^ (* - 1) - 


(x — 1) + 


gTjjC* - 1) J = 1 + 2 (* - 1) - g(jc - 1) + ^g(jC - lr 


A plot of |/(*) - 7 * 3 (ju) | is below. 


y 



It appears that for x e [1, 2.9] that the error does not exceed 0.25. The error at* = 3 appears to just exceed 0.25. 

31 . Let T-$(x) be the M aclaurin polynomial of /(*) = e x . Use the error bound to find the maximum possible value of 
|/(1. 1) - 7*3 Cl- 1) I • Show that we can take K = e 11 . 

solution Since /(*) = e x , we have / ( ")(*) = e x for all n ; since e x is increasing, the maximum value of e x on the 
interval [0, 1.1] is K = e 11 . Then by the error bound, 


,1.1 


- 73(1.1) <k 


( 1.1 - 0) 4 


4! 


^l.l 4 

24 


0.183 


In Exercises 33-36, compute the Taylor polynomial indicated and use the error bound to find the maximum possible size 
of the error. Verify your result with a calculator. 

33 . /(*) = cos*, a = 0; |cos 0.25 - T 5 (0.25)| 
solution The M aclaurin series for cos* is 


so that 



* 

4T 


6 ! 


+ ... 


7*5 (*) = 
75 (0.25) « 



0.9689127604 


In addition, / (6) (*) = - cos* so that |/ (6) (*)| < 1 and we may take K = 1 in the error bound formula. Then 

|cos0.25 - 75(0.25)1 < K Q -^~ = — — r* 3.390842014 • 10 “ 7 
6 ! 2 12 • 6 ! 

(The true value is cos0.25 w 0.9689124217 and the difference is in fact r* 3.387 • 10 -7 .) 
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35. fix) = x- 1 / 2 , a = 4; |/(4. 3) - 73(4.3)1 

solution We have 


f ] ix) = 


X - 1 / 2 

/ (4) = 

1 

2 

--x~ 3/2 

2 X 

/'( 4) = 

1 

16 

f 

/"( 4) = 

3 

128 

4 .x - 772 

/'"( 4) = 

15 

8 

1024 

105 T — 9/2 




so that 

Using the error bound formula, 


4 , + ^- 4 , 2 - 2 S 8,'- 4 , 3 


where A: is a number such that |/ (4) (x)| < K for x between 4 and 4.3. Now, / (4) (x) is a decreasing function for* > 1, 
so ittakes its maximum value on [4, 4.3] atx = 4; there, its value is 


so that 


105, an 105 

K = 4 _a/2 = 

16 8192 


l/(4.3)-r 3 (4.3)| < 


27 


105 

8192 


27 • 105 


80,000 8192 • 80.000 


4.3258667 • 10 


-6 


37. Calculate the M aclaurin polynomial Tj(x) for f{x) = tan -1 x. Compute 73 ( 2 ) and use the error bound to find a 
bound for the error | tan -1 \ - 23 (^) | ■ Refer to the graph in Figure 10 to find an acceptable value of K. Verify your 
result by computing | tan -1 \ - 73 ( 2 )! using a calculator. 


SOLUTION 


y 



Let fix) = tan _1 x. Then 


, where fix) = tan 1 x. 


and 


fix ) = tan 1 x 


fix) = 


1 

1 + x 2 


fix) 

fix) 


—2x 

(1 + X 2 ) 2 

(1 + X 2 ) 2 (—2) - (— 2x)(2)(l +x 2 )(2x) 
(1+X 2 ) 4 


/( 0 ) = 0 
/'( 0) = 1 

/"( 0 ) = 0 
fiO) = -2 


73 (x) = 0 + l(x - 0) + ^(x - 0) 2 + — -(x - 0) 3 = x - . 

I b d 
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Since / (4) (x) < 5 for x > 0, we may take K = 5 in the error bound; then, 


tan” 1 ( | ) - 7 b 


5(l/2) 4 5 

4! 384' 


39 . |!GUj] Let72(x) be theTaylor polynomial ata = 0.5 for /(x) = cos(x 2 ). Use the error bound to find the maxi mum 
possible value of |/(0.6) - 72(0. 6)|. Plot / (3) (x) to find an acceptable value of K. 
solution We have 


f(x) = cos(x^) 
f'ix) = — 2xsin(x 2 ) 


/(0.5) = cos(0.25) ps 0.9689 
y' (0.5) = — sinc0.25) -0.2474039593 


f"(x) = -Ax 2 cos(x 2 ) - 2 sin(x 2 ) /"(0.5) = - cos(0.25) - 2 sin(0.25) ps -1.463720340 
/ (3) (x) = 8x 3 sin(x 2 ) - 12x cos(x 2 ) 

so that 

7 2 (x) = 0.9689 - 0.2472039593(x - 0.5) - 0.73186017(x - 0.5) 2 
and 72(0.6) ps 0.9368534237. A graph of / (3) (x) for x near 0.5 is below. 



Clearly the maximum value of |/ (3) (x)| on [0.5, 0.6] is bounded by 7 (near x = 0.5), so we may take K = 7; then 

1/(0. 6) - 72(0.6)1 £ £ |Q ' 6 ~°' 513 = ^ « 0.0011666667 
3! 6000 


In Exercises 41^44, use the error bound to find a value ofn for which the given inequality is satisfied. Then verify your 
result using a calculator. 

41 . | COS 0.1 - 7), (0.1)| < 10“ 7 , a = 0 

solution Using the error bound with K = 1 (every derivative of fix) = cosx is ±sinx or ± cosx, so |/ (,i) (x)| < 1 
for all n), we have 


|7„(0.1)-cos0.1| < 


( 0 . 1 ) 


n + 1 


( n + 1 )! 


With n = 3, 


but with n = 4, 


so we choose n = 4. Now, 


so 


(0.1) 4 

4! 


(0.1) 5 

5! 


4.17 x 10“ 6 > 10“ 7 . 


8.33 x 10“ 8 < 10“ 7 . 


7 4 (x) = 1 - ^x 2 + ^x 4 , 


7 4 (0.1) = 1 - ^(O.l) 2 + ^(0.1) 4 = 0.995004166. 


Using a calculator, cos 0.1 = 0.995004165, so 

174(0.1) - coso.ll = 1.387 X 10“ 8 < 10“ 7 . 
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43. |vT3 - r„(1.3)| < 10“ 6 , a = 1 
solution Using the Error Bound, we have 


\VU - T n (l3)\ < K 


|1.3- 1|" +1 
in + 1)! 


= K 


|0.3|" +1 
in + 1)! ' 


where A" is a number such that |/ (n+ 1 ) (x)l < K for x between 1 and 1.3. For fix) = */x, \f^ n \x)\ is decreasing for 
x > 1, hence the maximum value of |/ ( " + 1 ) (a-)| occurs atx = 1. We may therefore take 

K = |/ (,1+1) (1), = yTfT 

1 • 3 • 5 • • • (2 n + 1) 2 ■ 4 • 6 • • ■ (2n + 2) (2 n + 2)! 

- 2" +1 2 ■ 4 • 6 • • ■ (2 n + 2) _ ( n + l)\2 2n + 2 ' 


Then 


With n = 9 


but with n = 10 


lVi.3 - r, ,(i.3)| < 


( 2 n + 2 )! 

( n + 1 )! 2 2 "+ 2 


|0.3|" +1 
(n + 1)! 


(2n + 2)! 

[(« + DU 2 


(0.075)" +1 . 


(20)! , (0.075) 10 = 1.040 x 10“ 6 > 10“ 6 , 
[(10)!] 2 


(22)! ., (0.075) 11 = 2.979 x 10“ 7 < 10“ 6 . 
[( H )!] 2 


Hence, « = 10 will guarantee the desired accuracy. Using technology to compute and evaluate 7iq(1.3) gives 


7io(1.3) ^ 1.140175414, \/L3 - 1.140175425 


and 


|VT3- 7io(1.3)| w 1.1 x 10“ 8 < 10“ 6 


X J 

45. Let fix) = e~ x and Tj(x) = 1 - * + — — — . Use the error bound to show that for all x > 0, 

2 6 

v 4 

I fix) - T 3 ix)\ < ^ 

If you have a GU , illustrate this inequality by plotting fix) - T 3 ix) and x 4 /24 together over [0, 1], 

solution Note that /(")(*) = ±e~ x , so that |/(")( jc )| = fix). Now, fix) is a decreasing function for x > 0 , so that 
for any c > 0, |/ (n) (x)| takes its maximum value at x = 0; this value is e° = 1. Thus we may take K = 1 in the error 
bound equation. Thus for any x, 

\x — 0| 4 x 4 
\f(.x) - T 3 ix)\ < = 24 

4 

A plot of f{x) - r 3 (jc) and ^ is shown below. 


y 
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47. Let T„(x) be the Taylor polynomial for f(x) = In* ata = 1, and let c > 1. Show that 


|lnc-r„(c)| < 


|c - 1|" +1 
n + 1 


Then find a value of n such that | In 1.5 - r„(1.5)| < 10 2 . 
solution With f(x) = In*, we have 

f\x) = * -1 , /"(*) = -* -2 , /"'(*) = 2* -3 , / (4) (*) = -6a -4 , 


and, in general, 


f (k+l \x ) = (-l)*jfc!x _ * _1 . 

Notice that |/ ( * +1, (*)| =k\\x\~ k ~ l is a decreasing function for a > 0. Therefore, the maximum value of |/ (i+1) (*)| 
on [1, c] is |y(*+ 1 )(i)|. Using the Error Bound, we have 


I In c - T n {c)\ < K 


|c - 1|" +1 
fn + 1)! ’ 


where a: is a number such that |/ ( " +1) (.*)| < A" for a between 1 and c. From part (a), we know that we may take 
K = |/(«+ 1 )(i)| = Then 


line - T n (c)\ < n\ 


|c-l| n+1 
(n + 1)! 


|c — lj » +1 
n + 1 


Evaluating ate- = 1.5 gives 


|ln 1.5 


T n (1.5)| < 


1 1.5 — 1|" +1 

n + 1 


(0.5)' 1+1 
n + 1 


With n = 3, 

= 0.015625 > 10 -2 . 

4 

but with n = 4, 

= 0.00625 < 10 -2 . 

Hence, n - 4 will guarantee the desired accuracy. 

49. Verify that the third Maclaurin polynomial for /(a) = e^sin.x- is equal to the product of the third Maclaurin 
polynomials of e x and sin a (after discarding terms of degree greater than 3 in the product). 

solution Let /(a) = e* sin.*. Then 


/(a) = e x sin a /( 0) = 0 

f'(x) = e x ( COSA + sin*) /'( 0) = 1 

/"(a) = 2e x cos* /"( 0) = 2 

/'"(a) = 2e x (cos a - si n a) /"'( 0) = 2 

and 

2 2 x ^ 

13(A) = 0 + ( 1 ) A + —A 2 + —A 3 = A + A 2 + 

Now, the third M aclaurin polynomial fore* is 1 + a + ^ and the third M aclaurin polynomial for sin* is a - ^ 

M ulti plying these two polynomials, and then discarding terms of degree greater than 3, yields 

r ■ 2 

e si n a * + a + — . 

which agrees with the M aclaurin polynomial obtained from the definition. 
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51. Find the M aclaurin polynomials T n (x) for fix) = cos(a 2 ). You may use the fact that T n (x) is equal to the sum of 
the terms up to degree;; obtained by substituting x 2 for a- in the nth M aclaurin polynomial of cos a. 

solution The M aclaurin polynomials for cosa are of theform 

r 2 r 4 r 2 n 

^> = 1 -T + ¥ + --- + ( - 1 )'W 

Accordingly, the M aclaurin polynomials for cos(a 2 ) are of theform 

v 4 r 8 v 4 n 

74„W = l- y + ■- + ... + (-If— . 

53. Let /(a) = 3a 3 + 2a 2 - a - 4. Calculate Tj( x) for j = 1, 2, 3, 4, 5 at both a = 0 and a = 1. Show that 
73 (A) = /(a) in both cases. 

solution L et f(x) = 3a 3 + 2a 2 - a - 4. T hen 


fix) = 3a 3 + 2a 2 — a — 4 

1 

II 

0 

4T, 

CD 

II 

i- H 

fix) — 9a 2 + 4a — 1 

1 — 1 
1 

II 

0 

fa) = 12 

fix) — 18a + 4 

II 

O 

fa) = 22 

J 

II 

1 —* 

OO 

OO 
1 — 1 

II 

0 

fa) = is 

J 

II 

CD 

CD 

II 

O 

0 

II 

1 — 1 

/ (5 ) (a) = 0 

CD 

II 

O 

LO 

/ ( 5 ) ( i) = 0 


Ato = 0, 

7 i(a) = — 4 — a; 

72 (a) = —4 — a + 2 a 2 ; 

73(A) = —4 — a + 2a 2 + 3a 3 = f ( x )\ 

74(A) = 73(A); and 
75(A) = 73(A). 

Ato = 1, 

7 i(a) = 12 (a — 1); 

72 (a) = 12 (a- 1 ) + 11 (a- 1 ) 2 ; 

73(a) = 12(a — 1) + 11(a — l) 2 + 3 (a — l) 3 = — 4 — a + 2a 2 + 3a 3 = fix ); 
74(A) = 73(A); and 
75 (a) = 73(A). 


55. Let sit) be the distance of a truck to an intersection. At time r = 0, the truck is 60 meters from the intersection, 
travels away from it with a velocity of 24 m/s, and begins to slow down with an acceleration of a = -3 m/s 2 . Determine 
the second M aclaurin polynomial of sit), and use it to estimate the truck's distance from the intersection after 4 s. 

solution Place the origin at the intersection, so thats(O) = 60 (the truck is traveling away from the intersection). The 
second M aclaurin polynomial of sit) is 


72(0 = s(0) + s'(0)t + s ~Y^t 2 

The conditions of the problem tell us that ^ (0) = 60, s'(0) = 24, and j"( 0) = -3. Thus 

3 7 

72(0 = 60 + 24/ - -t 2 


so that after 4 seconds, 


r 2 (4) = 60 + 24 • 4 - -■ 4 2 = 132 m 


The truck is 132 m past the intersection. 
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57. A narrow, negatively charged ring of radius R exerts a force on a positively charged particle P located at distance jc 
above the center of the ri ng of magnitude 

kx 

FM = -( x 2 + *2)3/2 

where A: > 0 is a constant (Figure 12). 

(a) Compute the third-degree M aclaurin polynomial for Fix). 

(b) Show that F « -ik/R 3 )x to second order. This shows that when x is small, F(x) behaves like a restoring force 
similar to the force exerted by aspring. 

(c) Show that F(x) « -k/x 2 when x is large by showing that 


him =r — x 

A-^OO -k/x 1 

Thus, F{x) behaves like an inverse square law, and the charged ring looks like a point charge from far away. 



FIGURE 12 


SOLUTION 

(a) Start by computing and evaluating the necessary derivatives: 

kx 

Fix) = - 
F'(x) = 

F"(x) = 

F"'ix) = 


ix 2 + R 2 ) 3 / 2 
k(lx 2 - R 2 ) 
ix 2 + R 2 ) 3 / 2 
3kx(3R 2 — 2x 2 ) 
ix 2 + R 2 ) 1 / 2 
3A-(8x 4 — 24.x 2 /? 2 + 3F 4 ) 
ix 2 + R 2 ) 9 / 2 


F( 0) = 0 




F"(0) = 0 


... 9k 
F (°> = ^5 


so that 


„ , , , r*, n , , F"(0) 2 , F"’i 0) 3 k , 3k 3 

73 CO — ^(0) + F (0)x H — — x H — — x — + 2 ~r5 x 

(b) To degree2, Fix) ^ T^ix) ~ as wemay ignore the* 3 term of 73 (x). 

(c) We have 


F(x) 


lim T 

X^OO -k/x 2 


= lim • 


—kx 


= lim 


= lim 


> 0 ° ^ k ix 2 + R 2 ) 3 ! 2 ) x^oo ( x 2 _|_ r2)3/2 

1 1 


= lim 


*-»■<» x~ 3 ix 2 + R 2 ) 3 / 2 x ^°o (1 + /jc 2)3/2 

= 1 


Thus as x grows large, F(x) looks like an inverse square function. 

59. Referring to Figure 14, let a be the length of the chord ~AC of angle 9 of the unit circle. Derive the following 
approximation for the excess of the arc over the chord. 

e 3 

e a ™ 24 

Hint: Show that 9 - a = 9 - 2 sin(0/2) and use the third M aclaurin polynomial as an approximation. 
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FIGURE 14 Unit circle. 


solution Draw a line from the center O of the circle to B, and label the point of intersection of this line with AC as 
D. Then CD = j, and the angle COB is j. Since CO = 1, we have 



a 

2 


so that a = 2 sin(6>/2). Thus 9 - a = 9 - 2 sin(0/2). Now, the third M aclaurin polynomial for f(6) = sin(0/2) can be 
computed as follows: /( 0) = 0, f'(x) = \ cos(6>/2) so that /'( 0) = f"{x) = sin(0/2) and /"( 0) = 0. Finally, 

/"'(x) = -gCos(0/2) and /"'( 0) = -g.Thus 


f 1 

T 3 (9 ) = /( 0) + f'(Q)0 + 9 2 + J 


2 ! 


3T 6 -2 e “48 0 


Finally, 


9 - a = 9 - 2 sin 


6 

2 


<9-2 r 3 (6>) = 6>- 



03 

24 


Further Insights and Challenges 

61. Show that the /ith M aclaurin polynomial of /(x) = arcsinx for n odd is 


lx 3 1 • 3 x 5 

r„(x)-x + -y + — — + ■ 


1 . 3 . 5 2) x" 

2 • 4 • 6 ■■•(« — 1) « 


solution Let/(x) = sin 1 x.Then 


and 


f(x) = sin 7 x 

o 

II 

o 

, 1 

/'(*) = , y 

Vl - X 2 

/(O) = 1 

/"(x) = -^(l-x 2 r 3 / 2 (-2x) 

o 

II 

o 

V 

... 2x 2 + 1 

f W= (!-x 2 ) 3 / 2 

/'"( 0) = 1 

/ (4) (x) = _ 3 x(2x 2 + 3) 
(1-x 2 ) 7 / 2 

o 

II 

o 

/® w = 24 * 4+7 ^,, +9 
J (1 — x 2 )9/ 2 

/ (5, (0) = 9 


/ (7) ( 0) = 225 


x 3 9x 3 225x 7 lx 3 1 3 x 3 1 3 5 x 7 

r 7(x) = x + — + — 4 = x+ -— + — 


1 

T, ,(x) = x + - 


x 3 1 3 x 5 1 3 5 x 7 13 

T + 2 4T + 2 4 6T + "' + 2 4 


n - 2 x n 
n — 1 « 


Thus, we can infer that 
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63. U se Exercise 62 to show that for x > 0 and all n, 


X 1 x x 

e x >l + x+ — + ■■■ + — 
2 ! n! 


Sketch the graphs of e x , 7\(x), and Tj{x) on the same coordinate axes. Does this inequality remain true for x < 0? 

solution Let f(x) = e x . Then f (n \x) = e x for all n. Because e x > 0 for all x, it follows from Exercise 62 that 
/(x) > T n (x) for all x > 0 and for all n. For f(x) = e x , 

x 2 x n 

Tn (x) = 1 + X + — + • • • H , 

2 ! m 

thus, 


y , X X 

e x >l + x+ — + ■■■ + — . 

2! n\ 


From the figure below, we see that the inequality does not remain true for x < 0 , as 72 (x) > e x for x < 0 . 


y e x 



In Exercises 65-69, we estimate integrals using Taylor polynomials. Exercise 66 is used to estimate the error. 

65. Find the fourth Maclaurin polynomial Tn(x) for f{x) = e~ xl , and calculate / = f^ 2 T${x)dx as an estimate 
Jq e~ x dx. A CAS yields the value I « 0.461281. Flow large is the error in your approximation? Hint: Tn(x) is 
obtained by substituting - x 2 in the second M aclaurin polynomial for e x . 

solution Following the hint, since the second M aclaurin polynomial for e x is 


1 ~F x -\~ 


we substitute -x 2 for x to get the fourth M aclaurin polynomial for e x : 


T^(x) = 1 - x 2 + ^r- 


Then 


[V 2 _ x i [V 2 

/ e x dx & 

Jo Jo 


T$(x)dx = ( x — ^ x ^ 


1/2 

0 


443 

960 


0.4614583333 


Using a CAS, we have / 0 1/2 e xl dx « 0.4612810064, so the error is about 1.77 x 10 4 . 

67. Let 74 (jc) be the fourth M aclaurin polynomial for cos*. 

(a) Show that | cos* - 74(jc)| < ( 2 ) 6 / 6 ! for all x e [0. j]. Hint: T$(x) = T${x). 

(b) Evaluate / 0 1/2 T^(x)dx as an approximation to f^ 2 cos xdx. Use Exercise 66 to find a bound for the size of the 
error. 


SOLUTION 

(a) Let /(x) = cos x. Then 


X 2 X 4 

r 4 (x) = 1 ~ y + 24- 


|cosx - r 4 (x) | < K 


\*l_ 
6 ! ' 


M oreover, with a = 0, r 4 (x) = 7s(x) and 
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where a: is a number such that |/ <6) OOI < K for u between 0 and *. Now |/ < 6 ) (w)l = I cos«| < 1 , so we may take 
K = 1. Finally, with the restriction * e [0, j], 


(b) 


L 


( 1 / 2) 6 

|cos* - r 4 (*)| < -J-J- « 0 . 000022 . 

O! 


1/2 / x 2 4\ X841 

1_ y + 24) dx= mo~ OAm21 - 


By (a) and Exercise 66 , the error associated with this approximation is less than or equal to 


0 ). 

6 ! V 2 ) 92,160 


1.1 x 10 


-5 


r 1/2 

Note that / cosxdx w 0.4794255, so the actual error is roughly 1.5 x 10 D . 
Jo 


69. (a) Compute the sixth M aclaurin polynomial 7g(*) for si n(jc 2 ) by substituting x 2 in P(x) = x - * 3 / 6 , the third 
M aclaurin polynomial for sin*. 

1 10 


(b) Show that | sin(;r) - T(,{x)\ < 


W 1 


5! 


Hint: Substitute * 2 for* in the error bound for | sin* - P(x) |, noting that P(x) is also the fourth M aclaurin polynomial 
for sin*. 

[V 2 , 

(c) Use T§(x) to approximate / s\n{x)dx and find a bound for the error. 


solution Let j(*) = sin* and fix) = sin(* 2 ). Then 
(a) The third M aclaurin polynomial for sin* is 


Siix) = x~ — 

so, substituting * 2 for*, we see that the sixth M aclaurin polynomial for si n(* 2 ) is 

2 

Teix) = x L - -g- 

(b) Since all derivatives of s(x) are either ± cos* or ± sin*, they are bounded in magnitude by 1, so we may take a: = 1 
in the Error Bound for sin*. Si nee the third M aclaurin polynomial S 3 (*) for sin* is also the fourth M aclaurin polynomial 
S 4 (*), we have 

l*l 5 l*l 5 

| si n * - S 3 (*) | = |sin* - S 4 (*)| = 

N ow substitute * 2 for * in the above inequality and note from part (a) that 53 (* 2 ) = 7g (*) to get 


|sin(* 2 ) - S 3 (* 2 )| = |sin(* 2 ) - r 6 (*)| < 


|* 2 | 5 |*| 10 


5! 


(c) 


f 1/2 ■ 2 f 1/2 /I 3 1 7 \ 

J Sin(* z ) dx ~ J 7g(*)rf* = I -* 3 — — *' 1 


1/2 


5! 


0.04148065476 


F rom part (b), the error is bounded by 

* 10 ( 1 / 2) 10 


8.138020833 x 10" 


5! 120 1024-120 

The true value of the integral is approximately 0.04148102420, which is consistent with the computed error bound. 
71. Letfl be any number and let 


P(x) — a n x n + a n _ 1 * 


n — 1 


• + a\x + aQ 


be a polynomial of degree n or less. 

(a) Show that if p(i\a) = 0 for 7 = 0,1 n, then P(x) = 0, that is, aj = 0 for all j. Hint: Use induction, noting 

that if the statement is true for degree n - 1, then P'{x) = 0. 
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(b) Prove that T„(x) is the only polynomial of degree n or less that agrees with fix) at x = a to order n. Hint: If Q(x) 
is another such polynomial, apply (a) to P(x) = T„(x) - Q(x). 

SOLUTION 

(a) Note first that if n = 0, i.e. if P(x) = oq is a constant, then the statement holds: if P (0) (a) - P(a) = 0, then 
ao = 0 so that P(x) = 0. Next, assume the statement holds for all polynomials of degree n - 1 or less, and let P(x) be 

a polynomial of degree at most n with pd\a) = 0 for j = 0, 1 n. If P(x ) has degree less than n, then we know 

P(x) = 0 by induction, so assume the degree of P (x) is exactly n. Then 

P(x) = a n x n + a n _\x n ~ * + • • • + a\x + oq 

where a n 0; also, 

P 1 (x) = na n x n ~ 1 + ( n — l)a„_ix” -2 + ■ ■ ■ + a\ 

Note that P^ +1) (a) = (P')(^(a) for j = 0, 1 ,n- 1. But then 

0 = pU +1 \d) = (P') u \a) for all j = 0, 1 n- 1 

Since P’(x) has degree at most n - 1, it follows by induction that P’{x) = 0. Thus a„ = a n -\ = • ■ • = a\ = 0 so that 
p(x) - o 0 . But P(a ) = 0 so that ao = 0 as well and thus P(x) = 0. 

(b) Suppose Q(x) is a polynomial of degree at most n that agrees with fix) at x = a up to order n. Let P(x) = 
T„(x) - Q(x). Note that P(x) is a polynomial of degree at most» since both T n (x) and Q(x) are. Since both T„(x) and 
Q(x) agree with fix ) at x = a to order n, we have 

Tn j \a) = f (j \a) = Q (i \a), j = 0, 1, 2, . . . , n 

Thus 

P ( j\a) = r„ (;) (fl) - Q (j) ia) = 0 for j = 0, 1, 2, ... , n 


But then by part (a), P(x) = 0 so that T n (x) = Qix). 
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In Exercises 1^4, calculate the arc length over the given interval. 


x^ x 3 

l > = Io + T ' [1 - 21 

,5 , 3 

solution Let v = — h — — . Then 
10 6 


,2 /-t 4 x4 \ Jf8 1 x S 

1 + 00 “ 1+ ("2 2 ~ ) - 1 + T “2 + ^ 


x 8 1 X- 8 /x 4 X- 4 

-T + 2 + ^- T + ^ 


Because i(x 4 + x -4 ) > 0 on [1, 2], the arc length is 




3. y = 4x - 2, [-2, 2] 
solution L et y = 4x — 2. T hen 


/l + (y') 2 = v 2 ! + 4 2 = n/17. 


5 = J sfridx = 4VT7. 
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5. Show that the arc length of y = 2Jx over [0, a ] is equal to ~Ja(a + 1) + In (^/d + *Ja + 1). Hint: Apply the 
substitution x = tan 2 G to the arc length integral. 
solution Let y = l^fx. Then j/aA, and 




X + 1 1 , T 

- — — , — \J X + 1 . 


Thus, 


ra ^ 

s= I — — i/l + x dx. 
JO *Jx 


We make the substitution x = tan 2 0, dx = 2 tan sec 2 6 do. Then 


x=a ^ 

x =0 tan 6> 
We use a reduction formulate obtain 
^ tan e sec# 1 

2 


rx=a ^ r\=u 

s= sec# • 2 tan # sec 2 # <7# = 2 / sec 3 Odd. 

Jx= 0 tan <9 


7x=0 


= 2 


+ - I n | sec 0 + tan e | 




= + x + In |\/l -F x + 

x=0 


— •Jd'J 1 -|- — |— I n | Vl -j- a -|- ^ a \ — \j ci (a -|- 1 ) + I n ^s/a -T sJ ci T~ 1 . 

In Exercises 7-10, calculate the surface area of the solid obtained by rotating the curve over the given internal about the 
x-axis. 

7. y = x + 1, [0, 4] 

solution Let y = x + 1. Then / = 1, and 


yyj 1 + y' 2 = {x + l)Vl + 1 = V2(X + 1). 


Thus, 


,4 ! x 2 


SA = 2 n j s/2(x + 1 ) dx = 2\f2.n | — + x 


= 2As/2n. 


9. y = 2 x 3 / 2 - ^x 1/2 , [1,2] 

solution Let v = ^x 3 / 2 — ^x 1 / 2 . Then 


y = s/x - 


4 yfx' 


and 


l + (/) 2 -l + (v^-^=) ~ 1 + ( x - ] + ~ x + ] + ~ (^ + ■ 


Because^ + 4= > 0, the surface area is 

W X 


2tt 


f + (y ) 2 dx = 2 7T [ 
J a J 1 


2 /2 3/ 2_ VI 




dx 


T 2 /2 2 1 1 1\ / 2 x 3 * 2 1 

= 27r A U X 6 A _ 2 X _ 8/^ X = 2 \ ~~9 6 8' X 


67 

= 36^ 


11. Compute the total surface area of the coin obtained by rotating the region in Figure 1 about the x-axis. The top and 
bottom parts of the region are semicircles with a radius of 1 mm. 


1 mm 


4 mm 


FIGURE 1 
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solution The generating half circle of the edge is y = 2 + vT- x 2 . Then, 

, —2x 


—x 


y = 


2\/l — x 2 \/l — x 2 


and 

The surface area of the edge of the coin is 
2n 


1 + (V) 2 — 1 + * 


1 - .* 2 1 - x 2 ' 


J y-y/l + (/) 2 cIx = J (2 + Vl - x 2 ^j ^ 2 dx 

L 


= 2tt 2 


yj\ — X‘ 

\/l — X 2 

-1 sji-x 2 ' J - 1 yi -x 2 






= 2?r 2 arcsi n jc|_ 


W- 1 , 




= 2n(2n + 2) = 4jt 2 + 4jt. 


We now add the surface area of the two sides of the disk, which are circles of radius 2. Hence the surface area of the coin 
is: 

^4 n 2 + 47t^ + 2n ■ 2 2 = An 2 + 12:/r. 


13. Calculate the fluid force on the side of a right triangle of height 3 m and base 2 m submerged in water vertically, with 
its upper vertex located at a depth of 4 m. 

solution We need to find an expression for the horizontal width f(y) at depth y. 



2 


By similar triangles we have: 


/(.v) 


y-4 3 

Hence, the force on the side of the triangle is 


so f(y) = 


2(y - 4) 




F = pg j yf(y)dy = 


f, y - 4v ) 


, 2 pg (y i 2 

T- 2 ' 


= 1 8pg. 


F or water, p = 10 3 ; g = 9.8, so F = 18 • 9800 = 176,400 N . 

15. Figure 3 shows an object whose face is an equilateral triangle with 5-m sides. The object is 2 m thick and is submerged 
in water with its vertex 3 m below the water surface. Calculate the fluid force on both a triangular face and a slanted 
rectangular edge of the object. 



FIGURE 3 
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solution Start with each triangular face of the object. Place the origin at the upper vertex of the triangle, with the 
positive y-axis pointing downward. Note that because the equilateral triangle has sides of length 5 feet, the height of the 

5\/3 2y 

triangle is — — feet. M oreover, the width of the triangle at location y is —.Thus, 

^ v3 


F = 


2 A? r 5 ^/ 2 
V3 


1 


2 Pg 3 , 3 2 


(y + 3)ydy=-^^ + ^ 


5V3/2 


0 


= ^(125 + 75a/3) « 624.514 N . 


Now, consider the slanted rectangular edges of the object. Each edge is a constant 2 feet wide and makes an angle of 60° 
with the horizontal. Therefore, 


-5»r 2< ’ +w -K' !+6 ’) 

The force on the bottom face can be computed without calculus: 


5v/3/2 


= Pg 


(¥ 


+ 30 ea 506.176 N . 


5V3 

F= ( 3 -4 — ) (2)(5)pg « 718,352 N . 


17. Calculate the moments and COM of the lamina occupying the region under y - *(4 - x) for 0 < x < 4, assuming 
a density of p = 1200 kg/m 3 . 

solution Because the lamina is symmetric with respect to the vertical line* = 2, by the symmetry principle, we know 
thatxcm = 2. Now, 


p r 4 2 1200 

M *= 2 ] f(xydx= — 

M oreover, the mass of the lamina is 


f 

Jo 


x+4 — xr dx = 


1200 / 16 3 


— 2 x 4 + -x' 


4 


= 20,480. 


M = p J f(x)dx = 1200 J x(4 — x) dx = 1200 ( 2x 2 — -x 3 


= 12,800. 


Thus, the coordinates of the center of mass are 


MX / 8' 

12,800 / V 5,' 


19. Find the centroid of the region between the semicircle y = y/l - x 2 and the top half of the ellipse y = jx/l - x 2 
(F igure 2). 

solution Since the region is symmetric with respect to the y-axis, the centroid lies on the y-axis. To find y C m we 
calculate 


M x = - 


y/l — X 2 


=^/_ 1 J( 1 -" 2 ) dx= \( x ~¥) 


dx 


7 “ W ~ J- 


o,^ = (o, 2 

7r /4 J \ n 


In Exercises 21-26, find the Taylor polynomial at x = a for the given function. 
21 . f(x) = x 3 , T 3 (x), a = 1 

solution We start by computing the first three derivatives of fix) = x 3 : 

fix) = 3x 2 
/"(x) = 6 x 
/"'(x) = 6 
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Evaluating the function and its derivatives at x = 1, we find 

/(l) = 1, /'(l) = 3, /"(l) = 6, /'"( 1) = 6. 


Therefore, 


.ctr ( n st ft /i\ 

t 3 ( x ) = /( i) + /ax* - n + ~ 2) + - 1)3 

6 6 

= 1 + 3(x — 1) + — (x — 2) 2 + — (x — 1)^ 

= 1 + 3(x — 1) + 3(x — 2) 2 + (x — I) 3 • 


23. f(x) — x ln(x), T\(x), a = 1 

solution We start by computing the first four derivatives of f(x) = x Inx: 

/' (x) = I n x + x ■ - = I n x + 1 
x 

/"(*) = - 

/'"w=-4 

/ (4) w = 4 

x- 3 

Evaluating the function and its derivatives at* = 1, we find 

/( i) = o, /'on = i. /"on = i, /'"( n = -n / (4) (n = 2. 

Therefore, 

„ , /"(l) , , /"'(l), n ,3 , / (4) (D, t ,4 

r 4 Ox) = /(l) + / (l)0x - 1) + — Ox - 1) + 3 , Ox - 1) + — ^ — (x - 1) 

= 0 + l(x — 1) + 2 j(x — l) 2 — — 1)3 + ^-(x — l) 4 

= Ox - 1) + T Ox - T) 2 - iox - 1)3 + ^r(x - l) 4 . 

2 6 12 


25 . /Ox) = xe x , T40x), a = 0 

solution We start by computing the first four derivatives of /(x) = xe - * 2 : 

/'(x) = e - * 2 + x • (— 2x)e - * 2 = (1 - 2x 2 )e - * 2 

/"(x) = — 4xe — * + (1 — 2x 2 ) • (— 2x)e~ x = (4x3 — 6x)e - ' T 

/"'Ox) = (12x 2 — 6)e -A + (4x3 — 6x) ■ (— 2x)e~ x = (— 8x 4 + 24x 2 — 6)e - * 

/ (4) (x) = (— 32x 3 + 48x)e - * 2 + (-8x 4 + 24x 2 - 6) ■ (-2x)e - * 2 = (16x 5 - 80x 3 + 60x)e - * 2 

Evaluating the function and its derivatives at x = 0, we find 

/( 0) = 0, /'( 0) = 1, /"( 0) = 0, /'"( 0) = -6, / (4) (0) = 0. 


Therefore, 


r 4 (x) = /(0) + /'(0)x + 


/"( 0 ) 2 , /'"( 0 ) 
3! 


2 ! 


-x‘ + 


x J + 


/ ( 4 ) ( 0 ) 


4 ! 


0 

= 0 + x + 0 • x 2 — ^-x 3 + 0 • x 4 = x — x3 . 
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27. Find the /7th M aclaurin polynomial for /(*) = e 3x . 

solution We differentiate the function f(x) = e 3x repeatedly, looking for a pattern: 

fix) = 3e 3x = 3 1 e 3x 
fix) = 3 ■ 3e 3x = 3 2 e 3x 
f\x) = 3 • 3 2 e 3x = 3 3 e 3x 

Thus, for general n, f (n \x) = 3 n e 3x and fi"\0) = 3". Substituting into the formula for the nth Taylor polynomial, we 
obtain: 


3 2 x 2 


Tnix) - 1 + — + 2 , 


3 3 * 3 

3! 


3 4 * 4 

4! 


— 1 + 3x + ^t( 3x) 2 + — (3jt) 3 + • • • H — ~(3x) n . 
l\ 3! n\ 


29. Use the third Taylor polynomial of fix) = tan 1 x at a = 1 to approximate /( 1.1). Use a calculator to determine 
the error. 

solution We start by computing the first three derivatives of fix) - tan -1 *: 


fix) = 


fix) = - 


1 + * 2 
2x 


(i+* 2 ) 


-2 


fix) = 


^1 + x 2 \ + 2x ■ 2 ^1 + x 2 ^ • 2x 


(i+* 2 r 

Evaluating the function and its derivatives at* = 1, wefind 


2 (3* 2 - 1) 
(1 + -* 2 ) 3 


/( 1) = |, /'( 1) = \, f"i l) = -i f"'(X) = \. 

Therefore, 


T 3 (x) = /( 1) + fiDix - 1) + -X^ix - l) 2 + ^-(X - l) 3 

71 1 ,1 , 2 1 3 

— + 2 ( X — 1) — — 1) + -^(-X — 1) • 

Setting * = 1.1 yields: 

73(1.1) = j + *(0.1) - * (0.1) 2 + ^(O.l) 3 = 0.832981496. 

Using a calculator, wefind tan -1 l.l = 0.832981266. The error in the T ayl or polynomial approximation is 
1 73(1.1) - tan -1 l.l| = |0.832981496 - 0.832981266| = 2.301 x 10 -7 . 


31. Find /z such that \e - T n (l)\ < 10 8 , where T n (x) is the nth M aclaurin polynomial for fix) = e x . 
solution Using the Error Bound, we have 


\e-T n il)\ < K 


|1 - 0|" +1 
in + 1)! 


K 

in + 1)! 


where A' is a number such that |/ (n+1) (*)| = e x < K for all 0 < * < 1. Since e x is increasing, the maximum value 

on the interval 0 < x < 1 is attained at the endpoint* = 1. Thus, for 0 < u < 1, e u < e 1 < 2.8. Flence we may take 
K = 2.8 to obtain: 

2.8 

in + 1)! 


\e-T n il)\ < 
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We now choose n such that 


2.8 

( n + 1 )! 
in + 1)! 
2.8 


< 10“ 8 


> 10 8 


(n + 1)! > 2.8 x 10 8 


F or « = 10, (n + 1)! = 3.99 x 10 7 < 2.8 x 10 8 and torn = 11, in + 1)! = 4.79 x 10 8 > 2.8 x 10 8 . Hence, to make 
the error less than 10 -8 , n - 11 is sufficient; that is, 


k — Tii (1)1 < 10“ 8 . 


33. Verify that T n (x) = 1 + x + x 2 + • • • + x n is the nth M aclaurin polynomial of fix) = 1/(1 - x). Show using 
substitution that the nth M aclaurin polynomial for f{x ) = 1/(1 — x/4) is 

, 1 1 2 1 „ 

T n (x) - 1 + 4 * + gX + • • • + — X 

W hat is the nth M aclaurin polynomial for g(x ) = — 1 — ? 

1 + X 

solution Let f(x) — (1 - x)~ l . Then, f'(x) = (1 - x)~ 2 , f"(x) = 2(1 - x) -3 , f"'(x) = 3!(1 - x) -4 , and, in 
general, f n \x) = n!(l - x) _( ' ,+1) . Therefore, /k)( 0) = n! and 

1 ! 2 ! 2 n! 2 

Tfi (x) = 1 + —x + rrX + ■ ■ ■ + — -x = 1 + X + x + ■ ■ ■ + X . 

1 ! 2 ! n! 


U pon substituting x/4 for x, we find that the nth M aclaurin polynomial for fix ) = 


1 

1 — x/4 


is 


, 1 1 2 

T n (x) — 1 + -x + x + ■ 


+ 



Substituting -x for x, the nth M aclaurin polynomial forg(x) 


1 

1 + x 


is 


T n (x) = 1 — x + x 2 — x 3 -4 • + (— x) n . 


35. Let T„ix) be the nth M aclaurin polynomial for the function fix) = sinx + sinhx. 

(a) Show that 75 (x) = T^ix) = Tjix) = Tgix). 

(b) Show that |/"(x)| < 1 + coshx for all n. Hint: Note that | sinhx| < | cosh x| for all x. 

2 6 

(c) Show that |7g(x) - /(x)| < |jc | 9 for -1 < x < 1. 

SOLUTION 

(a) Let fix) = sinx + sinhx. Then 

fix) = cosx + coshx 
fix) = - sinx + sinhx 
fix) = - cosx + cosh x 
/ ( 4 ) (x) = sinx + sinhx. 

From this point onward, the pattern of derivatives repeats indefinitely. Thus 

/( 0 ) = / ( 4 ) ( 0 ) = / ( 8 , ( 0 ) = sin 0 + sinhO = 0 
/'( 0 ) = / ( 5 > ( 0 ) = cosO + coshO = 2 
/"(0) = / (6) (0) = - sin 0 + sinhO = 0 
/"'( 0 ) = / ( 7 ) ( 0 ) = - cosO + cosh 0 = 0 . 
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Consequently, 

-r / N *>,n\ , 5 t , 1 5 

T$(x) = f (0)jf H — — x = 2x + gQ.v , 

and, because / (6) (0) = / (7) (0) = / (8) (0) = 0, it follows that 

76 M = T l(x) = T$(x) = T$(x) = 2* + ^x 5 . 

(b) First note that | sin x| < 1 and | cos*| < 1 for all x. M oreover, 

e x - e ~ x e x + e - * 

| sinh jc| = - < - = cosh*. 

Now, recall from part (a), that all derivatives of /(*) contain two terms: the first is ± sin x or ± cos*, while the second 
is either sinh* or cosh*. In absolute value, the trigonometric term is always less than or equal to 1, while the hyperbolic 
term is always less than or equal to cosh x. Thus, for all n, 

f (n) (x) < 1 + cosh*. 



Now, cosh u is an even function that is increasing on (0, oo). The maximum value for u between 0 and * is therefore 
cosh*. M oreover, for -1 < x < 1, cosh* < cosh 1 « 1.543 < 1.6. Hence, we may take K = 1 + 1.6 = 2.6, and 


IT’S (x)~ fix ) I £ ^|*| 9 . 



10 INTRODUCTION TO 

DIFFERENTIAL EQUATIONS 


10.1 Solving Differential Equations 

Preliminary Questions 

1. D etermi ne the order of the following differential equations: 

(a) * V = 1 (b) (/) 3 + x = 1 

(c) y'" + xV = 2 (d) Sin(v") + x = y 

SOLUTION 

(a) The highest order derivative that appears in this equation is a first derivative, so this is a first order equation. 

(b) The highest order derivative that appears in this equation is a first derivative, so this is a first order equation. 

(c) The highest order derivative that appears in this equation is a third derivative, so this is a third order equation. 

(d) The highest order derivative that appears in this equation is a second derivative, so this is a second order equation. 

2. Is y" = sin x a linear differential equation? 
solution Y es. 

3. Give an example of a nonlinear differential equation of the form / = /(y). 
solution One possibility is y' = y 2 . 

4. Can a nonlinear differential equation be separable? If so, give an example. 
solution Yes. An example is / = y 2 . 

5. Give an example of a linear, nonseparable differential equation. 
solution One example is y' + y — x. 


Exercises 

1. Which of the following differential equations are first-order? 

(a) y' = x 2 (b) y" = y 2 

(c) (y') 3 + yy' = sinx (d) x 2 y' - e x y = sin y 

(e) y" + 3v' = - (f)yv'+x + y = 0 

x 

SOLUTION 

(a) The highest order derivative that appears in this equation is a first derivative, so this is a first order equation. 

(b) The highest order derivative that appears in this equation is a second derivative, so this is not a first order equation. 

(c) The highest order derivative that appears in this equation is a first derivative, so this is a first order equation. 

(d) The highest order derivative that appears in this equation is a first derivative, so this is a first order equation. 

(e) The highest order derivative that appears in this equation is a second derivative, so this is not a first order equation. 

(f) The highest order derivative that appears in this equation is a first derivative, so this is a first order equation. 

In Exercises 3-8, verify that the given function is a solution of the differential equation. 

3. y' — 8x = 0, y = 4x 2 
solution L et y = 4x 2 . T hen y' = 8x and 

y' — 8x = 8x — 8x = 0. 

5. y' + 4xy = 0, y = 25e -2 - 12 
solution Let y = 25e _2 - r2 . Then y' = — lOOxe -2 - 1 ’ 2 , and 

y' + 4xy = — lOOxe -2 * 2 + 4x(25e“ 2 - r2 ) = 0. 
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7. y" - 2xy' + 8 v = 0, y = 4x 4 - 12x 2 + 3 

solution L et y = 4x 4 - 12x 2 + 3. T hen y' = 16x 3 - 24x, y" = 48x 2 - 24, and 

y" — 2xy' + 8y = (48 x 2 — 24) — 2x(16x 3 — 24x) + 8(4x 4 — 12x 2 + 3) 

= 48x 2 - 24 - 32x 4 + 48x 2 + 32x 4 - 96x 2 + 24 = 0. 


9. Which of the following equations are separable? Write those that are separable in the form / = f(x)g(y) (but do 
not solve). 

(a) xy' - 9 y 2 = 0 (b) ^4 - x 2 y' = e 3 - v sin x 

(c) >•' = X 2 + V 2 (d) y> = 9 - y 2 


SOLUTION 

(a) xy' - 9y 2 = 0 is separable: 


(b) \/a - x 2 y' = e 3v sin x is separable: 


xy' - 9y 2 = 0 
xy' = 9y 2 


/ = -T 2 


A — x 2 y' = e 3 - v si n x 
, 3 -y si n x 


y =e 


74-x 2 ' 


(c) y' = x 2 + y 2 is not separable; y' is already isolated, but is not equal to a product /(x)g(y). 

(d) y' = 9 - y 2 is separable: y' = (1)(9 - y 2 ). 

11. Consider the differential equation y 3 y' - 9x 2 = 0. 

(a) W rite it as y 3 dy = 9x 2 dx. 

(b) I ntegrate both sides to obtain \ y 4 = 3x 3 + C. 

(c) Verify that y = (12x 3 + C) 1 / 4 is the general solution. 

(d) Find the particular solution satisfying y (1) = 2. 
solution Solving y 3 y' - 9x 2 = 0 for y' gives y' = 9 x 2 y -3 . 

(a) Separating variables in the equation above yields 


y 3 dy — 9x 2 dx 


(b) Integrating both sides gives 


(c) Simplify the equation above to get y 4 = 12x 3 + C, or y = (12x 3 + C) 1/4 . 

(d) Solve 2 = (12 - 1 3 + C) 1/4 to get 16 = 12 + C, or C = 4. Thus the particular solution is y = (12x 3 + 4) 1 / 4 . 


In Exercises 13-28, use separation of variables to find the general solution. 
13. y' + 4xy 2 = 0 
solution Rewrite 


y' + 4xy 2 = 0 as 


dy_ 

dx 


— 4xy 2 and then as y 2 dy = -4x dx 


J y 2 dy = —4 J x dx 

— y _1 = -2x 2 + C 
y _1 = 2x 2 + C 


Integrating both sides of this equation gives 
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Solving for y gives 

1 

V “ lx 1 + C 

where C is an arbitrary constant. 

15. — - 20 t A e~y = 0 
dt 

solution Rewrite 


— - 20r 4 e y = 0 as — = 20r 4 e y and then as e y dy = 20t^dt 
dt dt 

I ntegrating both sides of this equation gives 

J e y dy = J 20 r 4 dt 

e y = 4/ 5 + C 

Solve for y to get y = ln(4r 5 + C), where C is an arbitrary constant. 

17. 2/ + 5y = 4 
solution Rewrite 


2y' + 5v = 4 as y = 2 -ly and then as (4 — 5y) 1 dy =^dx 
Integrating both sides and solving for y gives 

= U id* 

J 4 - 5y 2 J 
In |4 - 5y| = ^ x + C\ 

In |4 - 5 v| = Cj - 
4 - 5y = C 3e - 5 */ 2 
5y = 4 — Cie~^ x ^ 

where C is an arbitrary constant. 

19. Vl - .t 2 y' = xy 

solution Rewrite 


y = Ce - 5v / 2 + 


\/l — x 2 — = xy as — = 

dx ' y Vi - x 2 


dy 


dx. 


Integrating both sides of this equation yields 


/?-/ 


dx 


\/l — -T 2 
In |_y | = -Vl - x 2 + C. 


Solving for y, wefind 

| V I = e~^^~ x2+C = e c 
y = ±e c e~^ l ~ x2 = Ae - ^ 1- * 2 , 



where A is an arbitrary constant. 
21. yy' = x 
solution Rewrite 


as 


y dy = x dx. 
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Integrating both sides of this equation yields 


J ydy =f 


= / x dx 


Solving for _y, wefind 


where A = 2C is an arbitrary constant. 

23. ^ = (t + DU- 2 + 1) 
dt 

solution Rewrite 


1 1 y 

2> l =2 X +C - 


y 2 = x 2 + 2 C 
y = ±\/x 2 + A , 


— — — (t -|- 1)(^ + 1) as — ^ dx — {t -|- 1) dt. 

dt x 2 - + 1 


Integrating both sides of this equation yields 


Solving for jc, wefind 


where A = tan C is an arbitrary constant. 
25. y' = x sec y 
solution Rewrite 


[ dx — f(t + l)dt 

J x + 1 J 

— 1 1 y 

tan x = -r + m- C. 


jc = tan (^t 2 + 1 + cV 


— =xsecy as COS ydy=xdx. 
dx 


Integrating both sides of this equation yields 


J COS y dy — J x dx 


Solving for _y, wefind 


where C is an arbitrary constant. 

27. — = y tan t 
dt 

solution Rewrite 


sin v = ^ a + C. 


y = sin 1 ( \x 2 + C 


— = ytanr as - dy = tan tdt. 
dt y 


Integrating both sides of this equation yields 


fl dy = f tan t dt 


In |y| = In |sec/| + C. 



SECTION 10.1 | Solving Differential Equations 605 


Solving for y, wefind 


where A = ±e c is an arbitrary constant. 


|y| = gin |secr|+C _ g C |sec?| 
y = ±e c sec t = A sect, 


In Exercises 29^42, solve the initial value problem. 

29. y' + 2_y = 0, y(ln 5) = 3 

solution First, wefind the general solution of the differential equation. Rewrite 

dy 1 - , 

— — |-2v = 0 as —dy = —2dx, 
dx ' v 


and then integrate to obtain 


In |v| = -2 x + C. 


y = Ae 


where A = ±e c is an arbitrary constant. The initial condition y(ln 5) = 3 allows us to determine the value of A. 


Finally, 


3 = Ae- 2(ln5) ; 3 = A^; SO 75 = A. 


y = 75e 


31. yy' = xe~y , y(0) = -2 

solution First, wefind the general solution of the differential equation. Rewrite 


and then integrate to obtain 


dy _ v 2 2 

y-i-=xe ■ as ye- dy = xdx, 
dx 


1 v 2 1 2 
~ e y = -x + c. 


y — ±y ln(x 2 + A), 

where A = 2C is an arbitrary constant. The initial condition y(0) = -2 allows us to determine the value of A. Since 
y(0) < 0, we have y = -J\n(x 2 + A), and 


Finally, 


-2 = — v/|n(A); 4 = ln(A); SO <? 4 = A. 


y = —J InO 2 + e 4 ). 


33. y = (X - l)(y - 2), y(2) = 4 

solution First, wefind the general solution of the differential equation. Rewrite 


and then integrate to obtain 


— = (x — l)(y — 2) as -dy = (x — l)dx, 

dx y — 2 


In \y — 2| = - x 2 —x + C. 


y = a^/V-.v +2 


Thus, 
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where A - ±e c is an arbitrary constant. The initial condition y(2) = 4 allows us to determine the value of A. 


Finally, 


4 = Ae u + 2 SO A = 2. 


y = 2e a / 2)x2 ~ x +2. 


35. y' = x(y 2 + 1), y( 0) = 0 

solution First, find the general solution of the differential equation. Rewrite 

dy ■) 1 

— = x(y + 1) as d\ = x dx 

dx y A + 1 


and integrate to obtain 


— 1 1 n 

tan 1 y = -x z + C 


y = tan + CJ 

where C is an arbitrary constant. The initial condition y(0) = 0 allows us to determine the value of C: 0 = tan(C), so 
C = 0. Finally, 

y = tan ( ^ x A 


37. = ye y(0) = 1 

dt 

solution First, wefind the general solution of the differential equation. Rewrite 

dy 1 

— = ye as — dy = e dt, 
dt y 


and then integrate to obtain 


In |y| = -e~' + C. 


y = , 

where A = ±e c is an arbitrary constant. The initial condition y(0) = 1 allows us to determine the value of A. 


Finally, 


39. r— - t = 1 + y + ty, v(l) = 0 
dt 


1 = Ae 1 SO A = e. 


y = (e)e e = e 1 


solution First, wefind the general solution of the differential equation. Rewrite 


t —— — 1 + t + + ty — (1 + 0(1 y) 


1 j ! + ' , 

dy — — s— dt, 

l + y t 2 


In |1 + y\ — —t + In |r| + C. 


and then integrate to obtain 
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Thus, 


y = A 7c~ 1 ' 


where A = ±e c is an arbitrary constant. The initial condition y(l) = 0 allows us to determine the value of A. 


Finally, 


0 = A [ - ) - 1 SO A = e. 

. e , 


et i 

- v = d77 “ L 


41 . y' = tan y, y(ln 2) = — 

solution First, wefind the general solution of the differential equation. Rewrite 

dy 


and then integrate to obtain 


Thus, 


dy 

— = tan y as — = dx, 
dx ' tan y 


In |siny| = jc + C. 


y = sin 1 (Ae x ), 

where A = ±e c is an arbitrary constant. The initial condition y(ln 2) = j allows us to determine the value of A. 

y = si n — 1 (2 A); 1 = 2A so A= \- 


Finally, 


y — sm 1 1 2 e ' I- 


43 . Find all values of a such that y = x a is a solution of 

y" - 12 x~ 2 y = 0 

solution L et y = x a . T hen 

y' = ax a ~ l and y" = a(a - l)x a ~ 2 . 

Substituting into the differential equation, wefind 

y" — llx~ 2 y = a(a — l)x a ~ 2 — 12x a ~ 2 = x a ~ 2 (a 2 — a — 12). 

Thus, y" - 12.T _2 y = 0 if and only if 

ci 2 — a — 12 = (a — 4) (a + 3) = 0. 

Flence, y = x a is a solution of the differential equation y" - 12.v _2 y = 0 provided a - 4 or a - -3. 

In Exercises 45 and 46, let y(t) be a solution of ( COS y + 1)— = 2 1 such that y(2) = 0. 

dt 

45 . Show that si n y + y = r 2 + C. We cannot solve for y as a function of t, but, assuming that y(2) = 0, find the values 
of t at which y(f) = 7t. 

solution Rewrite 


(cosv + 1)— = 2/ as (cos v + 1) dy = It dt 
dt 

and integrate to obtain 

sin y + y = t 2 + C 

where C is an arbitrary constant. Since y(2) = 0, we have sin0 + 0 = 4 + Cso that C = -4 and the particular solution 
we seek is sin y + y = t 2 - 4. To find values of t at which y(r) = n, we must solve sin n + n = t 2 - 4, or r 2 - 4 = rr, 
thus t = ±s/tc + 4. 
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In Exercises 47-52, use Eq. (4) and Torricelli’s Law [Eq. (5)]. 

47. Water leaks through a hole of area 0.002 m 2 at the bottom of a cylindrical tank that is filled with water and has height 
3 m and a base of area 10 m 2 . How long does it take (a) for half of the water to leak out and (b) for the tank to empty? 
solution Because the tank has a constant cross-sectional area of 10 m 2 and the hole has an area of 0.002 m 2 , the 
differential equation for the height of the water in the tank is 


By Torricelli's Law, 


using g = 9.8 m/s 2 . Thus, 

— = —0.0002 /L9T51 = —0.0002 7L9T5 • Jy. 

at 

Separating variables and then integrating yields 

y-V 2 dy= -0.0002 Vi9£ dt 
ly 1 ' 1 = -0.000271^6/ + C 


dy 0.002v 
dt 10 


= 0.0002v. 


v = -s/^gy = — 719 . 6 );, 


Solving for _y, wefind 


y(t) = (c- 0.000l7I^6r) 2 . 


Since the tank is originally full, we have the initial condition y(0) = 10, whence 7T0 = C. Therefore, 

2 

y(t) = (7l0 - 0.000171915/) . 

W hen half of the water is out of the tank, y = 1.5, so we solve: 


10 - 0.000171^6/)" 


for /, finding 


1.5 = 


/= ^-=(2710-76)^ 4376.44 sec. 

0 . 000271^6 


When all of the water is out of the tank, y = 0, so 


710 - 0.000171915/ = 0 and / = 


710 


O.OOOlTTM 


7142.86 sec. 


49. The tank in Figure 7(B) is a cylinder of radius 4 m and height 15 m. Assume that the tank is half-filled with water 
and that water leaks through a hole in the bottom of area B = 0.001 m 2 . Determine the water level y(t) and the time t e 
when the tank is empty. 

solution W hen the water is at height y over the bottom, the top cross section is a rectangle with length 15 m, and with 
width x satisfying the equation: 

7/2) 2 + (y - 4) 2 = 16. 

Thus, x = 278y - y 2 , and 

A(y) — 15.« = 30y/ 8y — y 2 . 

With B = 0.001 m 2 and v = -7 Tgy = -719. 6yy, it follows that 


dy 

dt 


o.ooi7i76yy o.ooiTTM 


3078y - ,v 2 


3078^7 ' 


Separating variables and integrating then yields: 


0 . 001719.6 0 . 000171^6 

V^ydy = ^ dt = dt 

j_ ts _ !)V2 _oMowm i+c 


3 
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When t = 0, y = 4, so C = -|4 3/2 = and 


2 „ , /2 O.OOOlvTM 16 

-3 (8 - y,/ = 3 — >-y 


y(t) = 8 - 


O.OOOlvTM 


The tank is empty when y - 0. Thus, t e satisfies the equation 


It follows that 


„ / 0.0001V19.6 \ ' 

8-1 Y f + 8 1 = 0. 


= 2(8 3/2 8)_ ^ 66.079.9 seconds. 

O.OOOlvTM 


51 . A tank has the shape of the parabola y = ax 2 (where a is a constant) revolved around the v-axis. Water drains from 
a hole of area B m 2 at the bottom of the tank. 

(a) Show that the water level at time t is 


( 3/2 3aBjIg \ 2 

y(t) = l- V 0 --2^0 


where vo is the water level at timer = 0. 

(b) Show that if the total volume of water in the tank has volume V at time r = 0, then vo = JlaVJ: r. Hint: Compute 
the volume of the tank as a volume of rotation. 

(c) Show that the tank is empty at time 


We see that for fixed initial water volume V, the time t e is proportional to a -1 / 4 . A large value of a corresponds to a tall 
thin tank. Such a tank drains more quickly than a short wide tank of the same initial volume. 


SOLUTION 


(a) When the water is at height y, the surface of the water is a circle of radius Jy/a, so that the cross-sectional area is 
A(y) = Tty /a. With v = —J2gy = — JTgJy, we have 

dy BjTgJy aBjlgJy aBjIg _ 1/2 


Separating variables and integrating gives 


Y- ydy = _a R ^S dt 
JC 

2 o/2 aB^/Tg 

= ^JL r + Cl 

3 jc 

y 3 / 2 = - 3 aBj7-g t + c 
2n 


Since y(0) = vq, we have C = Vq / 2 ; solving for y gives 


_ / 3/2 _ 3a B Jig 


y = v° --2^—7 

(b) The volume of the tank can be computed as a volume of rotation. Using the disk method and applying it to the function 
x = Jy/a, we have 


f:«it 


dy = / ydy = ^r-y L = . >’o 


Solving for vo gives 



610 CHAPTER 10 | INTRODUCTION TO DIFFERENTIAL EQUATIONS 


(c) The tank is empty when y = 0; this occurs when 


3/2 3 aBy/2g 

V 


From part (b), we have 


y^ 2 = y/2 aV I = ((2o V'/7r) 1 ^) 3 / 2 = (2 aV/jr)^ 4 


so that 


e 


2ny g^ 2 27r-v^8fl3~v/3 27r3/ 4 v ,, 2V'3a ^ 

SaB^/Tg 3 ^ 3/4 g \fcfi ffijg iBJg 




2 



53. Figure 8 shows a circuit consisting of a resistor of R ohms, a capacitor of C farads, and a battery of voltage V. When 
the circuit is completed, the amount of charge q(t) (in coulombs) on the plates of the capacitor varies according to the 
differential equation (t in seconds) 


where R, C, and V are constants. 

(a) Solve for q(t), assuming that ^ (0) = 0. 

(b) Show that lim q(t) = CV. 


(c) Show that the capacitor charges to approximately 63% of its final value CV after a time period of length r = RC (r 
is called the time constant of the capacitor). 


R 


v O 


FIGURE 8 An RC circuit. 


SOLUTION 


(a) U pon rearranging the terms of the differential equation, we have 


dq q — CV 
t it RC 


Separating the variables and integrating both sides, we obtain 

dq dt 


q-CV RC 



and 


\n\q-CV\ = -—+k, 

where k is an arbitrary constant. Solving for q(t) yields 

q(t) = CV + Ke~^‘, 

where K = ±e k . We use the initial condition q( 0) = 0 to solve for K\ 

0 = CV + K => K = —CV 
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(c) We have 


q(z) = q(RC ) = CV( 1 - e~*c RC ) = CV(1 - e _1 ) ~ 0.632CV. 


55. UTsd According to one hypothesis, the growth ratedV/dr of a cell's volume V is proportional to its surface area 
A. Since V has cubic units such as cm 3 and A has square units such as cm 2 , we may assume roughly that A <x V 2 / 3 , and 
hence dV/dt = kV 2 / 3 for some constant A. If this hypothesis is correct, which dependence of volume on time would we 
expect to see (again, roughly speaking) in the laboratory? 

(a) Linear (b) Quadratic (c) Cubic 

solution Rewrite 


— = kV 2/3 as V -2 / 3 dv = kdt, 
dt 

and then integrate both sides to obtain 

3V 1/3 =kt + C 
V = (kt/3 + C) 3 . 

Thus, we expect to see V increasing roughly like the cube of time. 

57. In general, ( fg / is not equal to f'g', but let f(x) = e 3x and find a function g(x) such that (fg)' = f'g'. Do the 
same for f(x) = x. 

solution If (fg)' = f'g', we have 


f\x)g(x) + g'(x)f(x) = f'(x)g'(x) 
g'(x)(f(x) - f'(x)) = -g(x)f'(x) 
g'(x) = f'(x) 

g(x) f(x) - fix) 

Now, let f(x) = e 3x . Then f'(x) = 3e 3x and 

g'(x) _ 3e 3x _ 3 
g(x) 3e 3v — e^ x 2 

Integrating and solving for g(x), we find 


dg 3 

— = - rfx 
g 2 


In 1^1 = 2 * + C 

g(x) = Ae (3 / 2);r , 


where A = ±e c is an arbitrary constant. 
If f( x ) = x, then f(x) = 1, and 


Thus, 


g'(x) = 1 

g(x) 1 - X ■ 


d^ 

g 


1 

1 — X 




In |g| = - In |1 - jc| + C 


g(x) = 


A 

1 — jc ’ 


where A = ±e c is an arbitrary constant. 
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59. Show that the differential equations y' = 3y/x and / = -x/3y define orthogonal families of curves; that is, the 
graphs of solutions to the first equation intersect the graphs of the solutions to the second equation in right angles (Figure 
10). Find these curves explicitly. 



curves. 


solution Let yi be a solution to y' = ^ and let yi be a solution to y'-~iy Suppose these two curves intersect at 
a point Oq, yo)' The line tangent to the curve yi(x) at (xq, yo) has a slope of and the line tangent to the curve y 2 (x) 
has a slope of The slopes are negative reciprocals of one another; hence the tangent lines are perpendicular. 
Separation of variables and integration applied to y’ = ^ gives 


dy ^ dx 

y x 

In |y | = 3 In |x| + C 
y = Ax ^ 


On the other hand, separation of variables and integration applied to / = - j- gives 


3_v dy = —x dx 
3y 2 /2 = -x 2 /2 + C 

y = ±Jc -x 2 /3 


61. A 50-kg model rocket lifts off by expelling fuel downward at a rate of k = 4.75 kg/s for 10 s. The fuel leaves the 
end of the rocket with an exhaust velocity of b = -100 m/s. Let m(t) be the mass of the rocket at time ?. From the law 
of conservation of momentum, we find the following differential equation for the rocket's velocity v(t) (in meters per 
second): 




—9.8 m(t) + b 


dm 

dt 


(a) Show that m(t) = 50 - 4.75? kg. 

(b) Solve for v(t ) and compute the rocket's velocity at rocket burnout (after 10 s). 


SOLUTION 

(a) For 0 < t < 10, the rocket is expelling fuel at a constant rate of 4.75 kg/s, giving m'(t) = -4.75. Flence, 
m(t) = -4.75? + C. I nitially, the rocket has a mass of 50 kg, so C = 50. Therefore, m{t) = 50 - 4.75?. 

dm 

(b) With m(t) = 50 - 4.75 1 and — = -4.75, the equation for v becomes 


dv 

dt 


-9.8 + 


u dm 
D dt 


50 - 4.75? 


(-IOO)C- 4.75) 
50 - 4.75? 


and therefore 

v(t) = -9.8? + 100 / rn 4 ' 75 + = -9.8? - 100 ln(50 - 4.75?) + C 
J 50 - 4.75? 

Because u(0) = 0, we find C = 100 In 50 and 


v(t) = -9.8? - 100 ln(50 - 4.75?) + 100 ln(50). 


After 10 seconds the velocity is: 


u(10) = -98 - 100 ln(2.5) + 100 ln(50) ^ 201.573 m/s. 
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63. If a bucket of water spins about a vertical axis with constant angular velocity u> (in radians per second), the water 
climbs up the side of the bucket until it reaches an equilibrium position (Figure 11). Two forces act on a particle located 
at a distance x from the vertical axis: the gravitational force -mg acting downward and the force of the bucket on the 
particle (transmitted indirectly through the liquid) in the direction perpendicular to the surface of the water. These two 
forces must combine to supply a centripetal force mm 2 x, and this occurs if the diagonal of the rectangle in Figure 11 is 
normal to the water's surface (that is, perpendicular to the tangent line). Prove that if y = f(x) is the equation of the 
curve obtained by taking a vertical cross section through the axis, then -1/y' = -g/(w 2 x). Show that _y = f(x) is a 
parabola. 


y 



FIGURE 11 


solution At any point along the surface of the water, the slope of the tangent line is given by the value of y' at that 
point; hence, the slope of the line perpendicular to the surface of the water is given by -1/y'. The slope of the resultant 
force generated by the gravitational force and the centrifugal force is 


-mg _ g 

7 ~ 2 ' 

mar-. x ar-x 

Therefore, the curve obtained by taking a vertical cross-section of the water surface is determined by the equation 


1 

/ 


8 

i 

U) L X 


or 


y = 



8 


Performing one integration yields 


CO 7 

T = fix) = =-* 2 + C, 
2 8 

where C is a constant of integration. Thus, y = f(x) is a parabola. 


Further Insights and Challenges 

65. A basic theorem states that a linear differential equation of order n has a general solution that depends on n arbitrary 
constants. There are, however, nonlinear exceptions. 

(a) Show that (/) 2 + y 2 = 0 is a first-order equation with only one solution y = 0. 

(b) Show that (/) 2 + y 2 + 1 = 0 is a first-order equation with no solutions. 


SOLUTION 

(a) (y') 2 + y 2 > 0 and equals zero if and only if / = 0 and y = 0 

(b) (y') 2 + y 2 + 1 > 1 > 0 for all y' and y, so (/) 2 + y 2 + 1 = 0 has no solution 


67. A spherical tank of radius R is half-filled with water. Suppose that water leaks through a hole in the bottom of area 
B. Let y(t) be the water level at timer (seconds). 


(a) 

(b) 


Show that — = ~^BVy 
dt 7i(2Ry — y*) 

Show that for some constant C, 


(c) Use the initial condition _y(0) = R to compute C, and show that C = t e , the time at which the tank is empty. 

(d) Show thatr e is proportional to R 5 / 2 and inversely proportional to B. 


SOLUTION 

(a) At height _y above the bottom of the tank, the cross section is a circle of radius 


r = -J R 2 — (R — y) 2 = ^jlRy-y 2 . 
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The cross-sectional area function is then A(v) = n{2Ry - y 2 ). The differential equation for the height of the water in 
the tank is then 


dy _ JTgBJy 
dt n(2Ry — y 2 ) 

by Torricelli's law. 

(b) Rewrite the differential equation as 


75i ( ***-**) *’-«■ 

and then integrate both sides to obtain 


2 n / 2 

1 3 

where C is an arbitrary constant. Simplifying gives 


fly 3 / 2 



C -t. 


— (lOfly 3 / 2 - 3y 5 / 2 ) = C - t [*) 

15fl\/2g 

(c) From Equation (*) we see that y = 0 when t = C. It follows that C = t e , the time at which the tank is empty. 
M oreover, the initial condition y(0) = fl allows us to determine the value of C: 


2n 

15fl\/2g 


(10fl 5 / 2 - 3fl 5 / 2 ) = 


147T 

1 


fl 5 / 2 = C 


(d) From part (c), 


14jt fl 5 / 2 
te ~ 15 VTg'~B~' 

from which it is clear that t e is proportional to fl 5 / 2 and inversely proportional to B. 


10.2 Graphical and Numerical Methods 

Preliminary Questions 

1. What is the slope of the segment in the slope field for y = ty + 1 at the point (2, 3)? 

solution The slope of the segment in the slope field for y = ty + 1 at the point (2. 3) is (2)(3) + 1 = 7. 

2. W hat is the equation of the isocline of slope c = 1 for y = y 2 - r? 
solution The isocline of slope c = 1 has equation y 2 - t = 1, or y = ±Vl + 1 . 

3. For which of the following differential equations are the slopes at points on a vertical line t = C all equal? 

(a) y = In y (b) y = In/ 

solution Only for the equation in part (b). The slope at a point is simply the value of y at that point, so for part (a), 
the slope depends on y, while for part (b), the slope depends only on t. 

4. Let y(r) be the solution to y = F ( t , y ) with y(l) = 3. Flow many iterations of Euler's Method are required to 
approximate y (3) if the time step is h = 0.1? 

solution The initial condition is specified atr = 1 and we want to obtain an approximation to the value of the solution 
at t - 3. With a time step of h = 0.1, 


3-1 

0.1 


= 20 


iterations of Euler's method are required. 
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Exercises 

1. Figure 8 shows the slope field for y = sin y sin t. Sketch the graphs of the solutions with initial conditions y(0) = 1 
and y (0) = -1. Show that y(t) = 0 is a solution and add its graph to the plot. 



- 3 - 2-1 0 1 2 3 

FIGURE 8 Slope field for y = sin y sin r. 
solution The sketches of the solutions appear below. 



- 3 - 2-1 0 1 2 3 


If y (t) = 0, then y' = 0; moreover, sin Osin t = 0. Thus, y(t) = 0 is a solution of y = sin y sin t. 

3. Show that /(r) = \(t - j) is a solution to y = t - 2y. Sketch the four solutions with y(0) = ±0.5, ±1 on the slope 
field in Figure 10. The slope field suggests that every solution approaches /(f) as t oo. Confirm this by showing that 
y = /(f) + Ce~ 2 ’ is the general solution. 



-1 - 0.5 0 0.5 1 1.5 2 

FIGURE 10 Slope field for y = f — 2y. 


solution Let y = /(f) = j(t - j). Then y = \ and 


. , 1 1 

y + 2y=-+t--=t, 

so /(f) = j(t — 2 ) is a solution to y = t - 2y. The slope field with thefour required solutions isshown below. 


y 


vTTvv 
\ \ \ \V 

\ \ \ \ VS 
\ \ \ \ \ 
\ \ \ 

\ \ \ \ \ ^ ~ 'V 

v \ \<S -- - / 

/ / / 

iv / / ill 

Ns.'- 

'///// 
./ / // /j 

"// ///ill 
///// /// 1 l l l 
7/1 I I I 1 1 1 1 
// I / I 1 1 1 1 1 
'// 1 1 1 1 1 1 1 1 


-10 12 


Now, let y = /(f) + Ce~ 2l = \(t - \) + Ce~ 2 '. Then 


y=--2Ce~ 2 ', 
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and 

y + 2y=l- 2 Ce~ 2 ‘ + ^ ^ + 2 Ce~ 2 ' = t. 

Thus, y = f{t) + Ce~ 2t is the general solution to the equation y = t - 2y. 

5. Consider the differential equation y = t - y. 

(a) Sketch the slope field of the differential equation y = t - y in the range -1 < t < 3, -1 < y < 3. As an aid, observe 
that the isocline of slope c is the line t - y = c, so the segments have slope c at points on the line y = t - c. 

(b) Show that y = t - 1 + Ce~' is a solution for all C. Since lim e~’ = 0, these solutions approach the particular 

t— >0O 

solution y = t — 1 as t — s- oo. Explain how this behavior is reflected in your slope field. 

SOLUTION 

(a) Here is a sketch of the slope field: 



-10 12 3 


(b) Lety = t - 1 + Ce~' . Then y = 1 - C~‘ , and 

t — y = t — {t — 1 + Ce~') = 1 - Ce~’ . 

Thus, y = t - 1 + Ce~‘ is a solution of y = t - y. On the slope field, we can see that the isoclines of 1 all lie along 
the line y = t - 1. Whenever y > t - 1, y = t - y < 1, so the solution curve will converge downward towards the 
line y = t - 1. On the other hand, if y < t - 1, y = t - y > 1, so the solution curve will converge upward towards 
y = t - 1. 1 n either case, the solution is approaching t - 1. 

7. Show that the isoclines of y = t are vertical lines. Sketch the slope field for -2 < t < 2, -2 < y < 2 and plot the 
integral curves passing through (0, -1) and (0, 1). 

solution The isocline of slope c for the differential equation y = t has equation t = c, which is the equation of a 
vertical line. The slope field and the required solution curves are shown below. 


2 

i 


-l 
-2 

- 2-1012 



9. M atch each differential equation with its slope field in Figures 12(A)- (F). 

(i) y = -1 

(ii) y = y - 

(iii) y = t 2 y 

(iv) y = ty 2 

(v) y = t 2 + y 2 

(vi) y = t 


y 



- 3 - 2-1 0 1 2 3 

FIGURE 12(A) 



- 3 - 2-1 0 1 2 3 
FIGURE 12(B) 
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FIGURE 12(C) FIGURE 12(D) 



-3 -2 -1 


- 3 - 2-1 0 1 2 3 


FIGURE 12(E) 


FIGURE 12(F) 


SOLUTION 

(i) Every segment in the slope field for y = -1 will have slope -1; this matches Figure 12(C). 

y 

(ii) The segments i n the slope fi el d for y = - will have positive si ope in the first and third quadrants and negative slopes 
in the second and fourth quadrant; this matches Figure 12(B). 

(iii) The segments in the slope field for _y = r 2 v will have positive slope in the upper half of the plane and negative slopes 
in the lower half of the plane; this matches Figure 12(F). 

(iv) The segments in the slope field for y = ty 2 will have positive slope on the right side of the plane and negative slopes 
on the leftside of the plane; this matches Figure 12(D). 

(v) Every segment in the slope field for y = t 2 + y 2 , except at the origin, will have positive slope; this matches 
Figure 12(A). 

(vi) The isoclines for y = t are vertical lines; this matches Figure 12(E). 

11. (a) Sketch the slope field of y = t/y in the region -2 < t < 2, -2 < y < 2. 

(b) Check that y = ±yft 2 + C is the general solution. 

(c) Sketch the solutions on the slope field with initial conditions y(0) = 1 and y CO) = -1. 

SOLUTION 

(a) The slope field is shown below: 



(b) Rewrite 


and then integrate both sides to obtain 


dy t 
dt y 


as y dy = t dt, 



2 f 


+ C. 


v = ±Vt 2 + C. 


Solving for y, wefind that the general solution is 
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(c) The sketches of the two solutions are shown below: 



- 2-1 0 1 2 


13. Let F(t, y) = t 2 - v and let y{t) be the solution of y = F(t, y) satisfying y(2) = 3. Let h = 0.1 be the time step in 
Euler's M ethod, and set yo = y(2) = 3. 

(a) Calculate yi = yo + frF(2, 3). 

(b) Calculate y 2 = yi + /rF(2.1, yi). 

(c) Calculate y$ = y 2 + hF( 2.2, y 2 ) and continue computing y 4 , ys, and yg. 

(d) Find approximations to y (2.2) and v (2.5). 

SOLUTION 

(a) With yo = 3, to = 2, h = 0.1, and F(t, y) = t 2 - y, wefind 

yi = yo + /iF(ro,yo) = 3 + 01(1) = 3.1. 

(b) With yi = 3.1, t\ = 2.1, h = 0.1, and F(t, y) = t 2 - y, wefind 

yi — >1 + hF(t\, yi) = 3.1 + 0.1(4.41 — 3.1) = 3.231. 

(c) Continuing as in the previous two parts, wefind 

y >3 = yi + hF{tj, >' 2 ) = 3.3919; 

,V 4 = V 3 + hF(t$, y 3 ) = 3.58171; 

,V 5 = V 4 + hF(t/\, V 4 ) = 3.799539; 

T 6 = T5 + hF(t$, vs) = 4.0445851. 

(d) y (2.2) ^y 2 = 3.231, and y(2.5) ~ y 5 = 3.799539. 

In Exercises 15-20, use Euler’s Method to approximate the given value ofy(t) with the time step h indicated. 

15. y(0.5); y = y + t, y (0) = 1, 
solution With yo = 1 , 0 = 0 . h = 


h = 0.1 


0.1, and F(t, y) = y + t, we compute 


n 

tn 

yn 

0 

0 

1 

i 

0.1 

yo + hF{tQ, yo) = 1.1 

2 

0.2 

yi + hF(t\, yi) = 1.22 

3 

0.3 

y 2 + hF{tj, y 2 ) = 1.362 

4 

0.4 

y 3 + hF(ti, y 3 ) = 1.5282 

5 

0.5 

y 4 + hF{tt[, V 4 ) = 1.72102 
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17. y (3.3); y = t 2 — y, y (3) = 1, h = 0.05 

solution With >>o = 1, tQ = 3, h = 0.05, and Fit, y) = t 2 - y, we compute 


n 

tn 

yn 

0 

3 

1 

1 

3.05 

yo + h F (to , vo) = 1.4 

2 

3.1 

yi + hF(ti. y\) = 1.795125 

3 

3.15 

y 2 + hF(t2, y2) = 2.185869 

4 

3.2 

y 3 + hF(t 3 , V 3 ) = 2.572700 

5 

3.25 

y 4 + hF(t4, V 4 ) = 2.956065 

6 

3.3 

y 5 + /rf(f 5 , >’ 5 ) = 3.336387 


19. y (2); y = t sin y, y(l) = 2, h = 0.2 

solution Let Fit, y) = t sin v. With to = 1, yo = 2 and h = 0.2, we compute 


n 

tn 

yn 

0 

1 

2 

1 

1.2 

yo + hFito, yo) = 2.181859 

2 

1.4 

yi + hF(t 1 , yi) = 2.378429 

3 

1.6 

V2 + hFin, V 2 ) = 2.571968 

4 

1.8 

y3 + hFit 3, V3) = 2.744549 

5 

2.0 

y4 + hFltq, y4 ) = 2.883759 


Further Insights and Challenges 

21. If f(t ) is continuous on [a, b], then the solution to y = fit) with initial condition y (a) = 0 is yit) = ff f{u) du. 

Show that Euler's M ethod with time step h = ib - a)/N for N steps yields the Mh left-endpoint approximation to 

yib) = fa fiufdu. 

solution For a differential equation of the form y = fit), the equation for Euler's method reduces to 

yk = yk-i + hfit k -i). 

With a step size of h = ib - a)/N, yib) =« y N . Starting from yo = 0, we compute 
yi = yo + hfito) = hfit 0 ) 
yi = yi + hfit\) = h [/(to) + fin)] 
y 3 = y 2 + hf it 2 ) = h [/(to) + fin) + fin)] 


N - 1 

yN = yNi + hfit N - 1) = b [/(to) + /(ti) + /(f2) + ■ • • + /(fy-i)] =h^2 fit k ) 

A-0 

r h 

Observe this last expression is exactly the Mh left-endpoint approximation to yib) = / fiu)du. 

Ja 

Exercises 22-27: Euler’S Mic^X)intMdhod/ s a variation on Euler 's Method that is significantly more accurate in general. 
For time step h and initial value yo = y (to ) . the values y k are defined successively by 


yk = yk— 1 + hm k - 1 


h h 

where m k -\ = F ( t k - \ + ^,y k -i + ^ F it k -i, y k -\) 


In Exercises 23-26, use Euler’s Midpoint Method with the time step indicated to approximate the given value of yit). 
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23. y(0.5); y = y + t, >>(0) = 1, h = 0.1 

solution With to = 0, >>o = 1, F(t , y) — y + t, and h = 0.1 we compute 


n 

tn 

yn 

0 

0 

1 

1 

0.1 

yo + hF(t 0 + h/2, yo + (A/2)F«o, yo)) = 1.11 

2 

0.2 

yi + hF(ti + h/2, yi + {h/2)F{t\, yi)) = 1.242050 

3 

0.3 

y2 + hF(t2 + A/2, y2 + (h/2)F(t2, V2)) = 1.398465 

4 

0.4 

y3 + hF(ty + h/2, y 3 + (h/2)F(ty, y$)) = 1.581804 

5 

0.5 

y 4 + AFO 4 + h/2, y 4 + (A/2)F(?4, y 4 )) = 1.794894 


25. _y (0.25); y = COS (y + t), y(0) = 1, h = 0.05 

solution With to = 0, yo = 1, F(t, y) = cos(y + 1 ), and h = 0.05 we compute 


n 

tn 

yn 

0 

0 

1 

1 

0.05 

yo + hF(tQ + h/2. yo + (h/2)F(tQ, yo)) = 1.025375 

2 

0.10 

yi + hF{t\ + h/2, yi + (h/2)F(ti, yi)) = 1.047507 

3 

0.15 

V 2 + hF(t2 + h/2, y2 + (h/2)F(t2, y 2 )) = 1.066425 

4 

0.20 

V 3 + hF{ti + h/2, y 3 + (h/2)F(t-y, y 3 )) = 1.082186 

5 

0.25 

y 4 + AF (4 + h/2, y 4 + (h/2)F(t4, V 4 )) = 1.094871 


27. Assume that f(t) is continuous on [a,b\. Show that Euler's M idpoint Method applied to y = f(t) with initial 
condition y(a) = 0 and time step h = (b - a)/N for N steps yields the Nth midpoint approximation to 


L 


y(b) = / f(u)du 


solution For a differential equation of the form y = f(t), the equations for Euler's midpoint method reduce to 


mk-l = f h - 1 + 


and y/c = yk-i + hf [t k _i + 


h 


2 j y/c y/c — j. 1 "y y/c — 1 1 ^ 

With a step size of h = (b - a)/N, y{b) =« y N . Starting from yo = 0, we compute 


yi = yo + hf ( f 0 + = h f f'0 + ^ 


>’2 = XL + hf ( t\ + - ) = h 


>3 = V2 + */ ( + 2 ) = 


, h \ ( h 

f [ r o + 2) + f yi + 2 


/l< 0 +^) + /( < l + |)+/(<2 + | 


h 

yN = vrvi + hf t N _ 1 + -\=h 


f ( «d + J) + / (ri + + / (/2 + + • • • + / + J 


JV — 1 


= /; I] / U + y 


*=0 


[ b 

Observe this last expression is exactly the Nth midpoint approximation to y(b) = / f(u)du. 

J a 
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10.3 The Logistic Equation 

Preliminary Questions 

1. W hich of the following differential equations is a logistic differential equation? 

(a) y = 2y(l - y 2 ) (b) y = 2y (l - 0 

(C) y = 2y (l - 0 (d) y = 2y(l - 3y) 

solution The differential equations in (b) and (d) are logistic equations. The equation in (a) is not a logistic equation 
because of the y 2 term inside the parentheses on the right-hand side; the equation in (c) is not a logistic equation because 
of the presence of the independent variable on the right-hand side. 

2 . Is the logistic equation a linear differential equation? 
solution No, the logistic equation is not linear. 

y = ky(^ 1 - ^-) can be rewritten y = ky - ^y 2 

and we see that a term involving y 2 occurs. 

3 . Is the logistic equation separable? 

solution Yes, the logistic equation is a separable differential equation. 


Exercises 

1. Find the general solution of the logistic equation 

y = 3y(l-^) 

Then find the particular solution satisfying y(0) = 2. 

solution y = 3y(l - y/ 5) is a logistic equation with k = 3 and A = 5; therefore, the general solution is 


5 

• V ~~ 1 - e“ 3? /C' 

The initial condition y(0) = 2 allows us to determine the value of C: 


The particular solution is then 


2 = 


5 

i-i/c : 



5 

f 


so 


C = - 


2 

3' 


5 10 

1+ 3 * 5 e- 3 ' “ 2 + 3e~3' ‘ 


3 . Let v(r) be a solution of v = 0.5 v(l - 0.5 v) such thaty(O) = 4. Determine lim y(t) without finding y{t) explicitly. 

t— >oo' 


solution This is a logistic equation with it = - and A = 2, so the carrying capacity is 2. Thus the required limit is 2. 


5 . A population of squirrels lives in a forest with a carrying capacity of 2000. Assume logistic growth with growth 
constant A; = 0.6 yr -1 . 

(a) Find a formula for the squirrel population P(t), assuming an initial population of 500 squirrels. 

(b) How long will it take for the squirrel population to double? 


SOLUTION 

(a) Since k = 0.6 and the carrying capacity is A = 2000, the population P(t) of the squirrels satisfies the differential 
equation 


P'(t) = 0.6P(i)(l - /’(O/2000), 


P(t) = 


2000 

l_ c -0.6f /c' 


with general solution 
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The initial condition P(0) = 500 allows us to determine the value of C: 

500= r=T7c ; '-'c-* - c -i 


The formula for the population is then 


Pit) = 


2000 


1 + 3e-°- 6r ' 

(b) The squirrel population will have doubled at the timer where Pit) = 1000. This gives 

1000 = — 2 ° 00 f .. ; 1 + 3e- 0 - 6r = 2; so r=|ln 3^1.83. 

1 + 3e -0 - 6f 3 


It therefore takes approximately 1.83 years for the squirrel population to double. 

7 . Sunset Lake is stocked with 2000 rainbow trout, and after 1 year the population has grown to 4500. Assuming logistic 
growth with a carrying capacity of 20,000, find the growth constant A: (specify the units) and determi ne when the population 
will increase to 10,000. 

solution Since A = 20,000, the trout population P(t) satisfies the logistic equation 


P\t) = kP(t)( 1 - Pi t)/20,000), 


with general solution 


P(0 = 


20,000 


1 -e~ k, /C' 

The initial condition P(0) = 2000 allows us to determine the value of C: 

- c -5 

After one year, we know the population has grown to 4500. Let's measure time in years. Then 

4500 = 20 ' 00 ° 




1 + 9e~ k 
40 

<T 


e~ k = 


31 

81 


81 

k = In — sa 0.9605 years -1 . 

The population will increase to 10,000 at timer where Pit) = 10,000. This gives 

20,000 


10,000 = 


l _|_ g e — 0.9605? 


1 + 9e 


-0.9605r 


= 2 


-0.9605r 


r = In 9 W 2.29 years. 

0.9605 y 


9 . A rumor spreads through a school with 1000 students. At 8 am, 80 students have heard the rumor, and by noon, half 
the school has heard it. Using the logistic model of Exercise 8, determine when 90% of the students will have heard the 
rumor. 

solution Let y{t) be the proportion of students that have heard the rumor at a time r hours after 8 am. In the logistic 
model of Exercise 8, we have a capacity of A = 1 (100% of students) and an unknown growth factor of k. Hence, 


y(t) = 


1 

1 — e~ kt /C 


The initial condition y(0) = 0.08 allows us to determine the value of C: 


2 1 1 25 _ 2 

25 “ 1-1/C : “ c “ T : S ° C__ 23’ 
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so that 


y(0 = 


2 

2 + 23e~ kt ' 


The condition y(4) — 0.5 now allows us to determine the value of k\ 


1 

2 


2 + 23e- 4 * ' 


2 + 23e“ 4A ' = 4; 


so 


, 1 . 23 

t_ 4 T 


0.6106 hours 


90% of the students have heard the rumor when y(t) = 0.9. Thus 


_9_ 

To 


2 + 23,- 0 ' 6106 ' 


t 


2 

2 + 23e-°- 6106f 

20 

~9 


1 207 

tmo6 n T~ 


7.6 hours. 


Thus, 90% of the students have heard the rumor after 7.6 hours, or at 3:36 pm. 


11. Let k = 1 and A = 1 in the logistic equation. 

(a) Find the solutions satisfying vi(0) = 10 and > 2 (0) = -1. 

(b) Find the timer when y\ (t) = 5. 

(c) When does >>2(0 become infinite? 

solution The general solution of the logistic equation with k = 1 and A = 1 is 


y(t) = 


1 -e~> /C' 


(a) Given vi(0) = 10, wefind C = ¥, and 


yi (O = 


10 


l_10 e -r 10-9c-*‘ 


On the other hand, given y 2 (0) = -1, wefind C = and 


yi (t) = 


(b) From part (a), we have 


Thus, y\(t) = 5 when 


(c) From part (a), we have 


n(0 = 


1 — 2e~ 


10 


l0-9e~ r 


5=—^—; 10 — 9e~' = 2; SO t = In l. 

10 - 9e~< 8 


yi(t) = 


1 — 2e~ 


Thus, yi(t) becomes infinite when 


1 - 2e ' = 0 or t = In 2. 


13. |GLL In the model of Exercise 12, let A(t ) be the area at time t (hours) of a growing tissue culture with initial size 
A(0) = 1 cm 2 , assuming that the maximum area is M = 16 cm 2 and the growth constant is k = 0.1. 

(a) Find a formula for A(t). Note: The initial condition is satisfied for two values of the constant C. Choose the value of 
C for which A{t) is increasing. 

(b) Determine the area of the culture at? = 10 hours. 

(c) TO Graph the solution using a graphing utility. 
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SOLUTION 

(a) From the values for M and k we have 


A(t) = 16 


Ce r / 40 - 1 
Ce >! 40 + 1 


and the initial condition then gives us 


so, simplifying, 


1 = 16 


mi 


/ Ce °/ 40 -iV 

A ® = 1 = 16 awn 


=> C 2 + 2C + 1 = 16C 2 — 32C + 16 => 


and thus C = ^ or C = The derivative of A(t) is 


, 16Ce f / 40 , 

A'(t) = jj, T • (Ce ?/4 ° - 1) 

(Ce f /40 + i)3 


15C 2 -34C + 15 = 0 


For C = 3/5, A' (t) can be negative, while for C = 5/3, it is always positive. So let C = 5/3. 

(b) From part (a), we have 


A(t) = 16 


/f e ? / 40 _ 1 

(j e '/40 + 1 


2 


and A (10 ) « 2.11. 

(c) 


y 



15. In 1751, Benjamin Franklin predicted that the U.S. population P(t ) would increase with growth constant k = 
0.028 year -1 . According to the census, the U ,S. population was 5 million in 1800 and 76 million in 1900. Assuming 
logistic growth with k = 0.028, find the predicted carrying capacity for the U.S. population. Hint: Use Eqs. (3) and (4) 
to show that 


Pit) 


Po 


Jet 


P(t) -A P 0 -A 

solution Assuming the population grows according to the logistic equation, 

P(t) =Ce kt . 


Pit) - A 


But 


so 


C = 


Po 


Po- A' 


Pit ) = PO j, 

Pit ) -A P 0 -A 

Now, let t = 0 correspond to the year 1800. Then the year 1900 corresponds to / = 100, and with k = 0.028, we have 


76 

16 — A ~ 5~— A' 


O (0.028)(100) 
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Solving for A, wefind 


A = 


5(e 2 - 8 - 1) 

5 2.8 7 

7F e 1 


943.07. 


Thus, the predicted carrying capacity for the U ,S. population is approximately 943 million. 


Further Insights and Challenges 

In Exercises 17 and 18, let y(f) be a solution of the logistic equation 



where A > 0 and k > 0. 


17. (a) Differentiate Eg. (9) with respect to t and use the Chain Rule to show that 


dh 

dt 2 




(b) Show that y (t) is concave up if 0 < y < A/2 and concave down if A/2 < y < A. 

(c) Show that if 0 < y(0) < A/2, then y(t) has a point of inflection at y = A/2 (Figure 6). 

(d) Assume that 0 < y(0) < A/2. Find the time t when y(t) reaches the inflection point. 


x 



FIGURE 6 An inflection point occurs at y = A/2 in the logistic curve. 


■ 


SOLUTION 

(a) The derivative of Eg. (9) with respect to t is 



(b) If 0 < y < All, 1 - ^ and 1 - ^ are both positive, so y" > 0. Therefore, y is concave up. If A/2 < y < A, 

1 - > 0, but 1 - < o, so y" < 0, so y is concave down. 

(c) If yo < A, y grows and lim y(t) = A. If 0 < y < A/2, y is concave up at first. Once y passes A/2, y becomes 

t- s-oo 

concave down, so y has an inflection point at y = A/2. 

(d) The general solution to Eg. (9) is 


thus, y = A/2 when 


Now, C = yo/(yo - A), so 


A 

1 — e~ kt / C ’ 

A _ A 

2 “ 1 - e~ kt / C 


1 — e~ kt / C = 2 


t = _ -ln(-C) 
k 



TO 

A - yo 



A - yo 
TO 
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10.4 First-Order Linear Equations 
Preliminary Questions 

1. Which of the following are first-order linear equations? 

(a) y' + x 2 y = 1 (b) y' + xy 1 = 1 

(c) x 5 y' + y = e* (d) x 5 y' + >> = e- v 

solution The equations in (a) and (c) are first-order linear differential equations. The equation in (b) is not linear 
because of the y 2 factor in the second term on the left-hand side of the equation; the equation in (d) is not linear because 
of the e y term on the right-hand side of the equation. 

2. If a(x) is an integrating factor for y' + A(x)y = B(x), then a'{x ) is equal to (choose the correct answer): 

(a) B(x) (b) a(x)A(x) 

(c) a(x)A' (x) (d) a(x)B(x) 

solution The correct answer is (b); a(x)A(x). 


Exercises 

1. Consider y' + x _1 y = x 3 . 

(a) Verify thata(x) = x is an integrating factor. 

(b) Show that when multiplied by a(x), the differential equation can be written (xy)' = x 4 . 

(c) Conclude that xy is an antiderivative of x 4 and use this information to find the general solution. 

(d) Find the particular solution satisfying y (1) = 0. 

SOLUTION 

(a) The equation is of the form 

/ + A(x)y = B(x) 

for A(x) = x _1 and B(x ) = x 3 . By Theorem 1, a(x) is defined by 

a(x) = ef AMdx = e' nx = x. 


(b) W hen multiplied by a(x), the equation becomes: 


xy' + y = 


N ow, xy' + y = xy' + (x)'y = (xy)' , so 

(xy)' = x 4 . 

(c) Since (xy)' = x 4 , (xy) = + C and 


(d) If y(l) = 0, wefind 


The solution, therefore, is 




so 




1 

5x 


3. Leta(x) = e- T . Verify the identity 

(a(x)y)' = a(x)(y' + 2xy) 

and explain how it is used to find the general solution of 

y + 2xy = x 

solution L eta(x) = e* 1 . T hen 

(a(x)y)' = (e x y)' = 2xe x y + e x v' = e x (2xy + v') = a(x) (y' + 2xy) . 
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If we now multiply both sides of the differential equation y' + 2 xy = x by a(x), we obtain 

, r 2 
a (x)(y + 2xy) = xa(x) = xe . 

Butcr(.v)(/ + 2 xy) = (a(x)yY, so by integration wefind 


-/ 


,.2 1 .2 


Finally, 


a(x)_y = / xe dx = -e + C. 


1 _ r 2 
y(x) = - + Ce . 


In Exercises 5-18, find the general solution of the first-order linear differential equation. 

5 . xy' + y = x 

solution Rewrite the equation as 

y + -y = i. 

which is in standard linear form with A(x) = \ and B(x) = 1. By Theorem 1, the integrating factor is 

a ( x ) = ef A(x)dx = e [nx = x. 

When multiplied by the integrating factor, the rewritten differential equation becomes 

xy' + y = x or (xy)' = x. 

Integration of both sides now yields 

1 o 

xy = 2 * + C. 


Finally, 


7 . 3xy' — y = x 1 


1 C 

y(x) = ^x + — . 

2 x 


solution Rewrite the equation as 


, 1 1 


which is in standard form with A(x) = -ix 1 and B(x) = lx 2 . By Theorem 1, the integrating factor is 

a(i) = ef A(x)dx = e~ (l ^ ]nx = X” 1 / 3 . 

When multiplied by the integrating factor, the rewritten differential equation becomes 

x- 1 / 3 / - I.T - 4 / 3 = \x-y* or {x- l ^yY = *x“ 7 / 3 . 


Integration of both sides now yields 


x-l/3y = -^-4/3 + C . 

4 


y(,x) 


= -\x -1 + Cx 1 / 3 . 


Finally, 
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9. y ' + 3 x = x + x 1 

solution This equation is in standard form with A ( x ) = 3x _1 and B(x) = x + x ~ l . By Theorem 1, the integrating 
factor is 

a ( x ) = ef 3x ~ 1 = e 3 ' nx = x 3 . 

When multiplied by the integrating factor, the original differential equation becomes 

x ^ y ’ + 3 x 2 y = x 4 + x 2 or ( x ^ y )’ = x 4 + x 2 . 


Integration of both sides now yields 


Finally, 


o 1 c 1 o 

x x y = -x 3 + -x 3 + C. 

1 2 1 -T 

y(x) — —x + ^ + Cx 


11. xy’ — y — x 

solution R ew ri te th e eq u ati o n as 



- 1 , 


which is in standard form with A(x) = 


-i and B(x) = -1. By Theorem 1, the integrating factor is 

a(x) = ef~ a l x)dx = e~ ]nx = x~ l . 


When multiplied by the integrating factor, the rewritten differential equation becomes 



Integration on both sides now yields 

1 

- v = — In x + C. 
x’ 

Finally, 


y(x) = —x Inx + Cx. 


13. / + y = e- Y 

solution This equation is in standard form with A(x) = 1 and B(x) = e x . By Theorem 1, the integrating factor is 

a{x) =ef ldx =e x . 


When multiplied by the integrating factor, the original differential equation becomes 

e Y y > +e x y = e lx or (e x >•)' = e 2x . 


Integration on both sides now yields 


Finally, 


e y = 



+ c. 


y{x) = -e x +Ce x . 


15. y’ + (tan x)y = cosx 

solution This equation is in standard form with A(x) = tan x and B(x ) = cosx. By Theorem 1, the integrating factor 
is 


a(x) = ef t3nxdx =e' nsecx = 
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When multiplied by the integrating factor, the original differential equation becomes 

sec xy' + sec x tan xy = 1 or (y sec x)' = 1. 
Integration on both sides now yields 


v sec x = -v + C. 


Finally, 


y(x) = x cos.v + C cos x. 


17 . y' — (In x)y = x x 

solution This equation is in standard form with A(x) = - Inx and B(x ) = x x . By Theorem 1, the integrating factor 
is 

a(x) = e f~ lnxdx = e x ~ xlnx = — . 

x* 

When multiplied by the integrating factor, the original differential equation becomes 

x~ x e x y' - (\nx)x~ x e x y = <r Y or (. x~ x e?y )' = e Y . 

Integration on both sides now yields 

x~ x e x y = e x + C. 


Finally, 


y(x) = x x + Cx x e x . 


In Exercises 19-26, solve the initial value problem. 

19. y' + 3y = e 2x , y(0) = -1 

solution First, we find the general solution of the differential equation. This linear equation is in standard form with 
A(x) = 3 and B(x) = e 2x . By Theorem 1, the integrating factor is 

a(x) — e 2x . 

When multiplied by the integrating factor, the original differential equation becomes 

(e 3x y)' = e 5x . 

Integration on both sides now yields 

(e 3x y) = ^e 5x + C; 

hence, 

y(x) = ^e 2x + Ce~ 3x . 

The initial condition y(0) = -1 allows us to determine the value of C: 

, 1 6 

— 1 = - + C so C = — 

The solution to the initial value problem is therefore 



21 . >■' + -^—y = x~ 2 , y(l) = 2 
x + 1 

solution First, we find the general solution of the differential equation. This linear equation is in standard form with 
A(x) = and B(x) = x~ 2 . By Theorem 1, the integrating factor is 


a(x) = e /V(x+ D dx = e ln(*+l) = x + L 
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When multiplied by the integrating factor, the original differential equation becomes 
Integration on both sides now yields 


((* + !)/' = * 1 +x 2 . 


(* + l)y = ln* — * 1 + C; 


hence, 


y{x)= 7+i ( c + ln *“ “ )• 


The initial condition y(l) = 2 allows us to determine the value of C: 

2 = ^ (C — 1) so C = 5. 
The solution to the initial value problem is therefore 


y(x) = — — 5 + In* . 

x + 1 \ x ) 

23 . (sin*)/ = (COS*)y + 1, y(^) = 0 

solution First, wefind the general solution of the differential equation. Rewrite the equation as 

>•' - (cot*)* = CSC*, 

which is in standard form with A(x) = - cot* and B(x) = esc*. By Theorem 1, the integrating factor is 

a(x) = J ~ cotxdx = e - |nsinA ‘ = esc*. 

When multiplied by the integrating factor, the rewritten differential equation becomes 

(esc xy)' = CSC 2 *. 

Integration on both sides now yields 

(CSCx)y - - cot* + C; 

hence, 

y(x) = - cos* + csin*. 

The initial condition y(n/ 4) = 0 allows us to determine the value of C: 

„ V2 /2 

0 = -— + C— so C = l. 

The solution to the initial value problem is therefore 

y{x) = — cos* + sin *. 

25 . / + (tanh x)y = 1, y (0) = 3 

solution First, wefind the general solution of the differential equation. This equation is in standard form with A(*) 
tanh* and B(x ) = 1. By Theorem 1, the integrating factor is 

a(*) = e /tanh*d* _ gin cosh* _ cos h x 

When multiplied by the integrating factor, the original differential equation becomes 

(cosh xy) 1 = cosh*. 

Integration on both sides now yields 

(cosh xy) = sinh* + C; 

hence, 


>•(*) = tanh * + c sech *. 
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The initial condition y(0) = 3 allows us to determine the value of C: 

3 = C. 


The solution to the initial value problem is therefore 

y(x) =tanh.T + 3sechx. 

27 . Find the general solution of y' + ny = e mx for all m, n. Note: The case m - -n must be treated separately. 
solution For any m, n, Theorem 1 gives us the formula for ct(x)\ 

a(x) = ef ndx = e nx . 

When multiplied by the integrating factor, the original differential equation becomes 


(e nx y)' = e ( m +")*. 


I f 777 7S -n, integration on both sides yields 


e nx y = e ( 'n+«)* + Ci 

m + n 


SO 


y(-x) = 


m + n 


-b Ce 


Flowever, if m - -n, then m + n = 0 and the equation reduces to 

(e nx y)' = 1, 

so integration yields 

e nx y = x + C or y(x) = (x + C)e~ nx . 

In Exercises 29-32, a 1000 L tank contains 500 L of water with a salt concentration of 10 g/L. Water with a salt 
concentration of 50 g/L flows into the tank at a rate of 80 L /mi n. The fluid mixes instantaneously and is pumped out at a 
specified rate .Rout- Let y(t) denote the quantity of salt in the tank at time t. 

29. Assume that R ou t = 40 L/min. 

(a) Set up and solve the differential equation for y{t). 

(b) W hat is the salt concentration when the tank overflows? 

solution Because water flows into the tank at the rate of 80 L/min but flows out at the rate of R 0 ut = 40 L/min, there 
is a net inflow of 40 L/min. Therefore, at any time t, there are 500 + 40/ liters of water in the tank. 

(a) The net flow of salt into the tank at time t is 


dy 

dt 


- salt rate in - salt rate out = 80 


min 


(“?) 


- 40- 


y g 


min J V 500 + 40/ L 


= 4000 - 40 • 


y 


500 + 40/ 


Rewriting this linear equation in standard form, we have 

$4- ‘ 


-y = 4000, 


dt 50 -|- 4 1 

so Alt) = 50 ^_ 4/ and B(t) = 4000. By Theorem 1, the integrating factor is 

a(t) = e /4(50+4r)- 1 d/ = e ln(50+4r) = 5Q + 4? 
When multiplied by the integrating factor, the rewritten differential equation becomes 

((50 + 4/)y/ = 4000(50 + 4/). 

Integration on both sides now yields 


hence, 


(50 + 4 t)y = 200,000/ + 16.000/ 2 + C; 

200,000/ + 8000/ 2 +C 

y(t) = 


50 + 4/ 
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The initial condition y(0) = 10 allows us to determine the value of C: 

C 

10 = — so C = 500. 

The solution to the initial value problem is therefore 

_ 200,000? + 8000c 2 + 500 _ 250 + 4000c 2 + 100,000? 
y(t) ~ 50~+~4? “ 25~+2? ' 

(b) The tank overflows when ? = 25/2 = 12.5. The amount of salt in the tank at that time is 


y(12.5) = 37,505 g. 


so the concentration of salt is 


37,505 g 
1000 L 


= 37.505 g/L. 


31. Find the limiting salt concentration as ? -> oo assuming that R 0[i t = 80 L/min. 

solution The total volume of water is now constant at 500 liters, so the net flow of salt at time ? is 

— = salt rate in - salt rate out = ( 80—^) ( 50/ 1 ) - ( 80—^) ( yg ) = 4000 - JU 
dt \ min /V L / \ min / V 500 L / 50^ 

Rewriting this equation in standard form gives 


so that the integrating factor is 


dy 8 
— 1 V 

dt 50' 


= 4000 


e f (8/50) dt _ g0.16? 


M ultiplying both sides by the integrating factor gives 

(e 0 - 16, y)' = 4000e° 16 '' 


I ntegrate both sides to get 


e 016? y = 25,OOOe 016 ' +C SO that y = 25,000 + Ce~ o m 


As ? -c oo, the exponential term tends to zero, so that the amount of salt tends to 25,000g, or 50 g/L. (Note that this is 
precisely what would be expected naively, since the salt concentration flowing in is also 50 g/L). 

33. Water flows into a tank at the variable rate of 7?j n = 20/(1 + ?) gal/mi n and out at the constant rate 7? 0 ut = 5 gal/min. 
Let V (?) be the volume of water in the tank at time ?. 

(a) Setup a differential equation for V(t) and solve it with the initial condition V(0) = 100. 

(b) Find the maximum value of V. 

(0 CHS Plot V(t) and estimate the time? when the tank isempty. 


SOLUTION 

(a) The rate of change of the volume of water in the tank is given by 


dV 

dt 


— ^in — ^out — 


20 

IT? 


-5. 


Because the right-hand side depends only on the independent variable ?, we integrate to obtain 


V (?) = 20 1 n(l + ?) - 5c + C. 


The initial condition v (O') = 100 allows us to determine the value of C: 


100 = 20lnl — 0 + C so C = 100. 


Therefore 


V(t) = 20 ln(l + ?) - 5? + 100. 
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(b) Using the result from part (a), 


dt \ t 


when t - 3. Because ^ > 0 for t < 3 and ^ < 0 for t > 3, it fol lows that 

1/(3) = 20 In 4 - 15 + 100 ^ 112.726 gal 


is the maximum volume. 

(c) V(t) is plotted in the figure below at the left. On the right, we zoom in near the location where the curve crosses the 
t- axis. From this graph, we estimate that the tank is empty after roughly 34.25 minutes. 




In Exercises 35—38, consider a series circuit (Figure 4) consisting of a resistor of R ohms, an inductor of L henries, and 
a variable voltage source ofV ( t ) volts ( time t in seconds). The current through the circuit 1 (/) (in amperes) satisfies the 
differential equation 




m 



35. Solve Eq. (10) with initial condition / (0) = 0, assuming that R = 100 £2, L = 5 H, and V(t) is constant with 
V(t) = 10 volts. 

solution If R = 100, V(t) = 10, and L = 5, the differential equation becomes 


dl 

— + 20 / = 2 . 
dt 

which is a linear equation in standard form with A(t) = 20 and B(t) = 2. The integrating factor isccd) = e 20 ', and when 
multiplied by the integrating factor, the differential equation becomes 


(e m I)' = 2e 


20 r 


Integration of both sides now yields 


hence, 


e 20t i = — e^‘ + C- 
e 1Q e +u, 


20r 


I(t) = ^ + Ce- 20 '. 


The initial condition 7(0) = 0 allows us to determine the value of C: 

°- b +c ” c —w 


Hi ('-'*)• 


Finally, 
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37. Assume that V(t) = V is constant and 7(0) = 0. 

(a) Solve for 7(r). 

(b) Show that I i m 7(f) = V/R and that 7(f) reaches approximately 63% of its limiting value after L/R seconds. 

t — >oo 

(c) How long does it take for 7(f) to reach 90% of its limiting value if R = 500 £2, L = 4 H, and V = 20 volts? 

SOLUTION 

(a) The equation 

dl R 1 

1 7 = —V 

dt L L 

is a linear equation in standard form with A(t) = j- and 5(f) = j- V(t). By Theorem 1, the integrating factor is 

a{t) = e f(R/L)dt = e (R/L),_ 


When multiplied by the integrating factor, the original differential equation becomes 

(e (R/L)tjy = e (R/L)t v _ 

Integration on both sides now yields 

(e (5/i)f /)= Z e («/7.)r + C; 

R 

hence, 


Ht) = Z- + Ce-WU t . 

R 

The initial condition 7(0) = 0 allows us to determine the value of C: 

V V 

0 =- + C so C = . 

R R 

Therefore the current is given by 

7(f) = X(l- e -W^). 

(b) As t -> oo, e -(S /7 .) t o, so 7(f) ->• M oreover, when t = (L/R) seconds, we have 


632 ^. 
R 


(c) Using the results from part (a) and part (b), 7(f) reaches 90% of its limiting value when 


_1 -i_ e -WQt 

10 


or when 


t = — In 10. 
R 


With L = 4 and R = 500, this takes approximately 0.0184 seconds. 


39. U-f&J Tank 1 in Figure 5 is filled with V\ liters of water containing blue dye at an initial concentration of co g/L . 
Water flows into the tank at a rate of R L/min, is mixed instantaneously with the dye solution, and flows out through the 
bottom at the same rate R. Let c\(t) be the dye concentration in the tank at time t. 

(a) Explain why c\ satisfies the differential equation ^ = ~/y- c L 

(b) Solve for c\(t) with V\ = 300 L, R = 50, and cq = 10 g/L . 
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R (L/min) 


FIGURE 5 


SOLUTION 


(a) Let giO) be the number of grams of dye in the tank at time r. Then gi(t) = V\c\{t) and g[(t) = V\ Now, 


g\(t) = grams of dye in - grams of dye out = 0 - g/L • R L/min = ~—g(t) 

\/i T/i 


Vi 


Vi' 


Substituting gives 


V\c\{t) = ci(r)Vi and simplifying yields c\(t) = ci(t) 

V\ lq 

(b) In standard form, the equation is 

C\(t) + — C'l(f) = 0 

J ^ 

so that A(t) = — and B(t) = 0. The integrating factor is e (R l Vl)t \ multiplying through gives 
Vl 

= 0 so, integrating, e (R ^ Vl)t c\{t) = C 

and thus ci(r) = Ce _(S / v ’ l)? .With R = 50 and V\ = 300 wehaveci(r) = Ce _? / 6 ; theinitial condition ci(0) = co = 10 
gives C = 10. Finally, 


c\(t) = 10e 


41 . Let a, b,r be constants. Show that 


y = Ce kt + a + bk 


k Sin rt — r COS rt 


is a general solution of 

— = —k(y — a — bslnrt 
dt V 

solution This is a linear differential equation; in standard form, it is 


k 2 + r 2 
) 


dy 

— + ky = k(a + b SI n rt) 
dt 


The integrating factor is then e kt ; multiplying through gives 


(e kt y)' = kae kt + kbe kt sinrf (*) 

The first term on the right-hand side has integral ae kt . To integrate the second term, use integration by parts twice; this 
result in an equation of the form 

J kbe kt sm rt = F(t) + A J kbe kt sin rt 
for some function F(t) and constant A. Solving for the integral gives 

kbe kt sin rt = kbe 


/' 


k, . kt k S\r\ rt — r COS rt 


k 2 + r 2 
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so that integrating equation (*) gives 


kt kt kt k Si nrt - r COS rt 

e kr v = ae kt + kbe kr = = h C 

k L + r z 


Divide through by e kt to get 


y = a + bk 


k si n rt — r COS rt \ _u. 

~ ~ ) 4- Ce 

k 2 + r 2 


Further Insights and Challenges 

43. Let a(x) be an integrating factor for / + A{x)y = B(x). The differential equation y' + A(x)y = 0 is called the 
associated homogeneous equation. 

(a) Show that 1 /<*(*) is a solution of the associated homogeneous equation. 

(b) Show that if y = fix) is a particular solution of y' + A(x)y = B( x), then f(x) + C/a(x) is also a solution for any 
constant C. 


SOLUTION 

(a) Remember that a'(x) = A(x)a(x). Now, lety(.v) = (a(.v)) -1 . Then 


y' + A(x)y = - 


(a(Jf))' 


^a'(x) + 


A(x) 1 A(x ) 

= ~A(x)a(x) H = 0. 

a(x) {a(x)) 2 a(x) 


(b) Suppose /(.*) satisfies f\x) + A(x)f(x) = B(x). Now, let y(x) = f(x) + C/a(x), where C is an arbitrary 
constant. Then 


y' + A(x)y = f(x) 


ya'OO + A{x) f(x) + 

(■ a(x )) 2 


CA(x) 

a(x) 


= (fix) + A(x)f (x)) + ( A(x) - 

a(x) V a(x) ) 


— B(x) + 0 = B(x). 


45. Transient Currents Suppose the circuit described by Eq. (10) is driven by a sinusoidal voltage source V(t) = 
V sin wr (where V and u> are constant). 

(a) Show that 


I {t) — — x Sin cot - Leo COS cat) + Ce 

R 2 + L 2 co 2 

(b) Let z = f R 2 + iff 2 . Choose 6 so that zcosd - R and Zsin 9 = Leo. Use the addition formula for the sine 
function to show that 


lit) = ^ sin imt -e) + Ce~ (R/L)t 

This shows that the current in the circuit varies sinusoidally apart from a DC term (called the transient current in 
electronics) that decreases exponentially. 

SOLUTION 

(a) With V(t) = V sin cur, the equation 


becomes 


dl R 
— + I 
dt L 


1 

L 


Vit) 


dl R V . 

1 — I = — sin cot. 

dt L L 

This is a linear equation in standard form with Ait) = j- and Bit) = ^ sin cot. By Theorem 1, the integrating factor is 


ait) = J e fAit)dt =e (R/L)t 

When multiplied by the integrating factor, the equation becomes 

{e (R/L),iy = f i R/L)t 

L 
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I ntegration on both sides (integration by parts is needed for the integral on the right-hand side) now yields 


(eWV'l) = 


V 

R 2 + L 2 co 2 


e (R/L)t ( Rs \ na)t _ LgjCOS cot) + C; 


hence, 


I(t) = (/fsinrwf - Leo COS cot) + Ce 

R 2 + L 2 co 2 

(b) Let z = Jr 2 + l 2 co 2 , and choose e so that zcos6> = R and zsine = Leo. Then 
v V 

r 2 + l 2 2 ( Rslna)t - LcoCOSwt) = -^2 (Z COS 9 Sin eot - Z Sin 6 COSeot) 

V V . 

- — (cos 6 sin cot - sin 9 cos cot) = — sin (tor - 9). 


Thus, 


I(t) = ^sm{eot - 9) + Ce~ (R / L)r . 


CHAPTER REVIEW EXERCISES 


1. Which of the following differential equations are linear? Determine the order of each equation. 

(a) y' = — 3x^y (b) y = x~* — 3x^y 

(c) y = y'" — 3x^fy (d) sin.v ■ y" = y — 1 

SOLUTION 

(a) y 5 is a nonlinear term involving the dependent variable, so this is not a linear equation; the highest order derivative 
that appears in the equation is a first derivative, so this is a first-order equation. 

(b) This is linear equation; the highest order derivative that appears in the equation is a first derivative, so this is a 
first-order equation. 

(c) ^fy is a nonlinear term involving the dependent variable, so this is not a linear equation; the highest order derivative 
that appears in the equation is a third derivative, so this is a third-order equation. 

(d) This is linear equation; the highest order derivative that appears in the equation is a second derivative, so this is a 
second-order equation. 


In Exercises 3-6, solve using separation of variables. 


3 . 



solution Rewrite the equation as 


y ^ cly = t 2 clt. 


U pon integrating both sides of this equation, we obtain: 


! y ' dy= ! 


= I t* dt 


v 4 r 3 
T=3 +C - 


Thus, 


v = ± 


4 3 

3 f +C 


1/4 


where C is an arbitrary constant. 


5 . 


dy 
x — 
dx 


-y = 


l 


solution Rewrite the equation as 


dy dx 

1 + y x 
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upon integrating both sides of this equation, we obtain 



In |1 + y| = In |jc| + C. 


Thus, 


y = -1 + Ax, 


where A = ±e c is an arbitrary constant. 


In Exercises 7-10, solve the initial value problem using separation of variables. 

7. / = C0S 2 x, yCO) = J 

solution First, we find the general solution of the differential equation. Because the variables are already separated, 
we integrate both sides to obtain 


y = J cos 2 x dx - J Q ^ 


„ , , x sin 2x 
COS 2x ] dx — — + — — — + C. 


The initial condition y(0) = £ allows us to determine C = f . Thus, the solution is: 


x sin 2x n 

■'’ < «-2 + ^ r + 4 - 


9. y' = xy 2 , y(l) = 2 

solution First, wefind the general solution of the differential equation. Rewrite 


dy 2 
Tx =xy 


as 


dy , 

— y = x dx. 

r 


U pon integrating both sides of this equation, wefind 


f$=f- 


— y = I X dx 

r 

1 1 p 

— = ^x 2 + c. 

y 2 


Thus, 


y = 


2X 2 + C 

The initial condition y(l) = 2 allows us to determine the value of C: 

2 = — 1 2 


1 ■ l 2 + C 


1 + 2 C 


1 + 2C = — 1 
C = -l 

Hence, the solution to the initial value problem is 


y = 


?X 2 ~ 1 


x 2 — 2 


11. Figure 1 shows the slope field for y = si n _y + ty. Sketch the graphs of the solutions with the initial conditions 
y (0) = 1 , y (0) = 0, and y(0) = -1. 


2 

1 


-1 

-2 


FIGURE 1 


\ \ \ " 


///■'- 


\ \ \ \ \ 


-2 -1 
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SOLUTION 


y 
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13. Let y(t) be the solution to the differential equation with slope field as shown in Figure 2, satisfying y(0) = 0. Sketch 
the graph of y(t). Then use your answer to Exercise 12 to solve for y(t). 

solution As explained in the previous exercise, the slope field in Figure 2 corresponds to the equation y = 1 + y 2 . 
The graph of the solution satisfying y(0) = 0 is: 


3 

2 

i 


-i 
-2 
-3 

- 3 - 2-1 0 1 2 3 


y 


.1 1 1 1 1 1 1 1 1 

1 1 1 1 1 1 1 1 1 

i i i f i 
1 / / h 1 

i i i 
1 1 1 

1 1 1 1 1 1 1 1 1 

////////// 

1 II 1 1 1 1 1 1 

////////// 

///////// 

////////// 

/ / // // // / 

! I I II II / 

///////// 

/J///t 


////////// 

1 1 1 1 1 

/ / / 


1 1 1 1 1 

/ / / 

//////]/// 
»////}/// 
1 1 1 1 1 1 1 1 1 

1 1 1 1 1 
1 1 1 1 1 
Mill 

1 1 1 
1 1 1 
1 1 1 


To solve the initial value problem y = 1 + y 2 , v(0) = 0, we first find the general solution of the differential equation. 
Separating variables yields: 


dy 

1 + v 2 


= dt. 


U pon integrating both sides of this equation, we find 

tan -1 y = t + C 


or 


y - tan (r + C). 


The initial condition gives C = 0, so the solution is y = tan jc. 

15. Let v(r) be the solution of (x 3 + l)_v = y satisfying y(0) = 1. Compute approximations to y(0.1), y(0.2), and >(0.3) 
using Euler's M ethod with time step h = 0.1. 

solution Rewriting the 
and h = 0.1, we calculate 

>(0.1) w y\ - vq + hF(xQ, >o) = 1 + 0.1 • 


solution Rewriting the equation as y = W e have F(x, y) = ^jL_. Using Euler's M ethod with xq = 0, yq = 1 


0 3 + l 


= 1.1 


>(0.2) Ks y 2 = yi + hF(x i, yi) = 1.209890 
>(0.3) ~ y 3 = y 2 + hF(x 2 , >' 2 ) = 1.329919 

In Exercises 16-19, solve using the method of integrating factors. 

17 . £ = * + ,. ,< 1 > = 3 

dx x 

solution First, we find the general solution of the differential equation. Rewrite the equation as 

, 1 

y - -y = x, 

X 

which is in standard form with A(x) = - 3 and B(x) = x. The integrating factor is 

a(x) = eS~l dx = e - |n * = 

X 

When multiplied by the integrating factor, the rewritten differential equation becomes 
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Integration on both sides now yields 


hence, 


1 

-y = * + C; 


2 

v(*) = x + Cx. 


The initial condition y(l) = 3 allows us to determine the value of C: 

3 = 1 + C so C = 2. 


The solution to the initial value problem is then 


v = x 2 + 2x. 


19. y' + 2y = 1 + e x , y(0) = —4 

solution The equation is already in standard form with A(x) = 2 and B(x) = 1 + e~ x . The integrating factor is 

a(x) = ef 2dx = e 2x . 


When multiplied by the integrating factor, the original differential equation becomes 
Integration on both sides now yields 


(e 2x y y = e 2x + e*. 


hence, 


e 2x y = -e 2x + + C; 


y(x) = 1 + e x + Ce 2x . 


The initial condition y (0) = -4 allows us to determine the value of C: 

„ 1 , 11 
—4 — ^ C so C — — ^ ■ 


The solution to the initial value problem is then 


1 _ Y 11 

y(x) = 2 +e ' ~ Y e 


-lx 


In Exercises 20-27, solve using the appropriate method. 

21. y' + (tan x)y = cos 2 x, yin) — 2 

solution First, we find the general solution of the differential equation. As this is a first order linear equation with 
A(x) = tan* and B{x) = cos 2 *, we compute the integrating factor 

a(x) = e f A (x)dx _ e ftanxdx _ g -lncosx _ 1 

cos*' 

When multiplied by the integrating factor, the original differential equation becomes 


Integration on both sides now yields 


hence, 



cos*. 


1 

v = sin* + C; 

cos * 


y (*) = si n * cos * + C cos * = - si n 2* + C cos * . 
The initial condition yin ) = 2 allows us to determine the value of C: 


2 = 0 + C(-l) so C = —2. 



Chapter Review Exercises 641 


The solution to the initial value problem is then 

y = 1 sin 2x - 2 cosa. 

23. (>• - 1)/ = t, y(l) = -3 

solution First, we find the general solution of the differential equation. This is a separable equation that we rewrite as 

(y — 1) dy = t dt. 

U pon integrating both sides of this equation, we find 

J (y - 1 ) dy = J t dt 

y‘ - 1 2 

y-.v= f 2 + C 

v 2 -2y + l =t 2 + C 
(y - 1 ) 2 = t 2 +C 

y(t) = ±Vt 2 + C + 1 

To satisfy the initial condition y(l) = -3 we must choose the negative square root; moreover, 

-3 = -Vl + C + 1 so C = 15. 

The solution to the initial value problem is then 

y(t) = -Vt 2 + 15 + 1 


25. 


dw 

dx 


,1 + w 2 

k 

x 


w( 1 ) = 1 


solution First, we find the general solution of the differential equation. This is a separable equation that we rewrite as 


dw 

1 + w 2 

U pon integrating both sides of this equation, we find 


k 

- dx. 
x 


f dw f k 

] iw-jr 1 ' 

tan -1 w = k In x + C 


w( x) - tannin a + C). 


Because the initial condition is specified at a = 1, we are interested in the solution for a > 0; we can therefore omit 
the absolute value within the natural logarithm function. The initial condition w(l) = 1 allows us to determine the value 
of C: 


1 = tanffcln 1 + C) so C = tan 1 1 = ^. 
The solution to the initial value problem is then 


= tan (k In a + ^ . 


27. y' + - = si n a 

x 

solution This is a first order linear equation with A(x) = J and B(x) - sin a. The integrating factor is 

a(x) = ef Mx)dx = e' r] x = x. 

When multiplied by the integrating factor, the original differential equation becomes 


(xy)' = a sin a. 
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Integration on both sides (integration by parts is needed for the integral on the right-hand side) now yields 

xy = — x cos x + si n x + C; 


hence, 


sinx C 
v(x) = - cosx -i 1 — . 

X X 


29 . Find the solutions to y' = -2y + 8 satisfying y(0) = 3 and v(0) = 4, and sketch their graphs. 

solution First, rewrite the differential equation as / = — 2(v - 4); from here we see that the general solution is 

y(?) = 4 + 0“ 2 ', 


for some constant C. If y(0) = 3, then 

3 = 4 + Ce° and C - -1. 

Thus, y(t) = 4 - e~ 2t . If y CO) = 4, then 


4 = 4 + Ce° and C = 0; 

hence, y(t) = 4. The graphs of the two solutions are shown below. 



31 . Find the solution y = /(x) of / = Jy 2 - 1 satisfying v (0) = 2. 
solution U sing separation of variables, we have 


dy 


Integrating gives 


In 


y/y 1 ~ 1 

' + /v 2 -l 


= 1 dx 


= x + C i 


so that 

y + y > 2 - l = 

The initial condition y(0) = 2 gives 2 + V2 2 - 1 = C, so that C = 2 + </3, and the answer is 

(2 + V3)e 2x + 2 - V3 


y + y.v 2 - 1 = (2 + V3)e x or, solving for y, y = 


2e- l: 


33 . Let A and B be constants. Prove that if A > 0, then all solutions of ^ + Ay = B approach the same limit as? -*■ oo. 
solution This is a linear first-order equation in standard form with integrating factor 

a(t) = ef Ad, = e At . 

When multiplied by the integrating factor, the original differential equation becomes 

(e At y)' = Be At . 


Integration on both sides now yields 


e A, y = je At + C; 
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hence, 


B At 

y(t)= - + Ce~ At . 

A 

Because A > 0, 

lim y(r) = lim ( — + Ce~ A '^\ = — . 
r->oo r-s-oo \A / A 

We conclude that if A > 0, all solutions approach the limit ^ as t -> oo. 

35. The trough in Figure 3 (dimensions in centimeters) is filled with water. At time t = 0 (in seconds), water begins 
leaking through a holeatthe bottom of area 4 cm 2 . Lety(f) be the water height at timer. Find a differential equation for 
y(t) and solve it to determine when the water level decreases to 60 cm. 



solution y(t) obeys the differential equation: 


dy _ B v(y) 
dt A(y) ’ 

where u(y) denotes the velocity of the water flowing through the hole when the trough is filled to height y, B denotes the 
area of the hole and A(y) denotes the area of the horizontal cross section of the trough at height y. Since measurements 
are all in centimeters, we will work in centimeters. We have 


g = 9.8 m/s 2 = 980 cm/s 2 

By Torricelli's Law, v(y) = —J2 • 980,/y = -Uy/lQ^/y m/s. The area of the hole is B = 4 cm 2 . The horizontal cross 
section of the trough at height y is a rectangle of length 360 and width w(y). As w(y) varies linearly from 180 when 
y = 0 to 260 when y = 120, it follows that 


80y 2 

w(y) = 180 + — = 180 + -y 
so that the area of the horizontal cross-section at height y is 


A(y) = 360u)(y) = 64800 + 240y = 240(y + 270) 


The differential equation for y(t) then becomes 


dy Bv(y) —4 • 14\/l0^/y —1^/Vi ^/y 

dt A(y) 240(y + 270) 30 y + 270 

This equation is separable, so 


y + 270 

7= — dy - 

(y 1 / 2 + 270y _1 / 2 )dy = 
f (y 1 / 2 + 270y _1 / 2 )dy = 
^y^ + STOy 1 ^ 
y 3/2 + 810y 1/2 = 


30 

-7VlO 

30 

-iVio 

30 

iVlO 

30“ 

7+TO 


dt 

dt 

l u ‘ 

t + C 

t -\- c 


20 
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The initial condition y(0) = 120 allows us to determine the value of C: 

120 3 / 2 + 810 • 120 1 / 2 = 0 + C so C = 930 7120 = 1860 730 


Thus the height of the water is given implicitly by the equation 

y 3 / 2 + 810V 1 / 2 = --^-r + 1860730 

We want to find t such that y (r) = 60: 

60 3 / 2 + 810 • 60 1 / 2 = + 1860730 

1740715 = + 1860730 

120 

t = — 710(31730 - 29715) - 3115.88 s 

The height of the water in the tank is 60 cm after approximately 3116 seconds, or 51 minutes 56 seconds. 

37 . Let y(r) be the solution of y = 0.3y(2 - y) with y(0) = 1 . Determine lim v(r) without solving for y explicitly. 

t— >oo' 

solution We write the given equation in the form 


y = 0.6y (l - 0 . 

This is a logistic equation with A = 2 and it = 0.6. Because the initial condition y(0) = yq = 1 satisfies 0 < yq < A, 
the solution is increasing and approaches A as t oo. That is, lim y(t) = 2. 

f— >0 o' 

39 . A lake has a carrying capacity of 1000 fish. Assume that the fish population grows logistical ly with growth constant 
k = 0.2 day -1 . How many days will it take for the population to reach 900 fish if the initial population is 20 fish? 
solution Lety(f) represent the fish population. Because the population grows logistical ly with A: = 0.2 and A = 1000, 


y(t) = 


1000 

1 -e~ 02, /C' 


The initial condition y(0) = 20 allows us to determine the value of C: 


20 = 


1000 




so 


C = - 


1 

49' 


Hence, 


The population will reach 900 fish when 


Solving for t, wefind 


y(0 = 


1000 

1 + 49e--°- 2f ' 


1000 

1 + 49e -0 - 2r 


= 900. 


t = 5 In 441 ^ 30.44 days. 


41 . Show that y = sin (tan - 1 x + C) is the general solution of y' = 7l - y 2 /(l + x 2 ). Then use the addition formula 
for the sine function to show that the general solution may be written 

_ (cos C)x + si n C 

7l + x 2 

solution Rewrite 


dy_ = \/l - y 2 

dx 1 + x 1 

Upon integrating both sides of this equation, wefind 


dy 

a/i - y 2 


[ dy 

J v 7 ! - y 2 


/ 


dx 

l + .v 2 


dx 

1 + .t 2 ' 


sin : y = tan X x + C 
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Thus, 


y(x) = sin (tan -1 * + C). 

To express the solution in the required form, we use the addition formula 

sin(a + /S) = sin or cos /S + sin /S COSor 


This yields 


y(x) = sin(tan 1 x)cosC + sinCcos(tan 1 x). 


U sing the figure below, we see that 


sin (tan 1 x) = 1 ; and 

vl + x 1 

cos(tan — 1 .t) = 1 

Vl + x 2 

Finally, 

xcosC sine _ (cosC)x + sinC 
\/l + jV y/l+X 1 \/l + X^ 



43. At t = 0, a tank of volume 300 L is filled with 100 L of water containing salt at a concentration of 8 g/L. Fresh water 
flows in at a rate of 40 L/min, mixes instantaneously, and exits at the same rate. Let ciV) be the salt concentration at 
time t. 

(a) Find a differential equation satisfied by ci(r) Hint: Find the differential equation for the quantity of salt y(t), and 
observe that ci(r) = y(r)/100. 

(b) Find the salt concentration ciV) in the tank as a function of time. 

SOLUTION 

(a) Let y(t) be the amount of salt in the tank at time t\ then q(r) = y (O/100. The rate of change of the amount of salt 
in the tank is 

dy = salt rate in -salt rate out = (4O-U ( 0 i) - Uo±-) ( -£- . i) 
dt \ min / V L / \ min / V 100 l> 

2 


Now, c[(t) = y' (O/100 and c(t ) = y(t)/ 100, so that tq satisfies the same differential equation: 


dc\ 2 

~dT = _ 5 C1 

(b) This is a linear differential equation. Putting it in standard form gives 

dc\ 2 

~d7 + 5^=° 

The integrating factor is e 2r / 5 ; multiplying both sides by the integrating factor gives 

= 0 

Integrate and multiply through by e -2f / 5 to get 


c 1 (t) = Ce~ 2r/5 

The initial condition tells us that v(0) = Ce~ 2 '°/ 5 - C = 8, so that finally, 

ri(r) = 8e _2r / 5 


11 INFINITE SERIES 


11.1 Sequences 

Preliminary Questions 

1. W hat is «4 for the sequence a n = n 2 - nl 
solution Substituting n = 4 in the expression for a n gives 

a A = 4 2 — 4 = 12. 

2. Which of the foil owing sequences converge to zero? 

(a) ^ (b, 2" ,0 (t)" 

SOLUTION 

(a) This sequence does not converge to zero: 

n 2 x 2 11 

lim -= = lim -= = lim =- = - — - = 1. 

n-H» n L + 1 + l . 1^00 1 _|_ i 1 + 0 

X 2 

(b) This sequence does not converge to zero: this is a geometric sequence with r = 2 > 1; hence, the sequence diverges 
to 00. 

(c) Recall thatif |a„| converges to 0, then must also converge to zero. Here, 



which is a geometric sequence with 0 < r < 1; hence, (j) n converges to zero. It therefore follows that (-£)" converges 
to zero. 

3. Let a n be the «th decimal approximation to ~Jl. That is, a\ = 1, a? = 1.4, m = 1.41, etc. What is lim a n l 

n — > oo 

SOLUTION lim a n = V2. 

rt— >oo 

4 . Which of the following sequences is defined recursively? 

(a) a n — n/4 + n (b) b n = ^4 + b n _\ 

SOLUTION 

(a) a n can be computed directly, since it depends on n only and noton preceding terms. Therefore a n is defined explicitly 
and not recursively. 

(b) b n is computed in terms of the preceding term b, ,_i, hence the sequence {b,,} is defined recursively. 

5. Theorem 5 says that every convergent sequence is bounded. Determine if the following statements are true or false 
and if false, give a counterexample. 

(a) If (o„) is bounded, then it converges. 

(b) If (n„) is not bounded, then it diverges. 

(c) If (o„) diverges, then it is not bounded. 

SOLUTION 

(a) This statement is false. The sequence a n = cos nn is bounded since -1 < C0S7rn < 1 for all n, but it does not 
converge: since a„ = cosmt = (-1)", the terms assume the two values 1 and -1 alternately, hence they do not approach 
one value. 

(b) By Theorem 5, a converging sequence must be bounded. Therefore, if a sequence is not bounded, it certainly does 
not converge. 

(c) The statement is false. The sequence a n = (-1)” is bounded, but it does not approach one limit. 
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Exercises 

1. M atch each sequence with its general term: 


a\, ci2, a 3, aq, ... 

General term 

(al 1 2 3 4 
iaj 2 , 3 , 5 . ... 

(i) cos tin 

(b) -1,1, -1,1,... 

.... n\ 
<") 2^ 

(c)l,-l, 1,-1,... 

(iii) (-1)" +1 

(d) 1 2 6 24 
w 2’ 4’ 5’ IE ' ■ ' 

(lv) 

n + 1 


SOLUTION 

(a) The numerator of each term i s the same as the i ndex of the term, and the denomi nator i s one more than the numerator; 

hence a„ = n = 1,2,3 

(b) The terms of this sequence are alternating between -1 and 1 so that the positive terms are in the even places. Since 

cos mi = 1 for even n and zosnn = -1 for odd n, we haveo„ = cos nn, n = 1, 2 

(c) The terms a„ are 1 for odd n and -1 for even n. Hence, a n = (-1)" +1 , n = 1, 2 

(d) The numerator of each term is nl, and the denomi nator is 2"; hence, a n = jj., n = 1, 2, 3 

In Exercises 3-12, calculate the first four terms of the sequence, starting with n — 1. 

■yn 

3. c n = - 

n\ 

solution Setting n = 1, 2, 3, 4 in the formula for c n gives 

3 1 3 3 2 9 

ci = T7 = I = 3 - Q = 2! =2’ 

3 3 27 9 _ 3 4 _ 81 _ 27 

C3 ~3!" _ 1T _ 2’ f ' 4 “ 4[ “ 24 “ IT 

5. a\ = 2, a n+ 1 = 2 a 2 — 3 
solution For n = 1, 2, 3 we have: 

a 2 = fli+i = 2 flj — 3 = 2- 4 — 3 = 5; 

«3 = 02+1 = 2o 2 — 3 = 2- 25 — 3 = 47; 

o 4 = o 3+1 = 2a\ - 3 = 2 ■ 2209 - 3 = 4415. 

The first four terms of {o„j are 2, 5, 47, 4415. 

7. 7>„ = 5 + cos7r n 
solution For n = 1, 2. 3, 4 we have 

= 5 + cos 7r = 4; 

f>2 — 5 + COS 27 r = 6; 

= 5 + COS 371 = 4; 
bn = 5 + COS 471 = 6. 

The first four terms of {b n } are 4, 6, 4, 6. 

„ 1 1 1 

9. c ;i — 1 +- + - + ••• 4 — 

2 3 n 


ci 

c'2 


c'3 


c'4 


= 1 ; 


- 1+ 2 - 


= 1+ 2 + 


= 1+ 2 + 



25 

12 ' 


SOLUTION 
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11. b\ = 2, £>2 = 3, b n = 2£>„_i + i >„_2 

solution We need to find b 3 and A 4 . Setting n = 3 and « = 4 and using the given values for b\ and bj we obtain: 


Z?3 = 2^3_i + i>3_2 = 2/^2 + £>i = 2- 3 + 2 = 8; 
= 2ft4_i + f>4_2 = 2/^3 + f>2 = 2 • 8 + 3 = 19. 


The first four terms of the sequence [b n ] are 2, 3, 8, 19. 
13. Find a formula for the nth term of each sequence. 


(b) 


2 3 4 
6' 7 ' 8 ' " ' 


SOLUTION 

(a) The denominators are the third powers of the positive integers starting with n - 1. Also, the sign of the terms is 
alternating with the sign of the first term being positive. Thus, 

1 (-1) 1+1 1 (-1) 2+1 1 (-1) 3+1 
ai ~ p _ !3 : p : 03 “ 33 _ 33 ■ 

This rule leads to the following formula for the nth term: 

_ C-l)” +1 

a n — 5 . 

n D 


(b) Assuming a starting index of n = 1, we see that each numerator is one more than the index and the denominator is 
four more than the numerator. Thus, the general term a n is 


a n 


n + 1 
n + 5 


In Exercises 15-26, use Theorem 1 to determine the limit of the sequence or state that the sequence diverges. 

15. a n = 12 

solution We have a n = f(n ) where fix) = 12; thus, 

lim a n - lim f(x)= lim 12 = 12. 

n — >00 x — >00 x— >00 


17. b n — 


5 n - 1 
12n + 9 


5x - 1 

solution We havefo„ = f ( n ) where fix) = — thus, 

12x + 9 

5n — 1 5x-l 5 

I im — = lim — = — . 

n—>oo 12 n + 9 x^oo 12 a + 9 12 

19. c n = -2~" 

solution We have c„ = fin) where fix) — -2~ x \ thus, 

lim (-2“")= lim -2~ x = lim -^=0. 

72— >00 V ' X — >00 X — >■ CxD 2 X 

21. Cn = 9” 

solution We have c n = fin) where fix) = 9- v ; thus, 


lim 9” = lim 9* = 00 

72— >00 X— >00 


Thus, the sequence 9" diverges. 

23. a n = 


y/ n 2 + 1 


solution We have a„ = fin) where fix) — 


y/x 2 + 1 


thus, 


lim , 

h— *-°° y „2 + l 


= lim - 
*^°° V^?+l 


= lim — - , - 

X ^00 y/ x 2 + l A-»0O J x 2 +1 X^CC J. 


= lim 


= lim 


T _l ^ VI + 0 


= 1. 
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25. a n = In 


12/7 + 2 
—9 + 4 n 


solution We havea,, = /(«) where f(x) = In ( ); thus, 


. / 12/1 + 2 
hm In — — — 
i->oo 9 + 4a 


= lim In 

x — >oo 


12x + 2 

-9 + 4x 


i r / Ux + 2 

= In hm — — — 

oo \ — 9 + bx 


= In 3 


//7 Exercises 27-30, use Theorem 4 to determine the limit of the sequence. 


27. a n — ,/4 + 


solution We have 


lim 4 + - = lim 4 + - = 4 

n — > oo n x— >oo x 

Since v'-u is a continuous function for x > 0, Theorem 4 tells us that 


lim ,/4 + - = . lim 


4 + - = V4 = 2 


29. a n = COS 1 


y 2 n 3 + 1 
solution We have 


lim — = = - 

n^-oo 2n i + 1 2 


Since cos - 1 (X) is continuous for all x, Theorem 4 tells us that 


lim cos 

n — > oo 


2n 3 + l 


= COS 


-1 


lim — 5 

n- >-oo 2/7 J + 1 


= cos 1 ( 1 / 2 ) = 


n 

31. Leta„ = . Find a number M such that: 

77 + 1 

(a) |a„ — 1| < 0.001 for n > M. 

(b) \a„ - 1| < 0.00001 for n > M. 

Then use the limit definition to prove that lim a n = 1. 

n— >oo 


SOLUTION 

(a) We have 


" 1 


n — (n + 1 ) 


-1 

1 

77 + 1 


n + 1 


77 + 1 

77 + 1 


Therefore |a„ - 1| < 0.001 provided ^ < 0.001, that is, n > 999. It follows that we can take M = 999. 

(b) By part(a), |a„ - 1| < 0.00001 provided ^ < 0.00001, that is, n > 99999. ItfollowsthatwecantakeM = 99999. 
We now prove formally that lim a„ = 1. Using part (a), we know that 

n — > oo 


I an - 1| = — < e, 
n + 1 

provided n >\ - 1. Thus, Let 6 > 0 and take M — 3 - 1. Then, for n > M, we have 

1 1 


I a n — 


n + 1 M + 1 


33. Use the limit definition to prove that lim n 2 = 0. 

n — ^oo 


I n~ 2 -0| = 



< € 


solution W e see that 
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provided 


n> T* 

Thus, let e > 0 and take M = -4=. Then, torn > M, we have 


|«- 2 - 0 | = 


1 1 

= j = e. 

nr M 2 


In Exercises 35-62, use the appropriate limit laws and theorems to determine the limit of the sequence or show that it 
diverges. 


35. a n = 10 + ( -g 


solution By the Limit Laws for Sequences we have: 


lim (10+1 — ^ ) = lim 10+ lim =10+ lim ( - 1 


Now, 


Because 


by the Limit Laws for Sequences, 


Thus, we have 


n-*oo n — >oo y 9 




n^-oo \ 9/ ' 


lim - =0, 

n-±o o y 9 


lim = - lim = 0. 

n-M> o \9/ n->oo \ 9 / 


lim -- =0, 

n — >oo \ 9 


and 


lim 1°+ -n I I =10 + 0 = 10. 

n->oo \ \ 9 


37. c„ = 1.01" 

solution Since c n = /(«) where /(.*) = 1. OP , we have 


lim 1.01"= lim 1.0P = oo 

n—>oo x — >oo 


so that the sequence diverges. 

39. a„ = 2 1 /" 

solution Because 2-' : is a continuous function, 


lim 2 1 /" = lim 2^ = 2 lim ^ oo(1 / JC) = 2° = 1. 

«— >-oo .v— ^-oo 


41. 


9” 


solution Forn > 9, write 


_ 9" _ 9 9 9 9 9 9 9 

c ” T 2 '9I0' n'' « - 1 ‘ n 


call this C Each factor is less than 1 
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Then clearly 


9" 9 

0 < — sC- 

ir. n 

since each factor after the first nine is < 1. The squeeze theorem tells us that 

9” 9 9 

lim 0 < lim — < lim C- = C lim -=C-0 = 0 

n — >oo 72— >-00 n\ n—t-oo n n—>oo n 

so that lim„^ooc„ = 0 as well. 

3« 2 + n + 2 


43. a n = 


2n 2 -3 


SOLUTION 


.. 3» 2 +/! + 2 3x 2 + * + 2 3 

1 1 m = = lim = = 

n -* oo 2n 2 - 3 .v^-oo 2 jc 2 - 3 2 


J II 

45. = 

n 

solution Since -1 < cos n < 1 the following holds: 


1 cos n 1 

— < < — . 

n n n 


We now apply the Squeeze Theorem for Sequences and the limits 


1 , 1 „ 
lim — = lim - = 0 

n—±o o n n—>oo n 


to conclude that lim - o. 

n — >oo n 

47. d n = In 5" - In n\ 
solution N ote that 


5" 

dn = 1^1 r 
n\ 


S n S n 

e dn = — so lim e dn = lim — = 0 

n\ n — >oo 72 — >oo n\ 


by the method of Exercise 41. If d„ converged, we could, since f(x) = e x is continuous, then write 

lim e d " = e lim »^oo d„ _ q 


which is impossible. Thus [d„j diverges. 

/ 4 \ 1/3 

49. a n = ( 2 H — ar ) 


SOLUTION L et a n — 


( AX 1 / 3 

a n = ( 2 + ^ j .Taking the natural logarithm of both sides of this expression yields 
lna„ = In (2 + ^ In (2 + -i-'j . 


n—>o o n — > 00 3 


4 \ 1/3 1 


lim lna„= lim -In 2+^- =- lim In ( 2 H — =- 1 = — I n ( lim 2 + 


3 x—xx 


4 \ 1 


2 ; ~ 3 


= ^ In (2 + 0) = ^ In 2 = In 2 1 / 3 . 
Because f{x) = e x is a continuous function, it follows that 


lim a n = lim 

72— >00 72— MX) 


= lim e lr,a " = e lim n— » 00 (lna„) = g ln 2 1 / 3 = 2 l/3 



652 CHAPTER 11 | INFINITE SERIES 


51. c n = In 


2 n + 1 

3 n + 4 


solution Because fix) = Iru- is a continuous function, it follows that 


lim c n = lim In 

rt— >oo x — >■ oo 


2x + 1 

3x + 4 


In lim 


2x + l 


x-»oo 3x + 4 



53. >•„ = 


solution 2« = (f)" and ^ > 1. By the Limit of Geometric Sequences, we conclude that lim„_ >00 (|)" = oo. Thus, 


the given sequence diverges. 

e n + ( _ 3) " 

55, >’« = Eli 


SOLUTION 


e n + (—3)" 
lim 

n-t-oo 5« 


= lim (^Y‘+ lim 

n^-oo \ b / n-*oo \ 5 / 


assuming both limits on the right-hand side exist. But by the Limit of Geometric Sequences, since 

— 3 £? 

— 1 < -jT- < 0 < - < 1 

both limits on the right-hand side are 0, so that y n converges to 0. 

. n 

57. a n = n SI n — 
n 

solution By the Theorem on Sequences Defined by a Function, we have 

.. . n . n 

lim n sin — = lim x sin — . 

n—>oo n x — >-oo x 


Now, 


. n .. sin f 
1 1 m xsin — = lim — = lim 

X — ^OO X x — > oo i. x — >oo 


(“S !)(-}) 


1 

'7? 


= lim (Vcos— ) 

x >-oo V % ) 


Thus, 


= 7T lim cos — = n cosO = n ■ 1 = n. 

x — > OO X 


lim nsin — = 7r. 

w— >oo n 


59. b n = 


3-4" 


2 + 7-4" 

solution Divide the numerator and denominator by 4" to obtain 

, An 3 4" 3 i 


2 + 7-4” 


2 , 7-4" 

^7T i 4 n 


^r + 7' 


Thus, 


lim a„ = lim 

H— >00 " ' - 


zpr 


- 1 


lim. 


(qr- 1 ) 3 lim A -_ > oo 2 jx - lim.i 


X — ^ OO 2 | "7 I I kvs 

4T + / lim x ^oo 


(^ + 7 ) 


2 lim. 


3-0-1 1 


zr-linWoo7 2-0 + 7 7' 


61. — ( 1 H — 


solution Taking the natural logarithm of both sides of this expression yields 


1\" / 1 

lna„ = ln(l + - =nln(l + -) = 

1 n ) \ n 


In 


( 1 + ”) 
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ln ( 1 + x) Jr ( ln ( 1 + x)) 

lim (In a n ) = 1 1 m — = lim — - — 

^ — > oo x — >oo ± x — >oo d I 1 \ 

x dx \x) 


= M m - 

x — >oo 


Because fix) = e x is a continuous function, it follows that 

lim a n = lim = e |im /.^oo(ln«„) _ g l _ e 


72 — >oo n-^-oo 


In Exercises 63-66, find the limit of the sequence using L' HopitaVs Rule. 
c _ (Inn) 2 

Dj« On — 


SOLUTION 


.. (Inn) 2 (In JC ) 2 J^(ln.Y ) 2 2 In . 

lim = lim = lim = lim — = lim 

n — > oo n x — >00 x x— >00 —x x—>oo 1 >oo x 


= lim ~~~s = lim = lim - = 0 

x — >■ OO a x X^-OO 1 x — > OO X 


65. c n = n(yf n 2 + 1 — n) 

SOLUTION 


, . Y (\/y 2 + 1 - y) Ux 2 + 1 + y) 

lim n(vn 2 + l — n) = lim y(Vy 2 + 1-y = lim — , - 

n— too V / x—roo V / x — roo / x 2 _|_ T x 


= lim - = lim rfA " = lim — 

Vx 2 +1+X Y^°o d y / x 2 + i + x x^ool+-^ 


= lim , = lim , 

Y * OO n , / ,-2 Y->00 •, , / 1 

1 + V ^ 2 +T 1 + V i+(W) 


1 _ 1 
1 = 2 


In Exercises 67-70, use the Squeeze Theorem to evaluate lim a„ by verifying the given inequality. 

n — roo 

,, 1 1 1 

67. a„ = , . < a n < _ _ 

V2n4 - - V2n 2 

solution For all n > 1 we haven 4 < n 8 , so the quotient . 1 is smaller than 1 and larger than 

V ir+n° V" 4 +n 4 V» 8 + 

That is, 


1 

1 

1 

\J n 4 + n 4 

Vn 4 • 2 

\J2n 2 

1 

1 

1 

Vn 8 + n 8 V2n 8 

V2n 4 ' 


Now, since lim — „ = lim — = 0, the Squeeze Theorem for Sequences implies that lim a n = 0. 
n^oo V2/Z 4 n ^°° 'Jin 2 


69. a„ = (2" + 3'') 1 /", 3 < a n < (2 • 3") 1 /" = 2 1/n • 3 
solution Clearly 2" + 3" > 3" for all n > 1. Therefore: 


Also 2" +3" < 3" + 3" = 2 • 3", so 


(2" + 3") 1/n > (3" ) 1/ ” = 3. 


(2" + 3") 1 /" < (2 • 3") 1 /” = 2 1 /" • 3. 
3 < (2" +3") 1 /" < 2 1/n • 3. 
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Because 

lim 2 1 /"-3 = 3 lim 2 1 /" = 3 • 1 = 3 

n — > cx) n— >oo 

and limH^oo 3 = 3, the Squeeze Theorem for Sequences guarantees 

lim (2" + 3") 1 /” = 3. 

«->o o 


71. Which of the following statements is equivalent to the assertion lim a„ = L? Explain. 

n — > oo 

(a) For every e > 0, the interval (L - e, L + e) contains at least one element of the sequence {a,,}. 

(b) For every e > 0, the interval (L - e, L + e) contains all but at most finitely many elements of the sequence {a n }. 

solution Statement (b) is equivalent to Definition 1 of the limit, since the assertion "\a n - L\ < e for all n > M" 
means that L - e < a n < L + e for all n > M; that is, the interval (L — e, L + e) contains all the elements a n except 
(maybe) the finite number of elements a\, aj a M . 

Statement (a) is not equivalent to the assertion lim a„ = L. We show this, by considering the following sequence: 

n — >oo 


a n 



for odd n 
for even n 


Clearly for every e > 0, the interval (- e , e) = (L - e, L + e) for L = 0 contains at least one element of (a„}, but the 
sequence diverges (rather than converges to L = 0). Since the terms in the odd places converge to 0 and the terms in the 
even places converge to 1. H ence, a n does not approach one limit. 

In 1 

73. Show that = -= is increasing. Find an upper bound. 

n L + 2 

SOLUTION L et fix) = -^2 1 T ^ en 


, 6.x (x 1 + 2) — Sx 1 ■ 2x 12x 

f (a - ) = n = ^ 2 ' 

(x 2 + 2) Z (x 2 + 2) Z 

f'(x) > 0 for x > 0, hence f is increasing on this interval. It follows that a„ = f (. n ) is also increasing. We now show 
that M = 3 is an upper bound for a n , by writing: 

3 n 2 3 n 2 + 6 3 (n 2 + 2) q 

0,1 = n^2 - PTT = n 2 + 2 = 


That is, a„ < 3 for all n. 

75. Give an example of a divergent sequence (a„j such that lim |a„| converges. 

n — > oo 

solution Leta„ = (-1)". The sequence {«„) diverges because the terms alternate between +1 and -1; however, the 
sequence {|a„|} converges because it is a constant sequence, all of whose terms are equal to 1. 

77. Using the limit definition, prove that if { a„ j converges and {b n } diverges, then {a n + b,,} diverges. 

solution We will prove this result by contradiction. Suppose lim„^.ooan = L\ and that { a n + b„ ) converges to a 
limitz, 2 . Now, lets > 0. Because {a , ,} converges to L\ and («„ + b n } converges to Lj, it follows that there exist numbers 
M\ and A ?2 such that: 


I a,i - Li\ < - 

I (a n + b n ) ~ ^2l < ^ 


for all n > M\, 
for all n > Mj. 


Thus, for n > M = maxfMi, M 2 !, 


I a„ - Li\ < 


e 

2 


and 


I (a„ + b n ) — L 2 I < 


e 

r 


By the triangle inequality, 

I bn - (£2 - L l)\ = \ a n +bn -a„- (7-2 - 7-1 )l = I (~a n + ^l) + («n + b n - Lj)\ 
< 1 73 1 - a„ \ + | a n + b„ - 7,2 1. 
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Thus, for n > M, 

\b n - (L 2 - Li) | < e - + | = e; 

that is, [b„] converges to Li - L\, in contradiction to the given data. Thus, {a n + b„} must diverge. 

79. Theorem 1 states that if lim fix) = L, then the sequence a n = fin) converges and lim a„ = L. Show that the 

x — > oo n — ^oo 

converse is false. In other words, find a function fix) such that a„ = fin) converges but lim^ /(x) does not exist. 

solution Let fix) = sinrrx and a„ = sin^n. Then a„ = /(«). Since sinjrx is oscillating between -1 and 1 the 
limit lim f{x) does not exist. However, the sequence («„} is the constant sequence in which a n = si n tt« = 0 for all n, 
hence it converges to zero. 

81. Let b n = a n+ \. Use the limit definition to prove that if [a,,] converges, then {£>„ } also converges and lim a n = 

n — > OO 

lim b„. 

n — > oo 

solution Suppose {a,,} converges to L. Let b n = a n+ \, and let e > 0. Because {«„} converges to L, there exists an 
M' such that \a„ - L\ < e for n > M' . N ow, let m = M' - 1. Then, whenever n > M, n + 1 > M + 1 = M' . Thus, 
torn > M, 


I b n - L\ = \a n+ i - L I < e. 

Hence, [b„] converges to L. 

83. Proceed as in Example 12 to show that the sequence V3, J 3 V 3 , J 3>/ 3^/3 is increasing and bounded above by 

M = 3. Then prove that the limit exists and find its value. 

solution This sequence is defined recursively by the formula: 

a „ + 1 = *j3a n , a\ = n/3. 

Consider the following inequalities: 

«2 = \/ia\ = \/3\7I > V3 = a\ =>■ aj > ay, 

«3 = \/3a2 > V3«i = «2 =>■ 03 > fl2’ 

«4 = - J ^ a - i , > a /3«2 — a 3 => 04 > <73. 

In general, if we assume that a* > then 


«A-+1 = > \/ 3a A-l = OA- 


Hence, by mathematical induction, a n+ \ > a n for all /?; that is, the sequence {a n } is increasing. 

Because a„ + i = of,, it follows that a„ > 0 for all n. Now, a\ = V3 < 3. If a* 5 3, then 

a k+ i = ^T k < = 3. 

Thus, by mathematical induction, a„ < 3 for all n. 

Since {«„ } is increasing and bounded, it follows by theTheorem on Bounded M onotonic Sequences that this sequence 
is converging. Denote the limit by L - lim„^oofl„. Using Exercise 81, it follows that 

L — lim = lim J3on = /3 lim a n = VJl. 

n - t-oo ^ n — > 00 Y n — > oo 

Thus, L 2 = 3L, so L = 0 or L = 3. Because the sequence is increasing, we have a n > a\ = V 3 for all n. Hence, the 
limit also satisfies L > V3. We conclude that the appropriate solution is L = 3; that is, lim a n =3. 

72— >00 


Further Insights and Challenges 

85. Show that lim \ fn \ = 00 . Hint: Verify that n \ > ( n / 2)"/ 2 by observing that half of the factors of n \ are greater 

72— >00 

than or equal to n / 2 . 

solution We show that n \ > For n > 4 even, we have: 




72 > 



72 . 


2 factors 2 factors 2 f actors 
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Since each one of the 'j factors is greater than 'j, we have: 


n 

”-2 


G)"' 2 ' 


For n > 3 odd, we have: 


n\ = 1 • 


n — 1 n + 1 


■ n > 


h + 1 


factors ^ factors 

Since each one of the ^ factors is greater than we have: 


factors 


, « + 1 

n 

n /, 

n\Cn+l)/2 /, 

n\n/2 [y[ /, 

n\n/2 

n ! > — - — ■ ■ ■ 


2 — ( 

2) =( 

2) yi £ ( 

2) 


factors factors 

In either case we have n! > (J) . Thus, 


\fn\ > 



Since lim - 00 , it follows that lim Vn\ = 00 . Thus, the sequence a, , = ■f/nf diverges. 

n—>oo V z n—>oo 

87. Given positive numbers < fti, define two sequences recursively by 


/ ; — , + f 7 /! 

a n + l — y Onbn , "n+l — ^ 

(a) Show that a„ < b„ for all « (Figure 13). 

(b) Show that {a n } is increasing and {b,,} is decreasing. 

(c) Show that &„ +1 ~ a n+ 1 < b " 2 ° n ■ 

(d) Prove that both (a„j and {b n } converge and have the same limit. This limit, denoted AGM (ai, b\), is called the 

arithmetic-geometric mean of a\ and b\. 

(e) Estimate AGM (1. -Jl) to three decimal places. 


Geometric Arithmetic 
mean mean 

♦ ♦ 

1 1 1 1 X 

a n + 1 f b n+l b „ 

AGM (a 1( b±\ 

FIGURE 13 


SOLUTION 

(a) Examine the following: 

a n + b n j — - — a n + b n — 2 *Ja n b n ~ 2 ^Jlin\fbn + (>/bn) 

bn + 1 — a n+l — 2 V a nbn — ^ — 

2 

_ (Vfln — y/bn) „ 

2 

We conclude that b n+ \ > a n+ \ for all n > 1. By the given information b\ > a\ ; hence, b„ > a n for all n. 

(b) By part (a), b n > a n for all n, so 

a n + 1 = 'J a n bn — s/^n (i n = = a n 

for all n. H ence, the sequence {a n } is increasing. M oreover, sincea,, < b n for all n, 

a n + b n b„ + b n 2b n 

b„+l = — 2 — - — 2 — = ~Y = bn 

for all rv, that is, the sequence {&„} is decreasing. 
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(c) Since (a,,) is increasing, a n+ \ > a n . Thus, 

(in + b,i a n 4- b n — 2 a n b n — a n 

bn + 1 — a n+l — bn + 1 ~ a n — j a,i — 2 — 2 

Now, by part (a), < b„ for all n. By part (b), {b„} is decreasing. Hencefr,, < b\ for all n. Combining the two inequalities 

we conclude that a„ < b\ for all n. That is, the sequence («„} is increasing and bounded (0 < a n < b\). By the Theorem 
on Bounded M onotonic Sequences we conclude that {a,,} converges. Similarly, since { a n } is increasing, a n > a\ for all 
n. We combine this inequality with b n > a n to conclude that b n > a\ for all n. Thus, {b„} is decreasing and bounded 
(fli < b„ < /?i); hence this sequence converges. 

To show that {a,,} and {b n } converge to the same limit, note that 

, bn — 1 — a n — 1 b n _2 — Qn—2 b 1 

" " — 2 ~ 2 2 - — 2 ,!_1 

Thus, 

lim (b n - a n ) = (bi - ai) lim — ^r = 0. 

ft— >oo ft— >oo 2 n ~ l 

(d) We have 


a n+l = y/a n b n , a\ = 1; b n+ \ = - y - . b\ = -Jl 

Computing the values of a n and until the first three decimal digits are equal in successive terms, we obtain: 


Thus, 


a 2 


— — yj i • y2 


= 1.1892 


b 2 = 


(71 + fci 1 + V2 


= 1.2071 


2 2 
a 3 = = yi.1892 • 1.2071 = 1.1981 


Z>3 = 


fl 2 + fc 2 1.1892-1.2071 


= 1.1981 


(74 = y/a 2 b 2 = 1.1981 
/3 4 = a l± b l = 1.1981 


AGM^l.y?) sa 1.198. 


89. 



Let a„ = H n - In n, where H n is the /zth harmonic number 


, 1 1 1 

Hi, — l+^ + ^ + -- -H 

15 n 

r n+1 dx 

(a) Show thatfl„ > 0 forn > 1. Hint: Show that H„> — . 

J 1 Jr 

(b) Show that { a„ } is decreasing by interpreting a n - a n+ 1 as an area. 

(c) Prove that lim a„ exists. 

ft— >CX) 

This limit, denoted y, is known as Euler’s Constant. It appears in many areas of mathematics, including analysis and 
number theory, and has been calculated to more than 100 million decimal places, but it is still not known whether y is an 
irrational number. The first 10 digits are y ^ 0.5772156649. 

SOLUTION 

(a) Since the function y = i is decreasing, the left endpoint approximation to the integral /{ ,+1 ^ is greater than this 
integral; that is, 


or 


l-l + ^-l + ^-l + ---+ 1 -1> 

Ad n 


L 


n+1 dx 


H„ 


k 


n+l dx 


X 
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l 



1 In 


1 2 3 


n n + 1 


M oreover, since the function y = * is positive for * > 0, we have: 



Thus, 



n 


1 


= Inn - In 1 = Inn, 


and 


a„ = H n -\r\n > 0 foralln>l. 

(b) To show that [a,,} is decreasing, we consider the difference a„ - a n+ \\ 

a n — a, !+ i = H n — Inn — (H n+ 1 — ln(n + 1)) = H„ — H n+ \ + ln(n + 1) — Inn 



+ In (n + 1) - In n. 

n + 1 


Now, In (n + 1) - Inn = /" +1 whereas is the right endpoint approximation to the integral f" +1 Recalling 
ym i is decreasing, it follows that 


(c) By parts (a) and (b), {a,,} is decreasing and 0 is a lower bound for this sequence. Hence 0 <a„< a\ for all n. A 
monotonic and bounded sequence is convergent, so lim „^.oofln exists. 


11.2 Summing an Infinite Series 

Preliminary Questions 

1. What role do partial sums play in defining the sum of an infinite series? 

solution The sum of an infinite series is defined as the limit of the sequence of partial sums. If the limit of this sequence 
does not exist, the series is said to diverge. 




n 


n + 1 


SO 


Clfi a n + 1 — 0 * 
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2 . What is the sum of the following infinite series? 

11111 
4 + 8 + l6 + 32 + 64 _l 

solution This is a geometric series with c = \ and r = The sum of the series is therefore 



3 . What happens if you apply the formula for the sum of a geometric series to the foil owing series? Is the formula valid? 

1 + 3 + 3 2 + 3 3 + 3 4 H 

solution This is a geometric series with c = 1 and r = 3. Applying the formula for the sum of a geometric series 
then gives 


O O 

E 3 " 


n = 0 


1 

44 


i 

2' 


Clearly, this is not valid: a series with all positive terms cannot have a negative sum. The formula is not valid in this case 
because a geometric series with r = 3 diverges. 

°o i ^ 

4 . Arvind asserts that 4 = 0 because tends to zero. Is this valid reasoning? 

" 2 nl 

solution Arvind's reasoning is not valid. Though the terms in the series do tend to zero, the general term in the 
sequence of partial sums, 


Sn 





is clearly larger than 1. The sum of the series therefore cannot be zero. 

OO ^ 

5 . Colleen claims that ^ — converges because 
i v« 

n = 1 


1 

lim — = 0 

n->o o 


Is this valid reasoning? 

solution Colleen's reasoning is not valid. Although the general term of a convergent series must tend to zero, a series 

oo i 

whose general term tends to zero need not converge. I n the case of —=, the series diverges even though its general 

i V” 

n = 1 

term tends to zero. 


OO 

6 . Find an N such that Sn > 25 for the series ^ 2. 

n = 1 


solution The Mh partial sum of the series is: 


N 


Sn = E 2 = 2 + • • • + 2 = 2N. 


n = 1 


7 . Dogs thGrG Gxist 3n N such thdt Sn > 25 for the series ^ 2 "? Explair 


n = 1 


solution The series E 3 " is a convergent geometric series with the common ratio r = The sum of the series is: 


n = 1 


S — ± — 1 

1-4 “ 


Notice that the sequence of partial sums {5^! is increasing and converges to 1; therefore Sn S 1 for all N. Thus, there 
does not exist an N such that S N > 25. 
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8 . Give an example of a divergent infinite series whose general term tends to zero. 

oo i ^ 

solution Consider the series The general term tends to zero, since lim — = 0. However, the Mh partial 

sum satisfies the following inequality: 


1 1 

— r 3 7 

Iid 2in 


1 N 

— r — ¥ 

NW Afro 


+ N 1 -™ = ATTD. 


11 CXJ ^ 

That is, Sft > Nm for all AC Since lim 1VKJ = oo, the sequence of partial sums 5„ diverges; hence, the series Y^^r- 

N ^°° „=i»n 

diverges. 

Exercises 

1. Find a formula for the general terma„ (not the partial sum) of the infinite series. 


, . 1 1 1 1 

(a) 3 + 9 + 27 + 81 + "' 

1 2 2 3 3 

(c) t + 


1 5 25 125 

(b) I + 2 + T + X + '" 


1 2-1 3-2-1 4-3-2-1 

... 2 1 2 1 

(d) — ^ ^ ^ + • • • 

1 2 + 1 2 2 + 1 3 2 + 1 4 2 + 1 

SOLUTION 

(a) The denominators of the terms are powers of 3, starting with the first power. Hence, the general term is: 

1 

° n ~ 377 - 

(b) The numerators are powers of 5, and the denominators are the same powers of 2. The first term is a\ = 1 so, 

, fl — 1 


(c) The general term of this series is, 

i n n 

a n = (-1) B+1 — . 

n\ 

(d) Notice that the numerators of a„ equal 2 for odd values of n and 1 for even values of n. Thus, 

2 

n 2 + 1 
1 


odd i 


i 2 + l 


even n 


The formula can also be rewritten as follows: 


l+ ( - 1), ' +1+1 

7J 2 + 1 


lii Exercises 3-6, compute the partial sums S 2 , St\, and Sfa. 
3,1+ ^2 + ^2 + ^2+--- 


, 1 1 1 205 

54 - 1 + 22 +^ + ^-^: 

1 1 1 1 1 5369 

5 6 — l+^ + ^2+^2+^ + ^2 — 30QQ- 


SOLUTION 
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c 1 1 1 
5 ‘ l-2 + 2- 3 + 3- 4 + ' 

SOLUTION 


52 1 . 2 + 2 • 3 2 + 6 6 3 : 

2 1 12 114 

54 — 52 +Q3 +fl 4 - 3 + ^4 + 4^ - 3 + 12 + 20 " 5 ; 

4 1 14 116 

5 6 - 5 4 + « 5 +a 6 - 5 + 575 + - 5 + M + 42 - y 

7. The series 5 = 1 + ( 5 ) + (i -) 2 + (i -) 3 4 — converges to Calculate S N for N = 1, 2 until you find an S N 

that approximates | with an error less than 0 . 0001 . 

SOLUTION 

5i = l 

* = i + 5 = t = i- 2 

53 = 1 + ^ + ^ = § = 124 

53 = 1+ l + ^ + ik = il = L248 

, 111 1 781 , 

5 4 - 1 + - + — + — + — - — - 1.2496 


11 1 1 1 3906 

5 ~ + 5 + 25 + 125 + 625 + 3125 - 3125 


= 1.24992 


N ote that 


1.25 - 5 5 = 1.25 - 1.24992 = 0.00008 < 0.0001 


In Exercises 9 and 10, use a computer algebra system to compute 5 10 , 5ioo. 5500. an d 5iooo fo r die series. Do these 
values suggest convergence to the given value? 

9 . CRS 


TV -3 _ 1 1,1 1 

~4~ ~ 2^T4 “ HTb + 6^8 “ 8~ 9~ 10 4 


solution Write 


Then 


Computing, wefind 



&n — 


(- i )" +1 

2« • (2/r + 1) • (2// + 2) 


N 

Sjy = a n 
i = 1 


~ 0.0353981635 
4 

5io ~ 0.03535167962 
5ioo ^ 0.03539810274 
5 50 o - 0.03539816290 
5iqoo ^ 0.03539816334 


It appears that 5^ 
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11. Calculate 53 , 54 , and 55 and then find the sum of the telescoping series 




n = 1 


n + 1 n + 2 


SOLUTION 


, - - . 1\ /l 1 

53 “ 1 2 ““ 3) + {3 _ 4) + (4 ““ 5 
/I 1\ 1 1 1 

54 - 53 + U-6j = 2-6 = 3 : 

, 1 1\ 1 1 5 

5 5 = 5 4 + (^-^) = 2- 7 = I 4- 


,6 7, 

The general term in the sequence of partial sums is 
'1 1 


Sn = 


1 1\ (l V 

2 3 7 + U " 4 ) + \4 “ 5 ' + ' 


thus, 


1 1 
2 " 5 


3 

To : 


7V + 1 AT + 2 


N + 2’ 


S = lim Sn = lim . 

N^-oo N->oo \ 2 


N + 2 


1 

r 


The sum of the telescoping series is therefore i. 

OO ^ 

13. Calculate 53 , S 4 , and 55 and then find the sum S = y ^ — - using the identity 

1 _ 1 T 1 1” 1 

4/i 2 — 1 2 V, 2/7 — 1 2// + 1 


SOLUTION 


S 3 = 


1 /I 


2 VI 




i\ 1/1 1 
5 ) + 2 (5 7 


The general term in the sequence of partial sums is 

1/1 1\ 1 /I 1\ 1 (l V 

Sn ~ 2 (j - 3 j + 2 (3 “ 5 j + 2 ( 5 ~~ 7 + ' 

thus, 






1 

+ 2 \2N-1 


2N + 1 


2 V 2JV + 1 


5= lim S N = lim I- (l - - -2 

iV^oo »->o o2\ 2AT + 1 


1 

2 ' 


15. Find the sum of — + _L + _L + . 
solution We may write this sum as 


CXJ - ou , 

y 1 = y 1 

^ (2n - l)(2n + 1) ^7 


>7=1 


77 = 1 


The general term in the sequence of partial sums is 


1 

2 // — 1 


1 

2/7 + 1 


1/1 1\ 1 (1 1\ 1 (1 V 

‘ SiV— 2(l^3) + 2\ 3 _ 5) + 2(5~7, l + ' 


1 

+ 2\2N-l 2N + 1 


thus, 


= !(i — 

2 \ 2.N + 1 


, , 1 / 1 

lim % = lim - 1-- 

TV— »oo N^-OO 2 V 2N + 1 
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and 


E 

n = 1 


(2/7 — 1) f 2/7 + 1) 


In Exercises 17-22, use Theorem 3 to prove that the following series diverge. 


17 -E 


10/7 + 12 


n = 1 

solution The general term, 


lO// + 12 


, has limit 


lim 


= lim 


►°° 10/7 + 12 n-7-oo 10+ (12/71) 10 

Since the general term does not tend to zero, the series diverges. 

0 1 2 3 

19, 1 _ 2~*~3 _ 4~^ 

solution The general term a n = (-l)" -1 ^ does not tend to zero. In fact, because I ^ = 1, limn-^oo a n 

does not exist. By Theorem 3, we conclude that the given series diverges. 

,, 1 1 1 

21 . cos - + cos - + cos - H — 

2 3 4 

solution The general term a n = cos ^ tends to 1, not zero. By Theorem 3, we conclude that the given series 
diverges. 

In Exercises 23-36, use the formula for the sum of a geometric series to find the sum or state that the series diverges. 

,,11 1 

23, 1 + 8 + 82 + ■ 

solution This is a geometric series with c = 1 and r = i, so its sum is 


1 - 


7/8 


o \ — n 


n = 3 


solution Rewrite this series as 


j, /11\" 

n=3 


n 


This is a geometric series with /■ = — > 1, so it is divergent. 


E - 

77=— 4 V 


4\" 
9 . 


solution This is a geometric series with c = 1 and r = starting at n = -4. Its sum isthus 

cr 4 c 1 9 5 59,049 


4 4 , 45 9 • 4 4 + 4 5 3328 

gT W 


29. 

n = 1 

solution R ew rite the seri es as 


0° / 1 \ 71 

S(‘) 

to recognize it as a geometric series with c = \ and r = \. Thus, 

OO 1 

E^" = r 4 - = 

7i=l 1 e 


e — 1 
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31- E^ 


solution R ew ri te th e seri es as 


oo 8 “ 2 " ^ /i\» ~ ny 

5» + 5" ~ ^E ' \ 5 j ^E ( 5 / 

n = 0 n = 0 n = 0 V 7 n = 0 7 7 


which is a sum of two geometric series. The first series has c = 8 = 8 and r = the second has c - j 


and r = |. Thus, 




“5 5 


( 2 Y _ 1 _ 1 _ 5 

E U J ~ i 2 - y - 3’ 

n= 0 V 7 i_ 5 5 


„ . 5 5 5 

33. 5 — — + — y — — y + ■ ■ ■ 
4 4 2 4 3 


E 8 + 2” _ 5 _ 35 

2- 5" “ + 3 “ 3 ' 


solution This is a geometric series with c = 5 and r = - J. Thus, 


i> 

n = 0 V 


K = l=*. 


1+ l I 


„„ 7 49 343 2401 

35. 1 1- • 

8 64 512 4096 


solution This is a geometric series with c = l and r = -I. Thus, 


7 ( 7 


£H- 5 ) -rtiy 


I = i_ = ]_ 


37. Which of the following are nor geometric series? 

00 in 

W E» 7 


(»>e 4 




w) E 3 

77=5 


SOLUTION 


°°' -jn ^ / 7 \ n -j 

(a) En qT^Einq) : this is a geometric series with common ratio r = — . 


a^29" ^ \ 29 7 3 

77=0 77=0 2 

(b) The ratio between two successive terms is 


i . * 

fl«+l = (n+l) 4 = » = / » \ 

(n + l ) 4 \ n + 1 / 


CXD 1 

This ratio is not constant since it depends on n . Hence, the series E ' s not a geometric series. 
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(c) The ratio between two successive terms is 


(«+i) 


a n+ i _ ' 2 / 1+1 _ (n + l) 2 2" 


a, 1 « 

7" 




n 2 2”+ 1 

OO 

This ratio is not constant since it depends on n. Hence, the series ^ — is not a geometric series. 

n = 0 

°° °° / 1 \ n 1 

w) E-- = Eb : this is a geometric series with common ratio r = — . 

«=5 «=5 v 

00 00 00 

39. Prove that if ^ a n converges and ^ diverges, then ^ («„ + b„) diverges. Hint: If not, derive a contradiction 

n — 1 n = 1 «=1 

by writing 

CO 00 00 

^ ' bn — ^ bn) — ^ 

n = 1 «=1 «=1 

solution Suppose to the contrary that^^Li^ converges, diverges, but J 2 % Li( a n + M converges. Then 

by the Linearity of Infinite Series, we have 

00 00 00 

E = E< fl " + ^ _ E ° n 

n = 1 «=1 


so that EEi &n converges, a contradiction. 

41. 123 Give a counterexample to show that each of the following statements is false. 


OO 

(a) If the general term a n tends to zero, then y ^ a n = 0. 

n = l 

(b) The Mh partial sum of the infinite series defined by {a n } is a N . 

00 

(c) If a n tends to zero, then ^ a n converges. 

n = 1 
oo 

(d) If a n tends to L, then ^ a n = L. 

n = l 


SOLUTION 

(a) Letfl,, = 2~ n . Then limH-i-oofl,, = 0, butn„ is a geometric series with c = 2° = 1 and r = 1/2, so its sum is 

1 = 2 . 

1 — ( 1 / 2 ) 

(b) Let a n - 1. Then the /7 th partial sum is a\ + -\ 1- a n = n while a„ = 1. 

(c) Let a„ = —.An example in the text shows that while a„ tends to zero, the sum _a n does not converge. 

«Jn L — 'n= 1 

(d) Let a n = 1. Then clearly a n tends to L - 1, while the series a » obviously diverges. 

43. Compute the total area of the (infinitely many) triangles in Figure 4. 


y 



FIGURE 4 


solution The area of a triangle with base B and height H is A = j BH . Because all of the triangles in Figure 4 have 
height the area of each triangle equals one-quarter of the base. Now, for n > 0, the nth triangle has a base which 
extends from x = t0 ■* = E Thus, 


B 


1 

2" 


1 

2»+l 


1 

2»+l 


and 



1 

2»+3 ' 
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The total area of the triangles is then given by the geometric series 



45 . Find the total length of the infinite zigzag path in Figure 5 (each zag occurs at an angle of j). 



FIGURE 5 


solution Because the angle at the lower left in Figure 5 has measure ^ and each zag in the path occurs at an angle of 
j, every triangle in the figure is an isosceles right triangle. Accordingly, the length of each new segment in the path is 
-L times the length of the previous segment. Since the first segment has length 1, the total length of the path is 



V2 

~J2 — 1 


= 2 + V2. 


47 . Show that if a is a positive integer, then 


OO 


E 


i 

n(n + a) 


1 

a 




solution By partial fraction decomposition 


1 _ A B 

n (n + a) n n + a 


clearing the denominators gives 


1 = A(n + a) + Bn. 

Setting n = 0 then yields A = while setting n = -a yields B = - * . Thus, 


1 

n (n + a ) 


n + a 


n + a 


and 


OO 


E 


1 

n(n + a) 



1 

n + a 


For N > a, the rvth partial sum is 




+ 



1 / 1 1 1 1 \ 
a \N + l + N + 2 + N + 3 + "' + N + a)' 


Thus, 


vA 1 , 1 / 1 1 1\ 

/ — — lim Sn — — ( 1 + ~ • H — )• 

“ n(n + a) N-^oo a \ 2 3 n ' 

n=l 


49 . Let {b n } be a sequence and let a n = b n - b n _\. Show that converges if and only if lim b n 

L ^ n—^oo 


exists. 


77 = 1 


SOLUTION 


Leta„ = b n - b n _\. The general term in the sequence of partial sums for the series ^ a„ is then 

n = l 


Sn = (h - b 0) + ( b 2 - b l) + ( b 3 - b 2) H F (b N - b N _i) = b N - bQ. 
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Now, if lim b N exists, then so does lim S N and Y^ a n converges. On the other hand, if Y^ a„ converges, then 

TV— >00 Kl—±.r>r\ 


N-^-oo 


n = 1 


n = 1 


lim Sm exists, which implies that lim b N also exists. Thus, a n converges if and only if lim b„ exists. 

N-*oo N^-oo z — ' n^-oo 

n = 1 


Further Insights and Challenges 

Exercises 51-53 use the formula 


1 + r + r 2 


+ ■ ■ 


■ + r 


N - 1 


1 -r N 
1 -r 


m 


51. ProfessorGeorgeAndrewsof Pennsy Ivania State University observed that wecan use Eq. (7) to calculate thederivative 
of f( x ) = X N (for N > 0). Assume that a 0 and let* = ra. Show that 


/'(«) = lim 

x—>a 


x N — a N 


x — a 


= a 


N - 1 


lim 

r-T 1 



and evaluate the limit. 

solution According to the definition of derivative of fix) at * = a 


f (a) = lim 


x N — a N 


x-*a X — a 


Now, let* = ra. Then x ->■ a if and only if r ->■ 1, and 


x N — a N (ra) 1 ' 1 — a 


N 


fia ) = lim : = lim 


x — a r—r 1 ra — a 
By Eq. (7) for a geometric sum, 

1 - r N r N - 1 


= lim 




1 air - 1) 


= a N 1 1 im 


r N - 1 
1 r - 1 ' 


1-j 


■ - 1 


= l + r + r 2 + --- + r N 1 , 


SO 


M _ i 

lim — = lim (l + r + r 2 H 1- r N ~^\ = 1 + 1 + l 2 4 P l^ -1 = N. 

r—rl r - l r— *1 v ) 

Therefore, f (a) - a N ~ x ■ N = Na 1 ^- 1 

53. Verify the Gregory- Leibniz formula as follows. 

(a) Set r = — x 2 in Eq. (7) and rearrange to show that 

-2 . .4 


1 + * 2 

(b) Show, by integrating over [0, 1], that 


= 1 — x L + * 4 — • ■ ■ + (— l) w L x 


( l \iV v 2iV 
— l,.2N—2 , f" 1 * Y 

+ 1 + X 2 


1 1 1 


(- 1 ) 


N—l 


4 1 3 + 5 1 + "' + 2N -l 

(c) Use the Comparison Theorem for integrals to prove that 

*1 v 2 N 


+ (-l) 


N 


1 J2 N 


I - 

J 0 1 


dx 


+ x L 


0 < 


Jo 1 


x^ dx 1 
< 


+ x 2 - 2N + 1 


Hint: Observe that the integrand is < x 2N . 
(d) Prove that 


77 ” 1111 

4 - 1 “3 + 5“7 + 9“‘“ 


Hint: Use (b) and (c) to show that the partial sums S N of satisfy \s N - 




lim S N = J. 

Af— >-oo 


2 and thereby conclude that 
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SOLUTION 


(a) Start with Eq. (7), and substitute -x 2 for u: 


1 + r + r A + • • • + r N 1 = 


l_ x 2 + x 4 + ... + ( _ 1) rv-i x 2iv-2 


l_ x 2 + v 4 + ... + ( _ 1) lV-l Y 2rV-2 


1 -r N 
1 — r 

_ 1 _ (-1)^2* 

1 - (-T 2 ) 

1 (-l) W X 2iV 


l+x z 


1 + x 2 


1 + x 2 

(b) The integrals of both sides must be equal. Now 

,1 j 


i / l\N r 2N 

1 = 1 _ x 2 + x 4 + . . . + ( _ 1) 2V-l JC 2JV-2 + (-D * 


/„ 


0 1 + x L 


dx = tan 1 x 


l+*2 


= tan -1 1 - tan -1 0 = - 
o 4 


while 


f 


1 - x 2 + x 4 -4 1- (-l)^ -1 * 2 ^ -2 + — — — | dx 


l+x2 


— ( X — —X + -x + • • • + (— 1) 


TV— 1 


IN - 1 


x 2N-l) + i _ 1)N I 1 f^dx 


r l r : 

[ - 
Jo l 


= l__ + _ + ... + (_l) 


N - 1 


27V - 1 


+ (-l) 


ff i 4 x 2 ^ dx 


r L x‘ 

Jo T 


+ x z 


(c) N ote that for x e [0, 1], we have 1 + x 2 > 1, so that 


_2 N 


o < 


1 + x 2 “ 

By the Comparison Theorem for integrals, we then see that 


< x 


2 N 


0 < 


r 1 X 2N dx r 1 
Jo 1 + x 2 _ Jo 


2N 


dx = 


27V + 1' 


21V+1 


o 27V + 1 


(d) Write 


a n — (— 1)” 


2n — 1 ’ 


and let S N be the partial sums. Then 


1^- ih 


7*1 2N J pi . 

(-If f ^ = f \ 

Jo 1 + x l Jo 1 


n > 1 


r 1 ~2N 


dx 1 

< 


. + x 2 “ 27V + 1 


Thus lirrijv^oo S N = — so that 


7T 1 1 1 1 

4 - 1- 3 + 5“7 + 9“--' 


55. The Koch snowflake (described in 1904 by Swedish mathematician Helge von Koch) is an infinitely jagged "fractal" 
curve obtained as a limit of polygonal curves (it is continuous but has no tangent line at any point). Begin with an 
equilateral triangle (stage 0) and produce stage 1 by replacing each edge with four edges of one- third the length, arranged 
as in Figure 8. Continue the process: At the nth stage, replace each edge with four edges of one-third the length. 

(a) Show that the perimeter P n of the polygon at the nth stage satisfies P n = \p n - 1. Prove that lim P n = oo. The 
snowflake has infinite length. 

(b) Let Ao be the area of the original equilateral triangle. Show that (3)4" _1 new triangles are added at the nth stage, 
each with area Aq/ 9" (for n > 1). Show that the total area of the Koch snowflake is |aq. 



Stage 1 Stage 2 

FIGURE 8 


Stage 3 
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SOLUTION 

(a) Each edge of the polygon at the (n - l)st stage is replaced by four edges of one- third the length; hence the perimeter 
of the polygon at the nth stage is | times the perimeter of the polygon at the (n - l)th stage. That is, P„ = \p n ~i- Thus, 

4 4 / 4\ 2 4 / 4 \ 3 

Pi = ^2=3^1 =(3) fb. ^3 = 3^2 = ( 3 J T’o. 

and, in general, P n = (g)"Po.Asn ->• 00 , it follows that 


lim p n = Pq lim 

n — > 00 n — > 00 



= OO. 


(b) When each edge is replaced by four edges of one-third the length, one new triangle is created. At the (n - l)st stage, 
there are 3 • 4" -1 edges in the snowflake, so 3 • 4" -1 new triangles are generated at the nth stage. Because the area of an 
equilateral triangle is proportional to the square of its side length and the side length for each new triangle is one-third 
the side length of triangles from the previous stage, it follows that the area of the triangles added at each stage is reduced 
by a factor of g from the area of the triangles added at the previous stage. Thus, each triangle added at the nth stage has 
an area of Aq/9". This means that the nth stage contributes 


3-4' 


n —1 A 0 


fin A ^0 ( r» 


to the area of the snowflake. The total area is therefore 


A = Ag + -Aq ^2 I - 


n = 1 


— Ao+ 4 A °^T 


3 4 8 

= Aq + ^A 0 • - = -Aq. 


11.3 Convergence of Series with Positive Terms 
Preliminary Questions 

00 

1. Let 5 = ^2 o n - If the partial sums Sn are increasing, then (choose the correct conclusion): 

n= 1 

(a) {a,,} is an increasing sequence. 

(b) {a,,} is a positive sequence. 

solution The correct response is (b). Recall that S N = a\ + a 2 + «3 4 thus, S N - S N _\ = a N . If S N is 

increasing, then Sn - S N ~ 1 > 0. It then follows thato^ > 0; that is, (a„) is a positive sequence. 

2. W hat are the hypotheses of the I ntegral Test? 

solution The hypotheses for the I ntegral Test are: A function f(x) suchthata,, = f(n) must be positive, decreasing, 
and continuous for x > 1. 

OO 

3. Which test would you use to determine whether ^” -3 ' 2 converges? 

n= 1 

solution Because/; -3 - 2 = we see that the indicated series is a p-series with p = 3.2 > 1. Therefore, the series 
converges. 

OO ^ 

4. Which test would you use to determine whether — 

’ ~>n 1 fZ, 

converges? «= 1 v 

solution Because 


and 



< 





n 


is a convergent geometric series, the comparison test would be an appropriate choice to establish that the given series 
converges. 





670 CHAPTER 11 | INFINITE SERIES 


°° e ~ n ^ 

5. Ralph hopes to investigate the convergence of Y^ - — by comparing it with Y^ Is Ralph on the right track? 

• J n ‘ J n 


n = 1 


n = 1 


solution No, Ralph is noton the right track. For« > 1, 


1 

n n 


oo ^ 

however, ^ - is a divergent series. The Comparison Test therefore does not allow us to draw a conclusion about the 


n = 1 


convergence or divergence of the series ^ 


OO — ii 

e 


n = 1 


Exercises 

In Exercises 1-14, use the Integral Test to determine whether the infinite series is convergent. 


n = 1 

solution Let f{x) = This function is continuous, positive and decreasing on the interval x > 1, so the Integral 
Test applies. Moreover, 


f°° dx .. f R _4 , 1 .. /I \ 1 

/ , = lim / x*dx = ~- lim I — ~ — l J = — . 

J 1 A - 4 R — > oo j 1 3 7?^oo \ 7? 3 / 3 


The integral converges; hence, the series Y^ -= also converges. 

' J n ^ 




3. 2"- 1/3 

solution Let fix ) = a _ t = This function is continuous, positive and decreasing on the interval a > 1, so the 


,i 1 

w 


Integral Test applies. Moreover, 

f a _1/3 dx = lim f x~ 1/3 dx = \ lim (7? 2 / 3 -l) 
J 1 R^ooJl 2 R^oo\ / 

OO 

The integral diverges; hence, the series ^ n -1 / 3 also diverges. 

«=1 


— 11 = OO. 


5- E 


OO ) 

n L 


n = 25 


(„3 + 9)5/2 


SOLUTION L et fix) = 


(a 3 + 9) 


This function is positive and continuous for x > 25. M oreover, because 


fix) = 


2a(a- 3 + 9) 5/2 - x 2 • I (a 3 + 9) 3 ^ 2 • 3a 2 a(36 - 11a 3 ) 


(a 3 + 9) 5 


2(a 3 + 9) 7/2 ’ 


we see that /'(a) < 0 for a > 25, so / is decreasing on the interval a > 25. The Integral Test therefore applies. To 
evaluate the improper integral, we use the substitution u = a 3 + 9, du = 3x 2 dx. We then find 


rOC 

J25 


dx - lim 


r 

J 25 


(a 3 + 9) 3 /2 (a 3 + 9)5/2 


= -- lim 


- dx — — 


\ Nm f 
3 R — >■ oo J l 


r3 + 9 Ai 
15634 « 5/2 
2 


9 7?—3-oo V (fi 3 + 9) 3 / 2 15634 3 / 2 / 9 • 15634 3 / 2 ' 

2 


The integral converges; hence, the series ^ ==- also converges 

«=25 (” 3 + 9 ) 7 
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oo , 

7 . y — 

, n7 + 1 


n = 1 

SOLUTION Let f(x) = 

X “I - 1 

Integral Test applies. Moreover, 


This function is positive, decreasing and continuous on the interval x >1, hence the 


The i 


f dx f R dx / _i tv \ 

/ -= = 1 1 m / = 1 1 m tan 77- — 

J 1 X 2 + 1 77-»oo Jl X 2 + 1 77-»oo v 4 / 

oo ^ 

ntegral converges; hence, the series ^ 2 + ^ also converges. 


TC 71 TC 

2 ~ 4 = 4' 


72=1 


n(n + 1) 


1 


This function is positive, continuous and decreasing on the interval * > 1, so the 


solution Let/(x) = — 

*(* + 1) 

Integral Test applies. We compute the improper integral using partial fractions: 


f°° dx - lim [ (- E \ dx = | im in — x — = lim (in — -InE 

J 1 .x(.x + 1) /?— >ooJl X + 1 / R—>o o I "F 1 ] R—>o o \ /? + 1 2/ 

oo ^ 

The integral converges; hence, the series V 1 — converges. 

“ H(n + 1) 

72=1 


- In - = In 1 - In - = In 2. 


u - E 


n = 2 


w(ln tz)^ 


SOLUTION Let/(x) = 


jr (I n a-) 2 


.This function is positive and continuous for x > 2. M oreover, 


Ax> = " Aitt? (' ■ <ln 1)2 + " ' 2 <ln ' D = " SiE (" n » 2 + 2 ln *) ■ 

Sinceln.t > 0 for jc > 1, f'{x) is negative for . x > 1; hence, / is decreasing for x > 2. To compute the improper integral, 
we make the substitution u - In a , du- - dx. We obtain: 


/■OO 1 rR 1 

J2 -T(ln.t) 2 77— >oo J2 X(ln.v)2 


-dx- lim 


/■In 7? 

Jin 2 


du 


|jm /_1 1 

7?Too In 77 In 2/ In 2' 


77— >oo J|n 2 

1 


The integral converges; hence, the series y — — also converges. 


OO 

i3. y -j— 

oln« 

n=l 

solution N ote that 


Thus, 


n = 2 


2lnw _ ^In2yn« _ /^ln«Jn2 _ ^In 2 


OO ^ OO 1 

S 2ln« — S Jn 2 * 


72 = 1 


72=1 


Now, let fix) = -^y. This function is positive, continuous and decreasing on the interval x > 1; therefore, the Integral 
Test applies. M oreover, 


r°° dx .. r 


* Jjc 

jtln ^ 1 — I n 2 >oo 

oo 


lim (77 1 ln2 - 1) = oo. 


because 1 - In 2 > 0. The integral diverges; hence, the series y — also diverges, 

n=l 2 n " 
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oo ^ oo 

15. Show that Y^ converges by using the Comparison Test with Y^ n 

, n 5 + 8 n i 

72=1 72 = 1 

OO 

solution We compare the series with the /^-series y « -3 . For n > 1, 

72=1 

1 1 

< 


-3 


n’ + 8/i n ’ 

OO J OO J 

Since y 3 converges (it is a p-serieswith p = 3 > 1), the seri es ^ 3 ^ also converges by theComparisonTest. 


72=1 


72=1 


OO ^ 

17. LetS= Y^ — . Verify that for n> 1, 

" n + yfn 
n = 1 


1 1 

< — , 


1 1 

< 


n + Jn n n + Jn Jn 

Can either inequality be used to show that S diverges? Show that — — — > and conclude that S diverges. 

n + s/n 2 n 

solution For n >l,n + y/n>nar\dn + -Jn> sfn. Taking the reciprocal of each of these inequalities yields 


1 1 

< - and 


n + Jn n 


1 1 

< 


n + Jn Jn 


oo ^ oo oo ^ oo ^ 

These inequalities indicate that the series — is smaller than both Y^ - and ; however, Y^ - and 

^n + ^/Ti t—Ln t—L-Jn *—tn 

72=1 72=1 72=1 n= 1 

OO 1 

y —= both diverge so neither inequality allows us to show that s diverges, 
i V" 

n= 1 

On the other hand, for n >l,n> ~Jn, so 2 n >n + ^n and 

1 1 

> 


n + J n 2 n 


oo ^ oo i 

The series y — = 2 y - diverges, since the harmonic series diverges. The Comparison Test then lets us conclude 


2/i n 

72=1 72=1 


oo ^ 

that the larger series y — also diverges. 

n “I - J n 

n = 1 


In Exercises 19-30, use the Comparison Test to determine whether the infinite series is convergent. 


oo -I 


n = 1 


solution We compare with the geometric series y 

n = 1 


i\" 


. Forn > 1, 


1 1 
n 2 " 2" ~ 


00 / 1 \ n CXD ^ 

Since y ( - ) converges (it is a geometric series with r = we conclude by the Comparison Test that y — also 


72 = 1 

converges. 

oo ^ 

-|- 2 n 

72=1 

SOLUTION For«>l, 


n= 1 


1 1 

< 


nl/3 + 2 n 2 n 

1 1 OO ]_ 

The series Y,^=i jii is a 9 eorT| etric series with r - -, so it converges. By the Comparison test, so does y — — . 

72 = 1 n 
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23- E 


n = 1 


ml + 4 m 


solution For«>l, 


^ — 1 


ml + 4 m ~ 4'" 

^ ^ \ m— 1 j 

The series E ( T ) ' s a 9 eomet:r ' c series with r = so it converges. By the Comparison Test we can therefore 


m = 1 


conclude that the series 


1 = 1 


j! + 4'" 


also converges. 


25 - E 5 ^ 


k=i 

solution For A > 1, 0 < sin 2 A < 1, so 

„ sin 2 A 1 
0 < — =— < 

A 2 ~ k 2 

oo i 

The series E “ 2 ' s a P' ser ' es with p = 2 > 1, so it converges. By the Comparison Test we can therefore conclude that 

k = l * 

. ^,sin 2 A 

the series 2_, — y~ also conver 9 es ' 


k = l 


27 - E 


3" + 3-" 


n = 1 

solution Since 3“" > 0 for all . 


3 n 3~ n ~ 3 n 


< — = 2 


1\" 

3 , 


00 / 1 \ n ^ 

The series E 2 ( T ) ' s a 9 eomet:r ' c series with r = so it converges. By the Comparison Theorem we can therefore 


n = 1 


conclude that the series ^ 3 „ — ^ — also converges 




OO 

29 . E — 

E (n + 1)! 

n = 1 

solution N ote that for n > 2, 


so that 


(n + 1)! = 1 • 2 • 3 • ■ ■ n ■ (n + 1) < 2" 
n factors 


^ OO ^ OO ^ 

^ (n + 1)! _ 1 + E oTTTu - 1 + E yl 


n = 1 


n = 2 


(n + 1)! 


n = 2 


11 °° 
But 1^2 tt ' s a geometric series with ratio r = so it converges. By the comparison test, ^ 


n = 1 


— converges as 

(n + 1)! 


well. 
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Exercise 31-36: For all a > 0 and b > 1, the inequalities 

In n<n a , n a < b" 

are true for n sufficiently large (this can be proved using L'Hopital’s Rule). Use this, together with the Comparison 
Theorem, to determine whether the series converges or diverges. 


3L E 


In i 


n = 1 

solution For n sufficiently large (say n - k, although in this case/; = 1 suffices), we have In n < n, so that 

oo . OO OO i 

E l n n \ > n v > 1 

if ~ 2—i n 3 2—i n 7 

n—k n=k n=k 

This is a p-series with p = 2 > 1, so it converges. Thus Y,T=k a lso converges; adding back in the finite number of 
terms for 1 < n < k does not affect this result. 

33. 

n 11 


n 


=1 


solution Choose TV so that Inn < n 0 - 0005 forn > at. T hen alsoforn > N, (Inn ) 100 < ( n 0.0005)i00 _ „0 05 Then 

,100 oo „0.05 oo 


(In n) iuu ^ n UAW ^ 1 

E, — n— — 2—1 ~^TT — 2—1 fLOS 


n=N 


n=N 


n=N 


^ 1 1 

But E ^ro 5 ' s 3 Aperies P - 105 > 1, so is convergent. It follows that Y.2Ln (ln 'n° 0 is also convergent; 

n=N n ' 

o° (| n „)ioo 

adding back in the finite number of terms for n = 1, 2, . . . , TV — 1 shows that E — n — converges as well. 

n = 1 n 


35 - Ei 


n = 1 

solution C hoose N such that n < 2" for n > N. Then 


OO OO / \ yi 

E-<E^ 


n=N n=N 


The latter sum is a geometric series with r = - < 1, so it converges. Thus the series on the left converges as well. Adding 

OO 

back in the finite number of terms forn < N shows that E 377 converges. 

n=l 3 " 

OO ^ 

37. Show that E sin ~i converges. Hint: Use the inequality sin.* < * for* > 0. 

n=i n 

SOLUTION Forn > 1, 


0 < < 1 < n\ 

tf 


therefore, sin \ > 0 for n > 1. M oreover, for n > 1, 


. 1 1 

sin 

if if 


1 . 


The series E -r is a p-series with p = 2 > 1, so it converges. By the Comparison Test we can therefore conclude that 

1 if 

n = 1 

00 1 

the series E sin also converges. 

' ' IT ^ 


n = 1 
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In Exercises 39^t8, use the Limit Comparison Test to prove convergence or divergence of the infinite series, 
oo 2 


39 -e ^4 

; n — 1 


n = 2 


SOLUTION Letfl,, = 

Wefind 


,4-1 


For large /z. 


n 2 n 2 1 


-j = -=■, so we apply the Limit Comparison Test with b„ = - T . 


L = lim ^ = lim = lim B 


n— > 0 o w — > oo 


«->oo /7 


4-1 


= 1. 


OO ^ OO 2 

The series Y^ is a p-series with p = 2 > 1, so it converges; hence, Y^ -j also converges. Because L exists, by the 

* J n*- 4- — ' n*- 


n = 1 


n=2 


oo 2 
n 


LimitComparisonTestwecan conclude that the series Y^ converges, 

tr — 1 


n = 2 


4i. 


14 . n r I « 

solution Let = , For large w 


\/ft 3 + 1 


\/ft 3 + 1 Vft' 3 


n 1 

-= = — — , so we apply the Limit Comparison test with 


b„ = Wefind 
V ' 7 


L — lim — = lim — 1 +1 - lim ^ = 1. 

n-t-oo b n n-^-oo + n-^-oo / 3 i i 

V i" 


OO ^ OO 1 

The series — is a ^-series with p = \ < 1, so it diverges; hence, — a ' so diverges. Because L > 0, by the 


i V 77 




LimitComparisonTestwecan conclude that the series - diverges. 




E 


3// + 5 


n = 3 


n(n — l)(n — 2) 


3/, + 5 3/, + 5 

solution Let a,, = — . For large,, 

n(n — 1)(/! — 2) 

Test with b n = -j. Wefind 

n 

3n+5 


3 ^ 3 

— w so we apply the Limit Comparison 

n(n — 1 )(« — 2) n 77 


L = lim ^ = lim = [ im 


3/! 3 + 5,? 2 


n — > OO /?,, W — > OO 1 

n T 

n L 


= 3. 


h-s-oo «(n + l)(n + 2) 

^ OO ^ 

The series -j is a p-series with p = 2 > 1, so it converges; hence, the series also converges. Because L 


n = 1 


n=3 


exists, by the Limit Comparison Test we can conclude that the series 


n = 3 


3„ + 5 

n(n — l)(n — 2) 


converges. 


45 . E^=E- 

4-r Jn + I n « 
!! = 1 

SOLUTION L et 


On — 


*Jn + I n n 


For large,,, «Jn + ln„ « *Jn, so apply the Comparison Test with b„ = — — . Wefind 

V 77 

, . a n 1 Jn 1 

L = lim — = lim — — • — = lim , — = 1 

n—>oo b n /! /■oo «Jn — I — I n /! 1 n^oo i + inn 

■Jn 

oo 1 ^ 

The series ^ —j= is a //-series with p = - < 1, so it diverges. Because L exists, the Limit Comparison Test tells us the 

1 V n *- 

n = 1 

the original series also diverges. 
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OO / ^ \ oo 

47 - E 1 — cos — J Hint: Compare with ^ , 
«=1 


-2 


solution Letfl„ = 1 - cos and apply the Limit Comparison Test with b n = -L We find 

n n l 


n 1 - 

1 cln 1 


, .. a n 1 — COS | 1-cosi “F sin T 1 .. *' n - 

L = lim — = lim , — -= lim = — -= lim — — = — — lim 

X — ^ OO -L l 


i m ii — I I I I I T 

n^-oo b n n^-oo 


Z7 




- HIM 5 . 

Z x — > oo A 


As x ^ oo, u = j 0, SO 


1 .. sin -p 1 sin« 1 
L = - lim — = - lim 


— T — 

2 X^oo 1 2 M — > 0 


2 ' 


OO ^ 

The series ^ isa p-series with p = 2 > 1, so itconverges. BecauseL exists, by the Limit Comparison Test we can 

n = 1 

00 f ^ \ 

conclude that the series ^ 1 1 - cos - ) also converges. 


n = 1 

In Exercises 49-78, determine convergence or divergence using any method covered so far. 
oo , 

49. 

«=4 ” - 9 

solution Apply the Limit Comparison Test with a„ = — ^ — and b„ = -L; 

n L — 9 n A 

1 2 

L = lim — = lim 4 L_z! = lim — = 1. 

n — > oo b n n — >oo -L «— >oo ^ _ 9 

00 ^ 00 1 

Since the /^-series converges, the series Y^^- also converges. Because L exists, by the Limit Comparison Test 

n — 1 n = 4 

00 ^ 

i conclude that the series y^— — - converges. 

«Jn 


we can 


^=4 


5L E 


n = 1 


4;i + 9 


Jn 1 

solution Apply the Limit Comparison Test with a n = — — - and £>„ = — — : 

4/; + 9 *Jn 


s/n 


L = lim — = lim ^25- = lim 


mil — = mu — 5 — = mu = — . 

n — >00 b n n — >00 w — y 00 4n + 9 4 


00 ^ 

The series isadivergent p-series. BecauseL > 0, by theLimitComparisonTestwecan conclude that the series 

,yn 

n = 1 

OO !— 

E - — At also diverges. 

An + 9 


53. £ 


OO 7 

n — n 


n- 1 + n 


n=l 


solution F i rst rew ri te a n = 


rr — n n (n — 1) n — 1 


n 5 + n n (/?^ + 1) n ^ + 1 


and observe 


n — 1 n 1 

< 


iA + 1 n^ 

oo j 

for n > 1. The series is a convergent /^-series, so by the Comparison Test we can conclude that the series 


n = 1 


oo 2 

E n yi . 

-e also converges. 

rc 5 + n 

n = 1 
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55. £(4/5)-" 

n = 5 

SOLUTION 


n = 5 


-ra oo 


Eu =E 


n=5 


which is a geometric series starting at n = 5 with ratio r = - > 1. Thus the series diverges. 


OO 

57 ■ E T372" 


77 3 / 2 In tz 


n=2 

solution For ;7 > 3, In n > 1, so zz 3 / 2 In n > n 3 / 2 and 

1 


n 3 / 2 In n n 


3/2' 


OO | OO | 

The series £^™ is a convergent p-series, so the series £^y also converges. By the Comparison Test we can 

n=L n=D 


therefore conclude that the series 

OO 

59 . jry/* 

k=l 

SOLUTION 


oo ^ oo 2 

— converges. Flence, the series =- — also converges 

/Z 3 / 2 In iz £n 3 / 2 In n 


lim a k = lim 4 1 /* = 4° = l ^ g ; 
k — >■ oo k—>oo 


therefore, the series £ 4 1 / i diverges by the Divergence Test. 

fc= l 

OO 

61. £ T 

(In zz) 4 

n=l 

solution By the comment preceding Exercise 31, we can choose TV so that for n > TV, we have In n < az 1 / 8 , so that 
(ln«) 4 < n 1 / 2 . Then 

oo ^ oo 2 

(Inn ) 4 ^ n 1 / 2 

«=./V «=./V 

which is a divergent p-series. Thus the series on the left diverges as well, and adding back in the finite number of terms 


for n < TV does not affect the result. Thus £ 


n=2 


(ln«) 


diverges. 


63. £ 


n = 1 


Inn — n 


solution For n > 2, n In n - n < n In n; therefore, 


1 1 

> 


n In 77 — 77 77 


In n 


Now, let /(jc) = — : — . For jc > 2, this function is continuous, positive and decreasing, so the Integral Test applies. Using 
x I n x 

the substitution u = In*, du = \dx, wefind 


* = lim [' 

J 2 xmx R^-ooJ 2 


dx 


= lim 


/•In P 

1 Jin 2 


— = lim (ln(ln /?) - ln(ln 2)) = oo. 


xlnx /\! — > oo J2 ^ln% 7?^ooJ|n2 u R — ^ oo 

OO -y 

The integral diverges; hence, the series £ — — also diverges. By the Comparison Test we can therefore conclude that 


n = 2 


the series £ — diverges. 

• * n m n — n 


n = 2 
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OO 1 

65. jr — 

yf n 


n = 1 

solution Forn > 2, ;z" > 2"; therefore, 


< — = - 


— 2 n 


°° /^\ « 


/i=i 


00 / 1 \ n 


The series - ) is a convergent geometric series, so - ) also converges. By the Comparison Test we can 


n = 2 


oo ^ oo ^ 

therefore conclude that the series converges. Flence, the series converges. 


OO 

67 - E 

72=1 


1 + (—D” 

n 


SOLUTION L et 


Then 


72=2 


72 = 1 


1 + (-D" 


n odd 

&n — i ? 1 

1 jj: = j n = 2k even 


Therefore, {«„ } consists of Os in the odd places and the harmonic series in the even places, so a n is just the sum of 
the harmonic series, which diverges. Thus a n diverges as well. 


69 -E 


sin 


72=1 


n 


solution Apply the Limit Comparison Test with a n = sin - and 

n n 

sin i sin« 

L = lim = lim = 1, 

h-s-oo i M _s.o u 
n 

where u - The harmonic series diverges. Because L > 0, by the Limit Comparison Test we can conclude that the 

OO 1 

series ^ sin - also diverges. 

72=1 


2 n + 1 


71 -E 

72=1 

solution Forzz > 3, 2 n + 1 < 2", so 


In + 1 2" /1\' ! 


477 


< T7T = ~ 


00 /1\ W °° /1\ W 

The series E ( 2 ) is a conver 9 ent geometric series, so ^ ( - ) also converges. By the Comparison Test we can 




00 / 1 \ n 

2, 


72 = 3 


OO 2yi — |— 1 2 Yi _|_ ^ 

therefore conclude that the series ^ — - — converges. Finally, the series ^ — - — converges. 


72=3 


72 = 1 


73 - E 


In; 


;?2 — 3 n 


solution By the comment preceding Exercise 31, we can choose N > 4 so that for n > N, In n < /z 1 / 2 . Then 

~ , 1/2 .22. 1 


W I LA. 

E l n n \ \ n ' \ \ 

Z2 37T - E T 2 TT = E 


;;2 — 3;; “J ;;2 — 3/; “J zz^/2 — 3;;V2 

;!=1V n=AT n=JV 



SECTION 11.3 | Convergence of Series with Positive Terms 679 


To evaluate convergence of the latter series, let a„ = , 1 - . and b„ = -E-, and apply the Limit Comparison 

nr! 1 — 3/z i /‘ i n i l‘- 

Test: 


...... - — T n • n 3/2 = lim - — \ — T = 0 

n /■oo b n n - >oo n i/2 — 3 n y / 1 n-*o o 1 — 3/J _i 


L — lim — = lim 


Thus J2 a n converges if b„ does. But Y,b n is a convergent p-series. Thus converges and, by the comparison 
test, so does the original series. Adding back in the finite number of terms for n < N does not affect convergence. 

OO 

E 


n = 2 


i 1 / 2 In i 


solution By the comment preceding Exercise 31, we can choose N > 2 so that for n > N, ln« < n 1 / 4 . Then 

OO -| OO -i 

E „l/2 In > E fJTt 


^ In n “J «3/4 

n~N n=N 


which is a divergent p-series. Thus the original series diverges as well - as usual, adding back in the finite number of 
terms for n < N does not affect convergence. 


77 -E 


n = 1 


4 + 15 n 

3 // 4 - 5// 2 - 17 


solution A pply the L imit Comparison Test with 

4 // 2 + 15// 


3// 4 -5/i 2 - 17’ 


We have 


a„ 4/z 2 + 15/7 3// 2 

L = lim — = lim — 7 = ■ — — = lim 


_ 4,7 _ 4 
" ~ 3^ “ V 

12// 4 + 45/r ^ 


= lim 


12 + 45/// 


//— >-oo b n n-too 3/, 4 - 5/z 2 _ 17 4 12/; 4 - 20// 2 - 68 "-»oo 12 - 20/n 2 - 68/n 4 

4/7 2 + 15/7 


= 1 


Now, b n is a p-series with p = 2 > 1, so converges. Since L = 1, we see that Y^ — = converges as 

z — ' 3 ir — 5 — 17 


well. 


n = 1 


79 . For which a does ^ 


n= 2 


//(Inn)' 


converge? 


solution First consider the case a > 0 but a + 1. Let fix) = — ; This function is continuous, positive and 

uc (I n x) a 

decreasing for x > 2, so the Integral Test applies. Now, 


/; 


dx 


= lim 


i 


dx 


= lim 


/•In 7? 
Jin 2 


rf/< 


im 


2 .r(lnjc) fl R=>ooJ 2 .T(ln.v) fl ft->oo,/|n2 1 — a P-s-oo \(ln 7?) a_1 (In 2) 


3— l 7 


Because 


im 


oo, 0 < a < 1 
0. a > 1 


fi'-Yoo (In 

we conclude the integral diverges when 0 < a < 1 and converges when a > 1. Therefore 


OO 1 

— ; converges for a > 1 and diverges for 0 < a < 1. 

n(ln n) a 


n=2 


OO 1 1 

Next, consider the case a = 1. The series becomes Y^ — — . Let fix) = — — . For x > 2, this function is continuous, 

n\r In v n r — 


n= 2 


positive and decreasing, so the Integral Test applies. Using the substitution u = In x, du - \ dx, we find 


[ 4 = ,im [ 

J 2 x\nx R—>oo J2 


dx 


= 1 1 m 


x\r\x R^-ooJ 2 x\nx R^-ooJ | n 2 u R^-oo 


/•In r 
> Jin 2 


tfz/ 


= lim (I n (I n 77) — I n (I n 2)) = oo. 


The integral diverges; hence, the series also diverges. 
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Finally, consider the case a < 0. Let b = -a > 0 so the series becomes y ^ - n - ^ . Since In n > 1 for all n > 3, it 


follows that 


n = 2 


, h , (In nr 1 
In riy >1 so > 


n n 


oo 1 r| n yi')b 

The series Y* - diverges, so by the Comparison Test we can conclude that Y' also diverges. Consequently, 

n n 

n=3 n=D 

^(ln n) b 

2 y diverges. Thus, 

n = 2 


oo 


E 


i 

n(ln ri) a 


diverges for a < 0. 


To summarize: 


OO 


E 


i 

n( In n) a 


converges if a > 1 and diverges if a < 1. 


Approximating I nfinite Sums In Exercises 81-83, let a n = fin), where f (x ) is a continuous, decreasing function such 
that f{x) > 0 and fix) dx converges. 

81. Show that 


roo °° roo 

/ / )x) dx < E On < fll + I fix) dx 

' n = 1 


solution From the proof of the Integral Test, we know that 


that is, 


[■ N rOO 

a 2 + a 3 + fl 4 + ' ' ' + a N < J fix)dx< J fix)dx\ 


nOO rOO 

Sn ~ a l < J fi*)dx or Sn<a i + J fix)dx. 


A Iso from the proof of the I ntegral test, we know that 

rN 


i; 


Thus, 


fix) dx < ai + 02 + «3 + • • • + ajv-l = Sjg — on < Spj. 


pN poo 

J f{x)dx<S^<a\-\- J f(x)dx. 


Taking the limit as N ->• oo yields Eq. (3), as desired. 


a 


83. Let S = y Arguing as in Exercise 81, show that 

n=l 


Conclude that 


M oo M+l 

y a n + f(x)dx < S < y a„ + / ffx)dx 

i Jm+i ' i Jm+i ' 

n = 1 n = 1 





a 


This provides a method for approximating S with an error of at most om+i- 
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solution Following the proof of the Integral Test and the argument in Exercise 81, but starting with n = M + 1 rather 
than n = 1, we obtain 


pOO °° pOO 

/ f(x)dx< V a n <a M+ i+ f(x)dx. 

JM + 1 .. “TT, , JM + 1 


n=M + 1 


M 


Adding E a„ to each part of this inequality yields 


n = 1 


M 


"■ /'oo °° M+l oo 

/ fix) dx <’Y'a n =S< V «» + / f(x)dx. 
, 7M+1 , , JM ' 


«=1 


n — 1 


«=1 


/M+l 


Subtracting 


M 

1 E a,! + /. 

«=i ,/A 


M+l 


f(x)dx from each part of this last inequality then gives us 


0 < 5- 


/ m oo 

I E a,? + / ■ 

V«=i • /m+1 




85. CHS Apply Eq. (4) with M = 40,000 to show that 


1.644934066 < E -7 < 1.644934068 

“ i 
71=1 

Is this consistent with Euler's result, according to which this infinite series has sum n 2 /6 ? 
solution Using Eq. (4) with f(x) = a n = — » and M = 40,000, we find 


Now, 


f°° dx ^ 1 f°° dx 

•540,000 + / < E T - 540,001 + / -?• 

740,001 740,001 

71 = 1 


540.000 — 1.6449090672; 

540.001 = 540,000 + 4Q q Q1 = 1.6449090678; 


and 


r °° dx r R dx /i l 

— r = 1 1 m / — =- = — lim I 


f dx V f 

/ -y = lim / 
740,001 *^ tf^oo/4 


40,001 R^oo 740,001 R^oo\R 40,001/ 40,001 


= 0.0000249994. 


Thus, 


1.6449090672 + 0.0000249994 < E -r < 1.6449090678 + 0.0000249994, 


71 = 1 


or 


00 q 

1.6449340665 < V -7 < 1.6449340672. 


71 = 1 


Since ^ 1.6449340668, our approximation is consistent with Euler's result. 

6 

00 

87. HR S Using a CAS and Eq. (5), determine the value of E n 5 10 within an error less than 10 -4 . 


solution Using Eq. (5) with fix) = x 5 and a n = n D , we have 

oo ( M -\- 1 /»oo 


-5 


71=1 


o. IX 5 


jc 5 rfx I < (M + 1) 3 . 


n — 1 y H— 1 


M+l 


-5 


682 CHAPTER 11 | INFINITE SERIES 


To guarantee an error less than 10 4 , we need (M + 1) 5 < 10 4 . This yields M > 10 4 / 5 -1 ^ 5.3, so we choose 
M = 6. N ow, 


and 


Thus, 


7 

J2"~ S = 1.0368498887, 

n = 1 



p R ^ 

lim / x~ s dx = ~- lim (f? -4 
/? — > oo J 7 4 7?— >o o V 



T = 0.0001041233. 

4 • 7 4 




.a:” 5 tfx = 1.0368498887 + 0.0001041233 = 1.0369540120. 


89. The following argument proves the divergence of the harmonic series S = ^ 1/n without using the Integral Test. 

n = 1 

Let 


, 1 1 
5 i _ 1 +- + - + . 


1 1 1 
52 “2 + 4 + 6 + ' 


Show that if S converges, then 

(a) Si and S 2 also converge and S = Si + 52. 

(b) Si > S 2 and S 2 = \ s - 

Observe that (b) contradicts (a), and conclude that 5 diverges. 

solution Assume throughout that S converges; wewill derive a contradiction. Write 


1 1 1 

a n — — . b n — - — , C n — _ 

n In — I An 

for the 77 th terms in the series S, Si, and S 2 . Since 2n - 1 > 77 for n > 1, we have/?,, < a„. Since 5 = J2 a n converges, 
so does S\ = Y, b n by the Comparison Test. Also, c„ = ^a , „ so again by the Comparison Test, the convergence of S 
implies the convergence of S 2 = J2 c n- Now, define two sequences 

b , _ l b (n+ 1)/2 n Odd 

" [0 77 even 

{ 0 77 odd 

c n j 2 77 even 

That is, b' n and c' n look like/?,, and c„, but have zeros inserted in the "missing" places compared toa„.Thena„ = b' n + c' n \ 
also Si =Y, b n = UK ancl s 2 = T, c 'n = Y.K- Finally, since S, Si, and S 2 all converge, we have 


OO OO OO CXD OO OO 

S=J2 a » = J2 (b 'n + K) = J2 b 'n + J2 c 'n = 12 b » + J2 C " = 5 1 + 5 2 

n = 1 n = 1 77 = 1 77 = 1 77=1 77 = 1 

Now, b„ > c„ for every 77, so that Si > S 2 . Also, we showed above that c„ = 1 a n , so that 2 S 2 = S. Putting all this 
together gives 


S= Si + S 2 > S 2 + S 2 = 2S 2 = S 
so that S > S, a contradiction. Thus S must diverge. 


Further Insights and Challenges 

00 

91. Kummer’sAcceleration Method Suppose we wish to approximate S = I/77 2 . There is a similar telescoping 

77 = 1 

series whose value can be computed exactly (Example 1 in Section 11.2): 


OO 


E 


1 

77(77 + 1) 


1 
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(a) Verify that 


Thus for M large, 


= y, 1 V f — - 1 

, n(n + 1) ■“ \zz 2 n(n + 1) 

n = 1 n = 1 


M 

+ - 

' j2 (" + 1) 


H 


M 

(b) Explain what has been gained. Why is Eq. (6) a better approximation to S than is y l//; 2 ? 

n= 1 

(c) CHS Compute 

1000 , too , 

jn -y, i + y^ — r 

\v- ;r 2 (n + 1) 

n = 1 n = 1 

Which is a better approximation to S, whose exact value is 7r 2 /6? 

SOLUTION 

CO ^ CO 1 

(a) Because the series y -= and y — both converge, 

“ zz 2 “ n{n + 1) a 

71=1 71 = 1 

OO ^ OO / ^ ^ \ oo ^ oo ^ oo ^ oo ^ 

n{n + 1) ^ \77 2 n(n + 1)/ ^ n(n + 1) « 2 n(n + 1) /7 2 

71 = 1 71=1 71=1 71 = 1 71 = 1 71=1 


Now, 


so, for M large, 


n + 1 


l(n + 1) /Z 2 (/Z + 1) ZJ 2 (/7 + T) Z7 2 (Z7+1) 


M 




71 = 1 


77 2 (/7 + 1) 


LXJ ^ 

(b) The series J +1) converges more rapidly than y~y since the degree of az in the denominator is larger. 

77 — 1 " 

(c) U si ng a computer al gebra system, we fi nd 

1000 , 100 , 

V = 1.6439345667 and 1 + V , = 1.6448848903. 

y 77 2 y 77 2 (77 + l) 

71 = 1 71 = 1 


The second sum is more accurate because it is closer to the exact solution — ^ 1.6449340668. 

6 


11.4 Absolute and Conditional Convergence 


Preliminary Questions 

1. Give an example of a series such that y a n converges but y |a„| diverges. 
solution The series y { -^=- converges by the Leibniz Test, but the positive series y ~^= 

2. Which of the following statements is equivalent to Theorem 1? 

OO OO 

(a) If y |a„| diverges, then y a n also diverges. 

71=0 71=0 

OO oo 

(b) If y a n diverges, then y |a„| also diverges. 

71=0 71=0 

OO 00 

(o if y a n converges, then y |a„| also converges. 

77 = 0 71 = 0 


is a divergent p-series. 
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oo oo 

solution The correct answer is (b): If diverges, then ^ |«„| also diverges. Take a n = (-1)"^ to see that 

71=0 71=0 

statements (a) and (c) are not true in general. 

OO 

3. Lathika argues that ^(-1)"V« is an alternating series and therefore converges. Is Lathika right? 

71=1 


OO 

solution No. Although y^(-l)' ! V» is an alternating series, the terms a n = Jn do not form a decreasing sequence 

71=1 


that tends to zero. In fact, a„ = *Jn is an increasing sequence that tends to oo, so ^(-ly'Va diverges by the Divergence 


Test. 


n = 1 


4. Suppose that a„ is positive, decreasing, and tends to 0, and let S = ^(-1)" l a„. What can we say about | S- Sioo I 

71 = 1 

if a ioi = 10 -3 ? Is 5 larger or smaller than Sioo? 


solution Fromthetext,weknowthat[S-Siool < aioi = 10 — 3 . A Iso, the L eibniz testtel Is us that < S < S 2 N +1 

for any N > 1, so that Sioo < S. 


Exercises 

1. Show that 


converges absolutely. 


E 

71=0 


(- 1 )" 


00 1 1 

solution The positive series is a geometric series with r = Thus, the positive series converges, and the 

71=0 

given series converges absolutely. 

In Exercises 3-10, determine whether the series converges absolutely, conditionally, or not at all. 


3-E 


(- 1 ) 


71 — 1 


71=1 


,V3 


solution Thesequencea,, = is positive, decreasing, and tends to zero; hence, the series 


(-D 


71 — 1 


71=1 


,1/3 


converges 


OO ^ 

by the Leibniz Test. However, the positive series ^ is a divergent ^-series, so the original series converges 
conditionally. 


71 = 1 


5-E 


(-1V 


! — 1 


71=0 


( 1 . 1 )" 


71 = 0 


1 v . 


solution The positive series E( j ' s a conver 9 ent: geometric series; thus, the original series converges abso- 
lutely. 


7-E 


71=2 


(- 1 )” 
n In n 


solution Leta„ = ^-|L. Then a n forms a decreasing sequence (note that n and In,, are both increasing functions of 

0°^ / “]\71 ^ 

n) that tends to zero; hence, the series ^ — - — converges by the Leibniz Test. However, the positive series ^ — — 


71=2 


diverges, so the original series converges conditionally. 


71=2 
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n = 2 


QOS mz 

(In n )2 


solution Since cos/rjr alternates between +1 and -1, 


OO OO . -i \ y) 

% n QOS HTT \ ( 1) 

(Innj^ (lnn)2 

n=i n=i 

This is an alternating series whose general term decreases to zero, so it converges. The associated positive series, 

oo i 

5 (inn)2 

is a divergent series, so the original series converges conditionally. 

OO 1 

11. Let S = (-1)' ,+1 TT, 

i ni 

n = 1 

(a) Calculate S„ for 1 <n< 10 . 

(b) Use Eq. (2) to show that 0.9 < S < 0.902. 

SOLUTION 

(a) 


Si = l 

S 2 - 1 -^.I.0,S 75 


s 6 = 55 - -3 = 0.899782407 
57 = S 6 + Jy = 0.902697859 


5 3 = S 2 + ^ = 0.912037037 s s = S 7 - - y = 0.900744734 

54 = 5 3 - \ = 0.896412037 Sg = S 8 + \ = 0.902116476 


43 


93 


(b) By Eq. (2), 


so 


or 


10 3 


S 5 = S 4 + -, = 0.904412037 S w = Sg - 


1% ~S\< a 11 = 


510 “ IP - s - Sl ° + il3 ■ 


0.900365161 < 5 < 0.901867791. 


= 0.901116476 


00 

13 . Approximate Y' — to three decimal places. 

' J VI ' 


n=l 


00 1 

solution Let S = Y2 4 — . so thata,, = By Eq. (2), 


71=1 


I Sn ~ S\ < a N+ i = 


(N + l) 4 ' 

To guarantee accuracy to three decimal places, we must choose N so that 

< 5 x 10“ 4 or N > 4/2000 - 1 « 5.7. 


(TV + l) 4 

The smallest value that satisfies the required inequality is then N = 6. Thus, 

5«5 6 = l- 24 + 24-^- + ^- g4 = 0.946767824. 
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In Exercises 15 and 16, find a value ofN such that Sy/ approximates the series with an error of at most 10 ■*. If you have 
a CAS, compute this value of Sjj. 


(-D 


77+I 


15 - E 

n = 1 

solution L et 5 = Y2 

n = 1 


n(n + 2 )(n + 3) 

00 (_l) n +l 


n (n + 2) (n + 3) 


SO that a„ = 


n (. n + 2) (n + 3) 


By Eq. (2), 


1% S\<a N+ i ( j V + 1)( j V + 3)(iv + 4) - 

We must choose N so that 


1 

(M + l)(M + 3)(N + 4) 


< 10“ 5 


or (N + 1)(N + 3)(iV + 4) > 10 5 . 


For N = 43, the product on the left hand side is 95,128, while for N = 44 the product is 101,520; hence, the smallest 
value of N which satisfies the required inequality is N = 44. Thus, 


44 

^44 Xj + 2 )(« + 3) 

n = 1 


0.0656746. 


In Exercises 1 7-32, determine convergence or divergence by any method, 
oo 

17 . J 2 7 ~ n 

n= 0 


solution This is a (positive) geometric series with r = - < 1, so it converges. 


OO 1 

19 . Y- 

/ > R72 _ 


77=1 


5« 3« 


solution UsetheLimitComparisonTestwith 


5" 


.. 1/(5” - 

L = lim / - -= lim 


5" 


1/5" 


= lim 


n- s-oo 5" — 3" // — >-oo 1 — (3/5)" 


= 1 


But is a convergent geometric series. Since L = 1, the Limit Comparison Test tells us that the original series 

converges as well. 


OO 

2L 


77=1 


3/i 4 + 12/i 


solution UsetheLimitComparisonTestwith — z : 

3/i 4 

(l/(3// 4 + 12//) 

L = lim — — i = lim 


3/z 4 


l/3/i 4 


= lim 


OO 3/i 4 + 12/i 77— >00 1 -|- 472 3 


= 1 


Blit = 3 X^i is 9 convergent //-series. Since L = 1, the Limit Comparison Test tel Is us that the original 

series converges as well. 


OO -I 

23. 


solution Apply the Limit Comparison Test and compare the series with the divergent harmonic series: 

l 


L = lim — ^ 

77 — > OO i. 


77^+1 


= lim , 


= i. 


oo ^ 

Because L > 0, we conclude that the series - diverges. 
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00 372 1 / ' )\n 

25. y 3 + () 

Z 7 5 /; 

n=l 

solution T h e seri es 




72=1 


72=1 


3 


is a convergent geometric series, as is the series 


00 / i \n -)n ^ 

E^ = EH). 


Hence, 

also converges. 

OO 

27. y(-l)”H 2 e-' i3 / 3 

72=1 


E 

72 = 1 


72=1 


3" + (— 1)"2" 


72 = 1 


72 = 1 


72 OO 


= E U + E - 


72 = 1 


OO 


solution Consider the associated positive series y rr 2 e " / 3 . This series can be seen to converge by the Integral 

72 = 1 


Test: 


f x 2 e * 3 / 3 dx= lim f x 2 e ^ ^ dx = - I i m e * 3 / 3 |f=e 1 / 3 + I i m e ^ = e - 1 / 3 . 
J l R — >-oo Jl R— >00 1 R — >00 


The integral converges, so the original series converges absolutely. 

°° /_i \n 

29. y j 

' ;iV2(|n n)2 


77 = 2 


solution This is an alternating series with a n = 


n 1 / 2 (In «)■ 


r . Because a, , is a decreasing sequence which converges 


72=2 


(_ 1)72 

to zero, the series y ~Tf2 ~\ — ^2 conver 9 es by the Leibniz Test. (Note that the series converges only conditionally, not 
absolutely; the associated positive series is eventually greater than y=, which is a divergent p-series). 


1 

«374' 


00 . 

3 L E 3 n 


72 = 1 


05 


solution Choose N so thatfor n > N we have I n 77 < /? 0 - 01 . Then 

^ inn y ,i 001 y 1 

E 7! 1 - 05 “ E ,,1.05 - E ,,1-04 

n=N n=N n=N 

This is a convergent p-series, so by the Comparison Test, the original series converges as well. 
33. Show that 

111111 
C — _ j |_ (-... 

2 2 3 3 4 4 

converges by computing the partial sums. Does it converge absolutely? 
solution The sequence of partial sums is 

1 

Sl =2 

5 2 = Ji - \ = 0 

1 1 

53 = s 2 + 3 = 3 

5 4 = S 3 - \ = 0 
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and, in general, 


Sn = 


— , for odd N 
N 

0, for even N 


Thus, lim Sn = 0, and the series converges to 0. The positive series is 

N-+o o 


111111 

2+ 5 +3+3+4+4+ 


OO i 

••• = 2 V-; 

n 


n= 2 


which diverges. Therefore, the original series converges conditionally, not absolutely. 

35. fiS] Assumptions Matter Show by counterexample thatthe Leibniz Test does not remain true if the sequence 
a„ tends to zero but is not assumed nonincreasing. Hint: Consider 

111111 . . . , 

^ = ^-T + ^-n + T-^ + ---+--^7 + 


SOLUTION L et 


2 4 3 8 4 16 


11111 1 
R ~ 2“4 + 3“8 + 4“ 16 + '" + 


2” 


+ 1 2"+ 1 


This is an alternating series with 


a n — 


k + i 

i 

2*+l ' 


n = 2k — 1 
n = 2k 


Note that a n ->• 0 as>z -> oo, but the sequence {a„} is not decreasing. We will now establish that R diverges. 

For sake of contradiction, suppose that R converges. The geometric series 

OO -I 

E^+r 

n = 1 

converges, so the sum of R and this geometric series must also converge; however, 

OO -| OO -I 

*+E^+t = E„' 

n=l Z n= 2 

which diverges because the harmonic series diverges. Thus, the series R must diverge. 

37. Prove that if ^a„ converges absolutely, then also converges. Then give an example where ^ a„ is only 
conditionally convergent and ^ a „ diverges. 

solution Suppose the series y~p„ converges absolutely. Because y^|a„| converges, we know that 

lim |a„| = 0. 

72— >00 

Therefore, there exists a positive integer N such that \a n \ < 1 for all n > N. It then follows that for n> N, 

0 E a fl = \ a n\ = \ a n \ ‘ \ a n \ < \ a n \ * 1 = l fl /il- 

By the Comparison Test we can then conclude that y^aj, also converges. 


Consider the series y^ 


(- 1 )" 


This series converges by the Leibniz Test, but the corresponding positive series is a 


n = 1 


OO / ^ \ ^ OO OO 

divergent p-series; that is, ^ — — is conditionally convergent. Now, is the divergent harmonic series y^-. 


72 = 1 


72=1 


72=1 


Thus, need not converge if y^a„ is only conditionally convergent. 
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Further Insights and Challenges 

39. Use Exercise 38 to show that the foil owing series converges: 


1 1 2 1 1 2 
S = Jn2 + in~3 ~ Tn~4 + in~5 + In~6 _ TnT " i 

solution The given series has the structure of the generic series from Exercise 38 with = | n( „ 1 + i ) ■ Because a n is 
a positive, decreasing sequence with lim a„ = 0, we can conclude from Exercise 38 that the given series converges. 

n—¥ 0 o 

41. Show that the foil owing series diverges: 

112 1112 
5 - 1+ 2 + 3 “4 + 5 + 6 + 7 ~ 8 + '" 

Hint: U se the result of Exercise 40 to write S as the sum of a convergent series and a divergent series. 

SOLUTION L et 


and 


, 113 1113 

*- 1+ 2 + 3“4 + 5 + 6 + 7“8 + '" 


112 1112 
5 - 1+ 2 + 3 “4 + 5 + 6 + 7 “ 8 + '" 


For sake of contradiction, suppose the series S converges. From Exercise 40, we know that the series R converges. Thus, 
the series S - R must converge; however, 


1 ^ i 


111 l ^ l 

5 “ R - A + B + 17 + ' ' ' - A T, T, 


4 *—> k' 
k= 1 


which diverges because the harmonic series diverges. Thus, the series S must diverge. 

43. We say that {b n } is a rearrangement of {«„} if {b n } has the same terms as {a n } but occurring in a different order. Show 

oo oo 

that if {b n } is a rearrangement of {a„} and S = X a n converges absolutely, then T = X b n also converges absolutely. 


72=1 


n = 1 


N 


(This result does not hold if 5 is only conditionally convergent.) Hint: Prove that the partial sums X \b„ \ are bounded. 

n = 1 

It can be shown further that S — T. 


SOLUTION 


Suppose the series S = X a n converges absolutely and denote the corresponding positive series by 


n=l 


5+ = 


n = 1 


N oo 

Further, let T N = X \b n \ denote the 7/th partial sum of the series X \b n \. Because (ft,,) is a rearrangement of { «„}, we 

n = 1 n = 1 

know that 


0 <T N < ^| fl|I | = S + ; 

72=1 


that is, the sequence {T N } is bounded. M oreover, 


rv+i 


T/v+i = X = t n + I&am-iI > t n< 


72 = 1 


that is, {7 jv) is increasing. 1 1 follows that {7#} converges, so the series X \ b n\ converges, which means the series X b » 

72 = 1 72=1 

converges absolutely. 
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11.5 The Ratio and Root Tests 


a n + 1 


Preliminary Questions 

1. In the Ratio Test, is p equal to lim 


solution In the Ratio Test p is the limit lim 

ft— >oo 


or lim 

n — > oo 
a n+l 

a n 




^n + 1 


oo ^ oo ^ 

2. Is the Ratio Test conclusive for Y — ? Is it conclusive for Y -? 

In yt 


n = 1 
oo 


n = 1 


solution The general term of isa„ = ^ us ' 


n = 1 


2 ‘ 
a n -\- 1 


1 2" 


and 


a n 


p = lim 

n — >oo 


2" +1 1 2 ' 


a n 


= 7 <l - 


OO ^ 

Consequently, the Ratio Test guarantees that the series ^ — converges. 


oo i ^ 

The general term of V* - isa„ = thus, 

fa J n n 


n = 1 






and 




p = lim 

>oo 


1 n 


: + l 1 n + 1 




oo 


= lim 


n^-oo n + 1 


= 1. 


The Ratio Test is therefore inconclusive for the series Y 

' T? 


«=1 

3. Can the Ratio Test be used to show convergence if the series is only conditionally convergent? 
solution No. The Ratio Test can only establish absolute convergence and divergence, not conditional convergence. 


Exercises 

In Exercises 1-20, apply the Ratio Test to determine convergence or divergence, or state that the Ratio Test is inconclusive. 
oo i 




n = 1 


SOLUTION With a„ = 4r, 


a n + 1 


1 5 ” 1 

— = - and p = lim 


' 5 n + 1 1 5 

Therefore, the series ^ — converges by the Ratio Test. 


a n + 1 


= 5< L 


n = 1 


3. Y — 

r,n 


n = 1 


SOLUTION With a n = X, 


a n+\ 

1 n n 1 

f " ) 

n x 

1 - 1 

( 1+ ;) 

a n 

“ (n + 1)" +1 1 “ n + 1 1 

U + i J 

n + 1 1 
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p = lim 

n — > oo 


oo ^ 

Therefore, the series ^ — converges by the Ratio T est. 

n = 1 
oo 

s . y " 

, « 2 + 1 


SOLUTION W ith a n = — 2 ^- 


n + 1 77 2 + 1 n + 1 /7 2 + 1 

(77 + 1) 2 + 1 n n n 2 + 2/7 + 2 


p = lim 

n— >oo 


= 1-1 = 1 . 


Therefore, for the series y — , the Ratio Test is inconclusive. 

^ « 2 + 1 

We can show that this series diverges by using the L imit Comparison Test and comparing with the divergent harmonic 


solution W ith a n = 


2"+ 1 77 100 


(w + 1) 100 2 n \n + l 


and p= lim — 

«->oo a n 


= 2 • l 100 = 2 > 1. 


Therefore, the series ^ diverges by the Ratio Test. 

n= l " 

°° i n« 

9 . y ^ 

ti 2 " 

SOLUTION With a n = 

a„ + i 10" +1 2" 2 1 „ , 

■ — - = 10 • — -r and P = lim -"±^ =10-0 = 0 <1. 

a n 2 ( "+ 1>2 10" 2 2 " +1 77-j-oo 

°° 

Therefore, the series ^ — j- converges by the RatioTest. 

.. i 2 /7 


n . y — 

,,77 


SOLUTION With a n = j-ff, 


+,+l = e " +1 = ( n e / | 1 \"» 

a n (n + 1)"+! e" 77 + 1 \/j + 1/ 77 + 1 \ 77/ 


p= lim 

77-S-OO a,. 


= 0 - - = 0 < 1. 

e 


Therefore, the series ^ ^ converges by the RatioTest. 
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13 . Y — 

6 n 

n = 0 

solution W i th a n — p- , 


a n + 1 

_ (ft + 1)! 

• 6 ” - n + 1 and p- lim 

^ft + 1 

a n 

6" +1 

— Ql IU fJ — Mill 

ft! 6 n — >oo 

a n 


= 00 > 1 . 


Therefore, the series ^ ' n diverges by the Ratio Test. 

n=0 


OO 

15. 

J n I n n 
n= 2 

SOLUTION With a n — — i — , 
" n I n n ’ 


and 


a„+l 


;; I n ft 


In; 


(ft + 1) In (ft + 1) 1 ft + lln(ft + l)’ 


p = lim 


a n + 1 


= 1 ■ lim 


In ; 


n^oo \n(n + 1 ) ' 


Now, 


.. In;; In .r 1 /(a + 1) x 

I im = lim = lim — = lim = 1. 

i!->oo In (ft + 1) *->oo ln(x + 1) *->00 I/.V *->oo A + 1 


oo i 

Thus, p = l, and the Ratio Test is inconclusive for the series Y — — 

n n 


n= 2 


In; 


oo ^ 

Using the Integral Test, we can show that the series — — diverges, 

' n In v 


n= 2 


17 - E 


oo 2 
n 


n = 1 


(2/7 + 1)! 


SOLUTION With a„ = (2> " + i )! . 


and 


a n+ 1 

(ft + l) 2 (2ft + 1)! 

(,; + n 

| 2 1 

a n 

“ (2;; + 3)! „2 ! 

l « J 

(2;z + 3) (2/; + 2) 


p = lim 

ft— >0 O 


fl ft+l 


= r -o = o < i. 


oo 2 
n 


Therefore, the series „ 

^ (2/; + 1)! 
n = 1 


converges by the Ratio Test. 


OO 


n=2 


SOLUTION Withfl„ = 


and 


2 ” + 1 ' 


fl /z+l 

a n 


1 2» + 1 _ 1 + 2~ n 
2”+ 1 + 1 1 “ 2 + 2 “” 


p= lim 


^ft+1 


= 2 < 1 


Therefore, the 


OO ^ 

series ^ ^ converges by the Ratio Test. 

n=2 
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21. Show that ^ n k 3 " converges for all exponents k. 

n = 1 

SOLUTION With a n = ll k 3~ n , 


3 ft+ 1 




(n + l)*3-(»+l) 1 


i k 3~" 


= =r 1+- 


and, for all k, 


p = 1 1 m 

n — > oo 


a n+l 


3 3 


Therefore, the series ^ n k 3 " converges for all exponents k by the Ratio Test. 

n = 1 
oo 

23. Show that ^ 2 n x n converges if |*| < \. 

n = 1 

SOLUTION With a n = 2 n x n , 


a n + 1 


#ft 


2«+l| r |«+l 

— — = 2\x\ and p= lim 

2" \x\ n o 




*2ft 


= 2\x\. 


Therefore, p < 1 and the series ^ 2'V' converges by the Ratio Test provided \x\ < \. 

n = 1 

25. Show that y^ — converges if |r | < 1. 

i n 

/i— l 

SOLUTION W ith a n = , 


^n+l 


\r "+ 1 n w 

-• — = \r\ and p= 1 1 m 

n + 1 |r|" n + 1 n^oo 


^n+1 


= 1 - |r| = |r|. 


Therefore, by the Ratio Test, the series — converges provided |r | < 1. 

i „ 

n = 1 
oo 


n = 1 


27. Show that — converges. Hint: Use lim (l + -) = 

“ n" n- s-oo \ n I 


l\ n 


SOLUTION Witha,, = 5ir> 


a n + 1 


(n + 1)! n' 1 


(n + 1)' !+1 n\ \' 7 + l 


n-» 

= U + - 

n , 


and 


p = lim 

ft— >0 O 


3 ft+l 


^ft 


= - < 1. 

e 


n = 1 


Therefore, the series — converges by the Ratio T est. 


In Exercises 28-33, assume that \a nJr \/a n \ converges to p — i. What can you say about the convergence of the given 


series? 

OO 


Tl Clyi 


29. 

n = 1 

solution L et b„ — n^a„ . T hen 


p = lim 

ft— >oo 


^ft+1 

- lim ( n + P 


a n+ 1 

bn 

ft ^ oo y n , 

1 

a n 


> 1 ; 


Therefore, the series y^ converges by the Ratio Test. 


^=1 
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31. J2 y, an 

n = 1 

solution L et ft,, = 3 n a n . T hen 


.. ,ft„+ 1 3" +1 a n+ 1 1 

p= hm = hm — — = 3- = l. 

«->o o | bn n oo 3« a„ 3 


Therefore, the Ratio Test is inconclusive for the series Y 3 

n = 1 
oo 

33. X>« 

72=1 

solution L et ft,, = a}, . T hen 


p= lim = lim M ^ 

«->oo b n n-*o o \3/ 9 


= (Tr=i<i. 


Therefore, the series converges by the Ratio Test. 


35. I s the Ratio T est conclusive for the p-series Y'' — ? 

1 nP 

n = 1 


SOLUTION Withfl,, = -Y, 


<7„_l_l 1 nP / 

fl„ (n + 1)P 1 \n + 1 


and p= lim 


= IP = 1. 


oo ^ 

Therefore, the Ratio Test is inconclusive for the p-series Y'' — . 

*—c nP 

n = 1 

In Exercises 36-41, use the Root Test to determine convergence or divergence (or state that the test is inconclusive). 
oo , 

37. Y — 

n" 

rt — 1 

solution W i th a„ — i , 


Tin = ,7 — = - and lim rfaY = 0 < 1. 

V ;z" n n-> oo 


Therefore, the series ^ — converges by the RootTest. 


~/ ft \* 


3 \5^ 

SOLUTION W i th Ok = ( ) 




■ \* ft , .. i . 

=- and lim ifai=-< 1. 

3ft + 1 / 3ft + 1 ft-s-oo 3 


Therefore, the series Y y ^k + l ) conver 9 es b y the RootTest 

00 / 1 \ -« 2 

“■Y H) 

SOLUTION With Ok = (1 + \ ) - " , 


and lim Y/aY = e 1 < 1. 


00 ( 1\ - ” 2 

Therefore, the series Y ( 1 + - ) converges by the RootTest 
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In Exercises 43-56, determine convergence or divergence using any method covered in the text so far. 
~ 2" +4" 

43 - 

n = 1 

solution Because the series 

00 m 00 /*)\w 00 ah 00 /A\n 


n = 1 ft=l 

are both convergent geometric series, it follows that 


ErE ; - 


n = 1 ft=l 


00 /*)\ « 00 /4\ « 


ft=l 


ft=l 

also converges. 

CXD 3 

45. V 

5/1 

71=1 

solution The presence of the exponential term suggests applying the Ratio Test. With a„ - E 


a n -\- 1 


(n + 1) 3 5" 1/ P 3 


— , = — 1 1 H — ) and p = lim 


5" +1 n 3 5 

r[ 3 

Therefore, the series ^ ^ converges by the Ratio Test. 


a n+l 




00 1 

— n J 


n = 1 


00 1 

47. E ; 

71 = 2 V " 3 - « 2 


solution This series is similar to a p-series; because 


» 3 / 2 

for large n, we will apply the Limit Comparison Test comparing with the p-series with p = Now, 

1 


L= lim lim 


ft->00 1 ft— > 0 O V 

S377 V 


= 1. 


00 ^ 

The p-series with p = | converges and L exists; therefore, the series ^ also 


«= 2 V 7 " 3 -” 2 


converges. 


CXD 

49. 

ft=l 

SOLUTION 


CXD OO n 

E «-°' 8 = E^ 

77=1 77 = 1 


so that this is a divergent p-series. 

CXD 

51. ^4- 2,!+1 

ft=l 

solution Observe 


is a geometric series with r = i; therefore, this series converges. 


^ 4 _2 ” +1 = 4 • (4 -2 )" = J2 4 

ft=l ft = l ft=l 


1 

16 , 
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OO 

S3, ^sin^ 


n = 1 


solution Here, we will apply the Limit Comparison Test, comparing with the p-series with p = 2. Now, 


r r sin ^ | 1 sin “ n 
L = lim — — = lim = 1, 

n-*o o i ,,->0 u 

n*- 


i/here u — The p-series with p = 2 converges and L exists; therefore, the series ^ sin also converges. 


n — 1 


55. £ 


(- 2 )" 


n = 1 

solution Because 


2 * In 2 

lim — — = lim — — = lim — = — = lim 2 x+l ^/x\n 2 = oo 7 ^ 0 , 

n->0 O .02 X->00 0c *->-oo -I- *->oo 

00 /_ 2 ^ 

the general term in the series ^ — — does not tend toward zero; therefore, the series diverges by the Divergence Test. 

. y/n 
n = 1 


Further Insights and Challenges 

oo 

57. pSj Proof of the Root Test Let S = a n be a positive series, and assume that L = lim l/oT" exists. 

z — ' n — >oo 

72=0 

(a) Show that S converges if L < 1. Hint: Choose R with L < R < 1 and show that < R n for n sufficiently large. 
Then compare with the geometric series ^ R n . 

(b) Show that 5 diverges if L > 1. 
solution Suppose lim rfail = L exists. 

n — > oo 

(a) If L < 1 , 1 et 6 = — — — . By the defi nition of a limit, there is a positive i nteger N such that 

— e < itfcLn — L < e 

for n > N. F rom this, we conclude that 


0 < z/on < L + € 


for n > N. N ow, let R = L + e. Then 


R = L + 


1 - L 
2 


and 


L+l 1+1 . 


0 < 'Ifiht < R or 0 < a n < R n 

OO OO 

for n > N. Because 0 < R < 1, the series ^ R n is a convergent geometric series, so the series converges by 

n=N n=N 

oo 

the Comparison Test. Therefore, the series ^a„ also converges. 

n = 0 

(b) If L > 1, 1 et € = — — — . By the defi nition of a limit, there is a positive i nteger N such that 

—e < T/oTf — L < e 

for n > N. F rom this, we conclude that 

L 6 < 1 / tin 


for n > N. N ow, let R = L — e. Then 


R = L- 


L- 1 L + l 1 + 1 


= 1 , 


2 


2 


2 


SECTION 11.6 | PowerSeries 697 


and 


R < or R n < a n 


OO OO 

for n > N. Because R > 1, the series ^ R" is a divergent geometric series, so the series diverges by the 

n=N n=N 

oo 

Comparison Test. Therefore, the series V'a,, also diverges. 

n = 0 


c n n » 

59. LetS = V^ — : , where c is a constant. 

(a) Prove that 5 converges absolutely if |c| < e and diverges if |c| > e. 

e n n } z — 

(b) It is known that lim — = V2n. Verify this numerically. 

n — >oo w «+l/ ^ 

(c) Use the Limit Comparison Test to prove that 5 diverges for e = e. 

SOLUTION 

(a) With a„ = 


a n+l 

|c|» +1 (n + l)! 

n n 

— \ c 

if n Y'-k 

ifi+ir" 

a n 

(n + 1)« +1 

|c|”n! 

V 7 + 1/ 

T + n) 


and 


p = lim 

n—>OQ 


a n+l 

a n 


= \c\e~ 1 . 


OO 

Thus, by the Ratio Test, the series ^ — — converges when kk _1 < 1, or when |c| < e. The series diverges when 

n = l 

Id > e. 

(b) Thetablebelow lists the valueof forseveral increasing values of Since -Jin = 2.506628275, the numerical 
evidence verifies that 


im 

-»°o „ 


e n n\ 
n+ 1/2 


= V2jt. 


n 

100 

1000 

10000 

100000 

e n n\ 
n n+ 1/2 

2.508717995 

2.506837169 

2.506649163 

2.506630363 


(c) With c = 


oo 

e, the series S becomes ^ 

«=1 


e n n\ 


Using the result from part (b), 


e"n\ 

L= lim 

n^oo ^ j n 


lim ■ 

n— >oo i 


,«+ 1/2 


= V2n. 


oo 

Because the series ^ *Jn diverges by the Divergence Test and L > 

n = 1 

Comparison Test. 


OO 

0, we conclude that ^ 

n = 1 


e n n\ 

n n 


diverges by the Limit 


11.6 PowerSeries 

Preliminary Questions 

1. Suppose that ^ a n x n converges for x = 5. M ust it also converge for x = 4? W hat about x = -3? 

solution The power series ^a„x' ! is centered at x = 0. Because the series converges for x = 5, the radius of 
convergence must be at least 5 and the series converges absolutely at least for the interval |x| < 5. Both x = 4 and 
x = —3 are inside this interval, so the series converges for x = 4 and for x = -3. 

2. Suppose that y^a n (x - 6)" converges for x = 10. At which of the points (a)-(d) must it also converge? 

(a) x = 8 (b) x = 11 (c) x = 3 (d) x = 0 
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solution The given power series is centered at * = 6. Because the series converges for * = 10, the radius of 
convergence must be at least 1 10 - 6| = 4 and the series converges absolutely at least for the interval |* — 6| <4, or 
2 < x < 10. 

(a) x = 8 is inside the interval 2 < jc < 10, so the series converges for x = 8. 

(b) x = 11 is not inside the interval 2 < x < 10, so the series may or may not converge for x - 11. 

(c) x = 3 is inside the interval 2 < jc < 10, so the series converges for x = 2. 

(d) jc = 0 is not inside the interval 2 < x < 10, so the series may or may not converge for x = 0. 

3. What is the radius of convergence of F(3x ) if F(x) is a power series with radius of convergence R = 12? 

solution If the power series F( *) has radius of convergence R = 12, then the power series F(3x) has radius of 
convergence R = ^ = 4. 

OO 

4. The power series F(x) = E nx" has radius of convergences = 1. What is the power series expansion of F'(x ) 

n = 1 

and what is its radius of convergence? 

solution We obtain the power series expansion for F'(x) by differentiating the power series expansion for F(x) 
term-by-term. Thus, 


OO 

F\x) = ^nV- 1 . 

n = 1 

The radius of convergence for this series is R = 1, the same as the radius of convergence for the series expansion for 
F(x). 


Exercises 


00 X n 

1. Use the Ratio Test to determine the radius of convergence R of E — . Does it converge at the endpoints x = ±Rl 

n=0 


SOLUTION With a n = j, l, 


a n+l 


\x\ n+1 2" 

2"+ 1 ' R " 


W 

2 


and 


p = lim 

n — > oo 


a n + 1 
a n 


w 
2 ' 


By the Ratio Test, the series converges when p = ^ < 1, or \x\ < 2, and diverges when p - ^ > 1, or |x| > 2. 
The radius of convergence is therefore R = 2. For x = -2, the left endpoint, the series becomes which is 

divergent. For* = 2, the right endpoint, the series becomes 1, which is also divergent. Thus the series diverges at 
both endpoints. 


3 . Show that the power series (a)- (c) have the same radius of convergence. Then show that (a) diverges at both endpoints, 
(b) converges at one endpoint but diverges at the other, and (c) converges at both endpoints. 


OO 

(a) E 


n = 1 


x n 

3" 


(b) y — 

1 1 Z- n3" 


n=l 


oo 

E 


n = 1 


n 2 3 n 


SOLUTION 

(a) With a n = ^ 


lim 

a n + 1 

= lim 

x n+1 3" 

= lim R 

1 * 1 

n — >oo 

a n 

n—>o o 

3»+l x n 

«->oo | 3 1 

3 


Then p < 1 if |*| < 3, so that the radius of convergence is R = 3. For the endpoint* = 3, the series becomes 


ErE 1 ' 

n = 1 n = 1 

which diverges by the Divergence Test. For the endpoint* = -3, the series becomes 


OO 


E 


(-3)" 

3" 


OO 


E(-iv 

n = 1 


which also diverges by the Divergence Test. 




SECTION 11.6 | PowerSeries 699 


(b) W ith Q„ = T~nr, 


p = lim 


= lim %[JL 


n^-oo | a n | n — > oo (n + 1)3«+ 1 X n >oo \ 3 \n + lj\~\3\- 


Then p < 1 when |*| < 3, so that the radius of convergence is R = 3. For the endpoint * = 3, the series becomes 


OO -* n OO 1 

r.L = ri 

^ m3” ' n 

n = 1 n = 1 


which is the divergent harmonic series. For the endpoint* = -3, the series becomes 


^ (_3)" ^ (_i)” 


,,-in L-i 


which converges by the Leibniz Test, 
(c) Withfl,, = 44, 


p = lim 


= lim 


x n + 1 M 2 3" I 


i . x n 

= lim ~ ( 


n— >o o | a n | n — > oo (n + l)^3 n ^ x n n — > oo 3 \n + l 


Then p < 1 when \x\ < 3, so that the radius of convergence is R = 3. For the endpoint x = 3, the series becomes 


OO "2 ft OO -| 

n=L n=L 


which is a convergent p-series. For the endpoint* = -3, the series becomes 


“ (_3)" “ (-1)" 


E^ = E 


which converges by the Leibniz Test. 


5. Show that ^ n n x n diverges for all * ^ 0. 


solution With a„ = n n x", and assuming * -fi 0, 


a n+ 1 (n + 1)”+V+ 1 / 1\” 

p = lim -5±± = lim = lim * 1 + - (n + 1) = oo 

/!- s-oo a n n-*-o o m”*” n-*oo y n y 


pel only if * = 0, so that the radius of convergence is therefore = 0. In other words, the power series converges 
only for* = 0. 


00 x 2n 


7. Use the Ratio Test to show that ^ — has radius of convergence R = s/3. 


2n n — 0 


SOLUTION W ith a n = — — , 

n 


p = lim 


a„+i I ., * 2 f" +1 f 3" * 2 * 2 

= hm = lim — = — 


mil — 1 1 1 1 1 ^ — 1 1 1 ii . — 

n— >oo a n n — > oo X^ n n—>oo 3 


Then p < 1 when |* 2 | < 3, or* = a/3, so the radius of convergence is = a/3. 

In Exercises 9-34, find the interval of convergence. 


9. ^M*" 

n = 0 

SOLUTION With a n = M*”, 


fl«+l I .. (n + 1)*" +1 I M + ll 

= lim = lim * = 


p= lim = lim - 

n-roo a„ n ^ oo M* 


n^-oo n 
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Then p < 1 when |x| < 1, so that the radius of convergence is R = 1, and the series converges absolutely on the interval 

OO 

\x\ < 1, or -1 < x < 1. For the endpoint x = 1, the series becomes y ~\n, which diverges by the Divergence Test. 

n= 0 
oo 

For the endpoint* = -1, the series becomes ^(-1 )"m, which also diverges by the Divergence Test. Thus, the series 

n = 1 
oo 

Y. nx n converges for -1 < x < 1 and diverges elsewhere. 

r\ 


°° v 2 n+l 

^ ' .. -1 x n * 


n = 1 


x Zn+L 

SOLUTION With a n = (— 1)"— , 

2 "n 


x 2 ("+l)+l 2"n 

— lim 

2 

* w 


x 2 

2"+ 1 (m + 1) x 2,,+1 

n — > oo 

2 77 — j— 1 


2 


i i id i fj ± vv i ici i | a | ^ v l. , li ic i aui to ui iv — v t-, aiiu u ic dci ico v»um v ci yco auDui ulci y ui i u ic 1 1 ilci v ai 

OO oo ^2 

-V2. < x < y/2. For the endpoint jc = -V2, the series becomes Y^ (-1)” = Y^ (-l) w+1 — , which converges 

“ n “ n 

n = 1 n = 1 

00 s/2 

by the Leibniz test. For the endpoint x = V2, the series becomes (-1)" — which also converges by the Leibniz test. 

i n 

n = 1 

oo x 2 «+l 

Thus the series (— 1 )" — converges for -*Jl <x<V2 and diverges elsewhere. 

i £ n 

n = 1 

00 Y n 

13 . EE 

n 3 

n = 4 

solution W i th a„ — K- , 

n J 


p= lim “f'ii = lim 

«-»o o n^-oo 


X" +1 M 5 
(77 + l) 5 X” 


— = lim x 

: n n — > oo 


Then p < 1 when |x| < 1, so the radius of convergence is R = 1, and the series converges absolutely on the interval 

OO ^ 

|*| < 1, or -1 < x < 1. For the endpoint* = 1, the series becomes Y^ -f-, which is a convergent ^-series. For the 

n = 1 

o° / “\_\ n °° 

endpoint* = -1, the series becomes Y^ — f— , which converges by the Leibniz Test. Thus, the series Y^ -f- converges 

w - 3 ■“ w - 3 

«=1 «=4 

for -1 < x < 1 and diverges elsewhere. 

00 v « 

15. V— T 

„=o < w!) 

SOLUTION With fl,, = -Ytt. 

n (nW 


p = lim — 

n->o o a 


a„ + l x ' 1+1 (a!) 2 

— 2 Z- = lim T • = lim x 

a n n +oo (( n + 1)!)Z x" n^oo 


— ) 2 
» + i; 


1 for all x, so the radius of convergence is R = oo, and the series converges absolutely for all x. 


17 -E 


SOLUTION 


With a n = , and assuming x ^ 0 , 


(n!)3 

p= lim 

«->00 


= lim 


( 2 (n + l))!x n+1 (m!) 3 .. I (2m + 2)(2m + 1 ) I 

5 • ~Z = lim * 5 


lim 5 — ■— = lim x- 

n^oo ((m + 1)!) 3 (2m)!x" n +oo | (m + 1) 


. . 4m 2 + 677 + 2 

= lim x , , 

n +00 4 . 3 ,jZ + 3„ + 1 


Then p < 1 for all x, so the radius of convergence is R 


An 3 + 6m 3 + 2m 3 

= 1 1 m x , + , =0 

«-+oo i -|- 3 m 1 + 3m Hm 3 

= oo, and the series converges absolutely for all x. 
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OO 


19 -E 

n = 0 


y/n 2 + 1 


SOLUTION With a„ = ( , 

V « 2 +l 


p = lim 

ft— >oo 


= lim 

rt— >0 o 


= 1*1 


tf/i + l 


= lim 

«— >-o o 


(- l ) n+1 * n+1 ^,,2 + ! 


y/n 2 + 1 


V /7 2 + 2m + 2 


V«2 + 2/7 + 2 (-1)"*" 

/ 7 2 + 1 


= 1 1 m 

ft— >oo 


+ 2 77 + 2 


= lim 

H— o 


1 + 1 / 77 2 


1 + 2/« + 2/« 2 


Then p < 1 when |*| < 1, so the radius of convergence is R = 1, and the series converges absolutely on the interval 


-1 < x < 1. For the endpoint* = 1, the series becomes ^ 


(- 1 )" 




which converges by the Leibniz Test. For the 


OO ^ 

endpoint* = -1, the series becomes ^ , which diverges by the Limit Comparison Test comparing with the 

n=\ v ” 2 + 1 

00 (—l) n x n 

divergent harmonic series. Thus, the series ^ ' converges for -1 < * < 1 and diverges elsewhere. 

„=0 v” 2 + 1 


21- E 


71=15 


*2/i+ 1 

3/7 + 1 


SOLUTION W ith a n = 


*2n+ 1 
3/7 + 1 ' 


lim 

a n + 1 

= lim 

ft— >0 O 

a n 

ft— >00 


c 2/i+3 3r + ! 


3/7 + 4 x 2n+l 


= lim 

n—>oo 


2 3/7 + 1 


3/7 + 4 


= |* 2 | 


Then p < 1 when |* 2 | < 1, so the radius of convergence is R = 1, and the series converges absolutely for -1 < * < 1. 

OO ^ 

For the endpoint* = 1, the series becomes ^ , which diverges by the Limit Comparison Test comparing 


71 = 15 


with the divergent harmonic series. For the endpoint * = -1, the series becomes 


«=15 


-1 

3/7 + 1 


which also diverges by 


0° ^ 2/7 + 1 


the Limit Comparison Test comparing with the divergent harmonic series. Thus, the series — — converges for 

-1 < * < 1 and diverges elsewhere. 


77 = 15 


2 3- E 


x 

In n 


n = 2 

SOLUTION Withfl ;i = 


lim 

a n + 1 

= lim 

ft— >00 

a, 7 

ft — >■ OO 


v-77 + 1 


In n 


In (77 + 1) x n 


= lim 

ft — > OO 


ln(/7 + 1) 


In / 


= lim 

ft — >- OO 


1 /(« + 1) 


I/77 


= lim 

n— >00 


77 + 1 


= 1*1 


using L'Hopital's rule. Then p < 1 when |*| < 1, so the radius of convergence is 1, and the series converges absolutely 


LAJ 2 

on the interval |*| < 1, or -1 < * < 1. For the endpoint* = 1, the series becomes ^ ■ Because ^ > \ 


n = 2 


and 


OO ^ 

£-is the divergent harmonic series, the endpoint series diverges by the Comparison Test. For the endpoint* = -1, 


ft =2 


OO' /_]\ft OO ' yJl 

the series becomes — , which converges by the Leibniz Test. Thus, the series - — converges for -1 < * < 1 


ft =2 

and diverges elsewhere. 


ft= 2 
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25. Y2" (x ~ 3) " 

n = 1 

solution With a„ = n(x — 3 ) r ‘ 


lim 

a n+l 

= lim 

77 — > OO 

a n 

77 — > OO 


in + l)(x - 3)' !+1 


n(x — 3)" 


= lim 

- n + 1 
(x 3) • 

77 — > OO 

n 


= |x - 3| 


Then p < 1 when \x - 3| < 1, so the radius of convergence is 1, and the series converges absolutely on the interval 

OO 

\x - 3| < 1, or 2 < x < 4. For the endpoint x - 4, the series becomes Y n, which diverges by the Divergence Test. 


n = 1 


For the endpoint x = 2, the series becomes ^ which also diverges by the Divergence Test. Thus, the series 


n = 1 


Y. nix - 3)" converges for 2 < x < 4 and diverges elsewhere. 

77=1 


oo 

27. £(-l)»n 5 (* - 7)" 

71=1 


SOLUTION 


With a n = (-l)"n 5 (x - 7)", 


p = lim 

«— >-0 o 


= lim 

77 — > OO 


^77 + 1 


= lim 

77 — > OO 


(-l) n+1 (M + l) 5 (x - 7) n+1 


(.V - 7) 


n 3 + . . . 


(-l)' ! /? 5 (x - 7)' i 


= I* - 7| 


= lim 

77 — > OO 


(x - 7) 


(n + lf- 


Then p < 1 when |x - 7| < 1, so the radius of convergence is 1, and the series converges absolutely on the interval 

OO OO 

|x - 7| < 1, or 6 < x < 8. For the endpoint x = 6, the series becomes ^(-l) 2 "/? 5 = Y which diverges by the 

77 = 1 77 = 1 

OO 

Divergence Test. For the endpoint x = 8, the series becomes ^(-l)"/? 5 , which also diverges by the Divergence Test. 


77 = 1 


Thus, the series ^(-l)% 5 (x - 7)" converges for 6 < x < 8 and diverges elsewhere. 


77 = 1 


29 - + 


77=1 


SOLUTION With a n = Z ” ( 3 ^ 3) ” , 


p = lim 

77 — >00 


= lim 

77 — >00 


a n+\ 


2(x + 3) 


= lim 

77 — > OO 


2" +1 (x + 3)" +1 3 n 


1 + 1 /n 


3(h + 1) 2"(x + 3)" 

= I2(x + 3)| 


= lim 

77 — > OO 


2(x + 3) 


3 n 


3n + 3 


Then p < 1 when |2(x + 3)| < 1, so when |x + 3| < j. Thus the radius of convergence is and the series converges 

OO ^ 

absolutely on the interval |x + 3| < or -j < x < -|. For the endpoint x = the series becomes Y t~> 

J72 

77 = 1 

which diverges because it is a multiple of the divergent harmonic series. For the endpointx = the series becomes 

T — — , which converges by the Leibniz Test. Thus, the series y — (x + 3) n converges for -l < x < -5 and 
“ in “ in L L 

77 = 1 77=1 

diverges elsewhere. 
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yv ( c.\n 

3i. y - — -(x + iof 

“ n\ 


n = 0 

SOLUTION 


with a „ = t^r^ + io)", 


lim 

^77+1 

= lim 

n — >oo 

a n 

n — >oo 


= lim 

5(x + 10)- 

71 — > OO 

n 


(-5)"+ 1 (x + 10)' ,+1 n\ 

( n + 1)! (-5)”(x + : 

(_5)W 

Thus p < 1 for all x, so the radius of convergence is infinite, and —(x + 10)" converges for all x 

z — ' n\ 

w=n 


= 0 


33. ]T e n (x - 2f 

n= 12 

solution With a n = e n (x — 2)", 


lim 

a n-\- 1 

- lim 

n-^-oo 

a n 

77 — >00 


e n+l (x - 2)" +1 


= lim \e{x — 2)| = \e(x — 2)| 
n — >■ oo 


converges 
series becomes 


e n (x - 2 y 

Thusp < 1 when \e(x - 2)| < 1, so when \x - 2| < e _1 . Thus the radius of convergence is e _1 , and the series 
absolutely on the interval \x - 2| < e _1 , or 2 - e~ l < x <2 + e~ l . For the endpoints = 2 + e~ l , theserie 

OO OO 

1, which diverges by the Divergence Test. For the endpoint x = 2- e~ l , the series becomes y^(-l)", which also 

n = 1 n = 1 

oo 

diverges by the Divergence Test. Thus, the series Y e n (x - 2)" converges for 2 - e~ l < x <2 + e~ l and diverges 

n=12 

elsewhere. 

In Exercises 35-40, use Eq. (2) to expand the function in a power series with center c = 0 and determine the interval of 
convergence. 

35 - /w = r i 

solution Substituting 3x for x in Eq. (2), we obtain 


-i OO OO 

n = 0 n = 0 


This series is valid for \3x\ < 1, or |x| < j. 


37. f(x) = 

3 — x 

solution First write 


Substituting | for* in Eq. (2), we obtain 


3 — x 3 1 — 


1 OO OO n 

1 v / X \ M \ "\ X 

T n = 0 n=0 


Thus, 


1 l^x n 


OO yi 
— X 


_ 1 y' x ‘ _ 

3 - x ~ 3 E E 3n+T - 

71=0 71 = 0 


This series is valid for |x/3| < 1, or \x\ < 3. 

39 . m = jT-j 

solution Substituting -x 2 for x in Eq. (2), we obtain 

1 OO OO 

= E( _,2 yi = E( _ lr 

«= 0 n=0 


n x 2n 


This series is valid for |x| < 1. 
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41. Use the equalities 


1-* -3 - (x - 4) i + (^4) 


to show that for \x — 4| <3, 


1 + . -., i+ i C* -4)» 

3«+l 


= E'- 1 '" 


n = 0 


solution Substituting -^4 for jc in Eq. (2), we obtain 


1 + 


1 00 / v — 4\" 00 

wr^ ] ’ 


71=0 


, (x - 4)" 
3“ ' 


Thus, 


1 1 


00 (x - 4)” 00 


= y ( -i)»+ l (x ~ 4) " 

371 ’ 371+I 

71=0 


This series is valid for | - < 1, or \x — 4| <3. 

43. Use the method of Exercise 41 to expand 1/(4 - x) in a power series with center c - 5. Determine the interval of 
convergence. 

solution First write 


1 _ i 1 

4 — x — 1 — (x — 5) 1 + (x — 5) 

Substituting -(x - 5) for x in Eq. (2), we obtain 

1 OO OO 

n^-D-ur-sy-E,- !)■<«- Sf. 

71=0 71=0 

Thus, 

1 OO OO 

4 — = - J2(-l) n (x - 5) n = J2(-V n+1 (* - 5 )"- 

71=0 71=0 

This series is valid for | - (x - 5)| < 1, or \x - 5| < 1. 

45. A pply integration to the expansion 

1 OO 

— — = y (~i) n x n = i- x +x 2 -x 3 + ■■■ 

1 + x — 


to prove that for -1 < x < 1 , 


SOLUTION 


ln(l + x) = 

71 = 1 




x 2 x 3 

= *-y + y- 


To obtain the first expansion, substitute -x for x in Eq. (2): 



1 

1 + x 


71=0 71 = 0 


This expansion is valid for | — x| < 1, or -1 < x < 1. 

Upon integrating both sides of the above equation, we find 


ln(l + x) 


/ 


dx 

1+x 



dx. 
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Integrating the series term-by-term then yields 


r n + 1 


ln(l + x) = C + y'(-l) n — — . 

1 n + 1 


n = 0 

To determine the constant C, set x - 0. Then 0 = ln(l + 0) = C. Finally, 

,-H + l 


In 




n = 0 


n = 1 


n-l x _ 
n 


47. Let F(x) — (x + 1) I n (1 + x) — x. 

(a) Apply integration to the result of Exercise 45 to prove that for -1 < x < 1, 


F(x)=J2 ( ~ 1 )' 

n = 1 


7+1 


,-H + l 


n(n + 1) 


(b) Evaluate at x = ^ to prove 


3,31 1 

In - - - = 


1 1 
+ 


2 2 2 1 • 2 • 2 2 2 - 3 • 2 3 3 - 4 - 2 4 4 • 5 • 2 5 

(c) Use a calculator to verify that the partial sum 54 approximates the left-hand side with an error no greater than the 
term <35 of the series. 

SOLUTION 

(a) Note that 


/' 


ln(x + 1) dx = (x + 1) ln(x + 1) — x + C 
Then integrating both sides of the result of Exercise 45 gives 


(x + 1) ln(x + 1) — x = / ln(x + 1 ) dx = 


/ ln(x + l)dx = 

n = 1 


00 (-l^-V 


dx 


For -1 < x < 1, which is the interval of convergence of the series in Exercise 45, therefore, we can integrate term by 
term to get 


00 1 r 

(x + 1) ln(x + 1) — x = ^2 / x " dx = ^2 

n = 1 n = 1 


(-D 


n — 1 yft+1 


_ + C =£(-!) 


w+ 1 


r «+l 


+ c 




(noting that (-1)" -1 = (-1)" +1 ). To determine C, evaluate both sides atx = 0 to get 

0 = lnl — 0 = 0 + C 

so that C = 0 and we get finally 

71+1 

(x + 1) ln(x + 1) — x = y~'(-l) n+1 x 

' n(n + 1) 


(b) Evaluating the result of part(a) atx = ^ gives 

0 0 1 00 
+ - + = yvi)" +1 

222 *-> 


n = 1 

1 1 


n = 1 


n(n + 1)2”+1 

1 


1 • 2 • 2 2 2 • 3 • 2 3 3 • 4 • 2 4 4 • 5 • 2 5 


+ ... 


(c) 


5 4 = 


1 1 

+ 


1 • 2 • 2 2 2 • 3 • 2 3 3 • 4 • 2 4 4 - 5 • 2 5 

1 


= 0.1078125 


<25 = 


5 • 6 - 2 6 


0.0005208 


3,3 1 

2 n 2 2 


0.10819766 
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and 


3 3 

S 4 — ± In - 
q 2 2 


1 

2 


0.0003852 < a 5 


49. U se the result of Example 7 to show that 


.x- 2 x 4 x 6 

F(x) ~ H2 “ 3^4 + 5~6 ~ 



is an antiderivative of f(x) = tan -1 x satisfying F(0) = 0. What is the radius of convergence of this power series? 

solution For-1 <x < 1, which is the interval of convergence for the power series for arctangent, we can integrate 
term-by-term, so integrate that power series to get 


Fix) = 


J tan 1 x dx 


^ r (-1 ) n x 2»+l * x 2 "+ 2 

Z-'J 2/7 + 1 x ’ (2« + 1)(2« + 2) 

n = 0 n = 0 


x 2 x 4 x® x® 
n2 _ 3^4 + 5^6 _ 7^8 + "' + C 


If we assume F(0) = 0, then we have C = 0. The radius of convergence of this power series is the same as that of the 
original power series, which is 1. 

OO 

> ^ Yl 

51. Evaluate ^ ^n- Hint: Use differentiation to show that 

” = ^ OO 

(1 - x) -2 = ^2 nx n ~ l (for |x | < 1) 

n = 1 


solution Differentiate both sides of Eq. (2) to obtain 


Setting x=\ then yields 


Divide this equation by 2 to obtain 


1 

(l-*) 2 


E”x" % 

n = 1 


oo 


E 


n 

2«-l 



= 4. 


oo 



53. Show that the following series converges absolutely for |x| < 1 and compute its sum: 

F{x ) = 1 — x — x 2 + x 2 — x 4 — x 5 + x 6 — x 2 — x® + • • • 
Hint: W rite Fix) as a sum of three geometric series with common ratio x 3 . 
solution Because the coefficients in the power series are all ±1, wefind 


a n+\ ^ 

a n 

The radius of convergence is therefore R = ;- _1 = 1, and the series converges absolutely for |x| < 1. 

By Exercise 43 of Section 11.4, any rearrangement of the terms of an absolutely convergent series yields another 
absolutely convergent series with the same sum as the original series. Following the hint, we now rearrange the terms of 
Fix) as the sum of three geometric series: 



F(x) = ^1 + x^ + x 6 + • • • ) — (x + x 4 + x 7 + • • • j — (x 2 + x 3 + x 8 + • • • ) 


OO OO OO 

= E(*V - E*^ 3 )" - E* 2 (* 3 )" 

n = 0 n = 0 n=0 


1 X x 2 

1 - X 3 ” 1 - X 3 ” 1 — X 3 


1 — x — x 2 

1 - X 3 
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55. Find all values of x such that y converges. 


SOLUTION Witha^^i-p, 


if \x | < 1, then 


a „ + 1 |.v|(" +1 ) 2 «! |.v| 2 " +1 

a ;i (n + 1)! \x\ n ^ a + 1 


lim — — — = 0, 

n->o o 77 + 1 

and the series converges absolutely. On the other hand, if |x| > 1, then 


lim = oo, 

n-x > o « + l 


00 r n 2 
x — ' -*■ 


and the series diverges. Thus, y : — converges for -1 <x< 1 and diverges elsewhere. 

z ' n\ 


57. Find a power series P{x) = ^ ~^a n x n satisfying the differential equation / = -y with initial condition _y(0) = 1. 

n = 0 

Then useTheorem 1 of Section 5.8 to conclude that P(x) = e~ x . 

OO 

solution Let P(x) = y a nx n and note that P( 0) = ao; thus, to satisfy the initial condition P(0) = 1, we must take 

77 = 0 

aQ = 1. N OW, 

oo 

P\x) — Y, na n x"~^ , 

77=1 


P\x) + P(x) = na n x n 1 + a n x" — ^ [(« + + a n] x n . 

77 = 1 77=0 77=0 

I n order for this series to be equal to zero, the coefficient of x n must be equal to zero for each n\ thus 


(n + l)fl (!+ i + a„ = 0 or a n+ i = — . 

72+1 


Starting from ao = 1, we then calculate 


ai = -y = -1; 

a l 1 

“ 2 = ~T = r 


aj 1 1 

T = ”6 = _ 3!’ 


and, in general, 


Flence, 


a», = (-1)"-. 

77 ! 


p(x) = y{-iy i y. 

n ! 

77=0 

The solution to the initial value problem / = -y, y (O') = 1 is y - e~ x . Because this solution is unique, it follows that 





708 CHAPTER 11 | INFINITE SERIES 


59. U se the power series for y = e x to show that 

i _ i 1 1 

e “ 2! “ 3! + 4! 

Use your knowledge of alternating series to find an TV such that the partial sum S # approximates e~ l to within an error 
of at most 10 -3 . Confirm this using a calculator to compute both S N and e -1 . 

solution Recall that the series for e x is 


2 3 4 

X X J X 


E A AAA 

~^ = l + X+ 2\ + 3\ + ~^ + 


n = 0 


4! 


Setting x = -1 yields 


e -1 = 1 

This is an alternating series with a 
bounded by 


111 _ 1 1 1 
+ 2! _ 3! + 4! __l _ 2! _ 3! + 4! __l ' 

= ,^' 1 . The error in approximating e~ l with the partial sum S N is therefore 


i 1 

\Sm — e I < ciAiii = — — . 

N 1 - "+ 1 (TV + 2)! 

To make the error at most 10 — 3 , we must choose TV such that 

— ] — < 10“ 3 or (TV + 2)! > 1000. 

(TV + 2)! - - 

For TV = 4, (TV + 2)! = 6! = 720 < 1000, but for TV = 5, (TV + 2)\ = 11 = 5040; hence, TV = 5 is the smallest value 
that satisfies the error bound. The corresponding approximation is 


Now, e -1 = 0.367879441, so 


Ss 


11111 

2! ~~ 3! + 4! ~~ 5! + 6! 


0.368055555 


|S 5 - e _1 | = 1.761 x 10 -4 < 10“ 3 . 


61. Find a power series P(x) satisfying the differential equation 

y" - xy' + y = 0 H 

with initial condition y(0) = 1, /( 0) = 0. What is the radius of convergence of the power series? 

OO 

solution L et P(x) = 22 a n x" . 1 hen 

n = 0 


OO OO 

P'(x) = 22 na n x n ~ 1 and P" (x) = 2 2 n ( n ~ . 

n = 1 n = 2 

Note that P(0) = a o and P'( 0) = a\\ in order to satisfy the initial conditions P( 0) = 1, p'( 0) = 0, we must haveao = 1 
and a\ = 0. N ow, 


OO OO OO 

P" (x) — xP' (x) + P(x) = 22 ,7 (« ~ 1 )a n x n ~^ — '22 na n x n + 22 a,lX " 

77= 2 77=1 77=0 


OO OO OO 

= 22^ n + 2)(n + 1 )a n+ 2 x n — 22 na nX n + 22 anX>1 

77=0 77=1 77=0 

OO 

= 2(72 + fl 0 + 21 [( n + + l)«n+2 ~ na„ + x n . 

77 = 1 

In order for this series to be equal to zero, the coefficient of x” must be equal to zero for each n ; thus, 2 a 2 + ao = 0 and 
(n + 2)(n + l)a„-|_2 ~ ( n ~ 1 ) a n = 0, or 


-2 = -^ ^ a " +2= (n + 2)J+l) fl " 
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Starting from a\ = 0, we calculate 


1-1 

"3 = ToTTtT 0 ! = 0: 


<25 = 


a~j = 


(3) (2) 
2 

(5X4) 

4 

(7X6) 


03 = 0; 
as = 0 ; 


and, in general, all of the odd coefficients are zero. As for the even coefficients, we haveao = 1, «2 = - 


a 4 


■ = 


a 8 = 


(4) (3) ° 2 4!’ 


1 

4! 

3 3 

(6X5) ° 4 6! : 

5 _ 15 

(8X7) ° 6 ““8! 


and so on. Thus, 


15 


P(x) = 1 - x 4 _ ~L-x° - ^-x 8 - 


2' 4!' 6!' 8!' 

To determine the radius of convergence, treat this as a series in the variable jc 2 , and observe that 


r- lim 

A:— >00 


a 2 k +2 


a 2 k 


- lim 


2 k — 1 


k— >00 ( 2 k + 2 ) ( 2 k + 1) 


= 0. 


Thus, the radius of convergence is R = r -1 = 00 . 
63 . Prove that 


(-If 


J 2 ( x ) ~ E 2 2 A +2 k < 


„2A+2 


k = 0 


(fc + 3)! 


is a solution of the Bessel differential equation of order 2: 

x^y" + xy' + (.v 2 — 4)y = 0 


solution L et Jj (x) = ^ ^ 2A+2 


(-If 


k = 0 


yt!(/t + 2)!' 


f 2A+2. Then 


= E 


k = 0 


(-if (f + 1) 2 k+l 
2 2 k + 1 kl(k + 2 )\ 


!! _ (— if (^ + l)(2fc + 1) 2 k 

^2 — / y _ n t ~ i z 


A :=0 


2 2t + 1 k\ (k + 2)! 


and 


^ + .*.> + c 2 - ^ - 1 


-E 

A=0 


! (1 + 2 )! 
(-If 

2 2<r + 2 /t! (A + 2)! 


, 2 A +4 


OO 

-E 


(- 1 ) x 2A+2 

2 2 ^ A;! (fc + 2)! 


_ ■sp (-l)^fe(fc + 2) 2A+2 , 

^ 2 2 k kl(k + 2)! *— 


k = 0 ’ 

00 - i.k - 1 


(-If 


2A+2 


A=0 


(-If 


^ 2 2i (Ar — 1)!(A + 1) ! 


, 2*+2 


k ^ 2 2k (k — 1)! (k + 1)! 
00 / 1 


-E 


(-if 


^2 2 *(fc -!)!(*: +1)! 


.* 2 *+ 2 = 0 . 
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Further Insights and Challenges 

oo 

65. Suppose that the coefficients of Fix) = ^ a H x n are periodic, that is, for some whole number M > 0, we have 

n = 0 

a M + n = a n . Prove that F(x) converges absolutely for |jc| < 1 and that 


Fix ) = 


°0 + a l X + • • • + ClfyJ-\X 


Hint: U se the hint for Exercise 53. 


solution Suppose the coefficients of Fix) are periodic, with a M+n = a n for some whole number M and all n. The 
Fix ) can be written as the sum of M geometric series: 


Fix) = a 0 (l + x M + x 2M + •••) + «1 (x + x M+1 + x 2M+1 + •••) + 


= « 2 (x 2 + x M+ 2 + x 2M+ 2 + ■■■) + ■■■ + a M _ i (x M ~ l + .v 2 "- 1 + x 2M ~ 


l + ~) 


a o a\x a2x 2 cim-\x m * c?o + a\x + aix 2 + ■ ■ ■ + om— \x M * 

= irpw + + • • • + 1 _ X M YZJM • 

As each geometric series converges absolutely for |jc| < 1, it follows that Fix) also converges absolutely for |.v| < 1. 


11.7 Taylor Series 


Preliminary Questions 

1. Determine /(0) and /'"(0) for a function fix ) with M aclaurin series 

T (a) = 3 + 2a + 12a 2 + 5a 2 + ■ ■ ■ 
solution The M aclaurin series for a function / has the form 

_ /'( 0 ) y" c0) 2 /"'( 0 ) o 

/ ( 0 ) + X + -^f-x 2 + :L ^ r L x 3 + ■■■ 

f"'( 0) 

M atching this general expression with the given series, we find /( 0) = 3 and — = 5. From this latter equation, it 
follows that /"'( 0) = 30. 

2. Determine /(- 2) and / (4| (- 2) for a function with Taylor series 

T (a) = 3 (a + 2)4- (a + 2) 2 — 4(a + 2) 2 + 2(a + 2) 4 + • • • 
solution The Taylor series for a function / centered at a = -2 has the form 


^ , /'(- 2), , ^ , f " (—2) t , ^2 , 2), , ^3 , / (4) (- 2), , 4 , 

/(- 2)+ — — (^ + 2) + — — ( x + 2) + — 3 j (x + 2) + (a + 2) +■■■ 


f (4) (— 2) 

M atching this general expression with the given series, we find /(- 2) = 0 and - — — — = 2. From this latter equation, 
it follows that / (4) (-2) = 48. 

3. What is the easiest way to find the M aclaurin series for the function fix) = sin(A 2 )? 

solution The easiest way to find the M aclaurin series for sin (a 2 ) is to substitute a 2 for a in the M aclaurin series for 


4. Find the Taylor series for fix) centered at c = 3 if /(3) = 4 and f'ix) has a Taylor expansion 


/'« = £ 

n = 1 


ix - 3)" 


solution I ntegrating the series for f'ix) term-by-term gives 


fix) = C + J2 


(a - 3)” +1 
n(n + 1) 
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Substituting x = 3 then yields 


/( 3) = C = 4; 


so 


f(x) = 4 + J2 

n = 1 


(x - 3)" +1 
77(77 + 1) 


5. Let T(x) be the M aclaurin series of fix). Which of the following guarantees that /( 2) = T(2)l 

(a) Tlx) converges for x = 2. 

(b) The remainder R k ( 2) approaches a limit as k ->• oo. 

(c) The remainder R k (2) approaches zero as k ->■ oo. 

solution The correct response is (c): /(2) = T(2) if and only if the remainder R k (2) approaches zero as k oo. 


Exercises 

1. W rite out the first four terms of the M aclaurin series of fix) if 

/(0) = 2, /'(0) = 3, /"( 0) = 4, /"'( 0) = 12 

solution The first four terms of the M aclaurin series of fix) are 


/( 0) + f'(0)x + 


/"( 0) 2 , /'"(0) 


2 ! 


-x + 


3! 


— 2 + 3x + —x 


+ -prx^ = 2 + 3x + 2x 2 + 2x 2 
6 


In Exercises 3-18, find the Maclaurin series and find the interval on which the expansion is valid. 


3. 


fix) = 


1 

1 — 2x 


solution Substituting 2x for x in the M aclaurin series for ^ gives 


-i LXJ LXJ 

n = 0 n = 0 

This series is valid for |2.v| < 1, or |jc| < \. 

5. fix) — cos3.r 

solution Substituting 3x for x in the M aclaurin series for cos* gives 


cos 


3x = ^(-1) 

n = 0 


2 n 


n ( 3x ) 
( 2 /?)! 


OO 


J2i-iy 

n = 0 


9 n x 2n 
(2 n)\ 


This series is valid for all x. 

7. fix) = sin(x 2 ) 

solution Substituting x 2 for x in the M aclaurin series for sin* gives 


si n jc 2 


OO 


E<-v 

n=0 


ix 2 ) 2n+l 
(2/7 + 1)! 


OO 


E(-D‘ 

n = 0 


x An+2 
(2/7 + 1)! 


This series is valid for all x. 

9. fix) = ln(l - x 2 ) 

solution Substituting -x 2 for x in the M aclaurin series for ln(l + x) gives 


2 v- (-1 ) n - l i-x 2 ) n ^ (_l)2n-l x 2« 


in(i - x 2 ) = y^ 

n=l 


oo 

= E 

n = 1 


This series is valid for |jc| < 1. 

11. fix) — tan _1 (T 2 ) 

solution Substituting x 2 for x in the M aclaurin series for tan -1 x gives 


OO 


-E 


x 2n 

n 


tan 


— 1/„2 


(x - 2 ) = X)(-D 

71=0 


nix ) 


2 >2/7+1 


2n + 1 


oo 


E(-d- 

n = 0 


x An+1 
2/7 + 1 


This series is valid for |t| < 1. 
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13. f ( x ) = e* 2 

solution e x ~ 2 = e ~ 2 e x ; thus, 


°° v n °° v n 

e x ~ 2 =e~ 2 V — = V — . 

/j! 

This series is valid for all a. 

15. /(a) = I n (1 — 5a) 

solution Substituting -5a for a in the M aclaurin series for ln(l + a) gives 


ln(l - 5a) = J2 


00 (— 1)" _1 (— 5a)” ^ (— 1)^"— 15 ” a” 


= -E 


This series is valid for |5a| < 1, or |a| < 5, and for a = -5. 
17. /(a) = sinh a 
solution Recall that 


Therefore, 


sinh a = ~( e x - e x ). 


1 f °° r n °° ( r\ n \ °° r n 

\n = 0 n — 0 / 




1 - (-D" « 


0, n even 
2. n odd 


sinh a = y 2-4 — = y -4 — . 

t 2|2t + ll! i,o l2t + 1 > 1 

This series is valid for all a. 

In Exercises 19-28, find the terms through degree four of the Maclaurin series of f (a). U se multiplication and substitution 
as necessary. 

19. fix) = e x Sin a 

solution M ultiply the fourth-order Taylor Polynomials for e x and sin a: 

/ A 2 A 3 A 4 \ ( A 3 \ 

{ 1 + X+ Y + ~6 + u)[ X ~~6) 

x 3 x 3 x 4 x 4 

= a + a 2 — — r - 4 - t— — -p- 4 - —z~ 4 - higher-order terms 
0 l 0 0 

7 -V 3 

= a + a + y + higher-order terms. 

The terms through degree four in the M aclaurin series for fix ) = e x sin a are therefore 

2 * 3 

x + x H — — . 


21- f ( x ) = 


SOLUTION 


M ultiply the fourth order Taylor Polynomials for sin* and : 

l — X 


x — J ^1 + X + J ?- + x ^ + x ^ 


= a + a 2 - + a 3 + a 4 — — + higher-order terms 


= a + a 2 + - pr - + - pr - + higher-order terms. 
0 0 
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The terms through order four of the M aclaurin series for /(*) = — — are therefore 

1 — x 

2 5*3 5 a 4 

X + X + ^ + ^' 

23 . f(x) = ( 1 + *) 1 / 4 

solution The first five generalized binomial coefficients for a = \ are 


1 1, iCj) 


jf) _ 3 4 ( 4 3 ) ( 4 ? ) 7 4 (t) (t) (~r) _ -77 

2! — _ 32 ' 3! ~ 128 ' 4! “ 2048 


Therefore, the first four terms in the binomial series for (1 + a ) 1 / 4 are 

. 1 3 2 7 3 77 4 

1 H — x x H x x 

4 32 128 2048 

25 . f{x) — e x tan -1 x 

solution Using the M aclaurin series for e x and tan -1 x, we find 


/ * 2 a -3 \ / a 3 \ 2 x 4 x 4 

tan x = I 1 4- x 4“ ~ 2 — f" "g — T ■ ■ ■ I I a — — 1- ■ ■ ■ I = * + * — — h — E -g - — — E • • • 

2 1 3 ^ 4 

= X + X + -X — -A + • • • . 

6 6 


27 . fix) = e sinx 

solution Substituting sin a for a in the M aclaurin series for e x and then using the M aclaurin series for sin a, we find 


e sinx = 1 + sin a + 


sin 2 a sin 3 a sin 4 * 


— 1 + (*~ V + " ' ) + H* — y + ” • ) + ^ ( a - " ■ )3 4- ^4 ( * )4 


. 1 2 1 3 1 3 1 4 1 4 

2 6 6 6 24 

. 1 2 1 4 

— 1 + A + rA — q A + ■ ■ ■ . 

2 O 


In Exercises 29-38, find the Taylor series centered at c and find the interval on which the expansion is valid. 
29 . fix) = -, c = 1 


solution Write 


A 1 + (a — 1) ’ 

and then substitute -(a - 1) for a in the M aclaurin series for ^ to obtain 


1 oo oo 

- = £[-(*-!)]» = £(-!)»(* -i)". 


This series is valid for \x - 1| < 1. 
31 . fix) = , c = 5 

1 — A 

solution Write 


i 1 1 1 

1 — a —4 — (a — 5) 4 i -|- * 
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Substituting for x in the M aclaurin series for -A- yields 


Thus, 


= £ - 
1 + ~r n = o v 


l l 00 


jc — 5 


= E(-D‘ 

n = 0 


(X - 5)” 


(a - 5)" 


4 n Z_-r v ’ 4«+l 


n=0 n = 0 

This series is valid for |^| < 1, or \x — 5| < 4. 

33. f(x) = a 4 + 3a — 1, c = 2 

solution To determine the Taylor series with center c = 2, we compute 

fix) = 4a 2 + 3, f"{x) = 12a 2 , f"\x) = 24a, 

and / (4, (a) = 24. All derivatives of order five and higher are zero. Now, 

/(2) = 21, /(2) = 35, /"(2) = 48, f'Q.) = 48, 

and / ( 4 ) (2) = 24. Therefore, the Taylor series is 

_. 48 2 ->,3 24 4 

21 + 35(a — 2) + — (a — 2) + — (a — 2) + — (a — 2) , 


or 


21 + 35(a — 2) + 24(a — 2) 2 + 8(a — 2) 3 + (a — 2) 4 . 


35. fix) = -y, c = 4 

A Z 

solution We will first find the Taylor series for * and then differentiate to obtain the series for ~ 

1 _ 1 _ 1 1 

a _ 4 + (a - 4) _ 4 i + ' 

Now substitute -M 1 for a in the M aclaurin series for -A- to obtain 


1 1 




a -4 


= E^ 1 )' 

n = 0 


(A - 4)" 
4/1+1 


Differentiating term-by-term yields 


, 00 

-h - 2 <-‘> 

n = 1 


n (X - 4 ) 
n 


n — 1 


4«+l 


so that 


= E (-!)"(" + D-* ” 4) " 

n = 1 «=0 


4«+2 


This series is valid for < 1, or |a — 4| <4 


37. /(a) = j ' c = 3 

1 — A Z 

solution By partial fraction decomposition 


1 1 1 

1 = ? , 2 _ 

1 - A 2 1 A 1+. 


SO 


1 1 

2 + 2 


1 — a 2 —2 — (a — 3) 4 + (a — 3) 4 1 


+ = 


+ a-3 8 1 + 


A — 3 • 


. W rite 
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Substituting -£_1 for* in theM aclaurin series for -A- gives 


1 ^ / *-3\" ^ (-1)" 


1 + 


72=0 


=J = E HV =E^C*-3)», 


72=0 


while substituting for* in the same series gives 

1 ^2,/ *-3 x " 00 


1 + *-3 E, l 4 2 4' 

4 72=0 72=0 


= E ^<*- 3 >"- 


Thus, 


72=0 72 = 0 72=0 72=0 

n = 0 \ / n=0 


This series is valid for |* - 3| < 2. 

39. Use the identity cos 2 * = ^(1 + cos 2*) to find the M aclaurin series for cos 2 *. 
solution The M aclaurin series for cos 2* is 

-ts ( 2 «)i c-)! 

so the M aclaurin series for cos 2 * = i(l + cos 2*) is 


i+(i+sr-i(-i>“S) ~ 2 ^ 

’ 2— (2/?)! 


72 = 1 


41. Use the M aclaurin series for I n (1 + *) and ln(l - *) to show that 


1 . /I + *\ * 2 *^ 

2 ln 137 -'+T + T + - 


for |*| < 1. W hat can you conclude by comparing this result with that of Exercise 40? 
solution Using the M aclaurin series for In (1 + *) and In (1 - *), we have for |*| < 1 


°° / I \72 — 1 °° / 1 \72 — 1 

ln(l + *) - ln(l - *) = E ~^x n - E -t—i-xr 


72 = 1 


72 = 1 


°° ( 1 \72 — 1 °° v 72 °° 

-E^' + Ev-E 


\72 — 1 


72 = 1 


1^1 U 
72 = 1 72 = 1 


Since 1 + (-!)" 1 = 0 for even n and 1 + (-1)" 1 = 2 for odd j 


In (1 + *) - In (1 - *) = 


*=o 


2k + 1 


2&+1 


Thus, 


;„(|±r)4„a + „-i„-,» = >f - £ 5TI- 


k=0 


7-0 


Observe that this is the same series we found in Exercise 40; therefore, 


1 In ( \ + x ) = tanh 1 *. 


2 Vl- 
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43. Show, by integrating theM aclaurin series for /(a) = that for \x\ < 1, 

VI -x 2 


oo 

sin -1 x = x + 

n = 1 


I.3.5... ( 2 n - 1 ) a 2 " +1 
2 • 4 • 6 • • • (2 n) 2 n + 1 


solution From Example 10, we know that for |a| < 1 


so, for \x | < 1, 


1 “ 1 - 3 - 5 - - - (2« - 1) 2n 1 , ^ 1 • 3 ■ 5 - - - (2/7 - 1) 2 „ 

TCT'S 2 ■ 4 ■ 6 - ■ ■ (2„) ' = 1+ E 2-4. 6... (2„) ' 


sin 1 x — 


/ 


t/.v 


\/l — A 2 


c + a + 

n=l 


1 • 3 • 5 • • • (2// - 1) A 2n+1 
2 • 4 • 6 • • • (2 n) 2/i + 1 


Since sin 1 0 = 0, we find that C = 0. Thus, 


OO 

sin -1 a = a + 

n = 1 


1 • 3 • 5 • • • (2/i - 1) a 2h+1 
2 • 4 • 6 • • • (In ) 2// + 1 


45. How many terms of the M aclaurin series of /(a) = ln(l + x) are needed to compute In 1.2 to within an error of at 
most 0.0001? M ake the computation and compare the result with the calculator value. 

solution Substitute a = 0.2 into the M aclaurin series for In (1 + a) to obtain: 


OO 

In 1.2 = ^(-l)”- 1 

n = 1 


(0.2) n 

n 


00 


I>D 


n — 1 


1 

5 "n 


This is an alternating series with a n = * . Using the error bound for alternating series 

n ■ 5” 

\\nl.2-s N \< a N+i= (iV + i 1 )5 iv+r 

so we must choose N so that 

— — tt-ta < 0.0001 or (N + 1)5 n+1 > 10.000. 

(TV + 1)5^+! 

For TV = 3, (TV + l^^ 1 = 4 • 5 4 = 2500 < 10, 000, and for TV = 4, (TV + l^^ 1 = 5 • 5 5 = 15, 625 > 10, 000; 
thus, the smallest acceptable value for TV is TV = 4. The corresponding approximation is: 


4 


5 4 = J2 

n = 1 


(- 1)"- 1 
5" ■ n 


1 

5 


1 , 1 1 

5^2 + 5^3 _ 5^4 


0.182266666. 


Now, In 1.2 = 0.182321556, so 


|ln 1.2 - S 4 | = 5.489 x 10“ 5 < 0.0001. 


47. Use the M aclaurin expansion for e~' 2 to express the function F(x) = e~' 2 dt as an alternating power series in a 

(F igure 4). 

(a) How many terms of the M aclaurin series are needed to approximate the integral for a = 1 to within an error of at 
most 0.001? 

(b) ER 5 Carry out the computation and check your answer using a computer algebra system. 
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solution Substituting - 1 2 for t in the M aclaurin series for e' yields 


n = 0 


n = 0 


•7 °° ( f2\n °° f 2n 


thus, 


(a) For jr = 1, 


[ X e-‘ 2 dt = '£(-ir 

Jo n 

n = 0 

/■l 2 00 

/ e 1 dt = Y ( 

Jo to 


y 2/1+1 


= > (-If 


n!( 2 « + 1 ) 


n!( 2 n + 1 ) 


This is an alternating series with a„ = );!(2 * +1) ; therefore, the error incurred by using S N to approximate the value of 
the definite integral is bounded by 


/V 

Jo 


dt — Sn 


< a N+l = 


(AT + 1)!(27V + 3) 


To guarantee the error is at most 0.001, we must choose N so that 

1 


(N + 1)!(27V + 3) 


<0.001 or {N + 1)!(2JV + 3) > 1000. 


For N = 3, (N + 1)!(27V + 3) = 4! • 9 = 216 < 1000 and for TV = 4, (AT + 1)!(27V + 3) = 5! • 11 = 1320 > 1000; 
thus, the smallest acceptable value for N is N = 4. The corresponding approximation is 


= 1 


n = 0 


n\(2n + 1 ) 


3 2! - 5 3! - 7 4! - 9 


1 + = 0.747486772. 


(b) Using a computer algebra system, we find 


r 1 2 

/ e - ' dt = 0 . 

Jo 


therefore 


/V 

Jo 


dt — S 4 


= 0.746824133; 


= 6.626 x 10“ 4 < 10“ 3 . 


//; Exercises 49-52, express the definite integral as an infinite series and find its value to within an error of at most 10 4 , 
49. f COS (x 2 )dx 

Jo 

solution Substituting x 2 for x in the M aclaurin series for cos* yields 


00 / r 2\2 n 00 

cos 


72=0 


72=0 


v - 4 t 2 


( 2 /?)!’ 


therefore, 


r 1 00 

/ cos(x 2 ) dx = y (-l) n 

Jo n 

72=0 


x 4n+1 

(2/7)! (4/z + 1) 


= E 

0 72 = 0 


(- 1 )” 

(2/z) ! (4/7 + 1) 


This is an alternating series with a n = ( 2„) !( 4„ + i) * therefore, the error incurred by using S N to approximate the value of 
the definite integral is bounded by 


/ 1 


cosor ) dx - Sn 


< a N+l = 


(27V + 2)!(4Ar + 5) 
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To guarantee the error is at most 0.0001, we must choose TV so that 

— — — < 0.0001 or (27V + 2)!(47V + 5) > 10,000. 

(27V + 2)!(47V + 5) 

For TV = 2, (27V + 2)!(47V + 5) = 6! • 13 = 9360 < 10,000 and for TV = 3, (27 V + 2)!(47V + 5) = 8! ■ 17 = 685,440 > 
10,000; thus, the smallest acceptable value for TV is TV = 3. The corresponding approximation is 


3 (_i)» ii ]_ 

3 (2n)!(4n + 1) 5-2! 9-4! 13-6! 

ti=0 


0.904522792. 


51. 



dx 


solution Substituting -x 3 for x in the M aclaurin series for e x yields 


therefore, 


e 


OO 


E 

71=0 


(--*¥ 

n\ 




71=0 


x 3n 

n\ 



dx = y>p” 

71=0 


x 3n+l 1 
n!(3n + 1) 



(- 1 )” 
/j!(3/; + 1) 


This is an alternating series with a n = „ !( 3 * + i) : therefore, the error incurred by using % to approximate the value of 
the definite integral is bounded by 


f 

Jo 


e * dx — Sn 


< a N+ i = 


(TV + 1)!(37V + 4) 


To guarantee the error is at most 0.0001, we must choose TV so that 

(TV + l)!(3TV + 4) < 0 - 0001 ° r (^V + 1)!(3TV + 4) > 10,000. 

For TV = 4, (TV + 1)!(3TV + 4) = 5! • 16 = 1920 < 10,000 and for TV = 5, (TV + 1)!(37V + 4) = 6! • 19 = 13,680 > 
10,000; thus, the smallest acceptable value for TV is TV = 5. The corresponding approximation is 


5 


* = E 

71 = 0 


(-1)” 
n\(3n + 1) 


0.807446200. 


In Exercises 53-56, express the integral as an infinite series. 
1 - COS (f) 


53 


r 

Jo 


■dt, for all x 


solution The M aclaurin series for cos? is 


so 


and 


Thus, 


oo 2n oo 

cost = £(-!)" ^ = 1 + X>1)" 


,2 n 


71=0 


71=1 


(2 n)V 


OO Om OO Om 

l-cos^-Ef-D^-Ef-D^ 1 - 


n = 1 


71 = 1 


(2n)! ’ 


1-cosr 1 


,2 n °° 


— — 

t t^-i (2 n)\ (2 n)\ 

71 = 1 71=1 


2ti-1 


f 

Jo 


'~ c 05(0 = 1) B+1 — 


71 = 1 


(2n)\2n 


oo 2/i 

+1 * 


= E(-d 

0 n = 1 


(2n)\2n 



SECTION 11.7 | Taylor Series 719 


c x 

55. / ln(l + t 2 )dt, for |x| < 1 

Jo 

solution Substituting t 2 for t in the M aclaurin series for ln(l + t) yields 


ln(l + 1 2 ) = ^(-1) 

22 = 1 


00 (t2-\ n °° f2n 

n-lU ) ~.r,t 


= E(-D" 


22 = 1 


Thus, 


rx 00 

/ I n (1 + t 2 )dt = (-1)" 

Jo i 

77 = 1 


,2/7+1 


7 ! ( 2/7 + 1 ) 


= Et- 1 )" 


0 77 = 1 


r 2;;+ 1 
77 ( 2/7 + 1 ) 


57. Which function has M aclaurin series y^(-l)"2”x"? 

72=0 


solution We recognize that 


^(-1)"2V' = ^(-2x) n 
22=0 22=0 


is the M aclaurin series for jE with x replaced by -2x. Therefore, 

1 

(— 2x) 1 + 2x 


1 1 

y'(-i)"2 n jc" = - — — = - 
1 - (— 2jc) 1 ■ 

22=0 


In Exercises 59-62, use Theorem 2 to prove that the f(x) is represented by its Maclaurin series for all x. 

59. f(x) = sin (f) +cos(f), 

solution All derivatives of fix) consist of sin or cos applied to each of x/2 and x/3 and added together, so each 

summand is bounded by 1. Thus |/ < " ) (i)| < 2 for all n and x. By Theorem 2, fix) is represented by its Taylor series for 
every x. 

61. /(x) = sinhx, 

solution By definition, sinhx = \ie x - e~ x ), so if both e x and e~ x are represented by theirTaylor series centered 
ate, then so is sinhx. But the previous exercise shows that e~ x is so represented, and the text shows that e x is. 


In Exercises 63-66, find the functions with the following Maclaurin series (refer to Table 1 on page 599). 


63. 


1 + X + 2! + 3! + 



solution We recognize 


, 3 x 6 x 9 x 12 “x 3 " ~(x 3 )" 

1 + x + — + ^- + -7- H = > — - = > f- 

2! 3! 4! n\ n\ 

22=0 22 = 0 


as the M aclaurin series for e x with x replaced by x 3 . Therefore, 


, 3 x 6 x 9 x 12 

1 + x + — — (- =— + — + ■ ■ ■ — e 


2! 3! 


4! 


« , 5 3 x 3 5 5 x 5 

65. 1 — + 

3! 5! 

solution N ote 


5 7 x 7 

7! 


, 5 3 x 3 5 5 x 5 

1 — + 


If! 


5'x 


3! 


5! 


7! 


, r . r 5 3 x 3 5 5 x 5 5 7 x 7 

+ ... = l-5x+|5x- — + - 7 | h 

„ (5x) 2n+1 


= 1 — 5x + E( — 1) 
22=0 


( 2/7 + 1 )! 
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The series is the M aclaurin series for sin* with x replaced by 5x, so 


5 3 * 3 5 5 * 5 5 7 * 7 

1 — I — — — — h ' ' ' — 1 — 5 jt + Sin(5*). 


In Exercises 67 and 68, let 


fix ) = 


(1 — *)(1 — 2x) 


67. Find the M aclaurin series of /(*) using the identity 


fix) = 


1 — 2x 1 — x 


solution Substituting 2x for jc in the M aclaurin series for gives 

1 — x 


, oo oo 

rrs = z<*r = Zp 


n = 0 n = 0 


which is valid for |2*| < 1, or \x\ < i. Because the M aclaurin series for is valid for |*| < 1, the two series 

z 1 — X 

together are valid for \x \ < j.Thus, for \x\ < j, 

on oo oo 

= — 2 V 2 n x n - V 

(1 — 2jc)(1 — jc) 1-2* 1-* " " 


72=0 72=0 

OO oo 


= J2 2n + l x n - E X>1 = E ( 2 " +1 - x ) x n - 


2 n+1 x n 

72=0 72=0 72=0 


69. W hen a voltage V is applied to a series circuit consisting of a resistor R and an inductor L, the current at time t is 

Vt 

Expand 7(f) in a M aclaurin series. Show that 7(0 « — for small t. 
solution Substituting for t in the M aclaurin series for e‘ gives 


— Rt/L 


oo (_EL\ n 

= e^=e- 


72=0 


72=0 


(-!)"( R\\„ 1 | g (-1)"/ R\\ n 


n\ \ L 


- t 


f7 = l 


Thus, 


and 


1 - e ~Rt/L = 1 _ 1 + £ 


— (-1)" [ R\" „ > — / Kt\ n 


72=1 


n\ \L 


= E 


(-l)" +i ( Rt 


V ~ (-l)^ 1 /Rt\ n Vt V^(-l) n+1 /Rt 


-T + f?E 

72 = 1 


72 = 1 


— (- 1V+ 1 / Rt\ n 


L R*-' n\ 

n=Z 


If t is small, then we can approximate 7(f) by the first (linear) term, and ignore terms with higher powers of t ; then we 
find 

Vt 

V(t )"T- 

71. Find the M aclaurin series for /(*) = cos(* 3 ) and use it to determine / (6) (0). 
solution The M aclaurin series for cos Jr is 


cos* 


- E*- 1 )" 


72 = 0 


x 2n 
(2 n)l 
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Substituting x 3 for* gives 


OO 

cost* 3 ) = ^(-1)" 


n = 0 


X 6 " 

(2m)! 


N ow, the coefficient of x 6 in this series is 


11 / ( 6 , ( 0 ) 
2 ! 2 6 ! 


so 

/( 6 )(0) = -| = -360 


73. C5§3 Use substitution to find the first three terms of the M aclaurin series for /(x) = e x2 ° . How does the result 
show that = 0 for 1 < k < 19? 

solution Substituting x 20 for x in the M aclaurin series for e x yields 


e 


OO 


E 

n = 0 


(X 20 )" 

n\ 


oo 


E 

72=0 


x 2 ^. 

n\ 


the first three terms in the series are then 


l + x 20 + ^x 40 . 


Recall that the coefficient of x k in the M aclaurin series for / is E', (01 . For 1 < k < 19, the coefficient of x k in the 
M aclaurin series for /(x) = e x2 ° is zero; it therefore follows that 


f (k) ( 0) 
k\ 


or f (k) ( 0) = 0 


for 1 < k < 19. 

75. Does the M aclaurin series for /(x) = (1 + x) 3 / 4 converge to fix) at x = 2? Give numerical evidence to support 
your answer. 

solution T he Taylor series for fix) = (1 + x) 3 / 4 converges to fix) for |x| < 1; because x = 2 is not contained on 
this interval, the series does not converge to fix) atx = 2. The graph below displays 



2 " 


for 0 < N < 14. The divergent nature of the sequence of partial sums is clear. 



77. (GUfl Let fix) = vTTx-. 

(a) Use a graphing calculator to compare the graph of / with the graphs of the first five Taylor polynomials for /. What 
do they suggest about the interval of convergence of the T ayl or series? 

(b) Investigate numerically whether or not the Taylor expansion for / is valid forx = 1 and x = -1. 
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SOLUTION 

(a) The five first terms of the Binomial series with a = \ are 


]_ 2 

+ -V = 1 + —X + + 

. 1 1 2 9 3 45 4 

= 1+ 2 X ~8 X + 4 X ~T X + 

Therefore, the first five Taylor polynomials are 


2 (? “ 2 , * 0 " *) 0 “ 2 ) ..3 , H? “ X ) (? “ 2 ) (? “ 3 ) 


3! 


x J + 


4! 


-x 4 + • 


T 0 (x) = 1; 

7T(x) = 1 + 2 *; 

, 1 1 2 

72(a) = 1 + ^ A' - gX , 

, 1 1 2 1 3 

? 3 (x) = 1 + ^a - gX 4 + gX 4 ; 

, 1 1 2 1 3 

74 (X) = 1 + ^ A' “ gA + gX 4 - 



The figure displays the graphs of these Taylor polynomials, along with the graph of the function /(x) = Vl + x, which 
is shown in red. 



The graphs suggest that the interval of convergence for the Taylor series is -1 < x < 1. 

N 

(b) U sing a computer algebra system to calculate S N = 

n = 0 

SlO = 1.409931183, S 100 = 1.414073048, S 1000 = 1.414209104, 


x" forx = 1 we find 


N 

which appears to be converging to V2 as expected. Atx = -1 we calculate S N = 

n = 0 

SlO = 0.176197052, Si 00 = 0.056348479, 5i 000 = 0.017839011, 


(-1)", and find 


which appears to be converging to zero, though slowly. 

79. Use Example 11 and the approximation sinx « x to show that the period T of a pendulum released at an angle 0 has 
the following second-order approximation: 



solution The period T of a pendulum of length L released from an angle 6 is 



where g « 9.8 m/s 2 is the acceleration due to gravity, E{k ) is the elliptic function of the first kind and k - sin From 
Example 11, we know that 


E(k) = 


n 

2 



1 ■ 3 ■ 5 ■ ■ ■ (2n — 1)\ 
2 - 4 • 6 • - (2 n) ) 


k 2n . 


2 
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Using the approximation sin x « x, we have 

, . e e 

k = Sin - « 

moreover, using the first two terms of the series for E(k), we find 


7 r 

E(k) ~ - 


1 + 


i\ 2 fe^ r 


7T ( 0 Z 

~ 2 + re r 


Therefore, 


T=4j-EW2nl-{l + -). 


In Exercises 80-83, find the Maclaurin series of the function and use it to calculate the limit. 


sin x — x + 


6 


81. lim 

jr— >0 Y 3 

solution Using the M aclaurin series for sin x, we find 


0° 2n+l 3 5 oo r 2«+l 

- ""S(-W5rnii-*-T + n5 + 2:<-w'; 

71=0 n = 3 


(2n + 1)! 


Thus, 


sin y 


3 5 oo 

x Y i , , 

~ x+ lf = rx) + T,(- ly 


n = 3 


x 2n+l 
(2/7 + 1)! 


and 


sin y - x + \- 1 y 2 "- 4 


120 + ^ ( lj 


71 = 3 


(2/7 + 1)! 


Note that the radius of convergence for this series is infinite, and recall from the previous section that a convergent power 
series is continuous within its radius of convergence. Thus to calculate the limit of this power series as x -*■ 0 it suffices 
to evaluate it at x = 0: 


sinY-Y + V / 1 ~ 

" m — s +E(-»" 


x >0 


77=3 


Y 2 "- 4 _ 1 1 

(2/7 + 1)! “ 120 + 1 “ 120 


83. lim 


sin(Y 2 ) cosy 
4 ZT 


o y x 
solution We start with 


sin y 


= E*- 1 )" 


^271+1 x 2n 


71=0 


(2/7 + 1)! 


COSY 


= y(-D"— 

(2/7)! 


71=0 


so that 


sin(Y 2 ) 00 


^.4ti+2 ^ ^4ti— 2 




71=0 


(2/7 + 1)!y 4 (2/7 + 1)! 

71=0 


COSjc 


= E(- 1 )" 


71=0 


fin- 2 


Expanding the first few terms gives 


sin(Y 2 ) 1 ^ _ *4/7-2 


= 71 - El- 1 *" 


... — - (2n + 1)! 

71=1 


COSY _ 1 1 “ x 2n-2 

x 2 ~ x 2 2 + y -i ( L) 
n=Z 


(2/7)! 
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so that 


siHf-* 2 ) _ C0S - T _ 1 _ y , ■,'» a 4 ” 2 _ y-' r i yi * 2n 2 
x 4 x 2 2 " (2» + 1)! “ (2/i)! 

N ote that all terms under the summation signs have positive powers of x. N ow, the radius of convergence of the series 
for both sin and cos is infinite, so the radius of convergence of this series is infinite. Recall from the previous section that 
a convergent power series is continuous within its radius of convergence. Thus to calculate the limit of this power series 
as x — > 0 it suffices to evaluate it at* = 0: 


lim 

x — >0 


( sin(x 2 ) 




OO 


n = 1 


X 4 "- 2 

(2/7 + 1)! 


OO 


E<-w 

n = 2 




Further Insights and Challenges 

L «*«> = ^ 72 -^ 72 - 


:/■ 


(a) Show that / g(t) dt = ^ ^ In 2. 


(b) Show that g(t) = 1 - t - r + r - r - P - r + 

(c) Evaluate *S ^ 1 — ^ ^ ^ — y + - - * 


SOLUTION 

(a) 


g(t)dt = (^ tan 1 t- ^ln(r 2 + l)^ 


= tan 1 1 - - In 2 = % - ^ In 2 
2 4 2 


(b) Start with the Taylor series for 


l . 
[+r- 


1 OO 

ITT - E'- 1 *"'" 

n = 0 


and substitute t 2 for t to get 


1 OO 

n = 0 


n t 2n = l- t 2 + t 4 -t 6 + ... 


so that 


rh = E*- 1 ’ 


"t 2n+1 = t-t 3 + t 5 -t 1 + ... 


n = 0 


Finally, 


g(t) = 


(c) We have 

J g(t) dt = J 


1 + t 2 1 + t 2 


= I (1 - t - t 2 + f 3 + r 4 - f 5 - . . ,)dt = t - - ^t 3 + jP + -j-/ 3 - 1 - C 

2 3 4 5 6 

The radius of convergence of the series for g(t ) is 1, so the radius of convergence of this series is also 1. However, this 
series converges at the right endpoint, i = 1, since 


1 =i- t -t 2 + t 3 + t A -t 5 -t 5 + t 7 + ... 


1 2 1 ,3 , 1 ,4 , 1 5 1 ,6 


1 _ 2 _ 


1 1\ /I r 

3 ~ 4 ) + ( 5 “ 6 ' ” 


is an alternating series with general term decreasing to zero. Thus by part (a), 

, 11111 n 1, . 

l-=,-^ + 7 + E- Z = T - ;rln2 

2 3 4 5 6 4 2 
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In Exercises 86 and 87, we investigate the convergence of the binomial series 


oo 


T a (x) = J 2 

n = 0 





n 


87. By Exercise 86, T a (x) converges for |jc| < 1, but we do not yet know whether T a (x) = (1 + x) a . 
(a) Verify the identity 


a 




+ {,, + 1) {nl l) 


(b) Use (a) to show that y = T a {x) satisfies the differential equation (1 + x)y' = ay with initial condition y(0) = 1. 

T ( x ) 

(c) Prove that T a (jk) = (1 + x) a for |x| < 1 by showi nQ that the derivative of the ratio — — is zero. 

(1 -|- x~) a 


SOLUTION 

(a) 


n | fl )+(« + !)' fl 

n ' 


77 + 1 


a (a — 1) ■ ■ • (a — n + 1) a (a — 1) • • • (a — n + 1) (a — n) 

= n + (n + 1) , , i ,, 

n\ (n + 1)! 


a (a — 1) • • • (a — n + 1) a (a — 1) • • • (a — n + 1) (a — n) 
(77 - 1)! + ~n\ 

a (a — 1) • • • (a — n + 1) (n + (a — n)) ( a 

= a ■ I 

77 


(b) Differentiating T a (x) term-by-term yields 


Thus, 


OO 

K(x) = J2' 1 

n = 1 


n — 1 


oo / x oo 

a \ v n — 1 


(l + *)rj(*) = ( n \x n l + J2 n 

n=l V ^ n = 1 


n=0 


= + „ + i )^ + E 


n = 0 


= E 

n = 0 


(77 + 1 ) 


a 

n + 1 


+ n 


* n = a ( n } xH = a Ta(*)- 

n = 0 


M oreover, 


r a (0) = 


a 

0 


= 1. 


(C) 

d_ / Tq(x) \ = (1 + x) a Z(x) - 0(1 + x) a ~ l T a (x) = (1 + x)T'(x) - aT a (x) 
dx V (1 + x) a ) (1 + x) 2a (1 + x) a+l 

Thus, 


Tq(x) 

(1 + X) a 


for some constant C. F or x = 0, 


7a(0) 
(1 + 0 )° 


= 1, so C = 


1. 


Finally, T a (x) = (l + x) a . 
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89. Assume that a < b and let L be the arc length (circumference) of the ellipse (§) + (£) =1 shown in Figure 5. 
There is no explicit formula for L, but it is known that L = 4&G(Jt), with G(k) as in Exercise 88 and k = jl - a 2 /b 2 . 
Use the first three terms of the expansion of Exercise 88 to estimate L when a = 4 and b = 5. 

y 



2 2 

FIGURE 5 The ellipse ( — ) + (j-) = 1. 

solution With a = 4 and b = 5, 


k = 



42 

52 


3 

5’ 


and the arc length of the ellipse (^-) +(^) = 1 is 


L = 20G ( - I = 20 


71 7 1 / 1 • 3 • • • (2/1 — 1) X 2 ^ 


Jl Jl ^ — \ 

2 ~ 2 l 2 ■ 4 • • • (2m) J 2//-1 

n = 1 


; (i) : 


Using the first three terms in the series for G(k) gives 


L sa 10^ — 10w 


(3/5) 2 (1 -3 

1 + 1 2 • 4 


(3/5)4 ^ = io^i-4- 243 


100 40,000 


36. 1577T 
4000 


28.398. 


91. Irrationality of e Prove that/? is an irrational number using the foil owing argument by contradiction. Suppose that 
e = M/N, where M, N are nonzero integers. 

(a) Show that M\e~ l is a whole number. 

(b) Use the power series for e x at* = -1 to show that there is an integer B such that M!e -1 equals 




(M + l)(M + 2) 


+ • 


(C) U se your knowledge of alternating series with decreasing terms to conclude that 0 < | M\e 1 - B\ < 1 and observe 
that this contradicts (a). H ence, e is not equal to M/N . 

solution Suppose that e = M/N, where M, N are nonzero integers. 

(a) With e = M/N, 

1 N 

M\e~ L = M\— = (M - 1)!7V, 

M 

which is a whole number. 

(b) Substituting x = -1 into the M aclaurin series for e x and multiplying the resulting series by M\ yields 


11 (— lp 

M\e~ l = M!(1 — 1+- — + ■■■ + — + ■ 

1 2! 3! k\ 


M\ 

For all k < M, — is a whole number, so 
~ k\ 


M! |1-1 + 1-I + .. - + ^ 

2! 3! M\ 


is an integer. Denote this integer by B. Thus, 


M\ e _1 = B + Ml ( ( ^ + ( — +••■)= B + (-1) M+1 

(M + l)! (M + 2)! ' 


M + l (M + l)(M + 2) 


+ • 
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(c) The series for M\e 1 obtained in part (b) is an alternating series with a„ = Using the error bound for an 
alternating series and noting that B = S M , we have 

|M!e _1 - s| < a M+ i = — < 1. 

This inequality implies that M\e~ l - B is not a whole number; however, B is a whole number so M\e~ l cannot be a 
whole number. We get a contradiction to the result in part (a), which proves that the original assumption thate is a rational 
number is false. 


CHAPTER REVIEW EXERCISES 


-3 


1. Leta„ = and b n = a n+ 3. Calculate the first three terms in each sequence. 


(a) a}, 

(c) a n b n 

SOLUTION 

(a) 


(b) b n 

(d) 2 a n+ \ - 3 a 1, 


a 2 


(b) 


1-3 


2- 3 
2! 

3- 3 


b\ = 04 = 
b 2 = 05 = 


= (— 2r = 4; 


= 0 . 


4-3 _ 1 
“ 24' 
1 

60 : 


4! 

5-3 

5! 


6-3 1 

^3 — fl 6 — “ gT = 240’ 


(c) Using the formula fora,, and thevalues in (b) weobtain: 


a lh= J, ■ 

' 24 

~12 : 

2-3 

1 

1 

a 2 b 2 = 2! ■ 

' 60 

“ 120 : 

3-3 

1 

0. 

a 3^3 — 3, ■ 

' 240 ““ 


(d) 


2a2 - 3ai = 2 ( — — ) — 3(— 2) = 5; 


2a 3 -3a 2 = 2-0-3 -- = -; 


2a 4 - 3« 3 = 2 • 1 - 3 • 0 = 1. 


In Exercises 3 - 8 , compute the limit ( or state that it does not exist) assuming that I i m a n = 2. 

n—>o o 


3 . lim (5a„ - 2a„) 


lim (5a„-2a£)=5 lim a n - 2 lim a}, = 5 lim a n -l( lim a n \ = 5 • 2 - 2 • 2 2 = 2. 

n^o oV "/ n — >■ 00 n — >■ oo n n->o o V/i^oo I 


SOLUTION 
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5. lim e a " 

«-»oo 

solution The function fix) = e x is continuous, hence: 

lim e a " = g lim "~*oo a n _ 

n — >oo 


7. lim (-1) n a„ 

n — > oo 

solution Because lim a n ^ 0, it follows that lim (-l)"a„ does not exist. 

n— >oo n— >oo 

In Exercises 9-22, determine the limit of the sequence or show that the sequence diverges. 

9. a n — V« + 5 — s/n + 2 
solution First rewrite a n as follows: 


Thus, 


(V« + 5 — \J n + 2) (\/ n + 5 4- n + 2 j 
\j n -P 5 -P \fn~- \-~2 


(n + 5) - (n + 2) _ 3 

y/n ~P 5 -P + 2 \/T -p 5 -p \fn~- P~2 


lim a n 


n—>o o 


lim , = 0. 

"“S’ 00 V” + 5 + V” + 2 


11. a„ = 2 1 /" 

solution The function /(*) = 2 X is continuous, so 

lim a„= lim 2 1 /" 2 = = 2° = 1. 


13. b m = 1 + (-1)'” 

solution Because 1 + (-1)'” is equal to 0 form odd and is equal to 2 form even, the sequence {b„,} does not approach 
one limit; hence this sequence diverges. 


15. b n = tan 


-l 


1 + 2 


K n + 5 

solution The function tan -1 * is continuous, so 

'n + 2 


lim b n = lim tan 

n — *-oo n — >-oo 


— 1 


n + 5 


= tan 1 1 lim 


n + 2 


n->o o n + 5 


= tan -1 1 = y- 
4 


17. b n — \l n 2 + n — y/ + 1 
solution R ew ri t eb n as 


bn — 


(y^ry — y rfl- + (y « 2 + « + y ?y + 1^ ^2 + + 1^ 


/z — 1 


y «2 + zz + y «2 + 1 


y + n + y„z + 1 y ?y + » + y»y + 1 


Then 


lim b n = lim 

w— >oo «— »oo 


ft 1^ 

ft ft 


= lim 


1 - 


1-0 


“yi + i + 7 i + 4 ym + yr+o 

V n*- n* V ft^ V n y 


i 

2 ' 


19. — ( 1 H 

m 


3m 


( 1 \ m 
1 H ) = e 3 . 

21. = zz( ln(n + 1) — In n ) 

solution W rite 


H + 1 


( 1 + «) 


bn = zz In 


ZZ 


1 
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Using L'Hopital's Rule, we find 


lim b n - lim 

n — >■ oo n — > oo 


i. x-»oo i. x— >oo _ 1 

n X Tt 


= lim 1 + - = 1. 

X ^oo \ X / 


23 . Use the Squeeze Theorem to show that lim arctai ^' 1 > _ q 
solution For all x, 

n t ?r 

- — < arctan x < , 

2 2 


7r/2 arctanfn 2 ) n/7 

\fn *Jn -Jn 


for all /?. Because 


it follows by the Squeeze Theorem that 


lim lim ^ = 0, 


arctan (/? 2 ) 

lim — = 0. 

tl^OO Jn 


25 . Calculate lim ++ wherea,, = ^ 3 " - 1 - 2 ". 

«— >oo a„ 2 3 

solution Because 


11113 " 
3" - -2" > -3" - ^3" = — 
2 3 - 2 3 6 


3 n 

lim — = oo, 
n — > oo 6 

we conclude that lim, ,->00% = 00, so L'Hopital's rule may be used: 


/-)\n + 1 

a„ + l .. l 3 " +1 -^ 2 " +1 3/1+2 _ 2 »+2 3 — 2 (3 ) 3-0 

lim — — = lim T = l |m — n rr = lim x . = 

n—>oo a n n — >oo ± 3/1 i_ 2 /2 /i— >oo 3 W • w— >oo ^ / 2 \ n ' ^ 1 — 0 


I3/1+I _ l2" +1 311+2 — 2"+ 2 


= lim 


= lim 


27 . Calculate the partial sums S4 and S-j of the series ^ 


7/ 2 + 2/7 


SOLUTION 

1 „ 1 2 11 
S4 --- + 0+ - + -- -- - -0.183333: 

5 7 = -^ + 0 + ^ + ^ + A + ^ + ^^l = 0.065079. 
29 . Find thesum T + A + + + . . . . 

solution This is a geometric series with common ratio r = |. Therefore, 

4 8 16 32 _ g _ 4 

9 + 27 + 81 + 243 + "' _ i_ | “ 3' 


00 2^+3 

31 . Find the sum ^ 


°° 9/1+3 00 9/1 °° / 1 \ n 


solution N ote 
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therefore, 


3 1 


y — = 8 — 

^ 3" 2 i 


oo oo 


33. G ive an example of divGrQGnt SGri gs ^ ^ a n and ^ ^ b n such that ^ ^ {a n + b n ) = 1. 

n = 1 n = 1 n = 1 

solution Leta„ = Qj +1 ,b n = -1. The corresponding series diverge by the Divergence Test; however, 

/ 1 \ n 1 

E( a » + M = E( 2 ) = = L 

n=! n=l V 7 i_ 2 


35. Evaluate 5 = E 


«(n + 3) 


solution N ote that 


1 _ 1 Z 1 1 

/?(;; + 3) 3 \ n n + 3 


^ 11(11 + 3 ) = 3 ^ ' (n “ hT 3 


i / / 1 i\ n i\ n l 
3 u 3 ~~ 6j + U " i) + U “ 8 


yy+GE-y)+ 


1/111 i i i 

3 l 3 + 4 + 5 ~~ TV + 1 ~~ TV + 2 ~~ TV + 3 


TV TV + 3 


A 1 _ 1 |jm yo /I 1 

“«(« + 3) 3 /V-s-oo \n n + 3 

n—D n =5 


1/111 i i i \ _ i /i i i 
3 l 3 + 4 + 5 " TvTi “ TV+~2 “ TV+~3 ) ~ 3 l 3 + 4 + 5 


In Exercises 37—10, use the Integral Test to determine whether the infinite series converges. 


OO ~) 

x — , n 


37. y , 

, M 3 + 1 


solution Let /O) = This function is continuous and positive for jc > 1. Because 

, (a 3 + 1)(2a) - a 2 (3a 2 ) _ x(2 - x 3 ) 

(A - 3 + 1)2 _ Cr 3 4 - n 2 ’ 


(A 3 + 1)2 


we see that /'(a) < 0 and / is decreasing on the interval x > 2. Therefore, the Integral Test applies on the interval a > 2. 
Now, 

roo r R x 2 l/o \ 

/ -72 dx = lim / -o, dx — - lim ( ln(7? 3 + 1) - In 9 ) = oo. 

J 2 A 3 + 1 TT— >oo J2 A 3 + 1 3 R^oo v / 


oo 2 


oo 2 


integral diverges; hence, the series E A — diverges, as does the series y A — . 

1 n 3 + 1 Z— ; rc 3 + 1 
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39. V - 

, (n + 2)(ln(n + 2)) 3 
72=1 

solution Let fix) - — — . Using the substitution u = ln(jc + 2), so that du - -i? dx, we have 

(.v+2 ) ln+x+2) 3 x+2 

f 00 1 , f 00 1 / 1 R \ 

I f(x)dx= I du — 1 1 m / — y du = 1 1 m I y I 

JO J In 2 u* 7?—^oo J|n 2 tC R^oo y 2u l | n 2/ 

1 


= lim 


3 R^oo 

1 


77-s-oo \ 2(< 2 

1 


77^00 V2(ln 2) 2 2(ln 77) 2 / 2(ln 2) 2 
Since the integral of /(x) converges, so does the series. 

In Exercises 41-48, use the Comparison or Limit Comparison Test to determine whether the infinite series converges. 
oo , 

4i. y j 

n =i (w + 1)2 

solution For all n > 1, 


„ 1 1 

0 < < - so 


1 1 

< 


2 ' 


n + 1 n (n + l) 2 n 

oo ^ OO ^ 

The series y is a convergent /7-series, so the series y - — y^yy converges by the Comparison Test. 


E 


n = 1 

00 2,1 

n + 1 


„ti (« + 1)2 


n=2 


» 3 -5 - 2 


solution Apply the Limit Comparison Test with a n = and b„ = Now, 


n 2 +l 


n^+n 1 - 5 , 

= lim — = 1. 


L = 1 1 m n - . . 

n-t-OO I 72 — >00 »7 25.J _ 0 

n l 


OO 1 

Because L exists and E -375 ' s a convergent p-series, we conclude by the Limit Comparison Test that the series 


72 = 1 

00 2,1 

E n -\- 1 

— - also converges. 


72=2 


4S. V ” 

,^2x^5 

solution For all n > 2, 


h 1 

< «V2 = n 37T 


+ 5 


00 j 

The series y is a convergent /7-series, so the series y 


47 - E 


72=2 

— H 10 +10" 


^2^+5 


converges by the C omparison T est. 


72 = 1 


I 11 + 11" 


solution Apply the Limit Comparison Test with a, , = and b n = .Then, 


1 • ^72 1 • 

L = lim — = lim 

72— >00 b n 72 — >OQ 


„ 10 +1Q" 

n n +ii" 


(sr "" 


= lim 


„ 10 + 10 ” 
10 ” 

H n + ll” 

11 ” 


hf 


+ 1 


= lim 

72— >00 72 ix . 1 

IF + 1 


= 1 . 


n=\ 


10 v 


The series y ( — ) is a convergent geometric series; because L exists, we may therefore conclude by the Limit 


Comparison Test that the series y 


^ „ 10 + lO" 


72 = 1 


j n + ll" 


also converges. 
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2" + n 


2 \n 


49 . Determine the convergence of y — — - using the Limit Comparison Test with b„ = (|) 


77= 1 


solution With a„ = 37737, we have 


, .. an .. 2" +77 3" 6" + /; 3" 

L= lim — = lim — = 1 1 m =- = lim 

n— >00 t) n n — > 00 3 n — 2 2 n 7?— >oo 6 W — 2' 7+i 7?— >cx 


1 + 72 


or., 


1-2 


or 


Since L = 1, the two series either both converge or both diverge. Since y ( - ) is a convergent geometric series, the 


n=l 


2\ n . 


2" + 1 


Limit Comparison Test tells us that y — — - also converges. 


n = l 


00 

51 . Let a n = 1 - A /l - i. Show that lim a n = 0 and that y a„ diverges. Hint: Show that a,, > + 

V n n—*<x> 


77=1 


SOLUTION 


1-./1 — = 1- 


— 1 — V' 7 — 1 77 — f 77 — 1) 


77 V 77 + V 77 — 1 ) 77 + ^/t 7 2 — j 

1 1 


n + Vtt^ 2az 

The series y ^1 diverges, so the series J2T=2 ( 1 _ ~ I ) also diverges by the Comparison Test. 


n=2 


53 . Let 5= Y — T . 

+ {n + X) 


(a) Show that S converges. 

(b) CP S Use Eq. (4) in Exercise 83 of Section 11.3 with M = 99 to approximate 5. What is the maximum size of the 
error? 

SOLUTION 

(a) For 77 > 1, 


n n 

(77 2 + l)^ (77 2) 


2 _ „3‘ 


00 ^ 00 

The series y -j is a convergent p-series, so the series y 


77 — 1 


„=1 + 1)2 


also converges by the Comparison Test. 


(b) With a n — t ^ 2 ' f (x) — ■ — 2 ^ 2)2 a 7id M — 99, Eg. (4) in Exerci se 83 of S ecti on 11.3 becomes 


99 77 x ^99 „ r 

V , 7 y dx < S < V , y + / 

i ( 77 2 + l ) 2 J100 (x 2 + l ) 2 + (77 2 + l ) 2 Jiqq (x 2 + 1 ) 

n= 1 77=1 


2 4-172 


dx, 


or 


Now, 


/ 99 

°<5- e " 


+ 


i ; 


dx 


100 


l + {n 2 + l) 2 J10O (x 2 + l) 2 j (100 2 + 1)2 


99 


i ; 


V -+? — y = 0.397066274; and 
+ (n 2 + l) 2 

77=1 


/' 

3 710 


100 (x 2 + l) 2 R-+ooJioa (x 2 + I) 2 2 P->oo V /? 2 + 1 100 2 + 1 


. . 1 1 

dx = - lim [ — — - 1 


20002 


= 0.000049995; 
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thus, 


5 ^ 0.397066274 + 0.000049995 = 0.397116269. 


The bound on the error in this approximation is 


100 

(100 2 + 1) 2 


= 9.998 x 10“ 7 . 


In Exercises 54-57, determine whether the series converges absolutely. If it does not, determine whether it converges 
conditionally. 


55 -E3T 


(- 1 )" 


ln(H + 1) 

«=1 

OO ^ 

solution Consider the corresponding positive series . Because 

^ n 11 ln(n + 1) 


1.1 


«■*■■■*■ ln(n + 1) n 

^ / ]\/7 

and ^ -yy is a convergent p-series, we can conclude by the Comparison Test that ^ -yy — — — also converges. 

n — 1 U n = 1 n ^ 

Thus, converges absolutely. 

" w 1 - 1 ln(n + 1) 

“ cos(|+27r«) 

57 ' E If 


n = 1 


SOLUTION COS (f- + 2nn) = COS \ SO 


00 COs(f +2;rn) y/2 


E 

77=1 


2 ^ 

n — 1 


“ COS(f +2nn) 

This is a divergent p-series, so the series > ?—= diverges. 


n=l 

00 


59. Catalan's constant is defined by K = Y^ 


k = 0 


(-D* 
(2k + D 2 


(a) How many terms of the series are needed to calculate K with an error of less than 10 6 ? 

(b) CBS Carry outthe calculation. 

solution Using the error bound for an alternating series, we have 

1 1 

Sn ~ K 1 “ (2(7V + 1) + 1) 2 ~ (2N + 3) 2 ‘ 

For accuracy to three decimal places, we must choose N so that 


Solving for N yields 


Thus, 


(27V + 3) 2 


< 5 x 10 3 or (27V + 3) 2 > 2000. 


n>- 2 


^(n/2000 - 3) 


20.9. 


21 




k=0 


(-D* 

(2k + l) 2 


= 0.915707728. 
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61. Let be an absolutely convergent series. Determine whether the following series are convergent or divergent: 


n = 1 




n = 1 
oo 


(o 

« =1 1 + fl « 


oo 

(b) 

OO . . 

(d) y ^ 

i n 
n = 1 

oo 


solution Because y a„ converges absolutely, we know that y a„ converges and that y |a„| converges. 


n = 1 


n = 1 

i . 




(a) Because we know that y a„ converges and the series y i s a convergent p-series, the sum of these two series, 


n = 1 


n = 1 


oo / ]\ 

j also converges. 


n = 1 

(b) We have, 


^ | (—!)”«„ | = ^ |a„| 


72 = 1 


72 = 1 


Because^ |o„| converges, itfol lows that ^(-l)"a„ converges absolutely, which implies that ^(-1 )"a„ converges. 

n= 1 72=1 72=1 

oo 

(c) Because ^ a„ converges, lim„^ 00 a„ = 0. Therefore, 

72=1 


im 


1 + a}, 1 + 0^ 


= 1/0, 


and 


the series y 2 diverges by the Divergence Test. 

(; _1 ^ “L a n 


(d) lyJ < |<i„| and the series ^ |a„| converges, so the series y — also converges by the Comparison Test. 

71=1 71 = 1 " 


In Exercises 63-70, apply the Ratio Test to determine convergence or divergence, or state that the Ratio Test is inconclusive. 


OO R 

n J 


63 - E h 


n = 1 


SOLUTION With 0,1 = ^, 


and 


a n+l 




(n + l) 5 5" 1 ^ , 1 

5”+ 1 ' „5 “ 5 1 + 


p = lim 

n—¥0 o 


^n + 1 


Qn 


5 n-t-oo 


= ; iim i + - 


Because p < 1, the series converges by the Ratio Test. 

OO 1 

65. y — 

viln 


n = 1 


n2" + „ 3 


SOLUTION With<7„ = =^ — r, 

77 2" +7+ 


and 


a n+l 

,72" + ,7 3 " 2 " 1 

‘''cl™ 

+ 

I — 1 

1 

a n 

(« + 1)2" +1 + (,7 + l) 3 ( M + 1)2«+1 1 

(l+ W) 


1 n 


1 + 5 


TT 


2 n + 1 


1 + 


(77 + 1) 2 

2«+i 


p = lim 

72— >oo 


a n+\ 


G n 


4-4 


Becausep < 1, the series converges by the Ratio Test. 
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co 2 r?- 


67 . y — 

^ n\ 


n = 1 


SOLUTION \N\tha n = 


fl ft+l 

2<h+ 1) 2 ,jt 2 2,!+1 

— — and n — lim 

a n + 1 

a n 

(n + 1)! 2" 2 a + 1 n—voo 

a n 


Because/? > 1, the series diverges by the Ratio Test. 


LXJ -I 

n = 1 

SOLUTION With a n — (j)" 
I a n -\- 1 


H+ 1\" +1 1 


(a + 1)! \n 


(2 

\ n , i , 

fa + P 

1 / 

u. 

) " != 2' 

^ a , 

) =2 


l\ n 
n , 


and 


p = lim 

ft — >00 


^ft + 1 

a n 


1 

= r- 


Because p= f > 1, the series diverges by the Ratio Test. 

In Exercises 71-74, apply the Root Test to determine convergence or divergence, or state that the Root Test is inconclusive. 

CO 

ii. y — 

Z-^I An 


n = 1 


SOLUTION Witha,, = -qa, 


„/ 1 1 

L — lim r/a7, = lim 

ft — > CO V ft— >0 O V 4 /7 4 


Because/. < 1, the series converges by the Root Test. 


00 / O \ ft 

Ii 

ft=l 




SOLUTION Witha„ = (^) 


L — lim ?/a7 t = lim " ( = lim E = 0. 

ft-»oo ft — > oo y \ 4/i / w— >o o 


Because/. < 1, the series converges by the Root Test. 

/a Exercises 75-92, determine convergence or divergence using any method covered in the text. 

75 -S© 

solution This is a geometric series with ratio r - j < 1; hence, the series converges. 


77 -E 


-0.02ft 


n=l 


solution This is a geometric series with common ratio r = & 0.98 < 1; hence, the series converges. 


79 -E 


(-D 


«— 1 


q sfn + *Jn + 1 
ft=l v 

solution In this alternating series, a n - 


Vh+Vh+I 


The sequence (a„j is decreasing, and 


lim a„ = 0; 

ft — > OO 


therefore the series converges by the Leibniz Test. 
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81. Ej 1 

y In h 

n=Z 

solution The sequence a„ - ^ is decreasing for n > 10 and 


lim a n = 0; 
n—>oo 

therefore, the series converges by the Leibniz Test. 

OO 

83. y - 

, n^Jn + In n 
n = 1 

SOLUTION Forn > 1, 

1 1 _ 1 

ns/n + In n n^/il 

oo 2 oo 2 

The series y is a convergent /^-series, so the series y — , converges by the Comparison Test. 

, n?' 1 - , nVn + In n 


1 1 


85. E -p - -!= 
7« + 1 


solution This series telescopes: 


y ( 4 = - = f i - i) + f 4 - E\ + ( & _ ±\ + . . . 

77+1/ V 72/ Vn/2 73/ V\/3 74/ 


so that the /7 th partial sum S„ is 


and then 


S " ( X 72 ) (.72 73 ) + (73 7? ) '"l 7” 77+i) 1 7^+T 


00 / 1 1 \ 1 
y (-=--== = lim 5„ = 1- lim , = 1 

"\7« 7« + l/ n—*oo + 1 


87 - 

, n + *Jn 
n = 1 

solution For n > 1, 7 n < n, so that 

OO -I OO -i 

E^^>E^ 

, n + 7” i 2/z 

OO ^ 

which diverges si nee it is a constant multiple of the harmonic series. Thusy — diverges as well, by theComparison 

, n + Jn 
n = 1 

Test. 


89. E-4- 


solution F or « > TV large enough, ln« > 2 so that 


OO -i OO -1 

7 n " 

«=./V 


00 ^ 

i/hich is a convergent p-series. Thus by the Comparison Test, y |nn also converges; adding back in the terms for 


n < N does not affect convergence. 
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91. Y^ sin 2 — 

i n 

n = 1 


solution For all x > 0, si n jc < Therefore, sirr * < x l , and for jc = ^ , 

. 7 Tt 71 2 7 1 

si = tt* • 

n n L n L 

oo ^ oo 

The series Y^ -=■ is a convergent p-series, so the series Y^ sin 2 — also converges by the Comparison Test. 

“ n 1 — n 

n=l n=L 

In Exercises 93-98, find the interval of convergence of the power series. 


»-E 


2": < 


^=0 


SOLUTION Witha w = - 


f ' 


lim 

a n+ 1 

= lim 

n — > oo 

a n 

n — > oo 


2 n+l x n+l n\ 
(// + 1)! ’ 2V 


= lim 

X • 

2 

n — > oo 


n 


= 0 


Then p < 1 for all *, so that the radius of convergence is R = oo, and the series converges for all *. 

00 77 6 

95. 

^ n 8 + 1 


>7=0 

SOLUTION With a n = 

" ll°+l 


p = 1 1 m 

n — > oo 


= li m 

n — > oo 


<3/7+1 

— lim 

(77 + 1) 6 (* - 3)" + 1 

77 8 + 1 

a n 

n— >oo 

I — 1 

1 

CO 

i — 1 

+ 

77 8 (* — 3)" 


= 1 1 m 

n — > oo 


(x - 3) • 
(x - 3) 


(n + l) 6 (/z 8 + 1) 


77 6 ((77 + l) 8 + l) 

/; 14 + terms of lower degree 


= I* - 3| 


77 14 + terms of lower degree] 

Then p < 1 when \x - 3| < 1, so the radius of convergence is 1, and the series converges absolutely for \x - 3| < 1, or 

°° 77 6 

2 < x < 4. For the endpoint * = 4, the series becomes ^ -§ .which converges by the Comparison Test comparing 

7!=0 n 

00 1 00 n 6/_]\7! 

with the convergent /^-series Y^ For the endpoint* = 2, the series becomes Y^ — s — —.which converges by the 

, n 1 „ 77° + 1 

77 = 1 71 =U 

“ 77 6 (* — 3)" 

Leibniz Test. The series — g therefore converges for 2 < * < 4. 

71=0 n 


97. £(„*)» 

n=0 

solution With = n n x n , and assuming * ^ 0, 


lim 

a«+l 

= lim 

77— >00 

a n 

n—>o o 


(77 + 1)" +1 *' ,+ 1 


= lim 

, //7+l\" 

*(77 + 1) • ( ) 

n — >oo 

V '7 / 


since (]yti j = converges to e and the (n + 1) term diverges to oo. Thus pel only when * = 0, so the 

series converges only for * = 0. 

2 

99. Expand /(*) = as a power series centered ate = 0. Determinethevaluesofxforwhichtheseriesconverges. 

4 — 3* 


1 1 


4-3* 2i_|/ 


solution Write 
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Substituting \x for x in the M aclaurin series for we obtain 


1 



This series converges for < 1, or |jc| < Hence, for |x| < 


4 — 3jc 2 


2 1 




(a) Show that F{x) has infinite radius of convergence. 

(b) Show that y = F{x) is a solution of 

y" = xy' + y, y(0) = 1, /(0) = 0 

(0 CP, 5 Plot the partial sums Sn for N = 1, 3, 5, 7 on the same set of axes. 

SOLUTION 


Because p < 1 for all x, we conclude that the series converges for all x; that is, R = oo. 

(b) Let 


00 x 2k 

Thus, — is the solution to the equation y" = xy' + y satisfying v(0) = 1, v'(0) = 0. 


(a) With a* = 


Ok+l 

ak 


|jc |2*+2 2 k ■ Id x 2 


2 k+1 ■ (k+ 1)! \x\ 2k 2{k + 1) ’ 


and 




Then 



„ _ (2 k - l)x 2k 2 

~ Jk-ln, _ i u 


2*~ 1 (fc — 1)! ’ 


and 




M oreover, 



= 1 and 



k= 0 
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(c) The partial sums ST, S 3 , S 5 and S 7 are plotted in the figure below. 

y 



In Exercises 103-112, find the Taylor series centered at c. 

103. fix ) = e 4t , c = 0 

solution Substituting 4x for x in the M aclaurin series for e x yields 


M 


( 4 j r)" 

e = > = > — x 

n\ n\ 


4" 


n = 0 


n = 0 


105. f{x) = x 4 , c = 2 

solution We have 


/'(x) = 4x 3 /"(x) = 12x 2 f" lx) = 24x / (4) (x) = 24 

and all higher derivatives arezero, so that 

/( 2) = 2 4 = 16 /'(2) = 4 • 2 3 = 32 /"( 2) = 12 • 2 2 = 48 /"'(2) = 24 • 2 = 48 


Thus the Taylor series centered at c = 2 is 


/W(2) (x _ 2) „ = 16 + ^ (x _ 2) + «(, - 2) 2 + ^(x - 2) 3 + £(* 
72! 1! z! j! 4! 

71=0 

= 16 + 32(x — 2) + 24(x — 2) 2 + 8(x — 2) 3 + (x — 2) 4 


107. fix) = sinx, c = n 
solution We have 


/ ( 4 n) (x) = sinx / < 4 ,,+ 1 ) (x) = cosx / ( 4 n+ 2 ) (x) = - sinx / ( 4 ' ,+ 3 ) (x) = 

so that 

/( 4 ")(;r) = sin 7 T = 0 / ( 4 " + 1 ) (tt) = cosjt = -1 / ( 4 " + 2 ) (jr) = -sinjr = 0 / (4 " +3) 
Then the Taylor series centered at c = n is 


OO 


E 

71=0 


/ ( ”V) 

n\ 


(x — n) n 


-1 


-1 


= — (X - 7T) + — (x - 7T) J + -^-(x - 7T) +— Ix-Tl] 


= -lx -n) + g(x - n) - m ix-x) + 504 O “ 71 


109, /W = I~2 x’ C = ~ 2 
solution Write 


1 1 _ 1 1 

l-2x 5 — 2(x + 2) 5 1 _ |(x + 2) ' 

Substituting |(x + 2) for x in the M aclaurin series for ^ yields 


1 

1 — 5 (x + 2 ) 


00 yn 


71 = 0 


/ ( 4 ) (2) = 24 
— 2) 4 

-cosx 

In) = -COSn = 1 
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hence, 


1 1 ^ 2 " 




n = 0 


71=0 


111. fix) = In — , c = 2 
solution W rite 


Substituting 21 2 for jr in the M aclaurin series for ln(l + x) yields 


i * i 

In — = In 
2 


(x — 2) + 2 


= In 1 + 


-2 


'"f = E 


( _1)«+1 (i^)" « ( _i)»+l (x _ 2) » 


= E 


n • 2" 


71 = 1 71 = 1 

This series is valid for \x - 2| < 2. 

/n Exercises 113-116, find the first three terms of the Maclaurin series of f(x) and use it to calculate /® (0). 
113. f(x) = (x 2 — x)e* 2 

solution Substitute* 2 for * in the M aclaurin series for e x to get 


e x = 1 + x l + -x 4 + -x D + . . . 


so that the M aclaurin series for fix) is 


(x 4 — x)^ = x 2 + x 4 + -x° + • • • — x — x J — -x 3 — • • • = — x + x L — x° + x 4 + . . . 


-2 Ji , ,.4 


The coefficient of x 3 is 


so that f"'( 0) = -6. 


/'"( 0 ) 
3! 


= -1 


115. fix) = - — 

1 + tan x 

solution Substitute - tan x in the M aclaurin series for ^ to get 

1 7 t. 

= 1 - tan x + (tan x) L - (tan xy + ... 


1 + tan x 

We have not yet encountered the M aclaurin series for tan x. We need only the terms up through x 3 , so compute 
tan'(x) = sec 2 x tan"(x) = 2 (tan x) sec 2 x tan"'(x) = 2(1 + tan 2 x) sec 2 x + 4(tan 2 x) sec 2 x 

so that 

tan'(0) = 1 tan"(0) = 0 tan"'(0) = 2 

Then the M aclaurin series for tan x is 

tan'(0) tan"(0) 2 tan"'(0) 


tan x = tan 0 h — x h — + 


1 ! 

Substitute these into the series above to get 
1 


2! 


^ X + • • • — X + —x + . . . 


1 + tan x 


— 1 — ( x + —x I + ( X + —x ) — ( x + —x I + • • • 


= 1 - x - -x 3 + x 2 - x 3 + higher degree terms 


= 1 - x + x 2 - zrx 3 + higher degree terms 
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The coefficient of x 5 is 


so that 


/"'( 0 ) 

3 ! 


/"'( 0 ) = -6 • - = -8 


7 T 7T TC TC 

117 . Calculate — - -=r— + 

2 2 3 3 ! 2 5 5 ! 2 7 7 ! 

solution We recognize that 

3 


TC TC TC TC 

I~^ + 2 3 5!~2 7 7! + ' 


= D-d' 

71=0 


is the M aclaurin series for sin* with x replaced by n/2. Therefore, 

71 7 C 3 TC 2 

— — 5 — h c , — i — = sin 

2 2 3 3 ! 2 5 5 ! 2 7 7 ! 


(7t/2) 2n+1 
( 2/7 + 1 )! 



12 PARAMETRIC EQUATIONS, 
POLAR COORDINATES, 
AND CONIC SECTIONS 


12.1 Parametric Equations 

Preliminary Questions 

1. D escri be the shape of the curve x = 3 cos t , y = 3 si n t . 
solution F oral If, 


x 2 +y 2 = (3cosf) 2 + (3sinf) 2 = 9(cos 2 1 + sin 2 1 ) = 9 ■ 1 = 9, 

therefore the curve is on the circle x 2 + y 2 = 9. Also, each point on the circle x 2 + y 2 = 9 can be represented in the 
form (3 cos r , 3 si nr) for some value of t. We conclude that the curve x = 3cosf, y = 3 sin t is the circle of radius 3 
centered at the origin. 

2. How does x = 4 + 3 cos r,^ = 5 + 3sinr differ from the curve in the previous question? 
solution In this case we have 


(x - 4) 2 + (y - 5) 2 = (3 cos r) 2 + (3 sin r) 2 = 9(cos 2 1 + sin 2 1 ) = 9 ■ 1 = 9 


Therefore, the given equations parametrize the circle of radius 3 centered at the point (4, 5). 

3. What is the maximum height of a particle whose path has parametric equations x = r 9 , y = 4 - r 2 ? 

solution The particle's height is y = 4 - t 2 . To find the maximum height we set the derivative equal to zero and 
solve: 

— = — (4 - r 2 ) = -2r = 0 or f = 0 
dt at 


The maximum height is y(0) = 4 - 0 2 = 4. 


4. Can the parametric curve ( t , sin t) be represented as a graph y = /(jc)? What about (sin t, t)l 

solution In the parametric curve (t, si nr) we have x = t and y = sin t, therefore, y = si nx. That is, the curve can be 
represented as a graph of a function. In the parametric curve (sin t, t) we have* = sin t, y = t, therefore x = sin y. This 
equation does not define y as a function of x, therefore the parametric curve (si n r, t) cannot be represented as a graph of 
a function y = f(x). 


5. 


(a) 

(i) 


M atch the derivatives with a verbal description: 
dx 
dt 

Slope of the tangent line to the curve 


<b) f 

dt 


(ii) Vertical rate of change with respect to time 


(iii) Horizontal rate of change with respect to time 


(c) 


dy_ 

dx 


SOLUTION 


dx . 


(a) The derivative — is the horizontal rate of change with respect to time. 

dt 

(b) The derivative — is the vertical rate of change with respect to time. 

dt 

(c) The derivative — is the slope of the tangent line to the curve. 

dx 

Hence, (a) (iii), (b) (ii), (c) -o- (i) 
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Exercises 

1. Find the coordinates at times t = 0, 2, 4 of a particle following the path x = 1 + / 3 , y = 9 - 3/ 2 . 

solution Substituting / = 0, t = 2, and t = 4 into x = 1 + / 3 , y = 9 - 3/ 2 gives the coordinates of the particle at 
these times respectively. That is, 

(t = 0) x = 1 + 0 3 = 1, y = 9 — 3 0 2 = 9 =>.(1,9) 

0 = 2) x = 1 + 2 3 = 9, y = 9 - 3 • 2 2 = -3 => (9, -3) 

0 = 4) x = l + 4 3 = 65, y = 9 - 3-4 2 =-39 =► (65, —39). 


3 . Show that the path traced by the bullet in Example 3 is a parabola by eliminating the parameter. 
solution The path traced by the bullet is given by the following parametric equations: 

x = 200/, y = 400? - 16/ 2 

X 

We eliminate the parameter. Since* = 200/, we have / = — . Substituting into the equation for y we obtain: 


2 2 

y = 400/- 16/ 2 = 400- - 16 = 2* - 

7 200 V200/ 2500 

x 2 

The equation y = -^qo + 2x is the ec l uat:ion of a parabola. 

5 . Graph the parametric curves. Include arrows indicating the direction of motion. 

(a) (/,/), -oo < / < oo (b) (sin /, sin /), 0<t<2n 

(c) (e r , e'), —oo < t < oo (d) (/ 3 , / 3 ), — 1 < / < 1 

SOLUTION 

(a) For the trajectory c(t) = (/, /), -oo < / < oo we have y = x. Also the two coordinates tend to oo and -oo as 
/ ->■ oo and / ->■ -oo respectively. The graph is shown next: 



(b) For the curve c(t) = (sin/, sin /), 0 < / < 2x, we have y = x. sin / is increasing for 0 < / < j, decreasing for 
7 < f < and increasing again for ^ < t < 2n. Flence the particle moves from c(0) = (0, 0) to c( 7 ) = (1, 1), then 
moves back to c(^f) = (-1. -1) and then returns to c(2n) = (0, 0). We obtain the following trajectory: 
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These three parts of the trajectory are shown together in the next figure: 


y 



(c) For the trajectory c(t) = -oo < t < oo, we have y = *. However since lim e ? =0and lim e* = oo, 

t — >— oo t—>oo 

the trajectory is the part of the line y = x, 0 < x. 



(d) For the trajectory c{t) = (r 3 , r 3 ), -1 < t < 1, we have again y = x. Since the function r 3 is increasing the particle 
moves in one direction starting at ((-l) 3 , (-1) 3 ) = (-1, -1) and ending at (l 3 , l 3 ) = (1, 1). The trajectory is shown 
next: 


y 



In Exercises 7—14, express in the form y = f(x) by eliminating the parameter. 

7. x = t + 3, y = 4t 

solution We eliminate the parameter. Since x = t + 3, we have t = x - 3. Substituting into y = 4/ we obtain 

y = 4r = 4(x — 3) => y = 4x — 12 


9. x = t, y = tan ^r 3 + e') 

solution Replacing t by x in the equation for y we obtain y = tan _1 (x 3 + e x ). 

11 . x = e~ 2r , y = 6e 4t 

solution We eliminate the parameter. Since x = e~ 2t , we have -2 1 - Inx or t = -j Inx. Substituting in y = 6e 4f 
we get 

y = 6e 4 ' = 6 e 4 ( - 2 lnA) = 6 e - 2lnA = 6e lnA_2 = 6x -2 ^ y = 4’ * > 0. 

13. x = In t, y = 2 — t 

solution Since x = In / we haver = e x . Substituting in y = 2 - t we obtain y = 2 - e x . 

In Exercises 15-18, graph the curve and draw an arrow specifying the direction corresponding to motion. 

15. x = jt, y = 2r 2 

solution Letc(r) = (x(r), y(r)) = (jt. It 2 ). Then c(-r) = (-x(r), y(r)) so the curve is symmetric with respect to 
the y-axis. A Iso, thefunction \t is increasing. Hencethereisonly one direction of motion on the curve. The corresponding 
function is the parabola y = 2 ■ (2x) 2 = 8x 2 . We obtain the following trajectory: 
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y 



17. x = nt, y = sin t 

solution We find the function by eliminating r. Since jc = nt, we have t = §. Substituting t = § into y = sin t we 
get y = sin We obtain the following curve: 



19. M atch the parametrizations (a)-(d) below with their plots in Figure 14, and draw an arrow indicating the direction of 
motion. 



(in 



FIGURE 14 


y 



X 


(IV) 


(a) c(t) = (sin -t) (b) c(t) = ( t 2 - 9, 8 1 - t 3 ) 

(c) c(r) = (1 — t, t 2 — 9) (d) c(r) = (4c + 2,5 — 3r) 

SOLUTION 

(a) In the curve c(t) = (sin t, -t) thex-coordinate is varying between -1 and 1 so this curve corresponds to plot IV. As 
t increases, the y-coordinate y = -t is decreasing so the direction of motion is downward. 




(IV) c(t) = (sin r, -t) 

(b) The curve c(t) = (t 2 - 9. -t 3 - 8) intersects the jc-axis where y = -t 3 - 8 = 0, or t = -2. The ^-intercept is 
(-5. 0). The y-intercepts are obtained where * = t 2 - 9 = 0, or t = ±3. The y-intercepts are (0, -35) and (0, 19). As 
t increases from -oo to 0, x and y decrease, and as t increases from 0 to oo, .r increases and y decreases. We obtain the 
following trajectory: 



(ID 
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(c) The curve c(t) = (1 -t,t 2 - 9) i ntersects the y-axis where x - 1 - t = 0, or; = 1. They- intercept is (0, -8). The 
^-intercepts are obtained where t 2 - 9 = 0 or t = ±3. These are the points (-2, 0) and (4, 0). Setting t = 1 - x we get 

y = t 2 - 9 = (1 — x) 2 - 9 = x 2 - 2x - 8. 

As t increases the x coordinate decreases and we obtain the following trajectory: 



(d) The curve c(t) = (4r + 2, 5 - 3t) is a straight line, since eliminating t in x = 4? + 2 and substituting in y = 5 - 3r 
gives y = 5 - 3 • ^ = - \x + ^ which is the equation of a line. As t increases, the* coordinate* = 4r + 2 increases 
and they-coordinatey = 5-3 t decreases. We obtain the following trajectory: 



21. Find an interval of r-values such that c(t) = (cost, si nr) traces the lower half of the unit circle. 

solution For t = n, we have c(: r) = (-1, 0). As t increases from n to 2 n, the ^-coordinate of c(t) increases from 
-1 to 1, and the y-coordinate decreases from 0 to -1 (at t = ln/7) and then returns to 0. Thus, for t in [n, 2n], the 
equation traces the lower part of the circle. 


In Exercises 23-38, find parametric equations for the given curve. 


23. y = 9 - Ax 


solution This is a line through P = (0, 9) with slope m = -4. Using the parametric representation of a line, as given 
in Example 3, we obtain c(t) = (t. 9 - At). 


25. Ax - y 2 = 5 

solution We define the parameter t = y. Then, * = 


27. (x + 9) 2 + (y - 4) 2 = 49 


5 + t 2 

A 


, giving us the parametrization c(r) = 


solution This is a circle of radius 7 centered at (-9,4). Using the parametric representation of a circle we get 
c(t) = L— 9 + 7 cos /. 4 + 7 sin t). 


29. Line of slope 8 through (-4, 9) 

solution Using the parametric representation of a line given in Example 3, we get the parametrization c(t ) = (-4 + 
t, 9 + 8?). 


31. L ine through (3. 1) and (-5,4) 

solution We use the two-point parametrization of a line with p = (a, b) = (3, 1) and Q = (c, d) = (-5. 4). Then 
c(r) = (3 — 8t, 1 + 3 1 ) for —oo < t < oo. 

33. Segmentjoining (1, 1) and (2, 3) 

solution We use the two-point parametrization of a line with p = ( a , b) = (1, 1) and Q = (c, d) = (2, 3). Then 
c(t) = (1 + 1 , 1 + 2 1 ); since we want only the segment joining the two points, we want 0 < t < 1. 
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35 . Circle of radius 4 with center (3, 9) 

solution Substituting (a,b) = (3. 9) and R = 4 in the parametric equation of the circle wegetc(r) = (3 + 4 cost, 9 + 
4 sin t). 

37 . y = x 2 , translated so that the minimum occurs at (-4, -8) 

solution We may parametrize y = x 2 by (t, t 2 ) for -oo < t < oo. The minimum of y = x 2 occurs at (0, 0), 

so the desired curve is translated by (-4, -8) from y = x 2 . Thus a parametrization of the desired curve is c(t) = 

(—4 + 1, -8 + 1 2 ). 

In Exercises 39^12, find a parametrization c(t) of the curve satisfying the given condition. 

39 . y = 3jc — 4, c(0) = (2, 2) 

solution Let x{t) = t + a and y(r) = 3x - 4 = 3(r + a) - 4. We wantx(O) = 2, thus we must use a = 2. Our line 
is c(t) = (x(t), y(t )) = (t 4- 2, 3 (t 4- 2) — 4) = (t + 2, 3f 4- 2). 

41 . y = x 2 , c(0) = (3, 9) 

solution Let x(t) = t + a and y(t) = x 2 = (t + a) 2 . We want x(0) = 3, thus we must use a = 3. Our curve is 
c(r) = (x(f), y(t)) = (f + 3, (t + 3) 2 ) = (t + 3. t 2 + 6r + 9). 

43 . Describe eft) - (sec t, tan t) for 0 < t < j in the form y = f(x). Specify the domain of x. 

solution The function x = sect has period 2 n and >■ = tan / has period n . The graphs of these functions in the 
interval -n <t <tc, are shown below: 




x = sec t => x 2 = sec 2 1 

2 * 2 sin2f 1 - COS 2 1 2 i 2 i 

y = tan t =y y z = tan z t = — , — = sec z t - 1 = x - 1 
cos " 1 1 cos L t 

Hence the graph of the curve is the hyperbola x 2 - y 2 = 1. The function x = seer is an even function while y = tanr is 
odd. Also x has period In and y has period n. It follows that the intervals -n < t < -j, =f- < t < j and j < t < rc 
trace the curve exactly once. The corresponding curve is shown next: 



45 . The graphs of x(r) and v(r) as functions of r are shown in Figure 15(A). Which of (l)-(lll) is the plot of c(t) = 
(x(r), y(r))? Explain. 



solution As seen in Figure 15(A), the x-coordinate is an increasing function of r, while y(t) is first increasing and 
then decreasing. In Figure I, x and y are both increasing or both decreasing (depending on the direction on the curve). 
In Figure II, x does not maintain one tendency, rather, it is decreasing and increasing for certain values of t. The plot 
c(t) = (x(t), y(O) is plot III. 
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47. Sketch eft) = (r 3 - 4 1 , t 2 ) following the steps in Example 7. 

solution We note that x(0 = r 3 - At is odd and y(t) = t 2 is even, hence c(-f) = (x(-f), y(-t)) = (~x(t), y(t )). 
It follows that c(-t) is the reflection of c(f) across y-axis. That is, c(-t) and c(t) are symmetric with respect to the v-axis; 
thus, it suffices to graph the curve for t > 0. For t = 0, we havec(O) = (0, 0) and the y-coordinatey(f) = t 2 tends to oo 
as t -> oo. To analyze the x-coordinate, we graph x(t) = t 3 - At for t > 0: 



We see that xft) < 0 and decreasing for 0 < t < 2/^/3, x(t) < 0 and increasing for 2/V3 < t < 2 and x(t) > 0 and 
increasing for t > 2. Alsox(i) tends to oo as t -> oo. Therefore, starting at the origin, the curve first directs to the left of 
the y-axis, then at t - 2/V3 it turns to the right, always keeping an upward direction. The part of the path for z < 0 is 
obtained by reflecting across the y-axis. We also use the points c(0) = (0, 0), c(l) = (-3, 1), c(2) = (0. 4) to obtain the 
following graph for c(t): 



In Exercises 49-52, use Eq. (7) to find dy/dx at the given point. 


49. (t 3 ,t 2 - 1), t = -4 
solution By Eq. (7) we have 


Substituting t = - 4 we get 


dy y'(t) {t 2 — 1) / 2 1 

dx x'(t) (?3 )' 3/2 


dy 

dx 



2 

3 -(-4) 


2 

3 7 


1 

6 ' 


51. (5 3i-,j 3 ), ^ = — 1 

solution Using Eq. (7) we get 

dy y' (s) (.s 3 / 3 j’ 2 3i- 4 

dx = 7(s) = (5 -l _ 35)' = -5-2-3 = -1 - 3? 

Substituting 5 = -1 we obtain 

dy 3i’ 4 3 ■ (-1) 4 3 

dx ~ -1-3 5 2 J= _i ” -1-3- (-l) 2 ~ 4' 


In Exercises 53-56, find an equation y = fix) for the parametric curve and compute dy/dx in two ways: using Eq. (7) 
and by differentiating fix). 


53. eft) = (2t + 1,1 — 9r) 

solution Since x = 2t + 1, we haver = 


x — 1 


2 


. Substituting in y = 1 - 9/ we have 




11 

T 


y = 1-9 


2 
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9 11 dy 9 dy 

Differentiating v = --x + — - gives — = We now find — using Eq. (7): 
2 2 dx 2 dx 

dy_ = y[(t)_ = (1 - 9 1 )' 9 

dx x'(t) (2 1 + 1)' 2 


55 . x = .y 3 , y = s® + s 3 

solution We find y as a function of x: 


y = s t+s- 3 =(s 3 ) 2 +( s iy 1 =x 2 +x-\ 
We now differentiate y = x 2 +x _1 . This gives 

— = 2x — x~ 2 . 
dx 

Alternatively, we can use Eq. (7) to obtain the following derivative: 


Hence, since x = s 3 , 


dy v'(s) ( s6 + s 3 )' 6s 5 -3./~ 4 

dx x'(s) ($3)' 3^2 



57 . Find the points on the curve c(t) = (3/ 2 - 2 1 , r 3 - 6r) where the tangent line has slope 3. 
solution We solve 


dy 3r 2 — 6 ^ 

dx 6r — 2 

or 3r 2 - 6 = 18f - 6, or t 2 -6t = 0, so the slope is 3 at / = 0, 6 and the points are (0, 0) and (96. 180) 
In Exercises 59-62, let c(t) = (t 2 — 9, t 2 — 8r) ( see Figure 17). 



FIGURE 17 Plot Of c(0 = ( t 2 - 9. t 1 - 8 1 ). 

59 . Draw an arrow indicating the direction of motion, and determine the interval of /-values corresponding to the portion 
of the curve in each of the four quadrants. 

solution We plot the functions x{t) = t 2 - 9 and y(t) = t 2 - 8 r: 




x = t 2 - 9 y = t 2 - 8/ 

We note carefully where each of these graphs are positive or negative, increasing or decreasing. In particular, x(t) is 
decreasing for / < 0, increasing for / > 0, positive for |/| > 3, and negative for |/| < 3. Likewise, y(t) is decreasing for 
/ < 4, increasing for / > 4, positive for / > 8 or / < 0, and negative for 0 < / < 8. We now draw arrows on the path 
following the decreasing/increasing behavior of the coordinates as indicated above. We obtain: 
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y 



This plot also shows that: 

• The graph is in the first quadrant for t < -3 or t > 8. 

• The graph is in the second quadrant for -3 < t < 0. 

• The graph is in the third quadrant for 0 < t < 3. 

• The graph is in the fourth quadrant for 3 < t < 8. 


61. F i nd the poi nts w here the tangent has si ope j . 
solution The slope of the tangent at t is 


dy_ _ ( f2 ~ 8 Q _ 2r — 8 _ 4 

dx 2 1 t 

The point where the tangent has slope \ corresponds to the value of t that satisfies 


dy = i _ 4 = l 

dx t 2 


4 1 

- = = =>• f = 8. 
t 2 


We substitute t = 8 in x(r) = r 2 


9 and y(t) = t 2 

jc(8) = 8 2 
y(8) = 8 2 


- 8/ to obtain the foil owing point: 


-9 = 55 
- 8-8 = 0 


(55, 0) 


63. Let A and B be the points where the ray of angle 9 intersects the two concentric circles of radii r < R centered at 
the origin (Figure 18). Let P be the point of intersection of the horizontal line through A and the vertical line through B. 
Express the coordinates of p as a function of 9 and describe the curve traced by P for 0 < 9 < 2n. 



solution We use the parametric representation of a circle to determine the coordinates of the points A and B. That is, 

A = (r cose, r sine), B = (R COS9, R Sin 9) 

The coordinates of p are therefore 

p = (R cose, r sine) 

In order to identify the curve traced by P, we notice that the. x and y coordinates of p satisfy ^ = cose and £ = sine. 
Flence 

(^) 2 + (^) 2 = cos2 e + sin2 e = 1 . 

The equation 



is the equation of ellipse. Flence, the coordinates of P, ( R cos 9, r sine) describe an ell ipse for Q <9 <2n. 
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In Exercises 65-68, refer to the Bezier curve defined by Eqs. (8) and (9). 


65. Show that the Bezier curve with control points 

Pq = (1.4), PI = (3,12), Pj = (6, 15), P* =(7,4) 

has parametrization 

eft) = (1 + 6 / + 3 1 2 - 3 z 3 , 4 + 24z — 15/ 2 - 9 z 3 ) 

Verify that the slope at t = 0 is equal to the slope of the segment PqP\. 

solution For the given Bezier curve we have aq = 1, a\ = 3, A 2 = 6 , A 3 = 7, and bo = 4, b\ = 12, bj = 15 , 773 = 4. 

Substituting these values in Eq. (8)-(9) and simplifying gives 

x(t) = (1 — z ) 3 + 9/(1 — z ) 2 + 18/ 2 (1 — /) + 7 / 3 

= 1 - 3/ + 3/ 2 - z 3 + 9/(1 - 2/ + z 2 ) + 18z 2 - 18/ 3 + 7z 3 
= 1 - 3/ + 3/ 2 - z 3 + 9/ - 18/ 2 + 9z 3 + 18z 2 - 18/ 3 + 7z 3 
= -3/ 3 + 3z 2 + 6z + 1 

v (z) = 4(1 - z ) 3 + 36/(1 - z ) 2 + 45z 2 (1 - z) + 4z 3 

= 4(1 - 3/ + 3 / 2 - z 3 ) + 36/(1 - 2/ + z 2 ) + 45 / 2 - 45z 3 + 4z 3 
= 4 - 12/ + 12 / 2 - 4z 3 + 36/ - 72/ 2 + 36z 3 + 45 / 2 - 45z 3 + 4 / 3 
= 4 + 24/ — 15z 2 — 9z 3 


Then 

eft) = (1 + 6/ + 3z 2 - 3z 3 , 4 + 24/ - 15z 2 - 9/ 3 ), 0 < z < 1. 

We find the slope at z = 0. Using the formula for slope of the tangent line we get 

dy _ (4 + 24/ - 15z 2 - 9/ 3 )' _ 24 - 30/ - 21 1 2 dy _ 24 
dx (1 + 6/ + 3/ 2 - 3/ 3 )' 6 + 6/ - 9/ 2 ^ dx r= Q 6 


The slope of the segment PqP\ is the slope of the line determined by the points Pq = (1, 4) and P\ = (3, 12). That is, 
= 7 = 4. We see that the slope of the tangent line at z = 0 is equal to the slope of the segment PqPi, as expected. 

67. CPS Find and plot the Bezier curve eft) passing through the control points 

Pq = (3, 2), Pi = (0,2), Pj = (5,4), P 3 = ( 2,4) 

solution Setting oq = 3, a\ = 0, aj = 5, 03 = 2, and bo = 2, b\ = 2, £>2 = 4, b-y = 4 into Eq. (8)-(9) and 
simplifying gives 

x( t) = 3(1 — z ) 3 + 0 + 15z 2 (1 — z) + 2 / 3 

= 3(1 - 3/ + 3 / 2 - z 3 ) + 15z 2 - 15z 3 + 2z 3 = 3 - 9/ + 24/ 2 - 16/ 3 
y(t) = 2(1 - z) 3 + 6/(1 - z) 2 + 12z 2 (1 - z) + 4z 3 

= 2(1 - 3/ + 3/ 2 - z 3 ) + 6/(1 - 2/ + z 2 ) + 12/ 2 - 12z 3 + 4/ 3 
= 2 - 6/ + 6/ 2 - 2z 3 + 6z - 12/ 2 + 6z 3 + 12z 2 - 12/ 3 + 4z 3 = 2 + 6/ 2 - 4z 3 


We obtain the following equation 

eft) = (3 - 9/ + 24/ 2 - 16/ 3 , 2 + 6/ 2 — 4z 3 ), 0 < t < 1. 
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The graph of the Bezier curve is shown in the following figure: 



69. A bullet fired from a gun follows the trajectory 

x = at, y = bt — 16f 2 (a, b > 0) 

Show that the bullet leaves the gun at an angle 9 = tan -1 (|) and lands at a distance ab/ 16 from the origin. 
solution The height of the bullet equals the value of the y-coordinate. When the bullet leaves the gun, y(f) = 
t(b - 16 1 ) = 0. The solutions to this equation are t = 0 and t = with t = 0 corresponding to the moment the bullet 
leaves the gun. We find the slope m of the tangent line at t = 0: 


dy y'(t) b — 32 1 b — 32 1 b 

dx x'(t) a a t= g a 

It fol lows that tan 0 = | or 9 = tan -1 (|J. The bullet lands at r = . We find the distance of the bullet from the origin 

at this time, by substituting t = ^ in x(t) = or. This gives 


x 



ab 

16 


71. LHb Plot the astroid x = cos 3 9, y = sin 3 9 and find the equation of the tangent line at 9 = 
solution The graph of the astroid x = cos 3 9, y = sin 3 9 is shown in the following figure: 



The slope of the tangent line ate = f is 


dy 


(sin 3 9)' 

3sin 2 0cose 


sine 

= - tan 0 

0=tt/3 

dx 

6=jt/3 

(cos 3 9Y 

g=n / 3 3 cos 2 9(- sine) 

6=n/3 

cose 


We find the point of tangency: 

The equation of the tangent line at 9 = y is, thus, 



-n/3 


73. Find the points with horizontal tangent line on the cycloid with parametric equation (5). 
solution The parametric equations of the cycloid are 


= t - sin t, y = 1 - cos t 
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We find the slope of the tangent line at t: 

dy _ (1 - cos r)' _ sin r 
dx (r - sin /)' 1-cos/ 

The tangent line is horizontal where it has slope zero. That is, 


dy sin r „ si n z = 0 

— = = 0 => 

dx 1 - cos / cos t ^ 1 


t = (2k-l)n, k = 0, ±1,±2, ... 


We find the coordinates of the points with horizontal tangent line, by substituting t = (2 k - l)n in x(t) and y(t). This 
gives 


x = (2k — 1)jt — sin (2k — T)/r = (2k — 1)7/ 
y=l- COS((2 k - l)n) = 1 - (-1) = 2 


The required points are 


((2k — l)?r, 2), k = 0, ±1,±2, ... 


75 . A curtate cycloid (Figure 21) is the curve traced by a point at a distance h from the center of a circle of radius R 
rolling along the jc-axis where h < R. Show that this curve has parametric equations x = Rt — h si nr, y = R - h cos t. 


y 



solution Let p be a point at a distance h from the center C of the circle. Assume that at t = 0, the line of CP is 
passing through the origin. W hen the circle rolls a distance Rt along the.v-axis, the length of the arc 52 (see figure) is 
also Rt and the angle LSCQ has radian measurer. We compute the coordinates x and v of P. 


Rt 




x = Rt - PA = Rt - hs\n(n - t) = Rt - h sin t 
y = R + ~AC = R + h COS (n - t) - R - h COS t 

We obtain the foil owing parametrization: 

x = Rt - h Sin t, y — R - h COS t. 


77 . 


Show that the line of slope / through (-1, 0) intersects the unit circle in the point with coordinates 

1 -t 2 2 1 

y = 


t l + 1 


+ 1 


[io 


Conclude that these equations parametrize the unit circle with the point (-1, 0) excluded (Figure 22). Show further that 
t = y/(x + 1). 


y 



FIGURE 22 Unit circle. 
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solution The equation of the line of slope t through (-1, 0) is y = t(x + 1). The equation of the unit circle is 
x 2 + y 2 = 1. Hence, the line intersects the unit circle at the points (x, y) that satisfy the equations: 

y = t(x + 1) (1) 

x 2 + y 2 = 1 (2) 


Substituting y from equation (1) into equation (2) and solving for x we obtain 

x 2 + t 2 (x + l) 2 = 1 
x 2 + t 2 x 2 + lt 2 x + t 2 = 1 
(1 + t 2 )x 2 + 2t 2 x + (t 2 — 1) = 0 


This gives 


* 1,2 = 


-2r 2 ± x/4r 4 - 4(r 2 + l)(r 2 - 1) -2r 2 ±2 ±1 - t 2 


2(1 + t 2 ) 


2(1 + t 2 ) 1 + t 2 


So x\ = —1 and xi 


1 - t l 

?Ti 


The solution x = -1 corresponds to the point (-1, 0). We are interested in the second 


point of intersection that is varying as t varies. Hence the appropriate solution is 

1-r 2 


<s\> 

f 2 + l 

We find the y-coordinate by substituting x in equation (1). This gives 


2 1 


' 1 — t 2 \ 1 — t 2 + 1 2 + 1 

v = t (x + 1 ) = t \ 1-1 = t ■ t 

\ t 2 + 1 / t 2 + 1 t 2 + 1 


We conclude that the line and the unit circle intersect, besides at (-1, 0), at the point with the following coordinates: 


x = 


1 - r 2 
f 2 + l’ 



(3) 


Since these points determine all the points on the unit circle except for (-1, 0) and no other points, the equations in (3) 
parametrize the unit circle with the point (-1, 0) excluded. 

We show that? = — — . Using (3) we have 
x + 1 


y 

X + 1 





l-/ 2 +r 2 +l 

r 2 +l 




79. Use the results of Exercise 78 to show that the asymptote of the folium is the line x + y - -a. Hint: Show that 
lim {x + y) = —a. 

t - ►- 1 


solution We must show that as x -»• oo or x -»• -oo the graph of the folium is getting arbitrarily close to the line 


x + y = —a, and the derivative ^ is approaching the slope -1 of the line. 

lnExercise78weshowedthat.v ->• oowhen / -»• (— 1 — ) and jc ->• -oowhen / ->• (— 1 + ). Wefi rst show thatthe graph 
is approaching the line* + v = -a as x oo or x -oo, by showing that lim x + v = lim x + y = -a. 

t-*- 1- ' 


For x(t) 


2at 

r+7 1 ’ 


v(0 = 


3 at 2 

IT73’ 


a > 0, calculated in Exercise 78, we obtain using L'Hopital's Rule: 


lim (x + y) 

t — >■ — 1 — 

lim (x + y) 

t — y — 1 -(- 



3 at + 3 at 2 
1 + f 3 


lim 

t~> — 1 + 


3 at + 3 at 2 
1 + 7 3 


lim 

l- 


3a + 6 at 
3t 2 


lim 

t — y — 1 -|- 


3 a + 6 at 
3t 2 


3a — 6 a 
3 

3a — 6a 
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We now show that — is approaching -1 as? -* -1- and as? -4- -1+. We use — = — — ^4- computed in Exercise 
dx dx 3 a - 6a? 3 

78 to obtain 

dv 6at — 3at^ —9 a 

lim — = 1 1 m T = — — = -1 

?-*>— 1— dx t- »•— 1— 3a — 6 a? 3 9a 

dy 6at — 3at^ —9a 

lim — = 1 1 m r = — — = -1 

t-*— 1+ dx r-s- — 1+ 3a — bat- 1 9 a 

We conclude that the line x + y = -a is an asymptote of the folium as* ->• oo and as* ->• -oo. 

81. Second Derivative for a Parametrized Curve Given a parametrized curve c(?) = (*(?), y(t)), show that 

_ x'jt)y"jt) - y (?)*"(?) 
dtsdx ) x'( t) 2 

U se this to prove the formula 


fill 


solution By the formula for the slope of the tangent line we have 



dy_ _ y\t) 
dx x'(t) 

Differentiating with respect to ?, using the Quotient Rule, gives 

d_ (dy\ = d_ /yc?)\ = x'(t)y"(t) -y'(t)x''(t) 
dt\dx) dt\x’(t)) x’it ) 2 

By the Chain Rule we have 



In Exercises 83-86, use Eq. (11) to find d 2 y/dx 2 . 

83 . * = ? 3 +? 2 , y = lt 2 - 4, ? = 2 

solution We find the first and second derivatives of *(?) and y(t ): 

*'(?) = 3r 2 + 2? => x'(2) = 3 • 2 2 + 2 • 2 = 16 

*"(?) = 6? + 2 =>*"(2) = 6- 2 + 2 = 14 

/(?) = 14? => /(2) = 14-2 = 28 

fit) = 14 =► y"(2) = 14 

Using Eq. (11) weget 

d 2 y _ *'(?)/(?) - y (?)*"(?) _ 16-14 — 28-14 _ -21 

dx 2 t= 2 *'(?) 3 r= 2 16 3 512 

85. * = 8? + 9, y = 1 — 4?, ? = — 3 

solution We compute the first and second derivatives of *(?) and y (?): 

y(?) = 8 =>• y ( — 3) = 8 
x" it) = 0 =>• *"(— 3) = 0 

At) = -4 =► /(— 3) = -4 
y"(?) = 0 =>/(-3) = 0 
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Using Eq. (11) weget 


d 2 y _ x'(-3)y"(-3) - v'(— 3)x"(— 3) _ 8 • 0 - (-4) ■ 0 
Jx 2 t= _3 “ x'(-3) 3 “ 83 


87 . Use Eq. (11) to find the r-intervals on which c{t) = (f 2 , t 3 - 4r) is concave up. 

d 1 y 

solution The curve is concave up where y^- > 0. Thus, 

x'(t)y"(t)-y'(t)x"(t) 

5 > 0 

x'(t ) 3 

We compute the first and second derivatives: 


( 1 ) 


x'(t) = 2t, x" (t) = 2 

v'(f) = 3r 2 - 4. y”{t) = 6f 

Substituting in (1) and solving for t gives 

12c 2 - (6r 2 - 8) _ 6r 2 + 8 
8f3 “ 8r 3 

Since 6r 2 + 8 > 0 for all t, the quotient is positive if 8r 3 > 0. We conclude that the curve is concave up for t > 0. 

89. Area Under a Parametrized Curve Letc(r) = (x(t), y(t )), where y(r) > 0 and x'(t) > 0 (F igure 24) . Show that 
the area A under c(t) for to < t < t\ is 

rt\ 

A= I y(t)x'(t)dt 12 | 

Jto 

Hint: Because it is increasing, the function x(t) has an inverse t = g(x) and c(t) is the graph of y = y(g(x)). Apply the 
change-of-variables formula to A = y(g(x)) dx. 



Jr('o) A'l) 

FIGURE 24 


solution Let xo = jc(ro) and x\ = x(t\). We are given that x\t) > 0, hence x = x(t) is an increasing function of 
t, so it has an inverse function t = g(x). The area A is given by y{g(x))dx. Recall that y is a function of t and 
t = g(x), so the height y at any point x is given by y = y(g(x)). We find the new limits of integration. Since jcq = -*( r 0) 
and x\ = x(t\), the limits for t arero and t\, respectively. Also sincejr'(f) = we ha \tedx = x'(t)dt. Performing this 

substitution gives 

fX 1 ftl 

A = y(g(x))dx= / y{g{x))x’{t)dt. 

Jx 0 Jto 

rn 

Since g(x) = t, we have A = / y(t)x'(t)dt. 

Jto 

91 . W hat does Eq. (12) say if c(r) = (t , /(O)? 

solution In the parametrization x(t) = t, y(t) = f(t) we have x’(t) = 1, to = x(to), t\ = x{t\). Hence Eq. (12) 
becomes 

rn f-x(n ) 

A= / y(t)x’{t)dt= / f(t) dt 
Jto Jx(to) 

We see that in this parametrization Eq. (12) is the familiar formula for the area under the graph of a positive function. 
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93 . Galileo tried unsuccessfully to find the area under a cycloid. Around 1630, Gilles de Roberval proved that the area 
under one arch of the cycloid c(t) = (Rt - R sine, R - Rcost) generated by a circle of radius R is equal to three times 
the area of the circle (Figure 25). Verify Roberval's result using Eq. (12). 



kR 2nR 

FIGURE 25 The area of one arch of the cycloid equals three times the area of the generating circle. 


solution This reduces to 



(R - RCOSt)(Rt - Rs\ntV dt 



R 2 (l - COS t) 2 dt = 3jtR 2 . 


Further Insights and Challenges 


95 . uSM Derive the formula for the slope of the tangent line to a parametric curve c(t) = (jc (?) , y(t)) using a method 
different from that presented in the text. Assume that x' (to) and /(iq) exist and thatu'Oo) 0. Show that 


lim 


yOo + h) - y(fo) 


h -* 0 x(tQ + h) — x (to) 


/Op) 

x'(tQ) 


Then explain why this limit is equal to the slope dy/dx. Draw a diagram showing that the ratio in the limit is the slope 
of a secant line. 

solution Since /(iq) and x'Uq) exist, we have the following limits: 


lim y (<0 + A )-y (< 0 ) =y /( t0 ), lim xOo + A)-x( < o) =;c> 

/!->0 h ' /i-i -0 h 


( 1 ) 


We use Basic Limit Laws, the limits in (1) and the given data x’ (to) 0, to write 

Ijm ydo + - tOo) = | jm h = " m /^o h = y ( f o) 

h^O x(tQ + h) - x(?o) x(i 0 +h)-x(t 0 ) lim/,^0 *<>o+ft>-*( ? o> jc'(iq) 


Notice that the quotient 1 — — is the slope of the secant line determined by the points P = O(ro), y (to)) and 

x(t 0 + h) - x(tQ) 

q = (x(? 0 + h), y(tQ + A)). Hence, the limit of the quotient as h -x 0 is the slope of the tangent line at P, that is the 
derivative 


x 



97 . In Exercise 54 of Section 10.1 (ET Exercise 54 of Section 9.1), we described the tractrix by the differential equation 

dy _ y 

dx - yl 

Show that the curve c(t) identified as the tractrix in Exercise 96 satisfies this differential equation. Note that the derivative 
on the left is taken with respect to x, not t. 
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solution Note that dx/dt = 1 - sech 2 {t/I) = tanh 2 {t/l) and dy/dt = - sech(f/€) tanh(f/£). Thus, 


dy dy/dt — sech (t/l) — y/£ 

dx dx/dt tanh(i/€) — yl /fi 

M ulti plying top and bottom by l/t gives 

dy_ _ -y 

dx Ji 2 - y 2 


In Exercises 98 and 99, refer to Figure 28. 



2 2 

FIGURE 28 The parameter 6 on the ellipse + (j) = !■ 


99. Show that the parametrization of the ellipse by the angle 9 is 


ab cose 

x = , — 

s/a 2 Sin 2 9 + b 2 COS 2 9 

ab Sine 

s/a 2 sin 2 9 + b 2 COS 2 9 


solution We consider the ellipse 


F or the angle 9 we have tan 9 = hence, 


2 2 
^ + ^ = 1 . 


b 2 


y = x tan 9 


( 1 ) 


Substituting in the equation of the ellipse and solving for jc we obtain 

x 2 x 2 tan 2 e 
? + ^- 1 
b 2 x 2 + fl 2 jr 2 tan 2 0 = a 2 b 2 
(fl 2 tan 2 e + b 2 )x 2 = a 2 b 2 

2 a 2 b 2 a 2 b 2 COS 2 9 

a 2 X.an 2 e + b 2 a 2 sin 2 9 + b 2 cos 2 9 

We now take the square root. Si nee the sign of thex-coordinate is the same as the sign of cos0, we take the positive root, 
obtaining 


ab COS 9 

x/a 2 sin 2 e + b 2 COS 2 e 


Hence by (1), the ^-coordinate is 

ab cost? tan 9 

y = x tan 9 = 

s/a 2 sin 2 0 + b 2 cos 2 9 


ab sin 9 

s/a 2 s\n 2 e + b 2 cos 2 9 


Equalities (2) and (3) give the following parametrization for the ellipse: 


( 2 ) 


( 3 ) 


cm = 


ab COS 9 


ab si n 0 \ 


s/a 2 s\n 2 9 + b 2 COS 2 9 s/a 2 sin 2 # + b 2 COS 2 9 / 
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12.2 Arc Length and Speed 

Preliminary Questions 

1 . What is the definition of arc length? 

solution A curve can be approximated by a polygonal path obtained by connecting points 

po = c(tQ), pi = cOi), • • • , pn — cUn) 

on the path with segments. One gets an approximation by summing the lengths of the segments. The definition of arc 
length is the limit of that approximation when increasing the number of points so that the lengths of the segments approach 
zero. In doing so, we obtain the following theorem for the arc length: 

S = f yjx'{t) 2 + /(f) 2 dt, 

J a 

which is the length of the curve c(t) = ix{t), y{t)) for a <t <b. 

2. W hat is the interpretation of ~Jx'(t) 2 + y'(t) 2 for a particle following the trajectory (x(t), y(t))? 

solution Theexpressiony.t'O ) 2 + y'(t) 2 denotes the speed at timer of a particle foil owing thetrajectory (x(t), y(t)). 

3. A particle travels along a path from (0. 0) to (3, 4). What is the displacement? Can the distance traveled be determined 
from the information given? 

solution The net displacement is the distance between the initial point (0, 0) and the endpoint (3, 4). That is 

y/(3 - 0) 2 + (4 - 0) 2 = V25 = 5. 

The distance traveled can be determined only if the trajectory c(t) = (x(r), y(t)) of the particle is known. 

4. A particle traverses the parabola y - x 2 with constant speed 3 cm/s. What is the distance traveled during the first 
minute? Hint: No computation is necessary. 

solution Since the speed is constant, the distance traveled is the following product: L = st = 3 • 60 = 180 cm. 


Exercises 

In Exercises 1-10, use Eq. (3) to find the length of the path over the given interval. 

1. (3r + 1,9 - 4r), 0 < r < 2 

solution Since x = 3r + 1 and y = 9 - 4r we have x' = 3 and >•' = -4. Hence, the length of the path is 

S = J Q \Jl 2 + (— 4) 2 dt = 5 J dt — 10. 


3 . (2r 2 , 3r 

SOLUTION 


2 - 1), 0 < t < 4 

Since x = 2 1 2 and y = 3 r 2 - 1, we havex' = 4r and / = 6 r. By the formula for the arc length we get 


5 = 


J yjx'(t) 2 + y'(t ) 2 dt — J \/l 6 1 2 + 36r 2 dt — V52. J 


t dt = Vb2 • — 


= 16\/l3 


5 . (3r 2 ,4r 3 ), l<r<4 

solution We havex = 3 1 2 and y = 4 r 3 . Hence x' = 6 1 and y' = 12/ 2 . By the formula for the arc length we get 


S = 




( t ) 2 + y'(t) 2 dt = 




t 2 + 144? 4 dt = 6 


/> 


+ 4 t 2 t dt. 


Using the substitution u - 1 + 4r 2 , du - 8tdt weobtain 


6 T 65 
5 =8 


/• 65 

/ d 

J 5 


3 2 

“ = 4 ■ 3 “ 


3/2 


65 


= ^ (65 3 / 2 — 5 3 / 2 ) w 256.43 


5 
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7 . (sin 3?, cos 3?), 0 < t < n 

solution Wehave.v = si n 3/, y = cos3 r, hence x ' = 3cos3r and y' = —3 sin 3/. By the formula for the arc length 
we obtain: 

S = y -J x'{t ) 2 + y'{t) 2 dt = J \A)cos 2 3/ + 9 sin 2 3tdt = J V9dt = 3n 


In Exercises 9 and 10, use the identity 

1 - COS t . ■) t 
2 = sm2 2 

9. (2 cosr - cos 2/, 2 sin r - sin 2r), 0 < t < j 

solution We have* = 2 cosr - cos2r,y = 2 sin t - sin 2r.Thus,.v / = -2 sin r + 2 sin It and V = 2 cosr - 2 cos2r. 
We get 

*'(r) 2 + /(f) 2 = (-2 sin r + 2 sin 2t) 2 + (2 cosr - 2 cos2r) 2 

= 4 sin 2 r - 8 sin r sin It + 4 sin 2 It + 4 cos 2 r - 8 cosr cos 2r + 4 cos 2 It 
= 4(sin 2 r + cos 2 r) + 4(sin 2 It + cos 2 2r) - 8(sin r sin It + cosr cos 2r) 

= 4 + 4 — 8 cos(2r — r) = 8 — 8 cos r = 8(1 — cos r) 

We now use the formula for the arc length to obtain 



11 . Show that one arch of a cycloid generated by a circle of radius R has length 8 R. 

solution Recall from earlier that the cycloid generated by a circle of radius R has parametric equations x = Rt- 
R sin r, y = R - R cosr. Hence, x' = R - R cosr, / = R sin r. Using the identity sin 2 T - = — we get 


x'(t) 2 + y'{t) 2 = r 2 ( 1 - cosr) 2 + R 2 sin 2 r = R 2 ( 1 - 2 cosr + cos 2 r + sin 2 r) 

= R 2 ( 1 - 2 cosr + 1) = 2R 2 (1 - cosr) = 4 R 2 sin 2 f - 

One arch of the cycloid is traced as r varies from 0 to 2 jt. Hence, using the formula for the arc length we obtain: 


rln 

JO 


e2tt I j r Z.7T f E7T 

x' (r) 2 + / (r) 2 dt = J ^ 4R 2 s\n 2 - dt = 2R j sin -dt = 47? j si 


5 = 

= — 47? cos u 


r2n 


r\u du 


= -47?(COSjt - cosO) = 8 R 


13 . Find the length of the tractrix (see Figure 6) 

c(r) = (r - tanh(r), sech(r)), 0 < r < A 

solution Since* = r - tanh(r) and y = sech(r) we have*' = 1 - sech 2 (r ) and / = — sech(r) tanh(r). Hence, 

*'(r) 2 + y'(r) 2 = (1 - sech 2 (r)) + sech 2 (r)tanh 2 Cr) 

= 1 - 2sech 2 (r) + sech 4 (r) + sech 2 (r)tanh 2 (r) 

= 1 - 2 sech 2 Cr) + sech 2 (r)Lsech 2 (r) + tanh 2 (r)) 

= 1 - 2 sech 2 Cr) + sech 2 (r) = 1 - sech 2 (r) = tanh 2 (r) 

Hence, using the formula for the arc length we get: 

rA j /* A j nA A 

S= / J x' (r) 2 + y> (r) 2 dt = / »/ tanh 2 (r) ^/r = / tanh(r)rfr = ln(cosh(r)) 

Jo Jo Jo 0 

= In (cosh (A)) - In (cosh (0)) = In (cosh (A)) - In 1 = In (cosh (A)) 
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In Exercises 15-18, determine the speed s at time t (assume units of meters and seconds ). 

15. (r 3 ,/ 2 ), t = 2 

solution We have x(t) = t 3 , y(t) = t 2 hence x'(t) = 3 1 2 , y'(t) = It. The speed of the particle at time t is thus, 
= yjx'(t ) 2 + y'(t ) 2 = \/9f 4 + 4 1 2 = tV$t 2 + 4. At timer = 2 the speed is 

— = 2n/9 - 2 2 + 4 = 2n/ 40 = 4VT0 ^ 12.65 m/s. 

dt t= 2 


17. (5/ + 1,4/ -3), t = 9 

solution Since jr = 5/ + 1, y = 4/ - 3, we have*' = 5 and / = 4. The speed of the particle at time t is 


— = y/x'(t) + y'(t) = V5 2 + 4 2 = \/41 w 6.4 m/s. 
a/ 

We conclude that the particle has constant speed of 6.4 m/s. 

19. Find the minimum speed of a particle with trajectory c(t) = ( t 3 - 4/, t 2 + 1) for t > 0. Hint: It is easier to find the 
minimum of the square of the speed. 

solution We first find the speed of the particle. We have.r(r) = t 3 - At, y(t) = t 2 + 1, hence x'(t) = 3r 2 - 4 and 
y'(t ) = It. The speed is thus 

^ = \j (it 2 - 4) 2 + (2/) 2 = v'9/ 4 -24/ 2 + 16 + 4/ 2 = A 4 - 20c 2 + 16. 

The square root function is an increasing function, hence the minimum speed occurs at the value of t where the function 
/(f) = 9 ? 4 - 20/ 2 + 16 has minimum value. Since lim /(/) = oo, / has a minimum value on the interval 0 < / < oo, 

t— >oo 

and it occurs at a critical point or at the endpoint t = 0. We find the critical point of / on t > 0: 


f'(t) = 36 1 3 - 40r = 4f(9f 2 


10) = 0=yt = 0,t = 



We compute the values of / at these points: 


/( 0) = 9 • 0 4 - 20 • 0 2 + 16 = 16 



We conclude that the minimum value of / on r > 0 is 4.89. The minimum speed is therefore 

«V£89«2.21. 

/ min 


21. Find the speed of the cycloid c(t ) = (At - 4 si nr, 4 - 4 cos r) at points where the tangent line is horizontal. 
solution We first find the points where the tangent line is horizontal. The slope of the tangent line is the following 
quotient: 

dy dy/dt 4sinr sin/ 

dx dx /dt 4 - 4 cos t 1 - cos t ' 

To find the points where the tangent line is horizontal we solve the following equation for t > 0: 

dy „ sin f „ . „ 

— = 0, = 0=>sin/ = 0 and cosr/l. 

dx 1 - cos t 

Now, sin t = 0 and t > 0 at the points t = jrifc, k = 0, 1, 2 Since cos7r k = (-l) k , the points where cos/ / 1 are 

/ = rck for k odd. The points where the tangent line is horizontal are, therefore: 

/ = n(2k — 1), k = 1,2,3,... 


The speed at time / is given by the following expression: 

ds 
dt 


yjx'(t) 2 + y'(t) 2 = J (4 - 4 cos/) 2 + (4 sin /) 2 


= V 16-32 cost + 16 cos 2 / + 16 sin 2 / = Vl6 - 32 cost + 16 


/32 - 2 sin 2 *- =8 

. t 

sin - 

V 2 

2 
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That is, the speed of the cycloid at time t is 


— = 8 
dt 


. t 

sin - 


We now substitute 


to obtain 


ds 

dt 


t = 7t(lk — 1), k = 1,2,3,... 
n{2k — 1) 


= 8 


sin 


= 8 |(— 1 )* +1 | = 8 


0=15 In Exercises 23-26, plot the curve and use the Midpoint Rule with N = 10, 20, 30, and 50 to approximate its 
length, 

23. c(t) = (cos t, e sm ’ ) for 0 < t < 2n 

solution The curve of c(t) = (cos/, e sinf ) for 0 < / < 2n is shown in the figure below: 



The length of the curve is given by the following integral: 


5 = 


Jx'( t ) 2 +y'(t) 2 dt = ytsi 


-sin/) 2 + (cos/e sinr ) <*• 


That is, 5 = Jq 71 a/ sin 2 / + cos 2 / e 2 sinf dt. We approximate the integral using the M id-Point Rule with N = 10, 20, 
30, 50. For /(/) = V si n 2 1 + cos 2 /e 2sin ' we obtain 

, . 2n n ( 1\ n 

{N = iO): ^=io = j)- s 

10 

Mio = yr^2f(ci) = 6.903734 
i = 1 

2ir it / 1\ n 

w - 20): a '-2o-io c '-( i -2) 10 
20 

M20 = T7 = 6 - 915035 


i=l 


2ir it / 1 \ n 

( N = 30): - = = 

30 

M 30 = ^ £/(<$) = 6. 914949 


i=l 


_ 2n n ( 1\ 7i 

(N = 50): A,= - = -,c ; = ^-2j-25 

50 

Mso = = 6 - 914951 


i=l 


25. Theellipse + Q) 2 = 1 

solution We use the parametrization given in Example 4, section 12.1, that is, c(t) = (5 cost, 3 sin/), 0 < / < 2 jt. 
The curve is shown in the figure below: 
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c(t) = (5 cos/, 3 sin t), 0 < t < 2n. 
The length of the curve is given by the following integral: 


= J yjx'(t) 2 + y'{t) 2 dt = J J(-5s\nt) 2 + (3 cos t) 2 dt 

r2n / r2n i r2jr ! 

= J y 25 sin 2 1 + 9cos 2 1 dt = J y 9(sin 2 1 + cos 2 t) + 16 sin 2 tdt = J y 9 + 16 si n 2 tdt. 


That is, 


S = 




n 2 tdt. 


We approximate the integral using the M id-Point Rule with TV = 10, 20, 30, 50, for /(f) = ^9 + 16 si n 2 r. We obtain 


(N = 10): Ax = 


2tc n 


10 5’ ' 

10 


1 \ n 




Mio = -£/(<,) = 25.528309 
3 ;= l 

2n n / 1 \ jr 

W = 20): a '-20-l5 c '-( i -2j 10 

20 

= = 25 -526999 


: =1 


2n n ( 1 \ n 

( N = 30): Ax=- = -,c,- = ^--j.- 

30 

M 30 = ^£/(c,-) = 25.526999 


: =1 


(N = 50): Ax = 


2jt 3T 

50 = 25’ 
50 

71 


1 \ Tt 


2 25 


Mso = 25 /( c i) = 25.526999 


;=1 


27. If you unwind thread from a stationary circular spool, keeping the thread taut at all times, then the endpoint traces a 
curve C called the involute of the circle (Figure 9). O bserve that ~PQ has length R9. Show thatC is parametrized by 

c(G) = (7?(cos0 + 9 sine), 7?(sin0 - 0cos6>)) 

Then find the length of the involute for Q <9 <2tt. 


y 



figure 9 Involute of a circle. 
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solution Suppose that the arc QT corresponding to the angle 9 is unwound. Then the length of the segment QP 
equals the length of this arc. That is, gP = R6. With the help of the figure we can see that 

x = OA + AB = OA + ~EP = R COS 9 + ~QP si n 6> = RCOS9 + R6 sin 9 = R(COS9 + 9 sin 9). 

Furthermore, 

y = gA - ~QE = RS\n 9 -~QPC0S9 = R S\n 9 - R9 COS 9 = R(S\n9 - 9 COS 9) 

The coordinates of p with respect to the parameter 9 form the following parametrization of the curve: 
c(9) = (R(C0S9 + 9 Sin 9), R(S\n9 - 9 COS 9)), 0 < 9 < 2n. 



In Exercises 29-32, use Eq. (4) to compute the surface area of the given surface. 

29. The cone generated by revolving c(0 = (t,mt) about the. v-axis for 0 < t < A 

solution Substituting y(r) = mt, y'{t) = m, x'(t) = 1, a = 0, and b = 0 in the formula for the surface area, we get 


S = 2n I mty/\ + mA dt =2its/\ + m 2 m / t dt = 2nmy\ + nv- ■ 


— mV 1 + mrn A L 


31 . The surface generated by revolving one arch of the cycloid c(t) = (t - sinr, 1 - cosr) about the x-axis 

solution One arch of the cycloid is traced as t varies from 0 to 2 n. Since x{t) = t - sin t and y(t) = 1 - cosr, we 
have.r'fr) = 1 - cosr and y'(t) = sin r. H ence, using the identity 1 - cosr = 2 sin 2 1, we get 

x'(t) 2 + /(r) 2 = (1 - cosr) 2 + sin 2 r = 1 - 2 cosr + cos 2 1 + sin 2 r = 2 - 2 cosr = 4 sin 2 *- 

By the formula for the surface area we obtain: 

S = 2n f y(t)J x'(t ) 2 + y'{t) 2 dt = 2n f (1 — cosr) • 2 sin - dt 

JO Jo 2 

= 2jt f 2 sin 2 *- • 2 sin [-dt = 87r f sin 3 f - dt = 167r f sin ^udu 

Jo 2 2 Jo 2 Jo 

We use a reduction formulate compute this integral, obtaining 



64jt 

IT 
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Further Insights and Challenges 

33. EFi 5 Leti(r) be the "Butterfly Curve": 

x(t) = siru ^e cos? - 2cos4r - sin 

y (t) = cos t ^e cos ' - 2 cos 4f - si n 

(a) Use a computer algebra system to plot b(t) and the speed s'(t) for 0 < t < 12jt. 

(b) A pproximate the length b(t) for 0 < t < Wn. 

SOLUTION 

(a) Let /(r) = e C0Sf - 2 cos 4/ - sin (jj) 5 , then 

x(t) = sin tf(t) 
y(t) = cos tf (t ) 

and so 

C x'(t)) 2 + (y'(O) 2 = [sinf/'(f) + cosr/(f)] 2 + [cos tf(t) - sin f/(r)] 2 
U sing the identity sin 2 1 + cos 2 / = 1, we get 

(*'(0) 2 + (/(f)) 2 = (/'(f)) 2 + (fit)) 2 . 



Thus, s'(t ) is the following: 


N L 


AVI 

2 r 

(12) _ 

+ 


- sin te C0Sl +8sin4r- 


cos | 12 


The following figures show the curves of b(t) and the speed s'(t) for 0 < t < 10^: 



Looking at the graph, we see it would be difficult to compute the length using numeric integration; due to the high 
frequency oscillations, very small steps would be needed. 

(b) The length of b(t) for 0 < t < 10 n is given by the integral: L = / 0 10?r s'(t)dt where s'(t) is given in part (a). We 
approximate the length using the M idpoint Rule with N = 30. The numerical methods in Mathematica approximate 
the answer by 211.952. Using the M idpoint Rule with N = 50, we get 204.48; with N = 500, we get 211.6; and with 
N = 5000, we get 212.09. 


35. A satellite orbiting at a distance R from the center of the earth follows the circular path x = Rcosmt, y = R sin«f. 

(a) Show that the period T (the time of one revolution) is T = 2n/oi. 

(b) According to Newton's laws of motion and gravity, 

x"(t) = -Gm e -j^. y"(t) = -Gm e ^ 

where G is the universal gravitational constant and m e is the mass of the earth. Prove that R^/T 2 = Gme/bn 2 . Thus, 
Rr /T 2 has the same value for all orbits (a special case of Kepler's Third Law). 
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SOLUTION 

(a) As shown in Example 4, the circular path has constant speed of ^ = coR. Si nee the length of one revolution is 2nR, 
the period T is 

2n R 2n 

coR co 

(b) Differentiating x = R cos cot twice with respect to t gives 


x'(t) = - R co sin COt 
x"(t) - -Rco 2 cos cot 


Substituting x(f) and x"(t) in the equation x"(t) = -Gm e 


x 

Rl 


and simplifying, we obtain 


t R COS cot 

— Rco COS cot = —Gm e ■ 5 — 


-Ro/ = -■ 


Gm e 


R 2 


^ R = 


Gm e 


2 n 2jr 

By part (a), T = — . Hence, co= — . Substituting yields 

co T 


? Gm 
R i = 


47r 2 

-jT 


T 2 Gm e 
4 it 2 


R J Gm e 
T 2 ~ 4?r 2 


12.3 Polar Coordinates 


Preliminary Questions 

1. Points P and Q with the same radial coordinate (choose the correct answer): 

(a) Lie on the same circle with the center at the origin. 

(b) L ie on the same ray based at the origin. 

solution Two points with the same radial coordinate are equidistant from the origin, therefore they lie on the same 
circle centered at the origin. The angular coordinate defines a ray based at the origin. Therefore, if the two points have the 
same angular coordinate, they lie on the same ray based at the origin. 

2. Give two polar representations for the point (x, y) - (0, 1), one with negative;- and one with positive r. 

solution The point (0, 1) is on the y-axis, distant one unit from the origin, hence the polar representation with positive 
r is (r,0) = (1, j). The point (r, 9) = (-1, j) is the reflection of (r, 9) = (1, j) through the origin, hence we must 
add n to return to the original point. 

We obtain the following polar representation of (0, 1) with negative;-: 



3. Describe each of the following curves: 

(a) r = 2 (b );- 2 = 2 (c) ;- cos 9 = 2 

SOLUTION 

(a) Converting to rectangular coordinates we get 

y.v 2 + y 2 = 2 or x 2 + y 2 = 2 2 . 

This is the equation of the circle of radius 2 centered at the origin. 

(b) Weconvertto rectangular coordinates, obtaining .r 2 + y 2 = 2. T his is the equation of the ci rcle of radius V2, centered 
at the origin. 

(c) Weconvertto rectangular coordinates. Sincere = /- cose we obtain thefol lowing equation:* = 2. This is the equation 
of the vertical line through the point (2. 0). 

4. If f{-9) - /(e), then the curve = /(e) is symmetric with respect to the (choose the correct answer): 

(a) *-axis (b) y-axis (c) origin 

solution The equality f{-9) = f{9) for all 9 implies that whenever a point (r, 9) is on the curve, also the point 
(r, -9) is on the curve. Since the point (r, -9) is the reflection of (;-, 9) with respect to the x-axis, we conclude that the 
curve is symmetric with respect to the x-axis. 





Exercises 

1 . Find polar coordinates for each of the seven points plotted in Figure 16. 
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y 



solution We mark the points as shown in the figure. 


y 


A. 

/F( 2V3, 2) 

*E 

B 

c *n 

•x 

S -G(2v3, -2) 


Using the data given in the figure for the x and y coordinates and the quadrants in which the point are located, we obtain: 


(A ), with rectangular coordinates (-3. 3): 


r = y/(- 3 ) 2 + 3 2 = VT8 
0 = 1 r — 


=>■ (A 0) — (^3 V2, 



(B ), with rectangular coordinates (-3, 0): 


0=1 ^(>-,6) = (3.n) 


y 




« 3 



(C), with rectangular coordinates (-2, -1): 


r = V 2 2 + l 2 = 75^2.2 

9 = tan -1 ( 5 ^) = tan -1 = n + 0.46 ~ 3.6 ^ 



y 


3 t 

1 

c r £ 
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(D), with rectangular coordinates (-1, -1): 


r = V'l 2 + l 2 = V2 

0 = * + ! = ^ 


1.4 


=► (r, 8) 




(E), with rectangular coordinates (1. 1): 


r = 7l 2 + l 2 = V2 
9 = tan -1 (j) = j 


1.4 

=► (r, 8) 



y 




1.4- 

A* 

/ri 




(F), with rectangular coordinates (2\/3, 2): 


r = J(lV3) 2 + 2 2 = /I6 = 4 

0 = tan -1 (^) = tan” 1 (^) = f 


=>(r,©) = (4, f) 



(G), with rectangular coordinates (2V3, -2): G is the reflection of F about the . * axis, hence the two points have equal 
radial coordinates, and the angular coordinate of G is obtained from the angular coordinate of F: 8 = 2jt - \ 

Hence, the polar coordinates of G are (4, ^ j. 

3. Convert from rectangular to polar coordinates. 

(a) (1,0) (b) (3,V3) (c) (-2,2) (d) (-1, V3) 

SOLUTION 

(a) The point (1. 0) is on the positive x axis distanced one unit from the origin. Hence, r = 1 and 9 = 0. Thus, 

(r, 9) = (1, 0). 

(b) The point (3, V8) is in the first quadrant so 0 = tan -1 Also, r = ^3 2 + (V3^ 2 = VT2. Hence, 

(r, 6) = (n/ 12, f 

(c) The point (-2, 2) is in the second quadrant. Hence, 

_l ( 2 \ _i n 3n 

8 = tan 1 ( — ^ ) = tan 1 (~ 1 ) = n ~ j = -j- 

Also, r = yj (-2) 2 + 2 2 = V8. Hence, (r, 8) = (VS, 

(d) The point (-1, VI) is in the second quadrant, hence, 

8 = tan -1 = tan_1 (-' ^) = 7r = ~Y' 

Also, r = J(- 1) 2 + = n/ 4 = 2. Hence, (r, 0) = ( 2 , 
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5. Convert from polar to rectangular coordinates: 

(a)(3,£) (b)(6,^) (0 (0, f) (d) (5.-f) 

SOLUTION 

(a) Since r = 3 and 9 = y, we have: 


. , n V 3 

X = rCOSd = 3 COS = = 3 • — - 2.6 

6 2 

y = r sin 6> = 3 sin % = 3 ■ - = 1.5 
0 l 


(x,y) (2.6. 1.5). 


(b) For (6, ^ we haver- = 6 and 9 = 2*. Hence, 


3tt 

x = r cos 9 = 6 cos — -4.24 

4 

3tt 

y = /- sin C7 = 6 si n — — ^ 4.24 
4 


(jc, y) « (-4.24, 4.24) . 


(c) For (0, y), we haver- = 0, so that the rectangular coordinates are (x, y) = (0. 0). 

(d) Since r = 5 and 9 = -j we have 


X = r-cose = 5 COS (-y) =5-0 = 0 
y = r-sin0 = 5 si n (-y) = 5 ■ (-1) = -5 


(*, y) = (0. -5) 


7. Describe each shaded sector in Figure 17 by inequalities in r and 9. 

y y y 




FIGURE 17 


SOLUTION 

(a) In the sector shown below r is varying between 0 and 3 and 9 is varying between n and 2n. Hence the following 
inequalities describe the sector: 


0 < r < 3 
n < 9 s2.n 

(b) In the sector shown below r- is varying between 0 and 3 and 9 is varying between f and j. Hence, the inequalities 
for the sector are: 


0 < r < 3 
n n 

4 ~ ~ 2 


(c) In the sector shown below r is varying between 3 and 5 and 9 is varying between ^ and n. Hence, the inequalities 
are: 


3 < r- < 5 
3n 

—— < 9 < n 

4 “ “ 


9. W hat is the slope of the line 9 = 

solution T his I ine makes an angle 6»o = ^ with the positivejc-axis, hence the slope of thelineism = tan ^ & -3.1. 
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In Exercises 11-16, convert to an equation in rectangular coordinates. 

11. r = 7 

solution r = 7 describes the points having distance 7 from the origin, that is, the circle with radius 7 centered at the 
origin. The equation of the circle in rectangular coordinates is 

x 2 + y 2 = l 2 =49. 


13. /• = 2 si n 9 

solution We multiply the equation by r and substitute r 2 = x 2 + y 2 , r sin 6 = y. This gives 

r 2 = 2 r sin 9 
x 2 + y 2 = 2 y 

M oving the 2y and completing the square yield: x 2 + y 2 - 2y = 0 and x 2 + (y - l) 2 = 1. Thus, r = 2 si n 6> is the 
equation of a circle of radius 1 centered at (0. 1). 

15. r = t 

cos0 - sin 9 

solution We multiply the equation by cos0 - sin 9 and substitute y - r sin 9, x = u cos 0. This gives 

r (cos 9 - sin 6>) = 1 
r COS 9 - r Si n 9 = 1 


cose - sin 9 

is the equation of the line y = x - 1. 

In Exercises 17-20, convert to an equation in polar coordinates. 

17. x 2 + y 2 = 5 

solution We make the substitution x 2 + y 2 = r 2 to obtain; r 2 = 5 or r - V5. 
19. y — x 2 

solution Substituting y = rsinO and x = rcosO yields 


r sine = r 2 COS 2 9. 


Then, dividing by r cos 2 9 we obtain, 


sin 9 

— =— =r so r = tan 9 sec 9 

cos 2 9 


21. M atch each equation with its description. 


(a) r = 2 

(b) 9 = 2 

(c) r — 2 sec 9 

(d) r = 2 CSC 9 


(i) Vertical line 

(ii) Horizontal line 

(iii) Circle 

(iv) Line through origin 


SOLUTION 

(a) r = 2 describes the points 2 units from the origin. Hence, it is the equation of a circle. 

(b) 9 = 2 describes the points P so that OP makes an angle of 9q = 2 with the positive x-axis. Hence, it is the equation 
of a line through the origin. 

(c) This i s ?- cos 0 = 2, which is* = 2, a vertical line. 

(d) Converting to rectangular coordinates, we get r = 2 esc 9, so rsin# = 2 and y = 2. This is the equation of a 
horizontal line. 
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23. Suppose that P = (x, y ) has polar coordinates (r, 9). Find the polar coordinates for the points: 

(a) (x,-y) (b) (-x, -y) (c) (-x, y) (d) (y,x) 

SOLUTION 

(a) (x, -y) is the symmetric point of (x, y) with respect to the x-axis, hence the two points have the same radial 
coordinate, and the angular coordinate of (x, -y) is 2n - 9. Hence, (x, -y) = (r. In - 9). 

y 

y) 


-y) 



(b) (-x, -y) is the symmetric point of (x, y) with respect to the origin. Hence, (-x, -y) = (r, 9 + n). 


y 



(c) (— x, y) is the symmetric point of (x,y) with respect to the y-axis. Hence the two points have the same radial 
coordinates and the angular coordinate of (-x, v) is n - 9. Hence, (-x, y) = (r,n - 9). 



(d) Let (ri, Oi) denote the polar coordinates of (y, x). Hence, 


x^ + y^ = r 

1 /n \ 

— = cote = tan ( — - 9 ) 
in 9 v 2 / 

Since the points (x, v) and (y, x) are in the same quadrant, the solution for 9\ is 9\ — j - 9. We obtain the following 
polar coordinates: (y, x) = (r, \ - 9). 


'i = y.v 2 + x 2 = y 


X 1 

fan — — — 
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25. What are the polar equations of the lines parallel to the liner cos (9 - y) = 1? 

solution The line r cos (9 - y) = 1, or r - sec (9 - |), is perpendicular to the ray 6 = | and at distance d - 1 
from the origin. Hence, the lines parallel to this line are also perpendicular to the ray 9 = |, so the polar equations of 
these lines are;- = d sec (9 - |) or ;-cos(0 - f) = d. 

27. Sketch the curve r = \9 (the spiral of Archimedes) for 9 between 0 and lit by plotting the points for 9 = 
solution We first plot the following points (r, 9) on the spiral: 



Since r(0) = j = 0, the graph begins at the origin and moves toward the points A, B, C, D, E, F, G and H as 9 varies 
from 9 = 0 to the other values stated above. Connecting the points in this direction we obtain the following graph for 

0 < 9 < 2n\ 



3 n 

T 


29. Sketch the cardioid curve ;- = 1 + cose. 

solution Since cose is period with period 2n, the entire curve will be traced out as 9 varies from 0 to 2n. Additionally, 
since cos(27r - 9) = cos(e), we can sketch the curve for 9 between 0 and n and reflect the result through the axis to 
obtain the whole curve. Use the values 9 = 0, j, j, and n: 


9 

r 

point 

0 

71 

7T 

J 

71 

T 

71 

7 

In 

T 

3tt 

T 

5tt 

1 + cosO = 2 
1 + cos \ 

1 + cos f = 

1 + cos | = | 

1 + COS J = 1 
1 + COS \ = 2 

1 + cos \ 

1 + cos ^ 

(2. 0) 

(^ 4 ) 

(^• 1 ) 

(M) 

(l.f) 

(i-¥) 

(^¥) 
/ 2 — v/3 5 jt\ 

(-z-’TTj 
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9 = 0 corresponds to the point (2, 0), and the graph moves clockwise as o increases from 0 to n. Thus the graph is 


71 



Reflecting through the a- axis gives the other half of the curve: 



31 . Figure 20 displays the graphs of r = sin 2 6 in rectangular coordinates and in polar coordinates, where it is a "rose 
with four petals." Identify: 

(a) The points in (B) corresponding to points A- 1 in (A). 

(b) The parts of the curve in (B) corresponding to the angle intervals [0, y], [y, n\ [n, ^], and [^, 2n], 




(A) Graph of r as a function (B) Graph of r = sin 20 

of 6, where r= sin 26» in polar coordinates 

FIGURE 20 


SOLUTION 

(a) The graph (A) gives the following polar coordinates of the labeled points: 


A: 

9 = 

0, 

r = 0 



7 r 

2tt 

B: 

9 = 


r = SI n — = 1 
4 



7 T 


C: 

9 = 

r 

r = 0 



3tt 

. 2-3tt 

D: 

9 = 

T’ 

r = sin — - — 

4 

E: 

9 = 

7 r, 

r = 0 



5tt 


F: 

9 = 

T’ 

r = 1 



3tt 


G: 

9 = 

T’ 

r = 0 



In 


H: 

9 = 

T' 

r = -1 

I: 

9 = 

2n, 

r — 0. 


Since the maximal value of |r| is 1, the points with r = 1 or r = -1 are the furthest points from the origin. The corre- 
sponding quadrant is determined by the value of 9 and the sign of If rp < 0, the point (rq, 6>o) is on the ray 9 = -% 
These considerations lead to the following identification of the points in the xy plane. Notice that A, C, G, E, and / are 
the same point. 
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(b) We use the graph (A) to find the sign of r = sin2e : 0 < 6 < j =>■ r > 0 => (r, 9) is in the first quadrant. 
f<e<jr=*>r<0=>- (r, 9) is in the fourth quadrant, n < 9 < =>■ r > 0 =>■ (r, 0) is in the third quadrant. 

\ < 9 < 2tc =>■ r < 0 => (r, £) is in the second quadrant. That is, 



33. CfiS Plot the cissoid r = 2 sin 6» tan 0 and show that its equation in rectangular coordinates is 



solution Using a CAS we obtain the following curve of the cissoid: 


We substitute sine = £ and tane = | in /■ = 2 sine tan 6 to obtain 

,.v y 

r = L- ■ - . 
r x 

M ultiplying by rx, setting r 2 = x 2 + y 2 and simplifying, yields 

r 2 x = 2 y 2 
(x 2 + y 2 )x = 2 y 2 
x 2, + y 2 x = 2y 2 
y 2 (2 — x) = x 2 



so 


y 2 = 


X 


3 


2 — x 
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35 . Show that 


r = a cose + Z?sin(7 


is the equation of a circle passing through the origin. Express the radius and center (in rectangular coordinates) in terms 
of a and b. 

solution We multiply the equation by r and then make the substitution x = r cose, y - r sin 9, and r 2 = x 2 + y 2 . 
This gives 

r 2 = ar COS 6 + hr Sin 9 
x + y = ax + by 

Transferring sides and completing the square yields 


x 2 — ax + y 2 — by — 0 


( -> _ a /a\2\ / 7 _ b { b\ \ /a\ 

* ~ 2 r + (i) ) + (>- 2 -2- 5 -v+( 5 ) j = ( 5 ) 


2 (b 


( x __) +ly- 2 ) - 4 


2 ..2 , 


This is the equation of the circle with radius ^ a2 .+ bl centered at the point By plugging in x = 0 and y = 0 it is 

clear that the circle passes through the origin. 

37 . Use the identity cos 29 = cos 2 9 - sin 2 9 to find a polar equation of the hyperbola x 2 - y 2 = 1. 
solution We substitute jc = rcos9, y = rsine in.r 2 - y 2 = 1 to obtain 

r 2 COS 2 9 - r 2 Sin 2 9 = 1 
r 2 (COS 2 9 - Sin 2 6») = 1 

Using the identity cos 2 9 = cos 2 9 - sin 2 9 we obtain the following equation of the hyperbola: 

r 2 cos 2 9 = 1 or r 2 = sec20. 

39 . Show that cos 39 = cos 3 9 - 3 cose sin 2 9 and use this identity to find an equation in rectangular coordinates for the 
curve r = cos 39. 

solution We use the identities 005 ( 0 - + p) = cos« cos/S - sin a sin p, cos2 a = cos 2 a - sin 2 a, and sin 2a = 
2 sin a- cos o to write 

cos 3 9 = cos(2<9 + 9) = cos 20 cos 9 - si n 29 si n 9 
= (cos 2 9 - sin 2 9) cose - 2 sin 9 cose sin 9 
= cos 3 e - sin 2 e cose - 2 sin 2 9 cos 9 
= cos 3 e - 3 sin 2 e cose 


Using this identity we may rewrite the equation r = cos3e as follows: 

r - cos 3 e - 3 sin 2 e cose 

Since* = r cos 9 and y = r sine, we have cose = f and sine = Substituting into (1) gives: 

,.3 q„2. 


'■ " r 3 


3y^* 


( 1 ) 


We now multiply by ?- 3 and make the substitution r 2 = x 2 + y 2 to obtain the following equation for the curve: 

r 4 = x 3 — 3y 2 x 
(x 2 + y 2 ) 2 = x 3 — 3y 2 x 
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In Exercises 41—14, find an equation in polar coordinates of the line C with the given description. 

41. The point on C closest to the origin has polar coordinates (2, 5). 

solution In Example 5, it is shown that the polar equation of the line where (r, a) is the point on the line closest to 
the origin is r = d sec (9 - a). Setting ( d , a) = (2, V) we obtain the following equation of the line: 

r = 2sec(0- J). 

43. C is tangent to the circle r = 2VW at the point with rectangular coordinates (-2, -6). 

SOLUTION 



Since C. is tangent to the circle at the point (-2, -6), this is the point on C closest to the center of the circle which is at 
the origin. Therefore, we may use the polar coordinates (, d , a) of this point in the equation of the line: 

r = d sec (9 - a) (1) 

We thus must convert the coordinates (-2, -6) to polar coordinates. This point is in the third quadrant so n < a < 

We get 

d = + (— 6) 2 = V40 = 2VT0 

a = tan -1 ^ = tan -1 3 ^ jr + 1.25 ~ 4.39 

Substituting in (1) yields the following equation of the line: 

r = 2\/l0sec (9 - 4.39) . 

45. Show that every line that does not pass through the origin has a polar equation of the form 

b 

r = 

sine -acose 


where b ^ 0. 

solution Write the equation of thelinein rectangular coordinates as y - ax + b. Since theline does not pass through 
the origin, we have b ^ 0. Substitute for y and x to convert to polar coordinates, and simplify: 

y = ax + b 
rsine = ar COS 6 + b 
r(sine - flCOSe) = b 

b 

r = — 

sine - flcose 

47. For a > 0, a lemniscate curve is the set of points P such that the product of the distances from p to (a, 0) and 
(-a, 0) is a 2 . Show that the equation of the lemniscate is 

(x 2 +y 2 ) 2 = 2 a 2 (x 2 - y 2 ) 

Then find the equation in polar coordinates. To obtain the simplest form of the equation, use the identity cos2e = 
cos 2 9 - sin 2 e. Plot the lemniscate fora = 2 if you have a computer algebra system. 
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solution We compute the distances cl\ and d 2 of P{x, y) from the points (a, 0) and (-a, 0) respectively. We obtain: 

di = J(x- a) 2 + (y - 0) 2 = yj(x- a) 2 + y 2 
dj = y/(x + a) 2 + (y - 0) 2 = yj (x + a) 2 + y 2 
For the points P(x, y) on the lemniscate we haverfi^ = a 2 . That is, 

a 2 = yj(x- a ) 2 + y 2 yj (x + a) 2 + y 2 = ^/[(.v - a) 2 + y 2 ] [(* + a) 2 + y 2 ] 

= y (x - a) 2 (x + a) 2 + y 2 (.r - a) 2 + y 2 (* + a) 2 + y 4 
= yjix 2 - a 2 ) 2 + y 2 [(.v - a) 2 + (x + a) 2 ] + y 4 
= — 2a 2 x 2 + a 4 + y 2 (x 2 — 2xa + a 2 + x 2 + 2xa + a 2 ) + y 4 

= /v4 — 2a 2 x 2 + a 4 + 1y 2 x 2 + ly 2 a 2 + y 4 
= y.i'4 + 2jr 2 y 2 + y 4 + 2a 2 (y 2 — jc 2 ) + a 4 

= y (* 2 + y 2 ) 2 + 2a 2 (y 2 - .v 2 ) + a 4 . 

Squaring both sides and simplifying yields 

a 4 = (jc 2 + y 2 ) 2 + 2 a 2 (y 2 — jc 2 ) + a 4 
0 = (x 2 + y 2 ) 2 + 2a 2 (y 2 - x 2 ) 
so 

(x 2 + y 2 ) 2 = 2 a 2 (x 2 - y 2 ) 

We now find the equation in polar coordinates. We substitute x = r cose, y = r sine and x 2 + y 2 = r 2 into the equation 
of the lemniscate. This gives 

(r 2 ) 2 = 2 a 2 (r 2 COS 2 9 - r 2 Sin 2 9) = la 2 r 2 (COS 2 9 - sin 2 9) = 2a 2 /- 2 COS 29 
z- 4 = 2a 2 /- 2 COS 2(9 

r = 0 is a solution, hence the origin is on the curve. For z- ■£ 0 we divide the equation by r 2 to obtain r 2 = 2a 2 cos 20. 
This curve also includes the origin (r = 0 is obtained for e = f for example), hence this is the polar equation of the 
lemniscate. Setting a = 2 we get/- 2 = 8 cos 20. 



3 n 

T 


49. The Derivative in Polar Coordinates Show that a polar curve r = /(0) has parametric equations 

x = f(9) cose, y = f(G) sin 0 

Then apply Theorem 2 of Section 12.1 to prove 

dy _ /(0)cos0 + / , (0)sin0 
dx ~ -/(0)sin0 + f (9) cose 


where /'(0) = df/d9. 
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solution M ultiplying both sides of the given equation by cos# yields r cos 9 = f(9) cos0; multiplying both sides 
by sine yields r sine = f(9) sine. The left-hand sides of these two equations are the x and y coordinates in rectangular 
coordinates, so for any ewe have jc = /(e) cose and y = /(e) sine, showing that the parametric equations areas 
claimed. Now, by the formula for the derivative we have 

dy = (1) 

dx x' (9) 

We differentiate the functions^ = / ( 9 ) cos 9 and y = / (e) sin e using the Product Rule for differentiation. This gives 

y' (i 9) = /' (e> sine + /(e) cose 
x' (9) = f (e) cose - f (9 ) sine 


Substituting in (1) gives 

dy _ f (9) sine + f(9) cose _ / (e) cose + /' (e) sin e 
dx ~ f (e)cose - /(e) sine ~ — / (6>) sin e + /' (e)cose' 


51 . Use Eq. (2) to find the slope of the tangent line to ?■ = 9 at 9 = ^ and 9 = n. 

solution In the given curve we have r = / (9) = 9. Using Eq. (2) we obtain the following derivative, which is the 
slope of the tangent line at (, r , 9). 


dy _ f (9) cose + /' (e) sine _ e cose + 1- sine 
dx ~ -f (9) sine + /' (e) cose _ -e sin e + 1 • cose 


The slope, m, of the tangent line at 9 = \ and 9 = n is obtained by substituting these values in (1). We get (9 = j): 

yCOSj + sin^ \ -0 + 1 l 2 

m ~ - j sin j + cos j ~ - j ■ 1 + 0 _ - j ~ * 


(9 = n)\ 

n cos 7t + sin n —tv 

m = ; = — = 7V. 

-n SI n 7T + COSjt -1 


53 . Find the polar coordinates of the points on the lemniscater 2 = cos2r in Figure 23 where the tangent line is horizontal. 



solution This curve is defined for -f < 2 1 < f (where cos2r > 0), so for - j <t<j. For each 9 in that range, 
there are two values of r satisfying the equation (±v / cos2r). By symmetry, we need only calculate the coordinates of the 
points corresponding to the positive square root (i .e. to the right of they axis). Then the equation becomes r = Vcos 27. 
Now, by Eq. (2), with f(t) = Vcos (2t) and f(t) = - sin(2r)(cos(2r)) -1 / 2 , we have 

dy _ /(f)C0SM-/'(0 sin r _ cosfVcos(20 - sin(2r) sin r(cos(2f)) _1/2 
dx —/(z) sin r + f'(t) cost - sin rVcos(2r) - sin(2r) cosr(cos(2r)) _1 / 2 

The tangent line is horizontal when this derivative is zero, which occurs when the numerator of the fraction is zero and the 
denominator is not. M ultiply top and bottom of the fraction by VcosfTT), and use the identities cos2r = cos 2 1 - sin 2 1 , 
si n 2r = 2 sin t cost to get 

cos t cos It - sin t sin It cos t (cos 2 1 - 3 sin 2 1 ) 
sin t cos2r + cosr sin 2r _ sin rcos2r + cos/sin It 

The numerator is zero when cosr = 0, so when t = j or t = or when tan t = ±-^, so when t = or t = ±^. 

Of these possibilities, only t = ±? lie in the range <t<j. Note that the denominator is nonzero for f = ±5-, so 
these are the two values of t for which the tangent line is horizontal. The corresponding values of r are solutions to 

r2 - cos ( 2 l)- cos (i)-i 

P.co S (2.^).co S (-|).l 
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Finally, the four points are (r, t ) = 


/ 1 jr \ / 1 ir\ /I pA /I 7T 

IvTeJ’ rvf'ej' r^ ,_ 6 

If desired, we can change the second and fourth points by adding n to the angle and making r positive, to get 
/ 1 ;r\ / 1 lit\ / 1 pi\ / 1 5tt\ 

WTeJ’ wr"6"J’ WTW’ V7?’“6"J 


55. Use Eq. (2) to show that for r = sine + cose, 

dy cos 20 + sin 20 
dx ~ cos 20 - sin 20 

Then calculate the slopes of the tangent lines at points A, B,C in Figure 19. 

solution In Exercise49 we proved thatfor a polar curve;- = / (0) the following formula holds: 


dy _ / (0) cos 0 + f (0) si n 0 
dx ~ -/ (0) sin 0 + f (0)cos0 

For the given circle we have r = / (0) = sin 0 + cos0, hence f (0) = cos0 - sin 0. Substituting in (1) we have 

dy (si n 0 + cos0) cos0 + (cos0 - sin 0) sin 0 sin 0 cos0 + cos 2 0 + cos0 si n 0 - sin 2 0 
dx ~ - (si n 0 + cos0)sin 0 + (cos0 - sin 0) cos0 “ - sin 2 0 - cos0 sin 0 + cos 2 0 - sin 0 cos0 

cos 2 0 - si n 2 0 + 2 sin 0 cos 0 
cos 2 0 - si n 2 0 - 2 sin 0 cos 0 

We use the identities cos 2 0 - sin 2 0 = cos 20 and 2 sin 0 cos 0 = sin 20 to obtain 

dy cos 20 + sin 20 
dx cos 20 - si n 20 


Thederivative ^ is the slope of thetangent I i ne at (u, 0). The si opes of the tangent lines at the points with polarcoordinates 
A = (1. j) B = (o, ^ j C = (1, 0) are computed by substituting the values of 0 in (2). This gives 


dy 

dx 


A 


dy_ 

dx 


B 


dy_ 

dx 


C 


cos (2 • ^) + sin (2 • _ COSTT + Sinjr _ -1 + 0 

cos(2 • j) - sin (2 • j) cos jr — sin n -1-0 

cos (2 • + sin (^2 • cos 3jr +s j n ^T 0-1 

cos (2 • - sin (2 • COS sin \ 0 + 1 

cos (2 ■ 0) + sin (2 ■ 0) _ cosO + sinO _ 1 + 0 

cos (2 • 0) - sin (2-0) - cosO - sinO _ 1 - 0 _ 


Further Insights and Challenges 

57. H Use a graphing utility to convince yourself that the polar equations r = /i(0) = 2 cos0 - 1 and r = fj(d) = 
2cos0 + 1 have the same graph. Then explain why. Hint: Show that the points (/i(0 + n),9 + n) and (fi(Q),0) 
coincide. 

solution The graphs of /- = 2 cos0 - 1 and r = 2 cos0 + 1 in the x>- -plane coincide as shown in the graph obtained 
using a CAS. 
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Recall that (r, 9) and (-r, 0 + jr) represent the same point. Replacing 6 by 9 + n and r by (-/•) in r = 2 cose - 1 we 
obtain 


-r = 2 cos (0 + jr) - 1 
-r = -2 COS0 - 1 
r = 2COS0 + 1 

Thus, the two equations define the same graph. (One could also convert both equations to rectangular coordinates and 
note that they come out identical.) 


12.4 Area and Arc Length in Polar Coordinates 
Preliminary Questions 

1. Polar coordinates are suited to finding the area (choose one): 

(a) U nder a curve between x = a and x = b. 

(b) Bounded by a curve and two rays through the origin. 

solution Polar coordinates are best suited to finding the area bounded by a curve and two rays through the origin. The 
formula for the area in polar coordinates gives the area of this region. 

2. Is the formula for area in polar coordinates valid if f(9) takes negative values? 
solution The formula for the area 


\ f P f(0) 2 d9 

Joi 

always gives the actual (positive) area, even if f(9 ) takes on negative values. 

1 /■*/ 2 

3. The horizontal line y = 1 has polar equation r = csc9. W hich area is represented by the integral - / esc 9 d9 

2 Jjt/6 

(Figure 12)? 

(a) DA BCD (b) A ABC (c) A ACD 


y 



solution This integral represents an area taken from 9 = ?r/6 to 9 = jt/2, which can only be the triangle A ACD, as 
seen in part(c). 


Exercises 

1. Sketch the area bounded by the circle r = 5 and the rays 9 = j and 9 = n, and compute its area as an integral in 
polar coordinates. 

solution The region bounded by the circle r = 5 and the rays 9 = ^ and 9 = n is the shaded region in the figure. 
The area of the region is given by the following integral: 


1 

2 


r n i 

1 

c2 , 25 / tc \ 

l< 

II 

si 

is. 

/ 5 2 d9 = — (n - -) 

Jn/2 

2 , 

Jtt/2 2 V 2 / 


257 r 
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3. Calculate the area of the circle r = 4 sin 9 as an integral in polar coordinates (see Figure 4). Be careful to choose the 
correct limits of integration. 

solution The equation r = 4 sine defines a circle of radius 2 tangent to the x-axis at the origin as shown in the figure: 



The circle is traced as 9 varies from 0 to n . We use the area in polar coordinates and the identity 


? 1 

sin ' 1 9 = - (1 - cos 29) 


to obtain the following area: 

d 


p 7 T r 7 l 

i / sin 2 9 d 9 = 4 
Jo Jo 


A = 1 [ r 2 de=^J^ (4 sine ) 2 c/e = 8 / sin 2 6 > c/e = 4 / (1 - cos26>) die = 4 

= 41 In— - 0 | = 4jt. 


e - 


sin 29 ' 


Jo 


5. Find the area of the shaded region in Figure 14. Note that 9 varies from 0 to j. 


y 



solution Since 9 varies from 0 to j , the area is 


1 c 71 ! 1 , 1 r 71 / 2 , 7 1 ( n ! 2 4 , , 

- r 2 dd=- (6 2 +49) 2 d6 = - + 169 2 d9 

2 Jo 2 Jo 2 Jo 


r^d9 = - 

Jo 

1/1 s 4 16 

+29 + t" 

7. Find the total area enclosed by the cardioid in Figure 16. 


71/2 

0 


5 4 2 

n tv n 

320 + 16 + T 



FIGURE 16 The cardioid r = 1 - cose. 
solution We graph r = 1 - cos 9 in r and 9 (cartesian, not polar, this time): 


r 
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We see that as 0 varies from 0 to n, the radius r increases from 0 to 2, so we get the upper half of thecardioid (the lower 
half is obtained as 0 varies from n to 27r and consequently r decreases from 2 to 0). Si nee thecardioid is symmetric with 
respect to the x-axis we may compute the upper area and double the result. U sing 


we get 


A = 2.\j r 2 dO = J (1-COS 0) 2 dO = J (l - 2 COS0 + COS 2 


dO 


-r 

Jo 


1 - 2 cose + 


cos 261 + 1 


dd = 


-jf 

Jo 


3 1 „ , 

- - 2 cose + ^ cos 20 ) dO 


3 „ . 1 . „ 

= -0 - 2 sin 0 + - sin 20 
2 4 


71 _ 3tt 
0 “ 2 


The total area enclosed by the cardioid is A = Jj~. 

9. Find the area of one leaf of the "four-petaled rose" r = sin 20 (Figure 17). Then prove that the total area of the rose 
is equal to one-half the area of the circumscribed circle. 


y 



solution We consider the graph of r = sin 20 in cartesian and in polar coordinates: 




We see that as 0 varies from 0 to | the radius r is increasing from 0 to 1, and when 0 varies from | to j, r is decreasing 
back to zero. H ence, the leaf in the first quadrant is traced as 0 varies from 0 to j. The area of the leaf (the four leaves 
have equal areas) is thus 


1 r /2 7 1 /’ 7r/2 7 

A = - / r 2 dO = - I Sin 2 20 dO. 

2 Jo 2 Jo 


Using the identity 


sin 2 20 = 


1 - cos 40 
2 


we get 



The area of one leaf is A = ^ as 0.39. It follows that the area of the entire rose is j. Since the "radius" of the rose (the 
point where 0 = |) is 1, and the circumscribed circle is tangent there, the circumscribed circle has radius 1 and thus area 
tc. FI ence the area of the rose is half that of the circumscribed circle. 
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11 . Sketch the spiral r = 0 for 0 < 0 < 2n and find the area bounded by the curve and the first quadrant. 
solution The spiral r = 0 for 0 < 0 < In is shown in the following figure in the jcy-plane: 



We must compute the area of the shaded region. This region is traced as 0 varies from 0 to j. Using the formula for the 
area in polar coordinates we get 

1 /n \ 3 jr ^ 

6V27 = 48 

13 . Find the area of region A in Figure 19. 


1 [ n ! 2 2 1 [ n ! 2 

A = 2 Jo rde =2Jo 


2 1 9* 

9 de =2T 


7T/2 

0 



solution We first find the values of 9 at the points of intersection of the two circles, by solving the following equation 
for -y < x < j\ 


4 cos 9 = 1 => cos G = - 9\ = cos 

4 


-l 



We now compute the area using the formula for the area between two curves: 

A=^J 1 ((4cos<?) 2 - l 2 ) dG=^J 1 (l6cos 2 (9-l) dG 


U sing the identity cos 2 9 = C0S ^ 6I + 1 we get 
f e 1 / 16 (cos 29 + 1) 


1 r i 

U 


- 1 \d9 = - 


-u 


01 1 

(8 cos 29 + 7) dG = - (4 sin 20 + 7 9) 

-0i L 


0i 

-0i 


= 4 sin 20i + 70i = 8 sin 0i cos0i + 70i = 8^1 - cos 2 0i cos0i + 1G\ 
Using the fact that cos 0i = \ weget 
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15. Find the area of the inner loop of the limagon with polar equation r = 2 cose - 1 (Figure 21). 


y 



FIGURE 21 The limagon r = 2 cose - 1. 

solution We consider the graph of r = 2 cose - 1 in cartesian and in polar, for < x < ^ 




As e varies from to 0, r increases from 0 to 1. As 6 varies from 0 to y, r decreases from 1 back to 0. Flence, the 
inner loop of the limagon is traced as 6 varies from to y. The area of the inner loop is thus 


1 T 77 / 3 , 1 

/ -7r/3 -> 1 

r 77 / 3 / ■) \ 

A = - / r 1 2 de=- 

/ (2 cose - i) 2 ^e = - 

/ (4cos 2 e-4cose + i) 

2 J-n/3 2 „ 

7r/3 2 „ 

'-jt/3 ' 2 


1 Z ’ 71 '/ 3 


L 


2 J- 


(2 (cos2e + 1) - 4 cose + 1) de = 


1 

2 J-tz/3 ' 


■tt/3 


= - (si n 2c? - 4 sine + 3e) 


(2 cos 2e - 4 cose + 3) de 


a/3 4 a/3 

= ___ +7t = n _ 2 


jt/3 y 
-n/3 

3V3 


— . . 27T 7T 

= ^ ( ( sin — — 4 sin - + n 


2 

0.54 


sin I ) - 4 si n 


(-i) 


17. Find the area of the part of the circle r = sine + cose in the fourth quadrant (see Exercise 26 in Section 12.3). 
solution The value of 6 corresponding to the point B is the solution of r = sin 9 + cose = 0 for -n < 9 < n. 


y 



That is, 


sine + cose = 0 =>■ sine = -cose =>■ tane = -l =>■ e = 

4 


At the point C, we havee = 0. The part of the circle in the fourth quadrant is traced if 9 varies between and 0. This 
leads to the following area: 


A = - 


1 1 C ^ 1 / \ 

- r 2 de = - (sine + cose) 2 de = - / (sin 2 e + 2 sine cose + cos 2 e) de 

2 J-jt/ 4 2 J-jr/4 2 J—jr/4 V 7 


0 

— 7r/4 
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Using the identities sin ' 1 9 + cos^ 9 = 1 and 2 sine cos 9 = sin 29 we get: 

2 ° 


If 0 , . _ 1 ( cos 2 9 

A = - (1 + Sin 2(9) d9 = - (9 - 

2 J—n / 4 




— jr/4 

1 /JT 1 

2 \ 4 “ 2 


: 0.14. 


19 . Find the area between the two curves in Figure 22(A). 



FIGURE 22 

solution We compute the area A between the two curves as the difference between the area A\ of the region enclosed 
in the outer curve r = 2 + cos 29 and the area A 2 of the region enclosed in the inner curve r = sin 29. That is, 

A = A\ — A 2- 



I n Exercise 9 we showed that A 2 = f, hence, 


A = Ai — 


( 1 ) 


We compute the area A\. 



Using symmetry, the area is four times the area enclosed in the first quadrant. That is, 

2 rn / 2 n pic / 2 n ^7r/2 


Ai = 4 ■ ^ [ r 2 d9 = 2 /" (2 + COS20) Z = 

2 Jo JO 


= 2 J (4 + 4 cos 20 + cos 2 2e) <70 


Using the identity cos 2 20 = £ cos 40 + j we get 

r 71 / 2 / 1 


Ai =2 


r 

Jo 


4 + 4 cos 20 + T cos40 + ^ d9 = 2 J [\ Jr \ cos4e + 4cos2e 1 de 


_ /90 si n 4c? _ . ' 

= 2 ( y + — g— + 2 sin 20 


*/ 2 //9tt sin 271 . \ \ 9 tt 


( 2 ) 


Combining (1) and (2) we obtain 
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21 . Find the area inside both curves in Figure 23. 



solution The area we need to find is the area of the shaded region in the figure. 



We first find the values of 9 at the points of intersection A, B, C, and D of the two curves, by solving the following 
equation for -n <9 <n\ 


2 + cos 20 = 2 + sin 29 
cos 2 9 = sin 29 

_ . _ n n nk 

tan 29 = \ 26 = — n k =$■ 9 = 7 - 4 — 

4 8 2 

The solutions for -n < 9 < tc are 


A: 9 
B: 9 
C: 9 


n 

8 "' 

3n 

~T' 

In 

~1P 


D: 9 


5?r 

T' 


Using symmetry, we compute the shaded area in the figure below and multiply it by 4: 


2 
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23. Calculate the total length of the circle r = 4 si n 0 as an integral in polar coordinates. 
solution We use the formula for the arc length: 

7 /W 2 + f'{0) 2 dd (1) 

Ja 

In this case, /(e) = 4 sin 9 and /'(e) = 4 cose, hence 

+ /'(e) 2 = -y/ (4 sine) 2 + (4 cose) 2 = Vl6 = 4 

The circle is traced as 6 is varied from 0 to n. Substituting a = 0, / = it in (1) yields 5 = Jq 4dO = 4tt. 



T he ci rcle r = 4 si n e 


In Exercises 25-30, compute the length of the polar curve. 

25. The length of r = e 2 for 0 < e < tt 

solution We use the formula for the arc length. I n this case f (6) = e 2 , /'(e) = 29, so we obtain 


S = 


f’fef + ae) 2 M = J q \/e 4 + 4e 2 rfe = ^ eVe 2 + 4</e 


We compute the integral using the substitution u = e 2 + 4, = 2e<7e. This gives 


rv 2 + 4 

/ 

J 4 


1 /-Jr 2 +4 
S =2 


1 2 

U = 2 3 U 


3/2 


2 +4 


j ((,» + 4)* ((,»+«)*-.) 


27. The equiangular spiral r = e 0 for 0 < 9 < 2n 

solution Since f(9) = e 6 , by the formula for the arc length we have: 

; J n y/f(9) 2 + f(9)d9 + J y/(e e ) 2 + (e 6 ) 2 d6 = ^ sfh/ 2 ® d9 


L = 


r2n 

if ■ 

Jo 


= V2 e 6 de = s/2e b 


2tt 


s/2 (e 2 * - e°) = 72 (7* - l) 


755.9 


14.55 


29. The cardioid r = 1 - cose in Figure 16 

solution In the equation of the cardioid, /(e) = 1 - cose. Using the formula for arc length in polar coordinates we 
have: 

L= f P y/f(9) 2 + f'(9) 2 d9 (1) 

Ja 

We compute the integrand: 


J 1 f{6) 2 + /' (e) 2 = y/ (l - cose) 2 + (sine) 2 = -/l - 2 cose + cos 2 e + sin 2 e = J 2 (l - cose) 

We identify the interval of e. Since -1 < cose < 1, every 0 < 9 < 2n corresponds to a nonnegative value of r. H ence, 
e varies from 0 to 2n. By (1) we obtain 


L = 



cose) fife 


Now, 1 - cose = 2sin 2 (e/2), and on the interval 0 < 9 < n, sin(e/2) is nonnegative, so that V2(l - cose) = 

^/4 si n 2 (e/2) = 2 sin(e/2) there. The graph is symmetric, so it suffices to compute the integral for 0 < 9 < n, and we 
have 


L = 2 


rn t 

f 72a 

Jo 


- COS 9)d9 = 2 


f* 2 si 
Jo 


n (e/2) fife = 8 sin ^ 


= 8 
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In Exercises 31 and 32, express the length of the curve as an integral but do not evaluate it. 

31. r = (2 - COS0) -1 , 0 < 9 < 2n 

solution We have f(9) = (2 - cose) -1 , f'{6) = -(2 - cose) -2 sin 9, hence, 

yj f 2 {9) + f'{9) 2 = / 2- cose) -2 + (2 - cose) -4 sin 2 9 = 2 - cose) -4 ((2 - cose) 2 + sin 2 o') 

= (2 - cose) -2 ^4 - 4 cos e + cos 2 e + si n 2 e = (2- cose) -2 V5 - 4 cose 
Using the integral for the arc length we get 

r2n 

l = / V5 - 4cose(2 - cose) -2 rfe. 

Jo 

In Exercises 33-36, use a computer algebra system to calculate the total length to two decimal places. 

33. CRS The three-petal rose;- = cos3e in Figure 20 
solution We have /(e) = cos3e, f'{9) — — 3 sin 3e, so that 

yj /(e) 2 + f'(6) 2 = y/cos 2 3e + 9 sin 2 3e = yj cos 2 3e + sin 2 3e + 8 sin 2 3e = Jl + 8 sin 2 3 9 
Note that the curve is traversed completely for 0 < 9 < n. Using the arc length formula and evaluating with M aple gives 

L = j* //(e) 2 + f'(9 ) 2 d9 = j* yjl + 8sin 2 3e de ^ 6.682446608 

35. OR 5 The curve r = 9 sin 9 in Figure 24 for 0 < 9 < 4jt 

y 



FIGURE 24 ;- = esine forO < e < 4?r. 
solution We have f(9) = e sine, /'(e) = sine + 9 cose, so that 

yj fid) 2 + /'(e) 2 = y/9 2 sin 2 e + (sine + ecose) 2 = y/9 2 sin 2 e + sin 2 e + 2e sine cose + e 2 cos 2 e 

= yje 2 + sin 2 e + e sin 2e 

using the identities sin 2 e + cos 2 9 = 1 and 2 sin 6 cose = sin 2e. Thus by the arc length formula and evaluating with 
M aple, we have 

r^TT I rAn I 

L = J yj f(9) 2 + f'(6) 2 d6 = j 1 /e 2 + si n 2 e + e si n 2e £/e « 79.56423976 


Further Insights and Challenges 

37. Suppose that the polar coordinates of a moving particle at time t are (r (r), dlt))- Prove that the particle's speed is 
equal to / ( dr/dt ) 2 + r 2 {dG/dt) 2 . 

solution The speed of the particle in rectangular coordinates is: 

/ = y/x'(t) 2 + y'(t) 2 (1) 

at T 

We need to express the speed in polar coordinates. The* and y coordinates of the moving particles as functions of t are 

x(t) = r(t)C0S9(t), y(t) = r(f)sin0(f) 
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We differentiate x(t) and y(t), using the Product Rule for differentiation. We obtain (omitting the independent variable?) 

x' = r' COS 0 - r (sin 9)9' 
y' = r sin e - r (COS 6 >)&' 


Hence, 


x' 2 + y’ 2 = (r'c OS9 - re' sine) 2 + (r'sin0 + rd'cOSd) 2 

= r' 2 COS 2 9 - 2rVe' cose sine + r 2 e’ 2 sin 2 e + r' 2 sin 2 e + 2 r'rO 1 sin 2 e COS e + r 2 e' 2 COS 2 e 
= r' 2 (cOS 2 e + sin 2 0 + r 2 e' 2 (sin 2 e + COS 2 0 = r' 2 + r 2 e' 2 (2) 


Substituting (2) into (1) we get 


ds 

dt 





2 


12.5 Conic Sections 


Preliminary Questions 

1. Which of the following equations defines an ellipse? W hich does not define a conic section? 

(a) 4x 2 - 9y 2 = 12 (b) -Ax + 9v 2 = 0 

(C) 4y 2 + 9* 2 = 12 (d) Ax 3 + 9 v 3 = 12 

SOLUTION 

(a) This is the equation of the hyperbola = ^ which is a conic section. 

(b) The equation -Ax + 9v 2 = 0 can be rewritten as a- = |y 2 , which defines a parabola. This is a conic section. 

(c) The equation 4y 2 + 9x 2 = 12 can be rewritten in the form (-20 + 
ellipse, which is a conic section. 

(d) This is not the equation of a conic section, since it is not an equation of degree two in a and y. 

2. For which conic sections do the vertices lie between the foci? 
solution If the vertices lie between the foci, the conic section is a hyperbola. 


= 1, hence it is the equation of an 




ellipse: foci between vertices hyperbola: vertices between foci 


3 . What are the foci of 

©Mf ) 2 - 1 «•<» 


7 7 

solution If a < b the foci of the ellipse (|) + (|) =1 are at the points (0, c) and (0. -c) on the y-axis, where 
c = Jb 3 — a 3 . 
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y 



4. W hat is the geometric interpretation of b/a in the equation of a hyperbola in standard position? 
solution The vertices, i.e., the points where the focal axis intersects the hyperbola, are at the points ( a , 0) and (- a , 0). 
T he values ± | are the slopes of the two asymptotes of the hyperbola. 



Hyperbola in standard position 


Exercises 

In Exercises 1-6, find the vertices and foci of the conic section. 



solution This is an ellipse in standard position with a - 9 and 6 = 4. Hence, c = v"9 2 - 4 2 = V65 8.06. The foci 

are at F\ = (-8.06. 0) and Fj = (8.06. 0), and the vertices are (9, 0) , (-9. 0), (0, 4) , (0, -4). 



solution This is a hyperbola in standard position with a = 4 and b = 9. Hence, c = Jo 2 + b 2 = V97 ^ 9.85. The 
foci are at (±V97, 0) and the vertices are (±2, 0). 



solution We first consider the hyperbola ( j) 2 - (|) 2 = 1. For this hyperbola, a = 7, b - 4 and c = s/l 2 + 4 2 ^ 
8.06. Hence, the foci are at (8.06, 0) and (-8.06, 0) and the vertices are at (7, 0) and (-7, 0). Since the given hyperbola 
is obtained by translating the center of the hyperbola ( j) - (J) =1 to the point (3, -1), the foci are at F\ - 
(8.06 + 3,0 — 1) = (11.06, -l)and F 2 = (-8.06 + 3,0 — 1) = (-5.06, -1) and the vertices are A = (7 + 3, 0 - 1) = 
(10, -1) and A' = (—7 + 3,0 — 1) = (-4, -1). 

In Exercises 7—10, find the equation of the ellipse obtained by translating (as indicated) the ellipse 



7. T ranslated with center at the origin 
solution R ecal I that the equati on 


(x-h) 2 , (y-k) 2 , 

« 2 + b 2 

describes an ellipse with center (li, k). Thus, for our ellipse to be located at the origin, it must have equation 


9 . T ranslated to the right six units 
solution Recall that the equation 
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(* - h ) 2 , (y - k) 2 _ , 
a 2 b 2 

descri bes an ell ipse with center {h, k). The original el I ipse has center at (8, -4), so we want an ellipse with center (14, -4). 
Thus its equation is 

(x - 14) 2 ( (y + 4) 2 _ 1 
6 2 + 


In Exercises 11-14, find the equation of the given ellipse. 


11 . Vertices (±5, 0) and (0, ±7) 

solution Since both sets of vertices are symmetric around the origin, the center of the ellipse is at (0, 0). We have 
a = 5 and b = 7, so the equation of the ellipse is 



= 1 


13 . Foci (0. ±10) and eccentricity e=\ 

solution Since the foci are on the y axis, this ellipse has a vertical major axis with center (0, 0), so its equation is 


We have a = § = and 



= 1 


r = T / 2500 1 40 

b = s/a 2 -c 2 = ^ — 100 = -V2500 — 900 = y 

Thus the equation of the ellipse is 



In Exercises 15-20, find the equation of the given hyperbola. 

15 . Vertices (±3, 0) and foci (±5, 0) 

solution The equation is (|) - (|) = 1. The vertices are (±a, 0) with a = 3 and the foci (±c, 0) with c = 5. We 
use the relation c - s/a 2 + b 2 to find b\ 

b = s/c 2 - a 2 = ^2 - 3 2 = Vl6 = 4 
Therefore, the equation of the hyperbola is 

©Mi) 2 ' 1 - 


17 . Foci (±4, 0) and eccentricity e = 2 

solution We have c = 4 and e = 2; from c = ae we get a = 2, and then 

b = y/ c 2 - a 2 = A 2 - 2 2 = 2V3 
The hyperbola has center at (0, 0) and horizontal axis, so its equation is 



19 . Vertices (-3, 0), (7, 0) and eccentricity e = 3 

solution The center is at =^tZ _ 2 with a horizontal focal axis, so the equation is 
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Then a = 7 - 2 = 5, and c = ae = 5 • 3 = 15. Finally, 

b = 7c 2 - a 2 = x/l5 2 - 5 2 = 10V2 

so that the equation of the hyperbola is 



In Exercises 21-28, find the equation of the parabola with the given properties. 

21. Vertex (0, 0), focus ( jj. 0) 

solution Since the focus is on the x-axis rather than the y-axis, and the vertex is (0, 0), the equation is x = ^y 2 . 
The focus is (0, c) with c = jj, so the equation is 


X 



— 3y 2 


23. Vertex (0. 0), directrix y = -5 

solution The equation is y = ^x 2 . The directrix is y = -c with c = 5, hence y = Xx 2 . 


25. Focus (0. 4), directrix y = -4 

solution The focus is (0, c) with c = 4 and the directrix is y = -c with c = 4, hence the equation of the parabola is 

1 2 

' 4 c 16 


27 . Focus (2. 0), directrix x = -2 

solution The focus is on the x-axis rather than on the y-axis and the directrix is a vertical line rather than horizontal 
as in the parabola in standard position. Therefore, the equation of the parabola is obtained by interchanging x and y in 
y = ^x 2 . Also, by the given information c = 2. Hence, x = ^y 2 = ^y 2 or x = } 8 . 

In Exercises 29-38, find the vertices, foci, center (if an ellipse or a hyperbola), and asymptotes (if a hyperbola). 

29 . x 2 + 4y 2 = 16 

solution We first divide the equation by 16 to convert it to the equation in standard form: 



For this ellipse, a = 4 and b = 2 hence c = X^ 2 - 2 2 = XY2 « 3.5. Since a > b we have: 

• The vertices are at (±4.0), (0, ±2). 

• The foci are F\ = (-3.5, 0) and Fj = (3.5, 0). 

• The focal axis is the x-axis and the conjugate axis is the y-axis. 

• The ellipse is centered at the origin. 



solution For this hyperbola a = 4 and b = 7 so c = vV + 1 2 - V65 « 8.06. For the standard hyperbola 

(I) 2 ~ (y) 2 = 1. we have 

• The vertices are A = (4, 0) and A' = (-4. 0). 

• The foci are F = (V65, 0) and F' = (-a/65, 0). 

• The focal axis is the x-axis y = 0, and the conjugate axis is the y-axis x = 0. 

• The center is at the midpoint of F F'\ that is, at the origin. 

• The asymptotes y = ±|x are y = ±|x. 

The given hyperbola is a translation of the standard hyperbola, 3 units to the right and 5 units downward. Hence the 
following holds: 

• The vertices are at A = (7, -5) and A' = (-1, -5). 

• The foci are at F = (3 + V65, -5) and F' = (3 - V65, -5). 
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• The focal axis is y = -5 and the conjugate axis is x = 3. 

• The center is at (3, -5). 

• The asymptotes arey + 5 = ±\(x - 3). 


33 . 4x 2 — 3y 2 + 8x + 30v = 215 

solution Since there is no cross term, we complete the square of the terms involving x and y separately: 


4x 2 - 3y 2 + 8x + 30y = 4 (x 2 + 2x \ - 3 (y 2 - lOy) = 4(x + l) 2 - 4 - 3(y - 5) 2 + 75 = 215 

Hence, 


4(x + l) 2 - 3(y - 5) 2 = 144 

4(x + l) 2 3(y - 5) 2 

144 144 



2 / \ 2 

This is the equation of the hyperbola obtained by translating the hyperbola (|) - (^^=) = 1 one unit to the left and 
five units upwards. Since a = 6, b - a/ 48, we haver = V36 + 48 = /84 ~ 9.2. We obtain the following table: 



Standard position 

T ranslated hyperbola 

vertices 

(6,0), (-6,0) 

(5,5), (-7,5) 

foci 

(±9.2,0) 

(8.2,5), (-10.2,5) 

focal axis 

T hex-axis 

y = 5 

conjugate axis 

The y-axis 

x = —1 

center 

The origin 

(-1,5) 

asymptotes 

y = ±1.15x 

y = — 1.15x + 3.85 
y = 1.15x + 6.15 


35 . y = 4(x - 4) 2 

solution By Exercise 34, the parabola y = 4x 2 has the vertex at the origin, the focus at (°’ ro) and its axis is the 
y-axis. Our parabola is a translation of the standard parabola four units to the right. Hence its vertex is at (4, 0), the focus 
is at (4, and its axis is the vertical line* = 4. 

37 . 4x 2 + 25y 2 - 8x - lOy = 20 

solution Since there are no cross terms this conic section is obtained by translating a conic section in standard position. 
To identify the conic section we complete the square of the terms involving x and y separately: 


Hence, 


4x 2 + 25y 2 - 8x - lOy = 4 (x 2 


= 4(jc - 



1 


= 4(x 


l) 2 + 25 ^y 



20 


4(x — l) 2 + 25^y — ^ 

4 , 2/1 


2 

= 25 


2 

= 1 



2 


+ 




1 
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This is the equation of the ellipse obtained by translating the ellipse in standard position ^4^ + y 2 = 1 one unit to the 
right and 5 unit upward. Since a = b = 1 we havec = -1 « 2.3, so we obtain the foil owing table: 



Standard position 

Translated ellipse 

Vertices 

(±|, 0 ),( 0 ,± 1 ) 

(i±|, |).(i.| ± i) 

Foci 

(-2.3,0), (2.3,0) 

(-1.3,1), (3.3,1) 

Focal axis 

The x-axis 


Conjugate axis 

The y-axis 

X = 1 

C enter 

The origin 

(M) 


In Exercises 39^f2, use the Discriminant Test to determine the type of the conic section (in each case, the equation is 
nondegenerate ). Plot the cur\’e if you have a computer algebra system. 

39 . 4x 2 + 5xy + 7y 2 = 24 

solution Here, D = 25 - 4- 4- 7 = -87, so the conic section is an ellipse. 

41 . 2x 2 - 8xy + 3v 2 - 4 = 0 

solution Here, D = 64 — 4 • 2 • 3 = 40, giving us a hyperbola. 

43 . Show that the "conic" x 2 + 3y 2 - 6 x + 12 y + 23 = 0 has no points. 
solution Complete the square in each variable separately: 

-23 = X 2 - 6x + 3y 2 + 12y = (x 2 - 6x + 9) + (3y 2 + 12y + 12) - 9 - 12 = (x - 3) 2 + 3(y + 2) 2 - 21 
Collecting constants and reversing sides gives 

(x - 3 ) 2 + 3(v + 2 ) 2 = -2 

which has no solutions since the left-hand side is a sum of two squares so is always nonnegative. 

45 . Show that - = Vl - e 2 for a standard ellipse of eccentricity e. 
a 

solution By the definition of eccentricity: 


c 

e — — 
a 


For the ellipse in standard position, c = V 'a 2 - b 2 . Substituting into (1) and simplifying yields 

V a 2 — b 2 I a 2 — b 2 




We square the two sides and solve for |: 




b - = Ji^7 2 


(i) 


47 . Explain why the dots in Figure 23 lie on a parabola. Where are the focus and directrix located? 


y 



FIGURE 23 
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solution All the circles are centered at (0, c) and thefeth circle has radius fee. Hence the indicated point P k on thefeth 
circle has a distance fee from the point F = (0, c). The point P k also has distance fee from the line y = -c. That is, the 
indicated point on each circle is equidistant from the point F = (0, c) and the line y = -c, hence it lies on the parabola 
with focus at F = (0, c) and directrix y = -c. 



49. A latus rectum of a conic section is a chord through a focus parallel to the directrix. Find the area bounded by the 
parabola y = x 2 /(4c) and its latus rectum (refer to Figure 8). 

solution The directrix is y = -c, and the focus is (0, c). The chord through the focus parallel to y = -c is clearly 
y = c; this line intersects the parabola when c = jc 2 /(4 c) or 4c 2 = x 2 , so when x = ±2c. The desired area is then 



1 2 

— x dx 

■ 



2c 

-2c 


= 2 c 2 - 


8c* 

12c 



In Exercises 51-54, find the polar equation of the conic with the given eccentricity and directrix, and focus at the origin. 
51. e = j, x = 3 

solution Substituting e = \ and d = 3 in the polar equation of a conic section we obtain 

ed 7 • 3 3 3 

y ■=. = — — — K y = 

l + ecoso i+i cose 2 + cose 2 + cose 

53. e = 1, x = 4 

solution We substitute e = 1 and d = 4 in the polar equation of a conic section to obtain 

ed 1-4 4 4 

1 ~ 1 + e COS 9 ~ 1 + 1 • COS 9 ~ 1 + COS 9 ^ ' ~ 1 + COS 8 


In Exercises 55-58, identify the type of conic, the eccentricity, and the equation of the directrix. 

55. r = ^ 

1 + 4 cose 

solution M atching with the polar equation r = i + e e d cos6 we get ed = 8 and e = 4 yielding d = 2. Since e > 1, the 
conic section is a hyperbola, having eccentricity e = 4 and directrix x = 2 (referring to thefocus-directrix definition (11)). 

57 - r = 2 — I 

4 + 3 cose 

solution We first rewrite the equation in the form r = i + ^ osg , obtaining 

2 

1 + | cose 

Hence, ed = 2 and e = | yielding d = Since e < 1, the conic section is an ellipse, having eccentricity e = | and 
directrix x = I. 

59. Find a polar equation for the hyperbola with focus at the origin, directrix x = -2, and eccentricity e - 1.2. 
solution We substitute d = -2 and e = 1.2 in the polar equation r = 1+< fco S g and use Exercise 40 to obtain 

1.2 -(-2) _ -2.4 _ -12 _ 12 

- l + 1.2 cose - 1 + 1.2 cose - 5 + 6cose _ 5-6cose 
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61. Find an equation in rectangular coordinates of the conic 

16 

- 5 + 3 cos0 

Hint: U se the results of Exercise 60. 

solution Put this equation in the form of the referenced exercise: 


16 


16 

T 


16 3 

T ' 5 


5 + 3cos0 1 + ^cose 1 + j cos# 


so that e— 5 and d = ^.Then the center of the ellipse has x-coordinate 


de A 

1-e 2 


16 9 T r rt or 

T • 25 _ 16 A 25 = _ 3 

3 25 16 


1 - 


75 


and _v-coordinateO, and A! has ^-coordinate 

de 


16 . 3 

l^e ~ 1 - | = “T ' 5 ' 2 = “ 8 


3 ■ 5 16 3 5 


and _v-coordinate 0, so a = -3 - (-8) = 5, and the equation is 

2 




To find b, set e = then r = But the point corresponding to 0 = j lies on they-axis, so has coordinates (o, 
This point is on the ellipse, so that 


0 + 3 V . 


5 ) + \ b 


= 1 =► 


256 _ 16 
25 • b 2 ~ 25 


256 

b 2 


— 16 =>- b = 4 


and the equation is 




63. Kepler's First Law states that planetary orbits are ellipses with the sun at one focus. The orbit of Pluto has eccentricity 
e 0.25. Its perihelion (closest distance to the sun) is approximately 2.7 billion miles. Find the aphelion (farthest 
distance from the sun). 

solution We define an xy-coordinate system so that the orbit is an ellipsein standard position, as shown in the figure. 



The aphelion is the length of A'F\, that is a + c. By the given data, we have 

0.25 = e = - =>■ c = 0.25a 
a 

a — c = 2.7 => c = a — 2.7 

Equating the two expressions for c we get 

0.25a = a — 2.7 

0.75a = 2.7 => a = ^ = 3.6, c = 3.6 - 2.7 = 0.9 


The aphelion is thus 


A'Fq = a + c = 3.6 + 0.9 = 4.5 billion miles. 


Further Insights and Challenges 

65 . Verify Theorem 2. 
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solution Let F\ = (c, 0) and F 2 = (-c, 0) and let P (x, y) be an arbitrary point on the hyperbola. Then for some 
constant a, 

~PF\- ~PFi = ±2 a 


y 



Using the distance formula we write this as 

yj {x — c) 2 + y 2 - yj {x + c) 2 + y 2 = ± 2 a. 

M oving the second term to the right and squaring both sides gives 

yj (x - c) 2 + v 2 = yj (x + c) 2 + y 2 ± 2a 
(x - c) 2 + v 2 = (x + c) 2 + v 2 ± 4 (x + c) 2 + v 2 + 4« 2 
(x — c) 2 — (x + c) 2 — 4c/ 2 = ±Aayj (x + c) 2 + y 2 
xc + a 2 = ±a-y/ (x + c) 2 + y 2 

We square and simplify to obtain 


x 2 c 2 + 2xca 2 + a 4 = a 2 ^(x + c) 2 + y 2 ^J 
c 2 + 2a 2 x 

(< 2 - 2 ) 


= a 2 x 2 + 2 a 2 xc + a 2 c 2 + a 2 v 2 


/ 2 2 \ 2 2 2 2 
I c — a I x — ay = a 


a 2 c 2 — a 2 


= 1 


For b = y/c 2 - a 2 (or c = va 2 + fo 2 ) we get 


2 2 

--^ = 1 ^ 
a 2 b 2 




= 1 . 


67 . Verify that if e > 1, then Eq. (11) defines a hyperbola of eccentricity e, with its focus at the origin and directrix at 
x = d. 

solution The points P = (r, 9) on the hyperbola satisfy ~PF = e~PD, e > 1. Referring to the figure we see that 

~PF = r, PD = d — r COS 9 (1) 


Hence 


r = — r COS 9) 

r = ed — er COS 9 

ed 

1 + eCOS 0 


r(l + <? COS 9) = ed =y r = 
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Remark: Equality (1) holds also for 9 > 7 j. For example, in the following figure, we have 

~PD = d + r COS (7T - 6) = d - r COS 0 

y 



Reflective Properly of the E I lipse In Exercises 68-70, we prove that the focal radii at a point on an ellipse make equal 
angles with the tangent line C. Let P = (jro, >’0) be a point on the ellipse in Figure 25 with foci F\ = (— c, 0) and 
F 2 = (c, 0), and eccentricity e = c/a. 



69. Points R\ and R 2 in Figure 25 are defined so that F\R\ and FjRj are perpendicular to the tangent line. 

(a) Show, with A and B as in Exercise 68, that 

a\ + c a 2 — c A 

J 1 = Pi = B 

(b) Use (a) and the distance formula to show that 


FiRi 

F 2 R 2 


Pi 

Pi 


(c) Use (a) and the equation of the tangent line in Exercise 68 to show that 


Pi = 


B( 1 + Ac) 
A 2 + B 2 


Pi = 


B( 1 - Ac) 
A 2 + B 2 


SOLUTION 

(a) Since R\ = (cq, P\) and R 2 = (u 2 , p 2 ) lie on the tangent line at P, that is on the line Ax + By = 1, we have 


Aai + BPi = 1 and Aq '2 + Bp 2 — 1 

The slope of the line R\F\ is and it is perpendicular to the tangent line having slope . Similarly, the slope of 
the line R 2 F 2 is and it is also perpendicular to the tangent line. Hence, 


ot\ + c 



a 2 — c 

Pi 


A 

S' 


Pi B 
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(b) Using the distance formula, we have 


Thus, 


2 , a 2 


RlFi = («! + c) + 


2 _ o2 ( “1 + c 


Rin=Pi +i 


Pi 


By part (a), = A. Substituting in (1) gives 


-2 2 ( A 


=Pi \j 2 +1 


Likewise, 


7? 2 F 2 ‘ = (« 2 - c) 2 + ft 2 = fr 2 ( ( U2 p2 C 


+ 1 


but since _ A t substituting in (3) gives 


-2 2 I A 


R2F2 = ^2 ( ^2 + 1 ) 


Dividing, wefind that 


as desired. 

(c) In part (a) we showed that 


-2 a 2 


R1F1 Pj so R1F1 Pi 

R^F2 2 P 2 r 2 f 2 P 2 ' 


Act 1 + Bji 1 = 1 

Pi = B 

a\ + c A 


Eliminating a 1 and solving for fi\ gives 


Similarly, we have 


Pi = 


B (1 + Ac) 
A 2 + B 2 


Eliminating a 2 and solving for p 2 yields 


Ao/ 2 + fi/j 2 = 1 

P2 = B 

c /2 — c A 


P2 = 


S (1 - Ac) 
A 2 + S 2 


( 1 ) 


( 2 ) 


(3) 


(4) 


(5) 


( 6 ) 


71. ufsj Here is another proof of the Reflective Property. 

(a) Figure 25 suggests that C is the unique line that intersects the ellipse only in the point P. Assuming this, prove that 
QF\ + QFj > PF\ + PFj for all points Q on the tangent line other than P. 

(b) Use the Principle of Least Distance (Example 6 in Section 4.7) to prove that 6\ = d 2 . 

SOLUTION 

(a) Consider a point Q ^ P on the line C (see figure). Since/; intersects the ellipse in only one point, the remainder of 
the line lies outside the ellipse, so that QR does not have zero length, and F 2 QR is a triangle. Thus 

QF\ + QF 2 = QR + RFi + QF 2 = RF\ + (QR + QF 2 ) > RF\ + RF 2 

since the sum of lengths of two sides of a triangle exceeds the length of the third side. B ut si nee point R lies on the ellipse, 
rf 2 + rf 2 = PF\ + pf 2 , and we are done. 
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y 



(b) Consider a beam of light traveling from F\ to Fj by reflection off of the line £. By the principle of least distance, 
the light takes the shortest path, which by part (a) is the path through P. By Example 6 in Section 4.6, this shortest path 
has the property that the angle of incidence (e\) is equal to the angle of reflection ( 02 ). 


73. Show that y = x 2 /4 c is the equation of a parabola with directrix y = -c, focus (0, c), and the vertex at the origin, 
as stated in Theorem 3. 


solution The points P = (x, y) on the parabola are equidistant from F = (0, c) and the line v = -c. 





That is, by the distance formula, we have 


P F = PD 


yfx 


2 + (y - c) 2 = \y + c\ 


Squaring and simplifying yields 


x 2 + (y - c ) 2 = (y + c) 2 
x 2 + y 2 — 2yc + c 2 = y 2 + 2vc + c 2 
x 2 — 2yc = 2yc 


x 2 = 4yc : 


y= to 


Thus, we showed that the points that are equidistant from the focus F = (0, c) and the directrix y = -c satisfy the 
equation y = fp 

75. C3§3 Derive Eqs. (13) and (14) in the text as follows. Write the coordinates of P with respect to the rotated axes 
in Figure 21 in polar form x' = r cosa, y' = sin a. Explain why P has polar coordinates (r, a + 6) with respect to the 
standard x and y-axes and derive Eqs. (13) and (14) using the addition formulas for cosine and sine. 


solution If the polar coordinates of P with respect to the rotated axes are (r, a), then the line from the origin to P 
has length r and makes an angle of a with the rotated x-axis (the x'-axi s) . Since the x'-axis makes an angle of 6 with the 
x-axis, it follows that the line from the origin to P makes an angle of a + e with the x-axis, so that the polar coordinates 
of P with respect to the standard axes are (r, a + 9). Write (x', y r ) for the rectangular coordinates of P with respect to 
the rotated axes and (x,y) for the rectangular coordinates of P with respect to the standard axes.Then 

x = r COSta + 9) = (r COS a) COS 9 - (r sin a) sin 9 = x' COS 9 - y'sin# 

y = r sinfa + 0) = r sin a COS9 + r cosa sin 9 = (r cos a) sin 0 + (rsina) COS0 = x' sin0 + y' cos 9 
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1. W hich of the following curves pass through the point (1, 4)? 

(a) c(r) = (/ 2 , t + 3) (b) c(0 = (/ 2 , / - 3) 

(c) c(t) = (t 2 , 3 - /) (d) c(t) = (/ - 3, t 2 ) 

solution To check whether it passes through the point (1, 4), we solve the equations c(/) = (1, 4) for the given curves, 

(a) Comparing the second coordinate of the curve and the point yields: 

/ + 3 = 4 

t = 1 

We substitute / = 1 in the first coordinate, to obtain 

/ 2 = l 2 = 1 


H ence the curve passes through (1,4). 

(b) Comparing the second coordinate of the curve and the point yields: 

i-3 = 4 
/ = 7 


We substitute / = 7 in the first coordinate to obtain 

t 2 = 7 2 = 49 / 1 

H ence the curve does not pass through (1,4). 

(c) Comparing the second coordinate of the curve and the point yields 

3 — / = 4 
/ = -1 

We substitute / = -1 in the first coordinate, to obtain 

t 2 = (-1)2 = i 


H ence the curve passes through (1, 4). 

(d) Comparing the first coordinate of the curve and the point yields 

/ — 3 = 1 
/ = 4 


We substitute / = 4 in the second coordinate, to obtain: 

t 2 = 4 2 = 16 / 4 

H ence the curve does not pass through (1,4). 

3 . Find parametric equations for the circleof radius 2 with center (1, 1). Use theequations to find the points of intersection 
of the circle with the a- and v-axes. 

solution Using the standard technique for parametric equations of curves, we obtain 

c(t) = (1 + 2 cos /, 1 + 2 si n /) 

We compare the a- coordinate of c(t) to 0: 

l + 2cos/ = 
cos / = 

/ = 



Substituting in they coordinate yields 


, _ . / 2/r 

1 + 2 sin (±— 


= 1 ± 2^y- = 1 ± V3 
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Hence, the intersection points with the y-axis are (0, 1 ± V3). We compare the y coordinate of c(r) to 0: 

1 + 2 sin/ = 
sin t - 

t = 

Substituting in the* coordinates yields 

l + 2cos(-^-)=l + 2^ = l + V3 

1 + 2 cos Q/r j = l- 2cos(^-)=l-2^ = l- V3 

Hence, the intersection points with the x-axis are (1 ± V3, 0). 

5. Find a parametrization c(6) of the unit circle such that c(0) = (-1, 0). 
solution The unit circle has the parametrization 

c(r) = (cos i, si nr) 

This parametrization does not satisfy c(0) = (-1, 0). We replace the parameter t by a parameter 6 so that / = 6 + a, to 
obtain another parametrization for the circle: 

c*(6) = (COS(e + Q'),Sin(0 + a)) (1) 



We need that c*(0) = (1, 0), that is, 


c*(0) = (COSa, sin a) = (-1, 0) 


Hence 


COS o' = -1 

=y a = n 

Sin a = 0 

Substituting in (1) we obtain the following parametrization: 

c*(6) = (cos(0 + n), sin(6> + n)) 

7. Find a path c(t) that traces the line y = 2x + 1 from (1, 3) to (3, 7) for 0 < / < 1. 

solution Solution 1: By one of the examples in section 12.1, the line through p = (1, 3) with slope 2 has the 
parametrization 


c(t) — (1 + /, 3 + 2/) 

But this parametrization does not satisfy c(l) = (3, 7). We replace the parameter / by a parameter s so that / = as + p. 
We get 

c*(s) = (1 + ai + ft, 3 + 2 (as + fi)) = (as + f) + 1, 2 as + 2/3 + 3) 

We need that c*(0) = (1, 3) and c*(l) = (3. 7). Hence, 

c*( 0) = (1 + /8, 3 + 2/8) = (1, 3) 
c*(l) = (a + /3 + 1, 2 a + 2/3 + 3) = (3, 7) 


We obtain the equations 


1 + /3 = 1 
3 + 2/0 = 3 
a + 1 3 + 1 = 3 
2a + 2/3 + 3 = 7 


/3 = 0, a = 2 


c*(s) = (2x + 1, 4i- + 3) 


Substituting in (1) gives 
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Solution 2: The segment from (1, 3) to (3, 7) has the following vector parametrization: 

(1 - t ) (1, 3) + 1 (3, 7) = (1 — t + 3 ?, 3(1 - ?) + 7?) = (1 + 2t, 3 + At) 
The parametrization is thus 

c(r) = (1 + 2?, 3 + At) 

In Exercises 9-12, express the parametric curve in the form y = f(x). 

9. c(?) = (At — 3, 10 — t) 

solution We use the given equation to express? in terms of x . 

jc = 4f — 3 

At = x + 3 
x + 3 

t = — - — 


Substituting in the equation of y yields 


That is, 


in i n x + 3 x 37 

v = 10 - / = 10 — = -- + — 

4 4 4 


x 37 
- V = “4 + T 


11 . c(?) = (3 — ? 3 + - 

V 1 1 

solution We use the given equation to express t in terms of x: 


x = 3 — 

t 


- = 3 — x 

t 


t 


3 


Substituting in the equation of y yields 


y = 


3-. 


2/(3 - x) (3 - x) 


8 3 — x 

4 ^ — 


In Exercises 13-16, calculate dy/dx at the point indicated. 

13. c(t) = (? 3 + r, ? 2 — 1), t = 3 

solution The parametric equations are x = t 3 + 1 and y = t 2 - 1 . We use the theorem on the slope of the tangent 


line to find d / x : 


We now substitute t = 3 to obtain 


It 


, dv 

c h = df = 

dx 3r 2 + 1 

dt 


dy 

dx 


2-3 


,=3 3 • 3 2 + 1 14 


15. c(r) = (e ? - 1, sin?), t = 20 

solution We use the theorem for the slope of the tangent line to find 

dy _ ^7 _ (sin ?)' _ cos? 

dx Ax. ( e 1 — IV e 1 

dt 


We now substitute ? = 20: 


dy_ 

dx 


t= 0 


cos 20 
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17. OR 5 Find the point on the cycloid c(?) = (? - sin ?, 1 - cost) where the tangent line has slope 
solution Since x = ? - sin / and y = 1 - cos?, the theorem on the slope of the tangent line gives 

, dy 

dy = = sin t 

dx 4* 1-cos? 

dt 

The points where the tangent line has slope \ are those where ^ We solve for t: 

dy 1 
dx 2 


2 sin / = 1 — cos t 

We let u - sin t. Then cos? = ±\/l - sin 2 ? = ±-/l - u 2 . Hence 

2 u = 1 ± \/l — W 2 

We transfer sides and square to obtain 

±v'l — m 2 = 2u — 1 

1 — m 2 = 4i/ 2 — 4?/ + 1 
5h 2 — 4i/ = u (5m — 4) = 0 
_ 4 

M = 0, II = — 

We find ? by the relation « = sin?: 

« = 0: sinT = 0=>/ = 0.v = 7r 

4 4 

m = sin t = -=>■? « 0.93, ? fa 2.21 

These correspond to the points (0, 1), (n, 2), (0.13, 0.40), and (1.41, 1.60), respectively, for 0 < t < In. 

19. Find the equation of the Bezier curve with control points 

A3 = (-i,-i), pi = (-i,i), ^ = (i,D, p*(i,-i) 

solution We substitute the given points in the appropriate formulas in the text to find the parametric equations of the 
Bezier curve. We obtain 

x(t) = —(1 — t ) 3 — 3f (1 — ?) 2 + t 2 (l — O + ? 3 

= -(1 - 3? + 3? 2 - ? 3 ) - (3? - 6? 2 + 3? 3 ) + (? 2 - ? 3 ) + ? 3 
= (— 2? 3 + 4? 2 - 1) 

y(t) = -(1 - ?) 3 + 3f(l - ?) 2 + ? 2 (1 - ?) - ? 3 

= -(1 - 3? + 3 ? 2 - ? 3 ) + (3? - 6? 2 + 3? 3 ) + ( t 2 - ? 3 ) - ? 3 
= (2? 3 - 8? 2 + 6/ - 1) 


21. Find the speed (as a function of t) of a particle whose position at time? seconds is c(?) = (sin? + ?, cos? + ?). W hat 
is the particle's maximal speed? 

solution We use the parametric definition to find the speed. We obtain 


ds 

dt 


yj ((sin ? + ?)') 2 + ((cos ? + ?)0 2 = yj (cos ? + l) 2 + (1 - sin ?) 2 


cos 2 ? + 2 cos ? + 1 + 1 - 2 sin ? + si n 2 ? = 73 + 2(cos? - sin?) 


We now differentiate the speed function to find its maximum: 


d^s 

rf ? 2 


(73 + 2(cos? 



- sin? - cos? 

V3 + 2(cos? - sin?) 
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We equate the derivative to zero, to obtain the maximum point: 


<fis 

dP 


= 0 


-sin/ -cos/ _ n 
•v/3 + 2(cos t - sin z') 

-sin / - cos / = 0 


— sin z = cos / 
sin(-f) = cos(-f) 

n 

—t= — +nk 
4 

n 

t — — - + nk 

4 


Substituting / in the function of speed we obtain the value of the maximal speed: 



In Exercises 23 and 24, let c(t) = (e ' COS/, e 1 sin /). 

23 . Show that c(0 for 0 < / < oo has finite length and calculate its value. 
solution We use the formula for arc length, to obtain: 


j 


J yj({e-’ cos t) o 2 + {{e-> si n t)') 2 dt 

J yji-e-’ cos f - e~ x si n t) 2 + (- e~ ' si n / + e~' cos t) 2 dt 

J yj e _ 2 r (cos/ + sin /) 2 + e - 2 , (cos/ - sinr) 2 d/ 

[ e~'J cos 2 / + 2 sin / cos / + sin 2 / + cos 2 / - 2 sin / cos / + sin 2 tdt 
Jo 


n OO 

/ e-’Pldt = s/li-e-') 

Jo 

-V2(0 - 1) = V2 


= -y/2 ( lime r - e° 


25 . CP, S Plot c(/) = (sin 2/, 2 cos/) for 0 < / < n. Express the length of the curve as a definite integral, and 
approximate it using a computer algebra system. 

solution WeuseaCAS to plotthe curve. The resulting graph isshown here. 





To calculate the arc length we use the formula for the arc length to obtain 




J y/(2 cos 2/) 2 + (-2sin/) 2 rf/ = 2 J ^cos 2 2/ + sin 2 tdt 


We use a CAS to obtain j = 6.0972. 
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27 . Convert the points (r, 0) = (1, |), (3. from polar to rectangular coordinates. 

solution We convert the points from polar coordinates to cartesian coordinates. For the first point we have 


x = r cose = 1 • cos 


71 

6 


V3 

2 


y = rsin0 = 1 • sin 


jr 

¥ 


1 

2 


For the second point we have 


x 


y 


bn 

= r COS 9 = 3COS — 
4 


. bn 

= r si n 9 = 3 si n — 
4 



29 . Writer = T — as an equation in rectangular coordinates. 

cos <9 - sin 0 

solution We use the formula for converting from polar coordinates to cartesian coordinates to substitute a- and y for 
r and 9\ 


7777 = 

J* 2 + y 2 = 


2 cos 9 
cos 9 - sine 
2r COS0 

r COS 6 - r Si n 9 
2a 

A - V 


31 . 



Convert the equation 


9(a 2 + y 2 ) = (a 2 + y 2 - 2 y) 2 


to polar coordinates, and plot it with a graphing utility. 

solution We use the formula for converting from cartesian coordinates to polar coordinates to substitute r and 9 for 
a and y. 

9 (a 2 + y 2 ) = (a 2 + y 2 - 2y) 2 
9r 2 = (r 2 - 2;- Sine) 2 
3;- = r 2 - 2 r sin 9 


3 = r - 2 sin e 


r = 3 + 2 sine 


The plot of r = 3 + 2 sin 9 is shown here: 



Plot of r = 3 + 2 sin e 


33 . Calculate the area of one petal of r = si n 4e (see Figure 1). 





FIGURE 1 Plot Of r = Sin(n0). 
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solution We use a CAS to generate the plot, as shown here. 



We can see that one leaf lies between the rays 0 = 0 and e = We now use the formula for area in polar coordinates to 
obtain 


1 c^/4 


1 /-tt/4 


1 f 7r / 4 . ? If 

A = - sin 2 4 9d9 = — 

2 Jo 4 Jo 


(1 - COs8(9)r76» = - I 9 - 


sin 8 6 


71 1 4 
0 


-B^5 (sin2, '“ sin0) = K 


35 . Calculate the total area enclosed by thecurver 2 = cos0e sin£ ' (F igure 2). 


y 



solution Note that this is defined only fore between -n/2 and n/2. We use the formula for area in polar coordinates 
to obtain: 


A = 


1 f 71 / 2 2 1 ( n/1 

2 r d9 = j / 

2 J—jr/2 2 J—ji/2 


COS 9e s ' ne dd 


J-jt/ 2 J —Ti 1 2 

We evaluate the integral by making the substitution x = sin Bdx = cos9d9\ 


A = 


\i 


n/2 


COS 9e sme d9 = \e * 


TXjl 




37 . Find the area enclosed by the cardioid r = a( 1 + cose), where a > 0. 


solution The graph of r = a (1 + cose) in the re-plane for 0 < 9 < 2n and the cardioid in the ucy-plane are shown 
in the following figures: 


y 



r 



As 9 varies from 0 to n the radius r decreases from 2 a to 0, and this gives the upper part of the cardioid. 


808 CHAPTER 12 | PARAMETRIC EQUATIONS, POLAR COORDINATES, AND CONIC SECTIONS 


The lower part is traced as 9 varies from n to 2n and consequently r increases from 0 back to 2a. We compute 
the area enclosed by the upper part of the cardioid and the x-axis, using the following integral (we use the identity 
cos 2 9 = 2 + 2 cos 20): 


1 C 77 1 C 77 u C 77 / v 

- r 2 d9=- a 2 (1 + COS 9) 2 d9 = — ( 1 + 2 COS 9 + COS 2 9 ) d9 

2 Jo 2 Jo 2 Jo V / 


a 1 - r /, „ 11 \ a “ r 

-Th { 1 + 2 ^ s +2 + 2 cxls ) de -T k 


3 1 „ . 

- +2cos0+ -cos2e ) d9 


„ . 3 9 „ . 1 . „ 

= — Ur- + 2 sin 9 + T sin 20 
2 4 


4[ 

Using symmetry, the total area A enclosed by the cardioid is 



Jr 2 r 


a 


|fN 

II 

o 


3 71 1 . 

— + 2sin^ + -sin27r-0 
2 4 


3na 2 


A = 2 ■ 


3na 2 

4 


3jta 2 

~T~ 


39. LR 5 Figure 5 shows the graph of r = e 0 - 56 * sin 9 for 0 < 0 < 2tt. Use a computer algebra system to approximate 
the difference in length between the outer and inner loops. 


y 



solution We note that the inner loop is the curve for 9 e [0, n], and the outer loop is the curve for 9 e \n, 2 n]. We 
express the length of these loops using the formula for the arc length. The length of the inner loop is 





e°- 5e sin 9 


+ e 056 COS 9 


2 

d9 


and the length of the outer loop is 


s 2 


rln 

Jn 


e 6 Sin 2 9 + 


e°- 5e sin 9 


+ e 0 - 56 COS 9 


2 

d9 


We now use the CAS to calculate the arc length of each of the loops. We obtain that the length of the inner loop is 7.5087 
and the length of the outer loop is 36.121, hence the outer one is 4.81 times longer than the inner one. 


In Exercises 41—14, identify the conic section. Find the vertices and foci. 



solution This is an ellipse in standard position. Its foci are (±v / 3 2 - 2 2 .0) = (+V5.0) and its vertices are 
(±3, 0), (0, ±2). 

43. (2x + \yf =4-( x -y) 2 
solution We simplify the equation: 


2x+ 


4 a 2 + 2 xy + ~^y L 
5x 2 + 5 -y 2 


5x 2 5/ 

~T + TfT 


= 4 - (X - y ) 2 
= 4 — x 2 + 2xy — y 2 
= 4 
= 1 



2 


+ 



1 
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This is an ellipse in standard position, with foci ^0, ±^j '(^) 2 - = ^0, j and vertices (±-^, o), 

In Exercises 45-50, find the equation of the conic section indicated. 

45. Ellipse with vertices (±8, 0) and foci (±V3, 0) 

solution Since the foci of the desired ellipse are on the x-axis, we conclude that a > b. We are given that the points 
(±8, 0) are vertices of the ellipse, and since they are on the x-axis, a = 8. We are given that the foci are (±V3, 0) and 
we have shown that a > b, hence we have that V a 2 - b 2 = V3. Solving for b yields 

\l cP — b^ = V3 

cP — i> 2 = 3 
8 2 - b 2 = 3 
b 2 = 61 
b = -J 61 

Next we use a and b to construct the equation of the ellipse: 

©Mii) 2 - 

47. Hyperbola with vertices (±8, 0), asymptotes y = ±|x 

solution Since the asymptotes of the hyperbola are y = ±|x, and the equation of the asymptotes for a general 
hyperbola in standard position is y = ±|x, we conclude that | = We are given that the vertices are (±8, 0), thus 
a = 8. We substitute and solve for b: 


N ext we use a and b to construct the equation of the hyperbola: 

©Mi) 2 -- 

49. Parabola with focus (8, 0), directrix x = -8 

solution This is similar to the usual equation of a parabola, but we must use y asx, and x as y, to obtain 

1 2 
*=32- V • 

51. Find the asymptotes of the hyperbola 3x 2 + 6x - v 2 - lOy = 1. 
solution We complete the squares and simplify: 

3x 2 + 6x - y 2 - lOy = 1 
3(x 2 + 2x) - (y 2 + lOy) = 1 
3(x 2 + 2x + 1 - 1) - (V 2 + lOy + 25 - 25) = 1 
3(x + l) 2 — 3 — (y + 5) 2 + 25 = 1 

3(x + l) 2 — (y + 5) 2 = —21 

(ii) 2 -(M) 2 - 

We obtained a hyperbola with focal axis that is parallel to the y-axis, and is shifted -5 units on the y-axis, and -1 units 
in the x-axis. Therefore, the asymptotes are 

x + 1 = ±^L(y + 5) or y + 5 = ±©3(x + 1). 
v21 
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53. Show that the relation || = (e 2 - 1)| holds on a standard ellipse or hyperbola of eccentricity e. 
solution We differentiate the equations of the standard ellipse and the hyperbola with respect to x\ 


Ellipse: 

Hyperbola: 

2 2 
* , y ■, 

2 2 

x y , 

fl 2 + b 2 ~ 

a 2 - b 2 ~ 

2x 2 y dy 
«2 + h 2 dx ~ 

— _ - n 

a 2 dx 

dy b x 

dy b 2 x 

dx a 2 y 

dx a 2 y 

The eccentricity of the ellipse is e = ^ a2 ~ b2 , hence e 2 a 2 = , 

a 2 — b 2 or e 2 = 1 — 

a*- 

The eccentricity of the hyperbola is e = ^ a2+b2 , hence 

e 2 a 2 = a 2 + b 2 or e 2 


Combining with the expressions for ^ we get: 


yielding ^ = 1 - e 2 . 
= 1 + ^, giving ^ 

a L a*- 


- 1. 


d_y_ 

dx 


Ellipse: 

, 7 X 7 , X 

-a-e 2 )- = (e 2 -1)- 

y y 


Hyperbola: 
£ = ^-i> 

dx 


x 

y 


We, thus, proved that the relation ^ = (e 2 - 1)| holds on a standard ellipse or hyperbola of eccentricity e. 

55. Refer to Figure 25 in Section 12.5. Prove that the product of the perpendicular distances F\Ri and F 2 R 2 from the 
foci to a tangent line of an ellipse is equal to the squared 2 of the semi minor axes. 

solution We first consider the ellipse in standard position: 


a 


2 

2 


+ 


r 

b 2 


The equation of the tangent line at P - (yq, yo) is 


1 


* 0 * yoy _ , 

« 2 + b 2 ~ 


b^XQX + c/ yoy — a 2 b 2 = 0 


The distances of the foci F\ - (c, 0) and F 2 = (-c, 0) from the tangent line are 


F\R 1 = 


\b 2 XQC — a 2 b 2 \ 

\]b A xl+cAyl 


F 2 R2 = 


\b 2 XQC + a 2 b 2 \ 

\]b A xl+cAyl 


We compute the product of the distances: 


F\R\ ■ F 2 R 2 = 


^Ayqc — a 2 b 2 ^j (b 2 XQC + a 2 b 2 ^j 


/> 4 YqC 2 — a 4 /; 4 

Ay g + a 4 yg 


/> 4 Yq + a 4 yg 


The point P = (yq, vq) lies on the ellipse, hence: 


2 2 

fo , To _! 
«2 + “ 


■ a 4 yg = a^b 2 - a 2 b 2 XQ 


We substitute in (1) to obtain (notice that fo 2 - a 2 = -c 2 ) 

1 t 4 2 2 4 , 4 , 1,4 2 2 4 , 4 , 

\b XnC — a b \ \b xkc — a b \ 

F\R\ ■ F 2 Rj = — = . . u . , ^r 

|/> 4 Yq + (i 4 Z?2 _ a2^2 r 2| |£>2(£,2 _ o^)xq + a 4 /> 2 | 

| A\qC 2 — a 4 i> 4 | \b 2 (XqC 2 — a^)\ 2 

| — b^XyC* + « 4 Z?2 1 | — (xfic 2 - a 4 )| 


( 1 ) 


The product F\Ri ■ F 2 R 2 remains unchanged if we translate the standard ellipse. 



